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1. Introduction

Let 2 C RY (N > 2) be a bounded domain with a C2-boundary 942. In this paper, we study the following
double phase problem

— Au(z) = Mu(z) = f(z,u(2)) in 2, ulag =0, 2 < p. (1)
We denote by A7 the weighted p-Laplace differential operator, which is defined by
. -2
Atu = div (a(z)|Du|"" " Du).

The special feature of this operator is that the function a(-) is not bounded away from zero. Hence the
integrand 0g(z,t) = %a(z)thr 12 (t > 0) in the energy functional corresponding to this differential operator,
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exhibits unbalanced growth, namely we have

1
51&2 < Oo(z,t) < co(l + 1) for a.a. z € 12, all t > 0, some ¢y > 0.

Such integral functionals were first investigated by Marcellini [1,2] and Zhikov [3,4], in the context of
problems originating in nonlinear elasticity theory. We also refer to the recent contributions of Marcellini [5]
and Eleuteri, Marcellini & Mascolo [6,7] to the regularity of weak solutions for nonlinear elliptic PDEs with
nonstandard growth. The difficulty that we face when dealing with such differential operators, is that there is
no global regularity theory for the solutions. Recently there have been some local regularity results for local
minimizers of such functionals produced by Mingione et al.; see Baroni, Colombo & Mingione [8], Colombo
& Mingione [9]. However, a global regularity theory for general solutions, remains elusive. So, we cannot
apply many of the techniques used in the context of (p, ¢)-equations; see, for example, Papageorgiou, Vetro
& Vetro [10] and Papageorgiou & Zhang [11].

Recently there have been some existence and multiplicity results for double phase equations. We mention
the works of Colasuonno & Squassina [12], Gasinski & Winkert [13], Ge, Lv & Lu [14], Liu & Dai [15],
Papageorgiou, Rddulescu & Repovs [16,17], Papageorgiou, Vetro & Vetro [18]. These works either deal with
problems which have a (p—1)-superlinear reaction (see [14-18]) or examine parametric problems (see [12,13]).
We refer to Marcellini [5] and Mingione and Réadulescu [19] for overviews of recent results concerning elliptic
variational problems with nonstandard growth conditions and related to different kinds of nonuniformly
elliptic operators.

The feature of this paper is that we consider resonant problems. To the best of our knowledge, this is
the first work dealing with resonant double phase problems. Finally, we also mention the work of Bahrouni,
R&dulescu & Repovs [20], where the reader can find applications of double phase equations to transonic flow
problems and the paper of Liu & Papageorgiou [21], where the authors, under symmetry conditions on the
reaction, produce a whole sequence of nodal solutions converging to zero.

In this paper, using a combination of variational and Morse theoretic techniques (critical groups), we show
that problem (1) admits at least two nontrivial bounded solutions, when resonance occurs (see Section 5).

2. Mathematical preliminaries

The unbalanced growth of the integrand corresponding to the differential operator, dictates that the
appropriate functional framework for the study of double phase problems, is provided by the Musielak—
Orlicz—Sobolev spaces.

We introduce the following hypotheses on the function a(z).

Ho: a : 2 — R is Lipschitz continuous (that is, a € C%1(£2)), a(z) > 0 for all z € £, alse = 0, and
a € A, = the p-Muckenhoupt class (see [22, p.145]).

We stress that a(-) is not assumed to be bounded away from zero. This leads to the unbalanced growth
of the corresponding integrand

0(z,t) = a(2)tP +t> forall z € 2, all t > 0.
This in turn requires the use of Musielak—Orlicz—Sobolev spaces, which we introduce below. In order to
have useful embeddings, for the relevant spaces, we need an additional restriction on the exponents 2 < p.
. 1
H; : g <14 v

Remark 1. This hypothesis implies that p < 2* and leads to local regularity results for double phase
problems (see Marcellini [5]).
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In addition to the integrand 6(z,t), we also consider the integrand
o(z,t) = a(2)t? for all z € £2, all t > 0.

Both integrands 6 and ¢ are uniformly convex in ¢ > 0 (see Diening, Harjulehto, Hasto & Ruzicka
[22, Remark 2.4.6, p. 41]). Also we have ¢ < 0.

Now, let k : 2 x [0,+00) — [0,+00) be a Carathéodory function (that is, for all ¢ > 0 the mapping
z + k(z,t) is measurable and for a.a. z € §2 the function ¢ — k(z,t) is continuous). We assume the following
conditions on k:

o k(z,t) >0 for a.a. z € 2, all t > 0 and k(z,0) =0 for a.a. z € 2.

e For a.a. z € {2, we have
k(z,t k
lim (2,%) =0and lim = +00.

t—0+ t t——+o0

e Forallt >0, k(-,t) € L1 ().
e For a.a. 2z € £, k(z,-) satisfies the As-condition, that is, there exist & > 0 and 3 € L*(£2) such that

k(z,2t) < ¢k(z,t) + B(z) for a.a. z € 2, all t > 0.

An integrand k(z,t) satisfying all the above conditions, is said to be a “generalized N-function” (N stands
for “nice”). By N({2) we denote the family of such integrands. Clearly we have 6, ¢ € N(2).

Also let M(f2) be the space of all measurable functions v : £ — R. As usual, we identify two such
functions when they differ only on a Lebesgue-null set. Given k € N(£2), the “Musielak—Orlicz space” L¥(£2)
is defined by

L*(2) = {u € M(2) : pi(u) < +o00},

where
pr(u) = / k(z, |u|)dz (the modular function).
o

We equip L¥(§2) with the so-called “Luxemburg norm” || - ||, defined by
lull = inf{)\ >0 pr (g) < 1} .
Then L*(£2) is a Banach space and if k < k, then

L*(0) — LF(2) continuously.

Moreover, if k(z, -) is uniformly convex, then the Banach space L*(£2) is uniformly convex (thus reflexive);
see Diening, Harjulehto, Héast6 & Ruzicka [22, Theorem 2.4.14 and Remark 2.4.15, p. 44] and Musielak
[23, Corollary 11.7, p. 77].

There is a close relation between the norm || - ||z and the modular function pg(-).

Proposition 1.

(a) If u € L¥(2), then pr(u) <1 (resp. =1, > 1) <= ||lullx < 1 (resp. =1, > 1).
®) ||ullx — 0 <= pr(u) = 0 and |ju||r — +00 <= pi(u) = +o0.

The related “Musielak—Orlicz—Sobolev space”, W*(2) is defined by
WhF(2) = {ue L*(2):|Du| € LF(2)}.

We equip W*(£2) with the norm

lull e = llulls + [[Dullx,

3



N.S. Papageorgiou, V.D. Rddulescu and Y. Zhang Nonlinear Analysis: Real World Applications 64 (2022) 103454

where ||Dul|x = |||Dul||x. Similarly pi(Du) = pg(|Dul). Also
Wi () = GE@)

Then W*(£2) and Wy () are both Banach spaces and if k(z,-) is uniformly convex, then they are
uniformly convex Banach spaces, hence reflexive. Moreover, if k < 12;, then

Wlk(()) — W*(0) and W&”%(Q) < Wy () continuously.

Under some additional regularity and growth conditions on k, which are satisfied in the case of the double
integrand (z,t), we have that the Poincaré inequality holds for the space W, *®(02) (see Harjulehto &
Hé&sto [24, p. 100]) and so we can use the norm

lull1.k = [|Dull for all u e W) (02).

For z € R, let 27 = max {x,0}, 2~ = max {—z,0}. Then for u € M(£2) we set u*(z) = u(z)* for all
ze 0. Ifue WyH(Q), then u® € Wy (2), u=ut —u~, |u| = ut +u".

Following the proof of Theorem 6.3.5 of Harjulehto & Hast6 [24, p. 142], we obtain the following compact
embedding result.

Lemma 2. If hypotheses Hy hold, then Wol"P(.Q) — L¥?(£2) compactly.

Proof. Since we will use convolutions (mollifications) and a(z) = 0 for all z € 942, we extend a(-) to all of
RY by setting a(z) = 0 for all z € RV \ 2.
Suppose uy, — u in Wy ?(£2). Let yp = up — u. We have y, — 0 in W, #(2). Hence we can find & > 0
such that
lynll1e < €1, V€N, (2)

We know that C2°(£2) is dense in W, '#(2). Hence we can find 6,, € C2°(£2) such that
1
lun — Onll1,4 < — VneN,
=6, % 0in W, ?(Q). (3)
Let {n:}.c (1) be the standard mollifier. We have

||6n||<p |9n_775*9n+778*9n”<p

<
< ||6n_775*9n||tp+ ||776*0n||<p- (4)

Note that

(M # On) (5) = On(s)
= / (2) (On(s — 2) — O,(s)) dz <recall that /]RN Ne(2)dz = 1>

RN
z)dtdz

/ Ne(2) (Db (s — tz), z)gn dzdt (Fubini’s theorem)
N

= fora ] e

_ /N (z)/ (Db,,(s — tz), z)gn dtdz (by the chain rule)
-/,
|

/ Net (2) DGn(s —z), E) dzdt (change of variables). (5)
RN t /RN

4
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We know that 1
Then from (5) and (6) we have
| (1 % On) (s) — On(s)]

1
<e / 0. ()| DO, (5 — t2)|d=dt
01
= 5/ (et * | DO,|) (s)dt
0

1
= || (e % 6n) — bl < 626/0 1111 D6n || ot
for some ¢z > 0 (see Harjulehto & Hasto [24, p. 91])
= Cpe|| DO, ||, (recall that ||n]j; = 1). (7

Returning to (4) and using (7), we have
10nlle < 2l DOnllo + 11 * Onllp, V1€ N. (8)

From (3) we have
(ne % 0,) (s) = /IRN Ne(s — 2)0,(2)dz — 0 as n — 0. (9)

We set 2_. = {z € RV : d(z,2) < e}. Then
(e %60,) (s) =0forall s e RV \ 2__. (10)

So, we have

(0502 (9] < [ 5= 2) ()]
< lne(s - >H¢ 16,1 for some & > 0
(by Holder’s inequality, see [24, p. 54])
<e %\,HXQ ||+ for some ¢4 > 0 (see (10))
< ;T?f for some ¢5 >0, all s € 2_,, alln € N,
= | x6,) (s)] < f—;xﬁﬁ(s),VS € RY (see (10)). (11)

From (9), (11) and the dominated convergence theorem (see [24, p. 45]), we have
Ne * 0, — 0 in L¥(£2). (12)
Returning to (8), passing to the limit as n — oo and using (2) and (12), we obtain

hmsup 16|, < €Cs for some ¢ > 0,

= Qn — 0 in L¥(§2) (since € > 0 is arbitrary),
=y, — 0in L¥(02),
= Wy?(R2) < L#(R2) compactly.

The proof is now complete. [
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As we already mentioned in the proof of the multiplicity theorem (see Section 5), we also use Morse
theoretic tools (critical groups). So, below we recall some basic definitions and facts about them. Let X be
a Banach space and (Y7,Y3) a topological pair such that Y5 C Y; C X. For every k € Ny by Hy(Y1,Y3)
we denote the k''-relative singular homology group with integer coefficients for the pair (Y7,Ys). Given

¥ € CY(X,R) and ¢ € R, we introduce the following sets
Pe={ue X :p(u) <ch, Ky ={uec X :¢'(u) =0}, Kj ={uc Ky :(u) =c}.
If uw € Kjj is isolated, then the critical groups of ¢ at u are defined by
Cr(Y,u) = H, @°NUY*NU\ {u}) forall k >0,

with U being a neighborhood of u such that K, N¢°NU = {u}. The excision property of singular homology,
implies that the definition of critical groups is independent of the choice of the isolating neighborhood U.

If ¢ € C'(X,R) satisfies the C-condition (that is, every sequence {uy},-, € X such that {¢)(u,)} C Ris
bounded and (1 + |lup| x)¢'(u,) — 0 in X*, admits a strongly convergent subsequence), inf ¢(K,) > —oo
and ¢ < inf ¢ (Ky), then the critical groups of ¢ at infinity are defined by

Cr(¢,00) = Hp(X,v°) for all k > 0.

On account of Corollary 5.3.13 of Papageorgiou, Radulescu & Repovs [25, p. 392], we see that the above
definition is independent of the choice of the level ¢ < inf ¢ (Ky).
Suppose that K, is finite. We introduce the following quantities

M(t,u) = Zrank Cr(,u)th for all t € R, all u € Ky,
k=0

P(t,00) = Zrank Cr (1), 00)t* for all t € R.
k=0

The Morse relation says that

> M(t,u) = P(t,00) + (1 +£)Q(t),

’IJ,GKw

with Q(t) = > 50 Brt* is a formal series in ¢ € R with nonnegative integer coefficients.
Finally we mention that by {Xk(Z)}k o e denote the eigenvalues of (—A, H}(£2)). We know that
€

~ ~ 0
A1(2) > 0 and M\g(2) — +oo as k — oo. Also by @;(2) we denote the positive, L?-normalized (that

is, ||u1(2)]]2 = 1) eigenfunction corresponding to A1(2) > 0. We know that u;(2) € intC,, with C, =
{ue C§(2) :u(z) >0 for all z € 2} (the positive (order) cone of Cg(£2)).

Throughout this work, by “solution” of problem (1) we understand a weak solution, that is a function
u e Wi (12) satisfying for all h € W (2)

/Q a(2)|DulP~*(Du, Dh)gndz + /

(DU,Dh)RNdZ:/ f(z,u)hdz.
Q Q

3. A maximum problem

In this section we prove a maximum principle for the weighted p-Laplacian Af (that is, for p € N(£2)).
Related properties can be found in Zhang [26] (for anisotropic differential operators) and in Papageorgiou,
Vetro & Vetro [18] (double phase differential operators, that is, for 6 € N(42)).

6
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Proposition 3. If& € L(12), £(z) >0 for a.a. z € 2, u € Wy ¥ (2)NL=(2), u>0, u # 0 and we have
(in the weak sense)
a -1 .
—Apu(z) +&(2)u(2)P~" = 0 dn £,

then u(z) > 0 for a.a. z € £2.

Proof. First we assume that u € C'(§2). Arguing by contradiction, suppose that we can find z1, 2o € 2
and an open ball By, (z2) = {z € RV : |z — 23] < 2r} (r > 0) such that

21 € 0Ba,(22), u(z1) = 0, ulp,, () > 0. (13)
By moving the center zo, we have r > 0 arbitrarily small. Then
u(z1) = m{%nu and Du(z) = 0.

We define
m =min{u(z) : z € 0B,(z2)} > 0 (see (13)).

Using L’Hopital’s rule, we see that
m, %—)OJr asr — 0. (14)
We introduce the following items
R={z€ :r<|z— 2| <2r} (an open ring in B, (z2)),

m =sup {|Da(z)|: z € R}, my =mina > 0.
R

By hypothesis Hy, the weight function a(-) is Lipschitz continuous, hence by Rademacher’s theorem (see
Evans & Gariepy [27, p. 81]), a(+) is differentiable almost everywhere in {2. Therefore i is well defined and
m < +o00. We set

N -1 i
r=—lnZ 4 +3 (15)
T T mo
We consider the function o
m (ePTl = 1)
w(t) = ————= for all t € [0, 7].

er—1 —1

For r > 0 small, we have (see (14))

{ 0<w(t),w(t)<1lforall0<t<r, }
<r

w”(t) = %w’(t) for all 0 < ¢ (16)
D

To simplify the presentation, without any loss of generality, we assume that zo = 0. Let [ = |z|, t = 2r —1.
For t € [r,2r], we have

y(l) = w(2r —1) = w(t), (17)

For z € R with |z| =1 we write
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div (a(2)| Dy["~*Dg)
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= a(2)(p — D' ()P 2w" (t) —
A N

— w0 Y e = )

> a(?) (T BELE

= a(2) <—ln 2y 3o

> (a() (- X)) w0

WV

(n (—ln %) + m) w' (t)Pt

(18)

(for r > 0 small and with 0 < n < a(z) for all z € R, see (14)).

Note that 0 < w’(0) < w'(t) for all t € [0,r] and w(+) is increasing. So, for r > 0 even smaller if necessary,

we will have

(o(-n2)
> (o)
> [|€llocw(r)P~
P

Using (19) in (18), we obtain that

E(2)w(t)P! for a.a. z € 2 ( see (14)).

div (a(2)| D" "> Dg) > £(2)§ in R.

This means that g is a lower solution of the equation

—Aju(z) +&(2)u

()P~ =0in R.

From (17) we see that § < w on OR. Hence by the weak comparison principle (see Pucci & Serrin [28,

Theorem 3.4.1, p. 61]), we have

g <wuin R.

Then we have

u(z1 +s(z2 — 21)) —u(z1) _

u(z1 + s(z2 — 21))

lim = lim (see 3)
s—0+ S s—0+ S
> lim gz +s(z2 —21)) = §(21) _ W(0) > 0.
s—0Tt S

But this contradicts the fact that Du(z;) = 0.
So, we have proved that
u(z) > 0 for all z €

Now remove the requirement that u € C'(2). For

2, when u € C'(02).

this purpose we introduce the following set

2= {z € 2 : there exists an open ball B,(z) C {2 such that u|p, ) =0 a.e.}.

8
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Also let 2, = 2\ .
Consider zp € £24. We can find a ball Bs,(z9) C £2 such that u|sp,, (s,) is not identically zero. We consider
the following nonhomogeneous Dirichlet problem

— Ajw(z) + E(2)w(2)P~" =0 in By (20), W|oBy, (20) = UloBy,(x)- (20)

Since a‘EQT(ZO) > 0 (see hypothesis Hp), using Theorem 1 of Lieberman [29], we have that if w €
W1P(Ba,(20)) is a solution of (20), then

w € C*(Bar(20)), w =0, w # 0.
Then we can argue as in the first part of the proof and infer that

w(z) = ¢, > 0 for all 2z € B,(2). (21)
By the weak comparison principle (see Pucci & Serrin [28, Theorem 3.4.1, p. 61]) we have

w(z) < u(z) for a.a. 2z € Ba,(20),
= 0 < ¢, <u(z) for a.a. 2 € B,(20) (see (21)).

The set 2 C £ is a strict open subset of 2 (recall u # 0). Therefore, if [0, # (), then we can find
zo € 24N df2. From the above argument, we infer that for 7 > 0 small we will have

u(z) > 0 for a.a. z € 2N B,(20),

which contradicts the definition of 2. Therefore 2 = @) and so 2 = {24. Then by a standard compactness
argument, we conclude that u(z) > 0 for a.a. z € £2.
This proof is now complete. [

4. A weighted eigenvalue problem

In this section we study the following eigenvalue problem for the operator Ag.
— Aju(z) = Aa(2)|u(2)[P2u(z) in 2, ulgn = 0. (22)

We say that A eRis an “eigenvalue” of the Dirichlet A5 operator, if problem (22) admits a nontrivial
solution 4 € VVO1 #(£2), called an “eigenfunction” corresponding to A

In the next proposition, we show the existence of a smallest eigenvalue A1 and determine a sign property
for the corresponding eigenfunctions.

Proposition 4. If hypotheses Hy, Hy hold, then the eigenvalue problem (22) has a smallest eigenvalue and
every corresponding eigenfunction i, € W&’“D(Q) satisfies 4y € L*°(82) and either 41(z) > 0 for a.a. z € {2
or 41(z) <0 for a.a. z € 2 (that is, G1(-) has fized sign).

Proof. Let I a(=)|Dul’d
« u|’dz
b\ Joalz)|Dul"dz EWL?(2),u05. 23
it {9 e Wi (2),u 0] (23)
Exploiting the homogeneity of both integrals, we can write
A :inf{pw(Du):uEWOl’“"(Q) po(u) = 1}.
9
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Consider a sequence {un}, ., C W, #(£2) such that
po(un) =1 for all n € Ny, py(Duy,) | M\ as n — oo.

Evidently {u,},-; C VVO1 #(£2) is bounded and so by passing to a suitable subsequence if necessary, we
may assume that
Un 2 Gy in Wy?(02). (24)

From Lemma 2, we know that Wy'#(2) < L?(£2) compactly (see hypotheses H,). Therefore from (24)
it follows that

U, — U1 in L¥(£2),

= polin) = 1. (25)

Note that the modular function p,(-) is continuous, convex, hence it is sequentially weakly lower
semicontinuous. So, from (24), we have

From the Lagrange multiplier theorem (see Papageorgiou, Radulescu & Repovs$ [25, Theorem 5.5.9, p.
422]), we have
— A%y (2) = Ma(2)]an (2)[P 2@ (2) in 2, d]se = 0. (26)

Suppose that @] # 0. Acting on (26) with @] € W,*?(£2), we obtain

pe (D) = Mpy (i),
= 4 realizes the infimum in (23),

= ﬁf is an eigenfunction corresponding to A > 0.

From Colasuonno & Squassina [12, pp. 1933-1934], we have that 47 € Wy'#(2) N L>®(£2). Also by
Proposition 2 (the maximum principle) we have @ > 0 for a.a. 2 € 2. If 4 = 0, then 4; = —4] < 0
and so —; > 0 is also an eigenfunction corresponding to A1 > 0 and we are back to the previous case and
obtain @, < 0 for a.a. z € £2.

This proof is now complete. [

Using these properties of A1 > 0 and of the corresponding eigenfunctions, we can prove the following
useful result.

Proposition 5. If hypotheses Hy, Hy hold, n € L>®(2) and

~

n(z) < \a(z) for a.a. z € 2, n# \a,
then there exists ¢* > 0 such that
ull o < pol D)~ [ n@ul’ds for allw e W39,
Q

10
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Proof. We consider the C'-functional o : Wy'?(£2) — R defined by
o(u) = py(Du) — /Q?y(z)\u|pdz for all u € W,'#(R2).
On account of (23) and using the hypothesis on 7n(-), we have
0 < o(u) for all u € Wy?(£2).

Arguing by contradiction, suppose that the assertion of the proposition is not true. Then we can find
{untnen, € W(}’W(Q) such that

1
0 < o(un) = py(Duy) — / n(2)|un|’dz < =|lun|} , for all n € No. (27)
Q n '

Let y, = Hu:%’ n € Ng. Then ||y, ||1,, = 1 for all n € Ny and so we may assume that

Un — y in Wol’w(ﬂ) and y, — y in L¥(02) (28)
(recall that W, #(£2) < L#(£2) compactly). From (27), we have
0 < py(Dyn) — /Q n(2)|yn|Pdz < % for all n € Ng. (29)
On account of (28) and by passing to a subsequence if necessary, we may assume that

Yn(2) = y(2) for a.a. z € 2, [yn(2)| < h(2) for a.a. z € 2, all n € Ny (30)

with h € L?(§2), (see Diening, Harjulehto, Hasto & Ruzicka [22, Lemma 2.3.15, p. 37] and Colasuonno &
Squassina [12, Lemma 2.16]).
We have

0 < (2)|ynl” < Aa(2)|yn]” < Aa(2)h(z) for aa. z € 2, all n € Ny (see (30)). (31)

From (30), (31) and the Lebesgue dominated convergence theorem, we have

/ n(2)|yn|Pdz — / n(2)|y|’dz as n — . (32)
2 Q

Also, from the sequential weak lower semicontinuity of the modular function p,(-) and (28), we have
pe(Dy) < liminf p,(Dyy). (33)

We return to (29), pass to the limit as n — oo and use (32) and (33). We obtain

ool D) < [ 0l (34)
If y = 0, then we have

Po(Dyn) — 0 (see (29) and (32)),
= ||ynll1,, — O (see Proposition 1(b)).

But this contradicts the fact that [|y,||1,, =1 for all n € Ny.
If y # 0, then from (34), the hypothesis on 7(-) and (23), it follows that

Py (Dy) = 5\1p<,z>(y)'
11
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By the Lagrange multiplier rule, this means that y € WO1 #(£2) is an eigenfunction corresponding to M.
From Colasuonno & Squassina [12, p. 1933], we have that y € Wy'?(£2) N L>°(2), while from Proposition 2,
we have that |y(z)| > 0 for a.a. z € £2. Then (34) and the hypothesis on 7(-), imply

Py (Dy) < 5\1p</9(y)7

which contradicts (23).
This proof is now complete. [

Using these results, we can now treat resonant double phase problems.

5. A multiplicity theorem

In this section we prove a multiplicity theorem for problem (1), when the reaction f(z,-) is resonant with
respect to 5\1 > 0 as x — Fo0o. Our method of proof combines variational techniques and Morse theoretic
(critical groups) arguments.

The hypotheses on the reaction f(z,-) are the following:

Hy: f: 2 x R+ R is a measurable function such that for a.a. z € £2, f(z,0) =0, f(z,:) € C}(R) and

(i) |fi(z,2)] < a(z) (1 + |x|T_2) for a.a. z € 2, all © € R, with a € L*°(2) and

N—2

<o 2N ifN>=3
S - ;
b +o0o HN=2

(ii) if F(z,2) = [y f(2,s)ds, then limsup,_, sé()mj; < A1 uniformly for a.a. z € £2;

(iii) there exists By > 0 such that

—Bo < f(z,x)x — pF(z,z) for a.a. z € 2, all x € R;
(iv) there exists m € Ny such that

£(2,0) = lim L&)

x—0 €T

uniformly for a.a. z € {2,

£i(2,0) € [Xm(z),xmﬂ(z)} for a.a. z € £,

x

Remark 2. Hypothesis Hy(ii) implies that the problem can be resonant with respect to A > 0asz — +oo.
As we will show in the process of the proof, hypothesis Hy(iii) implies that the resonance occurs from the

left of A\, > 0, making the problem coercive.

Example 1. The following function satisfies hypotheses Hs (for the sake of simplicity we drop the

z-dependence)

Mlz[P?z — cln|z| if r < —1,
f@) =% 0z + (i —0)a[z if 2] <1,
5\1;101)_1 +clnzx if 1 <,

with r > 1 and 0 € (Xm (2), )\m+1(2))7 where m € Ny is large enough so that

c=M(r—p) —0(r—2)<0.

12
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Let ¢ : W3?(£2) — R be the energy (Euler) functional for problem (1) defined by

¢(u):1/ a(z)|DulPdz + = HDuH2 /F (z,u)dz for all u € W (02).
PJn

Evidently, ¢ € C2(W}?(12)).

Proposition 6. If hypotheses Hy, Hy, Hy hold, then the functional ¥(-) is coercive.

Proof. For x # 0, we have

d <F(z,x)> _ [z a)e]” = pla|" 2 F (z,)

dx |z|” |$|2p
_ f(z,:c)x *pF(Z,x)
a |z|"2
> Lo fz>0
< _p+$0 ifz <0 for a.a. z € 2 (see hypothesis Hy(iii)),

F(z,v)  F(z2)

= =
[of” 2’ p

We let v — +oo and using hypothesis Hy(ii), we obtain

1¢ F(z,x)
“Aa(z) — ———= > — for a.a. z € 2, all |z| >0,
p =" £ |p
= \a(z)|z]’ — pF(z,x) > —pfo for a.a. z € 2, all z € R. (35)
Arguing by contradiction, suppose that () is not coercive. Then we can find {un}neNO C Wol’e(.(}) such
that
lunll1,0 = +o0 and p(u,) < ¢o for some ¢y > 0, all n € No. (36)
First suppose that ||uy,|1,, = +00 as n — oco. Then let y, = Tarttiz> m € No. We have lynll1,, =1 for
nll1,e
all n € Ny. So, we may assume that
Yn >y in Wy?(R2) and y,, — y in LP(2) as n — oco. (37)

From (36) we have

1
7/ a(z)|Duy,|Pdz — / F(z,u,)dz < ¢ for all n € Ny,
pPJa 7]
1 F(z, Uy
= — | pu(Dyn) —/ b (Z’g )dz < Cop for all n € No. (38)
p o |luallf, lunllf,e

On account of hypothesis Ha(ii), we have

F
lim sup pF(2,u,(2))

nooo lunllf

n(z)|y|* for a.a. z € 2, (39)

with € L®(2)4, n(z) < Ma(z) for a.a. z € 2 (see Aizicovici, Papageorgiou & Staicu [30], proof of
Proposition 16). If in (38) we pass to the limit as n — oo and use (37), (39) and use the sequential weak
lower semicontinuity of the modular function p,(-), we obtain

pe(Dy) < /Q n(2)lylPdz. (40)

13
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If n # M\ia, then from (40) and Proposition 5, we have

*”ychp = 7

=y =0.
From (39) it follows that

pso(Dyn) — 0,
= [|ynll1,, — O (see Proposition (1)),

a contradiction since ||yn|/1,, = 1 for all n € No.
If n = Aa, then from (40) we have

po(Dy) < /Q Sualz)ylPdz,
= po(Dy) = Aapyly) (see (23)). (41)

From (41) we see that y = 0 or y € Wy #(£2) N L>(£2) is an eigenfunction corresponding to A; > 0. If
y = 0, then the previous argument leads to a contradiction of the fact that ||y,||1,, = 1 for all n € Ny. So,
y is an eigenfunction corresponding to A; > 0. By Proposition 3, |y(z)| > 0 for a.a. z € £ and so

|tn(2)| = 400 for a.a. z € {2, as n — oo. (42)
We have
% po(Duy) — pF(z un)dz> fHDunHQ co for all n € Ny (see (36)),
= % ( pF(z un)dz> + f||DunH§ < ¢ for all n € Ny (see (23)),
= %/ )\1a Nunl? — pF(z, un)> dz + )\12( )||un||2 < co,
= A1(2)|Jun 2 < ¢ for some ¢; > 0, all n € Ny (see (35)). (43)

From (42), (43) and Fatou’s lemma, we reach a contradiction.
Therefore, by passing to a subsequence if necessary, we may assume that

|unll1,p < co for some ¢y > 0, all n € Ny,

= py(Duy) < ¢z for some c3 > 0, for all n € Ny (see Proposition 1). (44)
From (36) we have that pg(Du,) — +00. Note that
po(Duy) = py(Duy) + || Duyl|3 for all n € Ny.

Then from (44), we infer that
[[Dup|l2 = +00 as n — oo. (45)

Also again from (44) we see that by passing to a subsequence if necessary we may assume
Uy~ w in Wy ?(2) and u,, — u in L¥(02). (46)
Hypotheses Ha (i), Ho(ii) imply that we can find ¢4 > 0 such that

F(z,x) <cs+ (M +1)|zf” for a.a. z € 2, all 2z € R. (47)

14
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From (36) we

HDunH% < 2¢9 + 2/ F(z,up)dz
Q

<es+ 200 + 1)py(un) for some c¢5 > 0, all n € Ny (see (47))
< ¢g for some ¢g > 0, all n € Ny (see (43)). (48)

Comparing (45) and (48), we have a contradiction which proves that ¢ (-) is coercive.
This proof is now complete. [

Using Proposition 6 and the direct method of the calculus of variationals, we can produce a first nontrivial
solution of problem (1).

Proposition 7. If hypotheses Hy, Hy, Hy hold, then problem (1) admits a nontrivial solution
up € Wl (2) N L= ().

Proof. From Proposition 6 we know that ¢(-) is coercive. Also, since r < 2* we have that WOI’G(Q) —
L™ (£2) compactly. Hence, it follows that () is sequentially weakly lower semicontinuous. So, by the
Weierstrass—Tonelli theorem, we can find ug € WO1 ’9(()) such that

(o) = min {w(u) Lu € Wolﬂ(m} . (49)
On account of hypothesis Hy(iv) given £ > 0, we can find § > 0 such that
1
3 (fl(2,0) —e) 2® < F(z,x) for a.a. z € 2, all |z| < 6. (50)

Recall that u1(2) € int Cy (see Section 2). So, we can find ¢ € (0,1) small such that 0 < tu;(2)(z) < ¢
for all z € £2. We have

p 2

V() = (DT ) + 50 - 5 [ (0 - (P
(see (50) and recall that ||@;(2)|2 = 1)
tP ?

=S 0@+ [ (M) = £6.0) @R+
Note that
Yo = / (£2(2,0) = 2a(2)) i (2)%dz > 0
(see hyi)othesis H(iv) and recall that u;(2) € int C).
So, choosing ¢ € (0,7), we have that
Y(t11(2)) < ert? — cgt? for some ¢z, cg > 0.
Since 2 < p, choosing ¢ € (0,1) even smaller if necessary, we have

Y(ui(2)) <0
= 1(ug) < 0 =1(0) (see (49)),
= Ug 75 0.

15
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From (49) we have

Uo
:>/ |Du0|p (DUQ,Dh)RNdZ+/

(Duo,Dh)RNdz:/ f(z,up)hdz
7}

2
for all h € Wy (92),

= ug € W, % is a nontrivial solution of problem (1).
From Colasuonno & Squassina [12, pp. 1933-1934], we have that
ug € Wyt (2) N L= ().
This proof is now complete. [

Next, using Morse theoretic tools, we will generate a second nontrivial bounded solution for problem (1).
Let & : H}(£2) — R be the functional defined by

~

1
E(u) = §||Du||§ — /Q F(z,u)dz for all u € Hj(£2).

We have & € C2 (H{(02)).
In what follows by E(Ax(2)) we denote the eigenspace of (—A, Hg(2)) corresponding to Ax(2), k 6 Np.
We know that E(M\(2)) is finite dimensional. We set H,, = d,-, E((2) and Hppy = H =

®k>m+1 E(Xk@)) We have Hé(g) =Hy @ﬁerL

Proposition 8. If hypotheses Ha (i), (iv) hold, then Cy (f, 0) = 0k,a,,Z for all k € Ny, with d,,, = dim H,,

Proof. Consider the orthogonal direct sum decomposition

) Q) = Fm @ﬁm—kl-

On account of hypothesis Ha(iv), given € > 0, we can find § > 0 such that

1

3 (fi(2,0) —e)2® < F(z,2) < = (f(2,0) + &) 2? for a.a. 2 € 2, all |z| < 4. (51)

1
2
Since H,, is finite dimensional, all norms are equivalent. So, we can find §; > 0 such that

uwe H,,

2 <9 = |u(z)| <0 foraa. z el (52)

Then for u € H,, with |lu12 < 1, we have

~ 1 1 €
€(u) < §HDUH§ ~3 /Qf;(z,o)u?dz + §Ilul\§ (see (51), (52))

5
< | —co+ = | Du|)3 for some cg > 0
( /\1(2)>

(see D’Agui, Marano & Papageorgiou [31, Lemma 2.2]).

Choosing € € (0, A\1(2)cg), we have that

é(u) <0 for all u € H,, with |ull1,2 < &;. (53)

16



N.S. Papageorgiou, V.D. Rddulescu and Y. Zhang Nonlinear Analysis: Real World Applications 64 (2022) 103454

On the other hand from (51) and hypothesis Hy(i), we have

F(z,2) < = (fi(2,0) + &) 2® + co|z|” for a.a. z € 2, all x € R, some ¢ > 0. (54)

1
2
Then for u € ﬂm+1, we have

9

. 1 r
g(u) = 5 (IIDUI@ - /Qf;(zvo)UQdZ - = IIDUI|§> — cu [ Dull3

A1(2)
for some c17 > 0 ( see (54))

1
> - |c2— = c | Dul3 — c11]|Dully for some ¢y > 0
2 A1(2)
(see D’Agui, Marano & Papageorgiou [31]).
Choosing ¢ € (0, A\1(2)c12), we obtain
£(u) = e13]|Dul|2 — c11 || Dulfy for some ¢35 > 0, all u € Hyp.
Since 2 < p < r, we see that we can find d > 0 such that

€(u) > 0 for all u € Hy,y1 with 0 < [Juf2 < do. (55)

From (53) and (55), we infer that £(-) has local linking at « = 0 with respect to the decomposition

A

(ﬁmv Hm+1)-

We show that 0 € K is isolated. Arguing by contradiction suppose we could find {un}, oy, © HY(2)
such that
u, — 0 and é’(un) =0 for all n € Ny.
We have
— Aup(2) = f(z,un(2)) in 2, uylsn =0, n € No. (56)

Standard semilinear regularity theory (see, for example, Gilbarg & Trudinger [32, p. 241]), implies that
there exist « € (0,1) and ¢14 > 0 such that

un € CH(0) = L (0) N CL(), HunHCé,a@) < ¢4 for all n € Ny.

Exploiting the compact embedding of Cy**(2) into C&(£2), we have

U, — 0in C3 () as n — co. (57)
Let y, = Hu:f%’ n € Ny. Then ||y,||1,2 =1 for all n € Ny. So, we may assume that
Yn — y in Hy(2) and y,, — y in L*(2) as n — oc. (58)
From (56) we have
~ ag, =B G g g =0 m e, (59)
[[tnl1,2
f(z,un
> [ (DDl — iz = [ FEN g, yae
2 2 llunllr2

17
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Hypotheses Hy (i), (iv) imply that { £&unt) C L%(2) is bounded. Hence we have [, L&),
Ttz S peng 2 Tunlhz
y)dz — 0. Then

lim [ (Dyn, D(yn — y))gndz =0,
n—oo 0
= || Dynll2 = | Dyl|2. (60)
From (58), (60) and the Kadec—Klee property of Hilbert spaces we have that
Yn — y in Hg(£2), hence ||y1.2 = 1. (61)
Returning to (59), passing to the limit as n — co and using (61), (57) and hypothesis Hy(iv), we obtain
— Ay = f1(2,0)y* in 2,
=y =0,

which contradicts (61).
Therefore 0 € Ké is isolated and so we use Proposition 6.6.19 of Papageorgiou, Radulescu & Repovs
[25, p. 539], to conclude that
Cr(€,0) = 6y.a,,Z for all k € No.

This proof is now complete. [

Recall that
W&’O(Q) < H} () densely.

Let &€ = é|W1,9(Q). Then Theorem 6.6.26 of Papageorgiou, Riadulescu & Repovs [25, p. 545], gives us the
following resulf.

Proposition 9. If hypotheses Ha(i), (iv) hold, then Cy(§,0) = 0y 4,,Z for all k € Ny.

Note that 1
W(u) = Z;pw(Du) + &(u) for all u € Wy (2).

Then Proposition 1, the continuous embedding of WO1 ’0((2) into WO1 #(£2) and the C*-continuity property
of critical groups (see Papageorgiou, Radulescu & Repovs [25, Theorem 6.3.4, p. 503]), imply that

Proposition 10. If hypotheses Hy, Hq, Hy hold, then Ci(1,0) = 6j,4,,Z for all k € Ny.

Now we can produce the second nontrivial solution of problem (1).

Proposition 11. If hypotheses Hy, Hy, Hy hold, then problem (1) admits a second nontrivial solution
ae Wyl (2)nL®(R2).
Proof. From Proposition 7 we already have a nontrivial solution uy € W ?(2) N L>(R2) which is a global
minimizer of the energy functional ¢ (-). Hence
Cr(1,up) = O 0Z for all k € Ng. (62)
From Proposition 10, we know that

Ck(w; O) = 5k,dmZ for all £ € Ng. (63)
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We know that () is coercive (see Proposition 6). Hence t(-) is bounded below and satisfies the C-
condition (see [25, Proposition 5.1.15, p. 369]). Invoking Proposition 6.2.24 of Papageorgiou, Rddulescu &
Repovs [25, p. 491], we have

Ck(’l/1, OO) = 6;“02 for all k£ € Ny. (64)

Suppose that Ky = {0, uo}. Then from (62), (63), (64) and the Morse relation with ¢ = —1 (see Section 2),
we have

(=1 +(-1)° = (-1)°,

= (=1)% =0, a contradiction.

So, there exists @ € Ky, @ & {0,uo}. This is the second nontrivial solution of problem (1) and as before
e Wl (2)nL>(0).
This proof is now complete. [

We can state the following multiplicity theorem for problem (1).

Theorem 12. If hypotheses Hy, Hy, Hy hold, then problem (1) admits two distinct nontrivial solutions

uo, & € Wy (2) N L=(0).
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