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ABSTRACT. We consider nonlinear elliptic equations driven by the sum of
a p-Laplacian (p > 2) and a Laplacian. We consider two distinct cases. In
the first one, the reaction f(z, -) is (p—1)-linear near +0o and resonant with
respect to a nonprincipal variational eigenvalue of (—Ap, Wg’p(Q))‘ We
prove a multiplicity theorem producing three nontrivial solutions. In the
second case, the reaction f(z, -) is (p — 1)-superlinear but does not satisfy
the Ambrosetti—Rabinowitz condition. We prove two multiplicity theorems.
In the first main result we produce six nontrivial solutions all with sign
information and in the second theorem we have five nontrivial solutions.
Our approach uses variational methods combined with the Morse theory,
truncation methods, and comparison techniques.

1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 9Q. In this paper
we study the following nonlinear nonhomogeneous Dirichlet problem:

(1.1) —Apu(z) — Au(z) = f(z,u(z)) inQ, wup,=0 2<p<oo.
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Here A, denotes the p-Laplace differential operator defined by
Apu = div(|DulP~2Du)  for all u € W, *().

If p =2, then Ay = A = the Laplace differential operator.

The reaction f is a Carathéodory function (that is, for all € R, the mapping
z — f(z,z) is measurable and for almost all z € Q, z — f(z, ) is continuous).
Additional regularity conditions on f(z, -) are introduced in order to produce
extra solutions. We consider two distinct cases. In the first (Section 3), we
assume that f(z, ) is (p — 1)-linear near +oo and interacts with a nonprin-
cipal variational eigenvalue of (—A,, W,?(Q)) (resonant problem). We prove
a multiplicity theorem, producing three nontrivial solutions two of which have
constant sign. In the second case (Section 4), we deal with reaction f(z, -)
which is (p — 1)-superlinear near +oo but without satisfying the usual in such
cases Ambrosetti-Rabinowitz condition (AR-condition for short). We also as-
sume that f(z, -) has z-dependent zeros of constant sign. We prove a multiplicity
theorem producing six nontrivial solutions, four of constant sign and two nodal
(sign changing).

Recently nonhomogeneous nonlinear equations driven by the sum of a p-
Laplacian and a Laplacian (a (p,2)-equation for short), were studied by Cin-
golani and Degiovanni [7], Papageorgiou and Radulescu [21], Papageorgiou and
Smyrlis [22] and Sun [24]. All these works deal with equations that have a (p—1)-
linear reaction and either they do not allow resonance (see [7]) or the resonance
is with respect to the principal eigenvalue of (—A,, Wy *(2)) (see [21], [22], [24]).
Recall that for p # 2, we do not have a complete knowledge of the spectrum of
(—=A,, WyP(Q)), the eigenspaces are not linear subspaces and we do not have
a direct sum decomposition of VVO1 P(Q) in terms of them. All these facts, make
problems resonant at higher parts of the spectrum difficult to deal with. On
the other hand, problems with reactions which have zeros of constant sign, were
investigated only in the context of p-Laplacian equations, by Bartsch, Liu and
Weth [5] (constant zeros) and by Iturriaga, Massa, Sanchez and Ubilla [17] (va-
riable zeros for a class of parametric equations). None of the aforementioned
works produces six nontrivial solutions all with sign information.

Our approach is a combination of variational methods based on the critical
point theory together with the Morse theory (critical groups) and truncation and
comparison techniques. In the next section, for the convenience of the reader,
we recall the main mathematical tools which we will use in the sequel.

2. Mathematical background

Let X be a Banach space and X* its topological dual. By (-, -) we denote
the duality brackets for the pair (X, X*). Let ¢ € C1(X). We say that ¢ satisfies
the Cerami condition (the C-condition for short), if the following holds:
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“Every sequence {Un}nzl C X such that {ga(un)}n21 C R is bounded and
(14 [fun )¢ (wa) = 0 in X,

admits a strongly convergent subsequence”.

This is a compactness type condition on the functional ¢ which compensates
for the fact that the underlying space X is not locally compact (being in general
infinite dimensional). The C-condition is more general than the more familiar
Palais—Smale condition (PS-condition for short) and the two are equivalent if
¢ is bounded below. The C-condition is a basic tool in proving a deformation
theorem from which we can derive the minimax theory of certain critical values
of . Prominent in that theory is the so-called “mountain pass theorem” due to
Ambrosetti and Rabinowitz [3]. Here the theorem is presented in a slightly more
general form with the C-condition replacing the PS-condition (see, for example,
Gasinski and Papageorgiou [15, p. 648]).

THEOREM 2.1. Assume that ¢ € C1(X) satisfies the C-condition, ug,u; € X,
lur = woll > p >0,
max{p(uo), p(u1)} < inflp(u) : lu—wuoll = p] = m,
and ¢ = inf max p(y(t)) with T' = {y € C([0,1], X) : v(0) = ug, v(1) = u1}.

~ver 0<t<1
Then ¢ > m, and c is a critical value of .

In what follows by | - | we denote the norm of RY and by || - || the norm of
the Sobolev space WO1 P(Q). By virtue of the Poincaré inequality, we have

|ul| = | Dull, for all u € WyP(Q).

Let 1 < p < oo and let A,: Wy P(Q) = W17 (Q) = WP (Q)*, 1/p+1/p =
1, be the nonlinear map defined by

(A (u),y) = / \DulP~2(Du, Dy)g~ d= for all u,y € Wi7(Q).
Q

When p = 2, then we write A3 = A and this map is linear. The next proposition
summarizes the main properties of this map (see, for example, Papageorgiou and
Kyritsi [20, p. 314]).

PROPOSITION 2.2. The map A,: Wy (Q) — W1 (Q) is bounded (that is,
maps bounded sets to bounded sets), demicontinuous, strictly monotone (hence
mazimal monotone too) and of type (S), that is, if u, — u in Wy *(Q) and

lim sup(A4,(uy), u, —u) <0,

n—oo

then w, — u in WyP(Q).
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Also, we can view A, defined on the bigger Sobolev space WP(Q), that is
Ay WEP(Q) — WHP(Q)*. With a slight abuse of notation, we still denote the
duality brackets by (-, -) and we have

(A(u),y) = / |DulP~2(Du, Dy)g~ dz  for all u,y € WHP(Q).
Q

This map too is bounded, demicontinuous, maximal monotone and of type (S).
In addition to the Sobolev space I/VO1 P(Q), we will also use the Banach space
C3(Q) = {u € C*(Q) : u|,, = 0}. This is an ordered Banach space with positive
cone Cy = {u € C}(Q) : u(z) > 0 for all z € Q}. This cone has a nonempty
interior, given by
0
intCy = {u € Cy :u(z) >0 forall z€Q, 6—u(z) <0 forall z € 8(2},
n
where n(-) denotes the outward unit normal on €.
By p* we denote the critical Sobolev exponent. So,
—— ifp< N,
+00 if N <p.
Let fo:  x R — R be a Carathéodory function with subcritical growth in
the z-variable, that is,

Ifo(z,2)] < ap(z)(1+|z|"™!) fora.a. z€Q, allz € R,
with ag € L=(Q) 4, 1 <r<p*. Let Fy(z,x)=[; fo(z,s)ds and ¢q: WyP(Q)—R
(2 < p < o) be the C!-functional defined by
1 1
pofu) = IDul + F1Dul — [ Foleu(z))dz for all w e W37(@),
Q

The following proposition is a special case of a more general result of Gasinski
and Papageorgiou [16] and essentially is a consequence of the regularity results
of Lieberman [19].

PROPOSITION 2.3. Assume that ug € WyP(Q) is a local C}(Q)-minimizer
of o, that is, there exists pg > 0 such that

wo(uo) < wo(uo +h)  for all h € Cg(Q), [Ihllca ) < po-

Then ug € Cy*(Q) for some o € (0,1) and g is also a local Wy P (Q)-minimizer
of o, that is, there exists p1 > 0 such that

wo(uo) < wolug +h)  for all h € WyP(Q), ||h]| < p1.

Let n, € L™ (). We say n < 7 if and only if for every compact K C ), we
can find € = e > 0 such that

n(z) +e¢ <n(z) fora.a. zekK.
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Clearly, if n,7 € C(Q2) and n(z) < 7j(2) for all z € Q, then n < 7.

A simple modification of the proof of Proposition 2.6 of Arcoya and Ruiz [4],
in order to accommodate the presence of the extra linear term —Awu, leads to
the following strong comparison property.

PROPOSITION 2.4. Assume that 3 >0, n,) € L=(Q), n <7 and u € C}(Q),
v € int Cy satisfy

—Apu(z) = Au(z) + Blu(z)[Pu(z) =n
—Apv(z) — Av(z) + Bu(2)P~t =7(2) in Q.
Then v —u € int C.

As we have already mentioned in Introduction, our approach will use also
the Morse theory (critical groups). So, next we recall some basic definitions and
facts from Morse theory. Given a topological pair (Y7,Y32) with Y2 CY; C X, for
every integer k > 0 by H}(Y1,Ys) we denote the k*P-relative singular homology
group with integer coefficients for the pair (Y7,Y3). Given p € C'(X) and ¢ € R,
we introduce the following sets:

0 ={ueX:pu) <c}
K, ={ue X :'(u) =0},
K ={u€ K, : ¢(u) = c}.
If uw € K¢ is isolated, then the critical groups of ¢ at u are defined by
Cr(p,u) = H(e°NU, o“NU\{u}) forall k>0,

where U is a neighbourhood of w such that K, N ¢°NU = {u}. The excision
property of singular homology implies that the above definition of critical groups
is independent of the choice of the neighbourhood U.

Suppose that ¢ € C*(X) satisfies the C-condition and inf ¢(K,,) > —oo. Let
¢ <inf p(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hp(X, ) for all k> 0.

The second deformation theorem (see, for example, Gasinski and Papageorgiou
[15, p.628]) implies that the above definition of critical groups at infinity is
independent of the choice of the level ¢ < inf ¢(K,,).

Suppose that K, is finite. We introduce

M(t,u) = Zrank Cr(p,u)th  forallt € R, all u € K,
k>0

P(t,o0) = Zrank Cr(p,00)t"  for all t € R.
k>0
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The Morse relation says that

(2.1) > M(t,u) = P(t,00) + (1+1)Q(1),
ueK,
where Q(t) = . Bpt* is a formal series in t+ € R with nonnegative integer
k>0
coefficients.

Next, let us recall some basic facts concerning the spectrum of (—A,, Wy /(€2)).
So, we consider the following nonlinear eigenvalue problem:

(2.2) —Apu(z) = Nu(2)[P~2u(z) in Q, Uy, = 0.

A number A € R is an eigenvalue of (=A,, WyP(Q)), if problem (2.2) admits
a nontrivial solution u. The nontrivial solution @ is an eigenfunction correspond-
ing to the eigenvalue A. The smallest eigenvalue is denoted by A;(p) and has the
following properties:

o\ (p) > 0 and it is isolated;

e )\ (p) is simple (that is, if u,v are eigenfunctions corresponding to the

eigenvalue A1 (p), then @ = £0 for some £ # 0);

e we have

[ Dull

lullp

(2.3) M (p) = inf uwe WiP(Q),u#0|.

In (2.3) the infimum is realized on the one-dimensional eigenspace correspond-
ing to A1(p) > 0. In what follows, by @1 (p) we denote the LP-normalized (that
is, ||u1(p)ll, = 1) positive eigenfunction corresponding to Xl(p). The nonlinear
regularity theory and the nonlinear maximum principle (see, for example, Gasin-
ski and Papageorgiou [15, pp. 737-738]), imply that @ (p) € int C. Since the
spectrum o(p) of (—=A,, WP (Q)) is closed and A;(p) > 0 is isolated, then the
second eigenvalue is well-defined by

A2(p) = inf [X calp):A> N\ (p)]-

Let ind (A) be the Zs-cohomological index introduced by Fadell and Ra-
binowitz [13]. Employing the Lusternik—Schnirelmann minimax scheme, we
can define a whole divergent sequence {Xk(p)}kzl of distinct eigenvalues of
(A, WyP(Q)) by setting

Xk(p) = inf | sup || Dul|) : A € M symmetric, ind(4) > k|, k>1,
u€A
where M = {u € Wy*(Q) : ||ul, = 1} is a C'-Banach manifold. For k = 1,2,

these eigenvalues are as above. We do not know if the sequence {Xk(p)}k21
exhausts o(p). This is the case if N = 1 (ordinary differential equation) or if
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p=2and N > 2 (linear eigenvalue problem). In the latter case, we have

Hy(Q) = P EOw(2),

k>1

where E(Xk(Q)) denotes the eigenspace corresponding to the eigenvalue Xk(2)
We know that for every k > 1, E(Xk(2)) is finite dimensional, E(Xk(2)) C CL(Q)
and it has the “Unique Continuation Property” (UCP for short), that is, if
u € E(:\\k (2)) and vanishes on a set of positive measure, then u = 0.

We mention that if u is an eigenfunction corresponding to an eigenvalue
Xm(p) with m > 2, then 4 € C}(Q2) (nonlinear regularity theory) and  is
nodal (that is, sign changing). In fact, if p = 2, {U,}n>1 C HL(Q) are the
eigenfunctions corresponding to the eigenvalues {Xk 2)}e>1 and S, = {z € Q:
Un(z) = 0}, then Q\ S, has at most n-components (the Courant nodal domain
theorem, see, for example, Gasinski and Papageorgiou [15, p.797]).

For z € R, let 2% = max{+z,0}. Then for u € W) *(Q), we set u¥(-) =
u(-)*. We know that

uFewP(Q), w=ut—u", |ul=ut+u".

By | - v we denote the Lebesgue measure on RY. Finally, if h: @ x R — R is
a measurable function (for example, a Carathéodory function), then we set

Np(u)(-)=h(-,u(-)) forall u e Wy (),

the Nemytskil (superposition) operator corresponding to the function h. Evi-
dently, z — Np(u)(2) = h(z,u(z)) is measurable.

3. Resonant problems

In this section we study problem (1.1) when the reaction f(z, -)is (p — 1)-
linear near +00 and resonant with respect to a nonprincipal eigenvalue of (—A,,
WyP(€2)). So, we impose the following conditions on the function f:

(Hy) f: 2 xR — R is a Carathéodory function such that f(z,0) = 0 for
almost all z € © and
() |f(z,2)] < a(2)(1 + |2[P71) for almost all z € Q, all x € R, with
a € L>(Q)y;

o f(z)
(11) ZL’EI:lI:lOO ‘x|p_2x
m > 2;

= Am (p) uniformly for almost all z € Q and with

x

(iii) if F(z,z) = / f(z, s)ds, then there exists 7 € (2, p) such that

0
F _
0<n < lim inf 2 (z,7) — f(z2)z

r—+oo ‘x|7

uniformly for almost all z € Q;
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(iv) there exists ¥ € L>(Q)4 such that
9(z) <A(2) ae. in Q9 £ A (2),

2F
lim sup 7(22’ z)
x—0 X

IN

9(z)  uniformly for a.a. z € Q;

(v) for every p > 0, there exists £, > 0 such that f(z,z)x +&,|z|P >0
for almost all z € Q, all |z| < p.

REMARK 3.1. If there exists § > 0 such that f(z,z)x > 0 for almost all
z € Q, all |z| < §, then hypothesis (H;) (v) is automatically satisfied.

EXAMPLE 3.2. The following function satisfies hypotheses (H; ). For the sake
of simplicity we drop the z-dependence:

D + A (p)|2]7 22 if 2] <1,
An(P)|alP=2 4+ O™ 20 if |2| > 1,

flx) =
with 7,¢ > 2, 7 <pand ¥ € (O,Xl(Z)).
We set f1(z,2) = f(z,+2F). These are Carathéodory functions. Let
Fy(z,z) = /01’ fr(z,8)ds
and let @ : Wy (Q2) — R be the C''-functionals defined by
pt(u) = %HDUH? + %HDUH% — /Q Fy(z,u(2))dz forallu e Wol’p(Q).
Also, let ¢: VVO1 (Q) — R be the energy functional for problem (1.1) defined by
o(u) = %||Du||g + %HDuHS - /Q Flz,u(z))dz for all u e WhP(Q).
Evidently ¢ € C1(Wy?(Q)).

PROPOSITION 3.3. Assume that hypotheses (Hy) (i), (ii) hold. Then the func-
tionals @+ satisfy the C-condition.

ProoF. We do the proof for ¢, the proof for ¢_ being similar. So, let
{tn}n>1 € WyP(Q) be such that

(3.1) | (un)| < My for some M; >0, alln > 1,
(3.2) (1+ lunl)¢ (un) = 0 in WP (Q) as n — oo.
From (3.2) we have
i
(33) (Al b+ (A ) — [ oz unhdz] < 0L
Q L+ [Jun|

for all h € Wy(Q) with &, — 0%,



RESONANT AND SUPERLINEAR NONHOMOGENEOUS ELLIPTIC EQUATIONS 291
In (3.3) we choose h = —u;, € W, "*(2). Then
(3.4) || Duy |5+ | Duy, |3 < &, forall n>1
= u; =0 in WyP(Q)asn — .
Cram. {u}}n>1 € Wy P(Q) is bounded.

We argue indirectly. So, suppose that {u}},>1 € Wy (Q) is not bounded.
We may assume that ||u || — oco. Let y, = u}/||u}t]l, n > 1. Then |ly,| = 1,
yn > 0 for all n > 1. So, by passing to a subsequence if necessary, we may
assume that

(3.5) Yn —y in WyP(Q) and y, —y in LP(Q), with y > 0.

From (3.3) and (3.4), we have

3:6) |l B+ g Al B — [ TS <y
[ [P~ o llun|P=

with &/, — 07 as n — oo.
In (3.6) we choose h = y, —y € Wy*(2), pass to the limit as n — oo and
use (3.5). Then
(3.7 li_{n (Ap(Yn),yn —y) =0 (recall p > 2),
= yp—y in WyP(Q) (see Proposition 2.2), hence ||y| =1, y > 0.
Hypothesis (H;) (i) implies that

{Nf+(un> _ Nf(u:[)
fuf [[P=1 [Juad o=

} C L' () is bounded.
n>

So, we may assume that

Nf+ (Un) w

(3.8) Tt -1 Mg in LP(Q) as n — .

By virtue of hypothesis (H;) (ii), we have

(3.9) 9= Am(p)yP

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 30). Then, if
in (3.6) we pass to the limit as n — oo and use (3.7)-(3.9) and the fact that
p > 2, we obtain

(3.10)  (Au(y),h) = Am(p) /Q yP"Yhdz for all h € WyP(Q),

= Ay(y) = Am(p)y? L.

Since m > 2, from (3.10) we infer that y = 0 or y is nodal, both cases contra-
dict (3.7). This proves Claim.
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From (3.4) and Claim, it follows that {u,},>1 C W, *(§2) is bounded and so
we may assume that

(3.11) Uy~ u in WyP(Q) and w, —u in LP(Q).

In (3.3) we choose h = u, —u € Wy "*(Q), pass to the limit as n — oo and
use (3.11). Then

lim [(Ap(un), un — w) + (A(un), un —u)] =0,

n— oo
= limsup[(Ap(un), un — u) + (A(u), un —u)) <0 (since A is monotone),
n—oo
= lim sup(Ap(un), un —u) <0,
n—oo
=, —u  in Wy P(Q) (see Proposition 2.2).

This proves that the functional ¢, satisfies the C-condition. Similarly for the
functional ¢ _. O

PROPOSITION 3.4. If hypotheses (Hy) (i)—(iii) hold, then the functional ¢
satisfies the C-condition.

PROOF. Let {u,}n>1 € WyP(Q) be a sequence such that
(3.12) lo(un)| < My for some My >0, all n>1,
(3.13) (1+ Jlun|)¢ (un) = 0 in W2 (Q) as n — oo.
From (3.13) we have

_ el

(3.14) <Ap(un),h> + (A(un),h> — /Qf(27un)hdz < m

for all h € WyP(Q) with &, — 0T. In (3.14) we choose h = u,, € Wy?(Q) and
obtain

(3.15) | Dug |2 + || Dul|3 — /Qf(z,un)un dz <eg, foralln>1.
Also, from (3.12) we have

(316) | Dunl ~ 2 Dunl + /QpF(z,un) dz < pMy forall n> 1.
Adding (3.15) and (3.16), we obtain

(3.17) /Q[pF(z,un)  F (e un)un] dx < M + (12’ _ 1) D2

for some M3 > 0, all n > 1.
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By virtue of hypotheses (H;) (i),(iii), we can find n; € (0,79) and ¢; > 0 such
that

mlz|” —c1 <pF(z,2) = f(z,z)x fora.a. z€Q, all z€R,
(3.18) = mllunlll < My + <§ - 1) |Duy||3  for some My >0, alln > 1

(see (3.17)).
CLAIM {up Fp>1 C Wol’p(Q) s bounded.
Arguing by contradiction, suppose that Claim is not true. Then by passing to

a subsequence if necessary, we may assume that ||u,| — co. Let v, = up/||unl,
n > 1. Then ||y,|| =1 for all n > 1 and so we may assume that

(3.19) Yo~y in Wy P(Q) and y, »y in LP(Q) as n — occ.
From (3.14) we have

1 f(z,un)

320 (A1) + g Ay - [ L5

enl|h]l
= lualPm T fluall)
for all b € W, *(Q) and with ¢, — 0%. Hypothesis (H;) (i) implies that
{Np(un)/|un]P~ Fns1 C LP(Q) is bounded. So, if in (3.20) we choose h =
Yn — Y € Wol’p(Q), pass to the limit as n — oo and use (3.19), then

(3.21)  lim (Ay(yn),yn —y) =0 (recall p > 2) = g, =y in Wy (Q),
hence ||y|| = 1. From (3.18), we have

M4 C2
T < +
mlivnll < T T Tl

with ¢g = (g - 1) >0 (recall p > 2)
= mllyll7 <0,

hence y = 0, contradicting (3.21). This proves Claim.
By virtue of Claim, we may assume that

(3.22) Uy ~u in WyP(Q) and wu, —u in LP(Q) as n — oco.

In (3.14) we choose h = u,, —u € W, (), pass to the limit as n — oo and
use (3.22). Then

lim [(Ap(un), un —w) + (A(uy), un —u)] =0,

n—oo
= limsup[(Ap(un), tn —u) + (A(u), u, —u)] <0 (since A is monotone)
n—oo
= limsup(A4,(u,),un, —u) <0
n—oo

=Su, > u in WIP(Q see Proposition 2.2).
0
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Therefore ¢ satisfies the C-condition. O

PROPOSITION 3.5. If hypotheses (Hy) (i)—(iv) hold, then v = 0 is a local
minimizer for the functionals p+ and .

ProoF. We do the proof for the functional ¢, the proofs for ¢_ and ¢
being similar. By virtue of hypotheses (H;) (i),(iv) given € > 0 we can find
¢3 = c3(g) > 0 such that

1
(3.23) F(z,x) < 5(19(2) +e)a? + e3P foraa. z€Q, all z € R.
Then, for all u € W, (Q), we have
1 1
pilu) = |Dullp+ 31Dul} - [ Filzwds
p Q

1

1 1
> —||Dullp + 5 1Dull3 - 5 / (0(2) + ) (uh)? dz — cs|lu|p
P Q

(see (3.23))

1 €
> - Du2—/192u2dz>—A Du2]—c ul|?
5| (1Dal - [ 002 L R

for some ¢4 > 0 (see (2.3))
> L {05 -
2 A1(2)
(see Papageorgiou and Kyritsi [20, p.356]). Choosing ¢ € (0, A1(2)cs), we infer
that

} l|ul|? = cqllul|? for some ¢5 > 0

(3.24) @ (u) > cgllul|® — cal|ul|?  for some cg > 0.
Since p > 2, from (3.24) we see that for p € (0,1) small, we have
o (u) > 0=, (0) forall ue WyP(Q) with |lu| < p,
= u =0 is alocal minimizer for the functional ¢.

Similarly we show that u = 0 is also a local minimizer for the functionals ¢_
and . (]

Now we are ready to produce constant sign solutions.

THEOREM 3.6. If hypotheses (Hy) hold, then problem (1.1) admits at least
two nontrivial constant sign solutions

ug € int Cy  and vy € —int C,..

PRrROOF. First we produce a positive solution. From Proposition 3.5 we see
that we can find p € (0,1) small such that

(3.25) P4 (0) = 0 < inflpy (u) : ull = p] = m
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(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29). By virtue
of hypotheses (H;) (i),(ii), given € > 0, we can find ¢; = ¢7(g) > 0 such that

1 ~
(3.26) F(z,2) > =(An(p) —e)|z|P — ¢y fora.a. z€Q, all z eR.
p
Then, for ¢ > 0, we have
~ tp’\ t2 o~ 2 ~
oy (tur(p)) = EM(P) + 5 1Du)lz = A F(z,tuy) dz

P~ ~ 2
< S @) = Anp) el + F DT E)IE + erlQlw
(see (3.26)). Choose £ € (0, A (p) — A1(p)) (recall that m > 2). Then

- A
(3.27) @i (tui(p)) < — 087 + 5||Du1(p)||§ + 7|y (for some cg > 0)

pi(ur(p)) _ es 1 o v C7
- L) < Sy S IDT ) + 10y
i
= limsupM < 8 <0 (recall p > 2)
t——+o0 tP p
= lm o4 (tu(p)) = —oo.

From (3.25), (3.27) and Proposition 3.3, we see that we can apply Theorem 2.1
(the mountain pass theorem) and find uo € W,**(€2) such that

(3.28) up € K,, and m: < i (up).
From (3.25) and (3.28) it follows that ug # 0. Also
(3.29) ¢l (ug) =0 (see (3.28)) = Ap(ug) + A(uo) = Ny, (ug).
On (3.29) we act with —ug € W, *(Q) and obtain
1D 2+ 1Dug B =0 = w0, uo £0.

Then from (3.29) we see that ug is a nontrivial solution of (1.1). From La-
dyzhenskaya and Uraltseva [18, p.286], we have uy € L*°(Q2). Then we can
apply Theorem 1 of Lieberman [19] and conclude that ug € Cy \ {0}. Let
p = ||ug||c and let £, > 0 be as postulated by hypothesis (H;) (v). Then

(3.30) —Apuo(2) — Aug(2) + Euo(2)P 1 = f(2,u0(2)) + Epue(2)P~ > 0
for a.a. z € Q
= Apug(z) + Aug(z) < Euo(2)P~! for a.a. 2 € Q.
Then from (3.30) and Pucci and Serrin [23, pp.111,120], we infer that ug €
int O+.
Similarly, working with the functional ¢_, via the mountain pass theorem,
we produce vy € —int C'y a negative solution of problem (1.1). O
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To produce a third nontrivial solution, we need to strengthen our hypotheses
on the reaction f(z, -) and employ also tools from the Morse theory. The new
hypotheses on f, are the following:

(Ha) f: QxR — R is a measurable function such that, for almost all z € Q
f(2,0)=0, f(z, -) € CL(R) and
(i) |fL(z,2)] < a(z)(1+]z|P~2) for almost all 2z € Q, all x € R and with
a € L>(Q)4;
. . Z,T
(11) acgrinoo £(|P2‘)x
m > 2;

A (p) uniformly for almost all z € Q and with

(iii) if F(z,x) = / f(z,s)ds, then there exists T € (2,p) such that
0

pF(Z,CE) — f(Z,:L')SU

= +oo uniformly for a.a. z € €Q;

(iv) fi(z,0)= lin}J f&z) uniformly for almost all z € Q and
T— X

Fi(2,0) < Ai(2) foraa. z€Q,  fi(-,0) % A(2);
(v) for every p > 0, there exists £, > 0 such that
f(z,x)x + &P >0 foraa. z€Q, all 2| <p.
Under these stronger conditions on the reaction, we can produce a third

nontrivial solution and have the following multiplicity theorem.

THEOREM 3.7. If hypotheses (Ha) hold, then problem (1.1) has at least three
nontrivial solutions

up €int Cy, wo € —intCy and yo € CH(Q)\ {0}.

PrOOF. The two nontrivial constant sign solutions uy € int C; and vy €
—int C} are guaranteed by Theorem 3.6. From the proof of Theorem 3.6, we
know that uy € int C; is a critical point of mountain pass type for the func-
tional ¢4, while vg € —int C'y is a critical point of mountain pass type for the
functional ¢_. Therefore we have

(3.31) Ci(p4,up) #0 and Cy(p—,vg) # 0.
We consider the homotopy
h(t,u) = (1 —t)py (u) + to(u) for all (t,u) € [0,1] x WyP(Q).

We assume that K, is finite (otherwise we already have infinitely many distinct
solutions for problem (1.1)). Suppose that we can find {t,},>1 C [0,1] and
{tn}n>1 € WyP(Q) such that

(3.32)  tn, —t, up = ug in WoP(Q) and A, (tn,un) =0 foralln> 1.



RESONANT AND SUPERLINEAR NONHOMOGENEOUS ELLIPTIC EQUATIONS 297

From (3.32), we have

Ap(un) + A(un) = (1 —t,) Ny, (un) + o Ny(up) forallm >1
= —Bpun(2) = Aun(2) = (1 = tn) f1(2,un(2)) + tnf (2, un(2))

fora.a. z € Q, alln > 1.

From Ladyzhenskaya and Uraltseva [18, p. 286], we know that we can find M5 > 0
such that [|uplleec < M5 for all n > 1 (see also (3.32)). Then Theorem 1 of
Lieberman [19] implies that there exist « € (0,1) and Mg > 0 such that

(3.33) Uy € C&’O‘(ﬁ) and ||'U/n||cé,o¢(ﬁ) < Mg foralln>1.

From (3.33) and the compact embedding of Cy**(Q) into CA(Q), we have u,, —
ug in CZ(Q) (see (3.32)). Since ug € int Cy (see Theorem 3.6), we infer that
u, € intCy for all m > 1 and so {uy }n>n, is & sequence of distinct positive
solutions of problem (1.1), a contradiction to our hypothesis that K, is finite.
So, (3.32) cannot occur and then the homotopy invariance of critical groups,
implies that

(3.34) Cr(p4,ug) = Cr(p,ug) for all k> 0.

Similarly we show that

(3.35) Cr(p—,v9) = Cr(p,v9) forall k>0 (recall vg € —int C.).

From (3.31), (3.34) and (3.35), we have

(3.36) Ci(p,uo) #0,  Ci(p,v0) # 0.

Since ¢ € C2(WyP(Q)) (see hypotheses (Hy)), from (3.36) and Papageorgiou
and Smyrlis [22] (see also Papageorgiou and Radulescu [21]), it follows that
(3.37) Ci(p,u0) = Crx(p,v0) = 01 Z for all k > 0.

Also, Proposition 3.5 implies that

(3.38) Cr(p,0) = 0Z for all k > 0.

Hypothesis (Hs) (iii) implies that given £ > 0, we can find My = M7(£) > 0 such
that

(3.39) pF(z,2) — f(z,x)x > &|z|” for a.a. z € Q, all |z| > M.

For almost all z € © and for s # 0, we have

d F(zs) _ f(z9)|s” — plsP~2sF (2, )

ds |s|P |5

o sPP7?sf (2 8)s = pF(2,5)] _ f(28)s = pF(2,5)
- |s]2P |s[Ps '




298 N.S. PAPAGEORGIOU — V.D. RADULESCU

Then for s > 0, we have

d F(z,s)  f(z,8)s —pF(z,s) rep—1
(3.40) % P = sp-‘,—l S 765

for a.a. z € Q, all s > M7 (see (3.39))
¢ [1 1

yp*T xrp—T

_ Flay) Flr)
yP ¥ T p-T

} for a.a. z € Q, ally > x > M.
Note that hypothesis (Hs) (ii) implies that

(3.41) lim 2E(Z9)

s—odoo  |s|P

= Am (p) uniformly for a.a. z € .

Recall that 7 < p (see hypothesis (Hs) (iii)). So, if in (3.40) we let y — +o0 and
use (3.41), then

A F 1
Am(P) (z,x)<_ § for a.a. z € Q, all z > My

p T p—TPTT
A
= (p)xp—F(z,x)<— 3 27 fora.a. z€Q, allx > My
p p—T7
Am (p)aP — pF(z,
= (p)z pF(z ) < = P for a.a. z € Q, all x > M.
x™ p—T

Since £ > 0 is arbitrary, it follows that

3 p_
lim Am(p)aP — pF(z,x)

r— 400 xT

= —oo uniformly for a.a. z € Q.

For s < 0, we have

d F(z,s) f(z,8)s —pF(z,s) < £

ds |sp |s|Ps — |sjpTs
for a.a. z € Q, all s < —M7 (see (3.39) and recall that s < 0)
F(z,x)_F(z,y)>_ i3 [ 1 }
[P P = p—T Lyl fxfeeT

foraa. z€Q, all y <z < —-M7.

Letting y — —oo and using (3.41), we obtain

F(z,z)  Au(p) 13 1

- > —  for a.a. z € Q, all x < —My (see (3.41))
|z [P P p—Tl|z[PT
Am P —pF(z,
= (p)l] | pF(z ) < = P for a.a. z € Q, all x < —Ms.
x|T p—
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Therefore we have proved that

2 p_
(3.42) lim Am(P)le]” = pF(z,2) _ —o0o uniformly for a.a. z € Q.

r—+oo ‘gj|7'

We introduce the following two sets:
Sp = {u e WoP(Q) : [[ull” =7, |Dullp < A (p)lulh},
A = {ue Wy(Q) : | Dullly = Apa (p)|u]l5}-

Note that S, is a C'-Banach manifold with boundary.
From Degiovanni and Lancelotti [9, Theorem 3.2], we have

ind (S,) = ind(Wy?(Q) \ A) = m.

Also, from Cingolani and Degiovanni [7, Theorem 3.6] we know that the sets S
and A homologically link in dimension m.

Hypotheses (Hz) (i),(ii) imply that given € > 0, we can find cg = co(g) > 0
such that

~

Am(p) + ¢

F(z,z) < |z|P 4+ ¢ for a.a. z € Q, all x € R.

b
Recall that A, (p) < /):mﬂ(p). Then, for all u € A, we have

A —Am(p) — €
) > +1(p) (p) ||’U,||£ _ 09|Q|N-

u
o( ’

Choosing ¢ € (0, Xm+1(p) - Xm(p)), we obtain ir}‘fgo > —oo. Also, we claim that

s;pgo < ir}lf o for r > 0 big enough. Arguing by contradiction, suppose that we

can find {u,}n>1 €S and £ > 0 such that

(3.43) —& < o(u,) foralln>1and |lu,| — +oo.

Let yn, = un/||unll, n > 1. Then ||y,|| = 1 for all n > 1. So, we may assume that
Yo~y in WyP(Q) and y, -y in LP(Q) as n — oco.

We have

~

L=[Dynllh < Am@)lynlly  (vecall u,, € S for all n > 1)
= 1< Ayl (see (3.42))
= y #0.

Therefore |u,(z)] — +oo for almost all z € Qp = {z € Q@ : y(z) # 0} and
|Q]n > 0. We have (see (3.43))

jZ3 </ Xm(p)|un|p*pF(Zaun)
Q

uall” = |un|”

p 1
|y"|T dz+ 3 ||7__2||Dyn||g-
n

2 ||u
Since 7 > 2, passing to the limit as n — oo and since |lu,|| — oo, we reach
a contradiction to (3.42). This proves the claim, namely that ¢(u) — —oo as
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[lu]l = 400 with w € S. Therefore choosing r > 0 big enough, we can have
sup ¢ < igf ©. So, we can apply Theorem 3.2 of Cingolani and Degiovanni [7]
s

and infer that there exists yo € Wy"*(2) such that yo € K, and Cy,(¢,y0) #
0. Comparing with (3.37) and (3.38), we obtain yo ¢ {0,ug,vo}. Also, since
yo € K, yo is a nontrivial solution of problem (1.1) and as before the nonlinear
regularity theory implies that yo € C3(Q). O

REMARK 3.8. Is it possible to show that yq is nodal?

4. Superlinear problems

In this section, we assume that the reaction f(z, -) is (p—1)-superlinear near
400 without satisfying the AR-condition and has z-dependent zeros of constant
sign. For such problems, we prove a multiplicity theorem producing six nontrivial
solutions all with sign information and a second multiplicity theorem producing
five solutions.

The hypotheses on the reaction f are the following:

(Hs) f: QxR — R is a measurable function such that for almost all z € Q,
f(2,0)=0, f(z, -) € CL(R) and
() |f(z,2)] < a(z)(1 + |z|"~2) for almost all z € Q, all z € R, with
a € L>®(Q)4 and r € (p,p*);
F
(i) lim TGO
r—+oo ‘a’,‘|p
(iii) there exist 7 € (max{1, (r — p)N/p},r) and 7 > 0 such that
— pF
< g L2220 =P (z22)

r—too |:E|T

= +o00o uniformly for almost all z € §;

uniformly for almost all z € €;

(iv) fi(z,0) = lir% @ uniformly for almost all z € Q and for some
x—

m > 2, we have
F2(2,0) € Am(2), Ams1(2)]  for almost all z € Q,
Fi(-0) # Xm(@), f2(-,0) # A (2);
(v) there exist functions we € WHP(Q) N C(Q) such that
w_(2) <eo <0<cy <wy(z) forall ze,
f(z,wi(2)) <0< f(z,w_(2)) fora.a.z e,
and
(Ap(w-), ) + (A(w-),9) <0< (Ap(wy), V) + (A(wy), V)
for all ¥ € WHP(Q) with 9 > 0;
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(vi) for every p > 0, there exists £, > 0 such that for almost all z €
the map  — f(z,z) + &,|z|P~ 2z is nondecreasing on [—p, p].

REMARK 4.1. We stress that now the regularity condition on f(z, -) is stron-
ger, namely f(z,-) € C*(R). Hypothesis (H3) (ii) implies that the potential
F(z, -) is p-superlinear near +o0o. This hypothesis together with (Hs) (iii) imply
that the reaction f(z, -) is (p — 1)-superlinear near +oco. Note that, unlike most
works on superlinear problems, we do not employ the AR-condition. We recall
that this condition says that there exist ¢ > p and M > 0 such that

0 < qF(z,2) < f(z,2)x fora.a.zeQ, all |z| > M,
0< essQian(~,iM).
The AR-condition implies the following weaker unilateral growth condition:
cro|z|? < F(z,z) for a.a. z € £, all || > M and some c19 > 0.
From this, we have the much weaker condition

F
lim (2,2)

r—Foo |x‘p

= 400 uniformly for a.a. z € Q.

Here we employ the above asymptotic condition and hypothesis (Hs) (iii), which
together are weaker than the AR-condition and incorporate in our framework
superlinear reactions with “slower” growth near oo which fail to satisfy the
AR-condition (see the example below). Hypothesis (Hs) (iv) implies that asymp-
totically at 0 we have nonuniform nonresonance with respect to the spectral
interval [Am(2), Am41(2)]. Finally hypothesis (Hs) (v) implies the existence of
z-dependent zeros of constant sign. Evidently this hypothesis is satisfied if there

exist c. < 0 < ¢4 such that
f(z,c4) <0< f(z,e2) for aa. z € Q.

As a final remark concerning hypotheses (Hs3), we mention that by virtue of
hypotheses (Hs) (i),(iv), we can find & > A1(2) and & > 0 such that

(4.1) f(z,2)x > & — & |z|” foraa. z€Q, allz € R.

ExAMPLE 4.2. The following function satisfies hypotheses (Hs). For the sake
of simplicity we drop the z-dependence

1
flx) = |xp_2x(ln || + p) + dx — c|x|7_2x

with 7 € (Xm,:\\mﬂ) (m>2),c>1/p+9, 2 <7 <p. Note that this function
does not satisfy the AR-~condition.
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First we will produce constant sign solutions. As before ¢: WO1 PQ) = Ris
the energy functional for problem (1.1) defined by

1 1
o(w) = S IDullp+ 31Dul} ~ [ Fu@)ds for all ue WyP(@)
Q

To produce the first two constant sign solutions, the asymptotic condition on
f(z, -) at £oo is irrelevant (that is, we do not need hypotheses (Hs) (i), (iii)).

PROPOSITION 4.3. If hypotheses (Hs) (i), (iv)—(vi) hold, then problem (1.1)
has two nontrivial constant sign solutions

up € intCy  and vy € —int Cy
such that —c_ < w_(z) < vp(2) <0 < ug(2) <wy(2) < ey forall z € Q.

PRrOOF. First we produce the positive solution. To this end, we introduce
the following truncation of f(z, -):

0 if z <0,
(4.2) Filzm) =4 fz,2) if0<a<wi(2),
fzywi(2) fwi(z) <z

This is a Carathéodory function. Let
Fo(eo) = [ File)ds
0
and consider the C'-functional @, : Wy (Q) — R defined by

~ 1 1 ~
P+(u) = 5||Du||£ + §||Du||§ - /F+(z,u(z))dz for all u € WP ().
Q

It is clear from (4.2) that @, is coercive. Also, it is sequentially weakly lower
semicontinuous. So, by the Weierstrass theorem, we can find uy € Wy ()
such that

(43) B (o) = nfl[3s (u) - w € WEHQ)] = 7y
Hypothesis (Hs) (iv) implies that, given € > 0, we can find 6 € (0, cy) such that
(4.4) f(z,2) > (fi(2,0) —e)z for a.a. 2 € Q, all z € [0, 7]

= F(z,2) > =(f.(2,0) —e)2® for a.a. z € Q, all z € [0, ).

N =

Let @1(2) € int Cy be the L?-normalized principal eigenfunction of (—A, H}(Q2))
and let ¢t € (0,1) be small such that t;(2)(2) € [0, 6] for all z € Q. Then
2

. (th tpAp—A—’zﬂ 2
prttm @) < Sipaly+ 5| [ (u@) - e 0)m @7 s e
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(see (4.4) and recall that ||u1(2)]]2 = 1). Note that
& = [17:0) = B2 (2 d= > 0
Q

(see hypothesis (H3) (iv)). We have

P 2
24(171(2)) < ZIDT )L - e — <l

Choosing € € (0,&,) and since p > 2, for t € (0,1) even smaller if necessary, we

have
Bo(tin(2) <0 = Filup) <0=34(0)
(see (4.2)), hence ug # 0. From (4.2), we have

(45) @;(U(]) =0 = AP(UO) + A(UO) = Nj:, (U()).

On (4.5) we act with —uy; € W, "*(€2) and obtain [Dug |5 + [Dug I3 = 0
(see (4.2)), hence ugp > 0, ug # 0. Also, on (4.4) we act with (ug — w4 )"

in Wy?(€) and obtain
(Ap(uo), (uo — wy)™) + (A(uo), (o — wy)™) = /QJ?+(27U0)(U0 —wy )" dz
— [ FGw o - wi)* d: (see (4.2))
Q

< (Ap(wy), (uo —wi) ™) + (A(wy), (ug —w4) ™) (see hypothesis (Hz) (v))
= (Ap(uo) — Ap(wy), (uo — wi)™) + (Auo) — A(wy), (uo — w4)*) <0
= {uo > wi}[y =0,
hence uy < w4. So, we have proved that
up € [0,wy] = {u e WyP(Q): 0 <u(z) <w,y(z) ae. in Q}.

Then from (4.2) and (4.5) it follows that ug is a positive solution of problem (1.1).

As before the nonlinear regularity theory (see Lieberman [19]) and the nonlinear

maximum principle (see Pucci and Serrin [23, pp. 111,120]), imply up € int Cy..
Similarly, we consider the following truncation of f(z, -):

fz,w_(2) ifz<w_(z),
f,(zmc) =1 f(z,7) ifw_(z2) <z <0,
0 if 0 < 2.

This is a Carathéodory function. We set

Fo(sa) = /OI (2 5)ds
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and consider the C'-functional $_: Wy (Q) — R defined by
R 1 1 ~
p_(u) = 5||Du||§ + §HDuH§ - /Q F_(z,u(2))dz forallue Wol’p(Q).

Reasoning as above, via the direct method, we produce a negative solution vy €
—int C with c_ < w_(2) < wvy(z) <0 for all z € Q. O

Using these two constant sign solutions and the asymptotic conditions at +oco
(see hypotheses (Hj) (ii),(iii)), we can generate two more nontrivial solutions of

constant sign.

PROPOSITION 4.4. If hypotheses (Hs) hold, then problem (1.1) has two addi-
tional constant sign solutions

ueintCy and ve—-intCy
such that & — ug € int Cy. and vg — U € int C..

PROOF. Again, first we show the existence of the second positive solution.
To this end, let ug € int C'y be the positive solution produced in Proposition 4.3.
We introduce the following truncation of the reaction f(z, -):

f(z,up(2)) if 2 <wg(z),

4.6 2a) =
(46) 9+(2:2) flz,x) if ug(z) < .

This is a Carathéodory function. We set

Gilea) = [ gier)ds
0
and consider the C'-functional 1, : Wy?(Q) — R defined by

1 1
Py (u) = 1—?||DU||§ + §||Du||§ - /G+(z,u(z))dz for all u € Wolp(Q)
Q

From Aizicovici, Papageorgiou and Staicu [2] (proof of Proposition 4), we know
that

(4.7) 14 satisfies the C-condition.

CLAIM. We may assume that ug € int Cy is a local minimizer of 1y .

We consider the following truncation of g4 (z, -) (recall that uy < wy, see
Proposition 4.3):

4.8 Golz.m) = 9+(2,2) if © < wy(z),
(4.8) g+(z,7) o (2) i (e) < o

This is a Carathéodory function. We set

~

G+(z,x):/ 9+ (z,8)ds
0
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and consider the C'!-functional 1) : W,y P(€2) — R defined by

~ 1 1 ~
Py (u) = 1;||Du||§ + iHDqu - /Q G (z,u(z))dz  for all u € WyP(Q).

From (4.6) and (4.8) it is clear that 1Z+ is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find @y € W, () such that
(4.9) ¥y (o) = inf[Py (u) : w € WyP(Q)]

= ¢ (Uo) =0 = A,(Uo) + A(to) = Nz, (o).

On (4.9) first we act with (ug — Uo)T € W, P(Q) and obtain
(Ay o), (w0 — o)) + (A(To) (a0~ To) ) = [ Gz T) o — )
Q

= /Qf(Z,UO)(Uo — )" dz (see (4.8) and (4.6))
= (Ap(uo), (ug — o) ") + (A(uo), (uo —uo)*) (see Proposition 4.3)
= (Ap(uo) — Ap(To), (uo — o) ™) + (A(uo) — A(o), (uo — TUp) ™) =0

= |{U0 > ao}‘N =0,

hence ug < Tp. Also, on (4.9) we act with (o — w, )T € W, ?(Q). Then
(Ap (o), (Tl — w4) ™) + (A(do), (o — wi) ™) = / 9+ (2, 7o) (o — wy) " dz
Q

= /g flzywi) (o — wi) T dz (see (4.8) and (4.6))

< (Ap(wy), (G0 — wi) ™) + (A(wy), (@ — w4 )™)  (see hypothesis (Hz) (v))
= (A4p(to) — Ap(wy), (Uo — wy) ) + (A(T) — A(wy), (W —wi)*) <0
= [{do > wi Yy =0,
hence 1y < wy. So, we have proved that
To € [uo, wy] = {u € Wy P(Q) : ug(z) < u(z) < wy(z) ae in Q).

Then from (4.6), (4.8) and (4.9) it follows that g is a positive solution of prob-
lem (1.1) and as before the nonlinear regularity theory and the nonlinear maxi-
mum principle imply Uy € int Cy .

If Up # wo, then this is the desired second positive solution of (1.1).

If Uy = up € int Cy, then for p = [|wi |/, let §, > 0 be as postulated by
hypothesis (Hs) (vi). We have

—Apuo(z) — Aug(2) + Euo(2)P 1 = f(2,u0(2)) + Epuo(2)P
< f(z,wy(2) + Gy (2)P
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(recall that up < w4 and see hypothesis (Hg (vi)). It follows that
(410) (A, (uo), 9) + (A(uo), 9) — /f(z,uo)ﬁdz <0
Q

< Ayl ). 0) + (Alwi).0) = [ few)ids

for all ¥ € WHP(Q) with ¥ > 0 (see hypothesis (Hs3) (v)).
Let a(y) = |y|P~2y +y for all y € RY. Then a € C1(RY) (recall p > 2) and

|y|?
= (Va)&, Orn > (14 [ylP~?)[E)> for all y, & € RY.

Va(y) = [y|P~> (I +p-2)¥® y) +1 forallyeRN

So, by virtue of (4.10), we can apply Theorem 2.5.2 of Pucci and Serrin [23,
p. 35] (the tangency principle) and infer that

(4.11) up(z) <wy(z) forallz€Q =  wug€ int e g [0,wy].

But from (4.6) and (4.8) it is clear that 7:[1\+|[0,w+] = Yyljo,w,]- So, (4.11) implies
that uy € intC, is a local C}(Q)-minimizer of v, hence it is also a local
Wol’p(Q)—minimizer of ¥4 (see Proposition 2.3). This proves Claim.

By virtue of Claim, we can find p € (0,1) small such that

(4.12) o (10) < in[ths () : = uol| = ] = my

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29).
Hypothesis (H3) (ii) implies that for any u € int C., we have

(4.13) Yy (tt) » —o0  ast — +oo.

Then (4.7), (4.12) and (4.13) permit the use of Theorem 2.1 (the mountain pass
theorem) and obtain @ € W, () such that

(4.14) ue Ky, and my <y (u).

From (4.12) and (4.14), we see that U # ug. Also, since u € Ky, (see (4.14)),
we have that

(4.15) A, (@) + A(@) = N, (3).

Acting on (4.15) with (ug — @)t € Wy ?(Q) and using (4.6), as before we obtain
that uo < u and so 4 is a positive solution of problem (1.1) (see (4.6) and (4.15)).
As before the nonlinear regularity theory implies that @ € int C..
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Let p = ||t]|oo and let £, > 0 be as postulated by hypothesis (Hs) (vi). Then
for £, > £, we have
(4.16) = Ayug(2) — Aug(2) + Epuo(2)P " = f(2,u0(2)) + Euo(2)""
< f(z,u(z)) + gpﬂ(z)p_l (since up < @, see hypothesis (Hs) (vi))
= —Au(z) — Au(z) + gpﬂ(z)p_l a.e. in .

Once again the tangency principle of Pucci and Serrin [23, Theorem 2.5.2, p. 35]
implies that ug(z) < U(z) for all z € Q. Hence, from (4.16) and Proposition 2.4
(recall E,, > ¢,) we infer that 4 — ug € int Cy.

Similarly, for the second negative solution we introduce the truncation

f(z,x) if z < wo(z2),
f(z,v0(z)) ifve(z) < .
This is a Carathéodory function. We set

G_(z,2) = /OT g—(z,8)ds

and introduce the C''-functional ¢_: W, *(2) — R defined by

g,(z,x) =

1 1
Y_(u) = =||Dul|p + §HDUH§ - / G_(z,u(z))dz for all u € WyP(Q).
p Q
Working as above, this time using the functional ¥_, we produce a second neg-
ative solution v € —int C; such that vg — 0 € int Cy.. O

Next we look for nodal (sign changing) solutions. We will employ tools from
the Morse theory.

Let d, = dim @ E(X\i(2)) (recall that E(X;(2)) denotes the eigenspace of
i=1
(—A, H}(Q)) corresponding to the eigenvalue \;(2); see Section 2).

PROPOSITION 4.5. If hypotheses (Hs) hold, then Ci(¢,0) = k.4
k> 0.

Z for all

m

PROOF. Let 7: Wy (Q2) = R be the C2-functional defined by

(W) = ~1Dull + 51Dl - %/Qf;(z70)u(z)2 dz for all u € WP (Q).
We consider the affine homotopy

h(t,u) = (1 —t)p(u) + tr(u) for all (t,u) € [0,1] x W, P(Q).

Suppose that we can find {t,},>1 C [0,1] and {uy, }n>1 € Wy (Q) such that
(4.17) t, =t €[0,1], up, — 0in Wy P(Q) and A, (tn, u,) =0 for all n > 1.
We have
(4.18) Ap(un) + A(un) = (1 — t)Ny(up) + tn fo( -, 0)u, for all n > 1.
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Let y,, = upn/||unll, n > 1. Then ||y,|| = 1 for all n > 1 and so we may assume
that
(4.19) Yo —y I WyP(Q) and y, —y in L7(Q).
From (4.18) we have
_ Ne(uy,
4200l 2y + Al) = (- ) T 0,

for all n > 1. From hypotheses (H3) (i),(iv), we have
If(z,2)] < cro(jz| +|z["~) for a.a. z € Q, all z € R, some ¢ > 0.

Note that (4.18) and Ladyzhenskaya and Uraltseva [18, p.286], imply that
{tn}n>1 C L>®(Q) is bounded. So, it follows that {Ny(un)/||unltn>1 € L7(2)
is bounded. Thus by passing to a subsequence if necessary and using hypothesis
(Hs) (iv), we have

Ny (un)

[[en |

Since {Ap(Yn) }n>1C WP (Q) is bounded (see Proposition 2.2) and ||uy, [P =20
(recall p > 2 and see (4.17)), we have

(4.21) 5 fA(-,0)y in L"(Q) as n — oo.

(4.22) [un| P2 Ap(yn) = 0 in W12 (Q) as n — oc.
So, if in (4.20) we pass to the limit as n — oo and use (4.21) and (4.22), then
Ay) = f(-.0y = —Ay(z) = f1(2,0)y(2) ae. in Q, ylog =0.

Hypothesis (Hs) (iv) implies that y = 0. On the other hand, from (4.20) and
Theorem 2.1 of Lieberman [19], we know that there exist @ € (0,1) and M >0
such that

(4.23) Yn € Cy*(Q)  and ||ynHCé,a(§) <M foraln>1.

Exploiting the compact embedding of C;**(Q) into C2(Q) and using (4.19), we
have

yn =y inCy(Q) =yl =1,
contradiction since y = 0. So, (4.17) cannot occur and then the homotopy
invariance of the critical groups implies that

(4.24) Cr(p,0) = Ci(r,0) for all k> 0.
From Theorem 1 of Cingolani and Vannella [8], we have
Ci(7,0) =0 g, Z for all k >0 = Ci(p,0) =dkq,,Zfor all k>0
(see (4.24)). O

PROPOSITION 4.6. Assume that hypotheses (Hz) (i)-(iii) hold and inf p(K,)
> —o0. Then Cy(p,00) =0 for all k > 0.
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PRrOOF. Note that ¢ satisfies the C-condition (see Aizicovici, Papageorgiou
and Staicu [2]). Hypotheses (Hs) (i),(ii) imply that given & > 0, we can find
c11 = ¢11(§) > 0 such that

(4.25) F(z,x) > %mp —cy;; foraa. ze€Q, allz € R.
Let u € OBy = {u € WyP(Q) : |ul| = 1} and t > 0. Then
tP o, P )
pltu) < 1= Elulp] + FDulz + enlQ.
Choosing § > 1/[[ul|} and since p > 2, we infer that

(4.26) p(tu) = —oo  as t — +oo.

By virtue of hypotheses (Hg) (i),(iii), we can find 1 € (0,79) and ¢12 > 0 such
that

(4.27) f(z,x)x —pF(z,2) > mi|z|” —c12 foraa. ze€Q, allz € R.
Then for all v € W, P(Q), we have (see (4.27))
(4.25) [ pFG0) = feyo)ul e < —milol; + cral.

Q

Let ¥ < min[—c12|Q|n — 1,inf p(K,)]. From (4.26), we see that for every u €
WyP(€) \ {0} we can find ¢ > 1 such that

(4.29) p(tu) <

S le

Then, for such big t > 1, we have

d
(4.30) pria o(tu) = (¢’ (tu), u)
= 1[tpDu|p + t2||Dul|2 — / f(z,tu)(tu) dz }
1
< ¢ [P1Duly + D0l - [ o+ sl
Q
(see (4.28))
1 .
< ;[pso(tU) + c12|Q[ ] (since p > 2)

1
< ;[19 +c12|Qn] <0

Given u € WyP(Q) \ {0}, let 7(u) > 1 be the first ¢ > 1 such that (4.29)
holds. Then by virtue of (4.30) and the implicit function theorem, we have
r e CUWEP(@)\ {0}). Let h € C(0,1] x (WP(@) \ {0}), WeP(2)\ {0}) be
defined by

h(t,u) = (1 —t+tr(u))u for all (t,u) € [0,1] x (W, P()\ {0}).



310 N.S. PAPAGEORGIOU — V.D. RADULESCU

Note that
h0,u) =u, h(l,u) =7(uw)uc ¢’ forallue W, ")\ {0},
h(t,u) =u for all (¢,u) € [0,1] x ¢”.

These facts imply that ¢? is a strong deformation retract of Wy (€2)\{0}. Using
the radial retraction and Dugundji [11, Theorem 6.5, p. 325], we see that 0By is
a deformation retract of Wy ?(Q) \ {0}. It follows that the sets ¢’ and dB; are
homotopy equivalent and so we have

(4.31) H, (W, P(Q),0B1) = Hp(W,P(Q),¢”) for all k> 0.
The choice of ¥ implies that
(4.32) H, (W P(Q), 0”) = Ci(p,00)  for all k> 0.

Also, since VVO1 P(Q) is infinite dimensional, the boundary dBj is contractible in
itself (see, for example, Gasinski and Papageorgiou [15, p.691]). Therefore

(4.33) Hy, (W, ?P(Q),0B1) =0 for all k> 0.
From (4.31), (4.32) and (4.33) we conclude that Cx(p,00) =0 for all £ > 0. O

Next we compute the critical groups of the functional ¢ at u € K, and at
ve K.

PROPOSITION 4.7. If hypotheses (Hs3) hold and K, is finite, then Ci(p,u) =
Cr(¢,0) = 0 1Z for all k > 0.

PrROOF. We do the proof for the pair (¢,u), the proof for the pair (¢, ?)
being similar. Let ¢, : Wy?(Q) — R be the functional introduced in the proof
of Proposition 4.4. We consider the homotopy h. : [0,1] x Wy P(Q) — Wy ()
defined by

hy (tu) = (1 —t)p(u) + thy (u) for all (t,u) € [0,1] x Wy P(Q).
Suppose we can find {t, }n>1 C [0,1] and {u, }ns>1 € WP () such that
(4.34) t, =t €[0,1], u, — 0 in WyP(Q) and (hy)! (tn,u,) = 0 for all n > 1.
From (4.34) we have
(435 —Bpun(z) — Aun(2) = (1~ ) f(zn(2)) + bugs (20 0n(2))

for almost all z € Q. From Ladyzhenskaya and Uraltseva [18, p.286], we know
that there exists Mg > 0 such that ||uy||cc < Ms for all n > 1. Then applying

Theorem 2.1 of Lieberman [19], we can find « € (0,1) and Mg > 0 such that
u, € Cy*(Q) and ||U/n||03,a(ﬁ) < My foralln>1.
The compact embedding of C)*(Q) into C} () and (4.34) imply

u, —u in Cj(Q) as n — oo.



RESONANT AND SUPERLINEAR NONHOMOGENEOUS ELLIPTIC EQUATIONS 311

From Proposition 4.4 we know that u—ug € int C.. Therefore we can find ng > 1
such that u, > ug for all n > ng. Then from (4.6) and (4.35) it follows that
{tn}n>n, C Ky, which contradicts our hypothesis that K, is finite. Therefore,
we can find p € (0,1) small such that u € int Cy is the only critical point of
{hi(t, Ve in By(u) = {u € WyP() : lu — || < p}. Then the homotopy
invariance of critical groups implies that

(4.36) Ci(p,u) = Cx(ty,u) forall k > 0.

From the proof of Proposition 4.4, we know that @ € int C is a critical point of
mountain pass type for the functional ¢, . Therefore

(4.37) Ci(s,@) 20 =  Cilp,@) £0

(see (4.36)). Since ¢ € C2(WyP()) (see hypotheses (Hs)), from (4.37) and
Papageorgiou and Smyrlis [22] (see also Papageorgiou and R&dulescu [21]), we
have

Cr(0,@) = 6,17 for all k > 0.
In a similar fashion, we show that Cy(p,v) = 65 1Z for all k > 0. O

Our strategy in order to generate nodal solutions is the following. First we
show that problem (1.1) admits extremal constant sign solutions, that is there
exist a smallest positive solution u, € int C; and a biggest negative solution
v_ € —int Cy. Having the extremal constant sign solutions, we focus on the order
interval [v_,u,]={u € Wy P(Q) : v_(z) <u(z) <u, (z) almost everywhere in 2}.
Through a combination of variational methods and of Morse theory, we show
that the problem has a nontrivial solution in [v_,u4] distinct from v_ and u.
The extremality of v_ and uy, implies that this solution must be nodal. The
nonhomogeneity of the differential operator, is the source of difficulties in the
execution of this solution strategy. In this respect, the unilateral growth estimate
in (4.1), will help us to overcome these difficulties. So, motivated by (4.1), we
consider the following auxiliary Dirichlet problem:

(4.38) —Apu(2) — Au(z) = &u(z) — &|u(z)]""2u(z) in Q, ulpg = 0.

PROPOSITION 4.8. Problem (4.38) admits a unique positive solution u. €
int Cy and since the equation in (4.38) is odd, v, = —u, € —int Cy. is the unique
negative solution of (4.38).

PROOF. Let py: Wy P(€2) — R be the C'-functional defined by
1 1 50 §1 r 1,
pug(u) = Z;HDUH]’; + 5 I1Dull3 = Stz + ;”qu”r for all u € Wy (Q).
Since r > p > 2, it is clear that p is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find u, € Wy?(Q) such that

(4.39) () = inflye (u)  u € WEP(Q)),
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Since &y > i (2) and p > 2, we see that for t € (0,1) small enough, we have
() <0 = () < 0=y (0)

(see (4.39)), hence u, # 0. From (4.39) we have

(4.40) pi(u) =0 = Ap(u) + Alus) = ouf — & (uf) ™

On (4.40) we act with —uy € Wy"*(€2) and obtain u, > 0, u. # 0. So, it follows
that u, is a positive solution of the auxiliary problem (4.38). The nonlinear
regularity theory (see [19]) and the nonlinear maximum principle (see Pucci and
Serrin [23, pp. 111,120]) imply that u. € int C.

We need to show the uniqueness of this positive solution. To this end, let
Go(t) = tP /p+t2/2 for all t > 0. We set G(y) = Go(|y|) and consider the integral
functional j: L'(Q) — R = RU {+oo} defined by

, / G(Du'?)dz ifu>0, u'/? € WyP(Q),
j(u) = ¢ Ja
+00 otherwise.

We claim that j(-) is convex. So, let uy,us € domj = {u € Wy(Q) : j(u) <
+oo} and let v; = u}/Q, Vg = ué/2 € Wy P(9). We define

v3 = (1 —t)uy + tug)Y/?  with ¢ € [0, 1].
From Lemma 1 of Benguria, Brezis and Lieb [6] (see also Diaz and Saa [10,
Lemma 1]), we have

|Dus(2)] < [(1 = t)|Dvy1(2)? 4 t|Dva(2) Y% for a.a. z € Q.

Note that t — Gy (t) is increasing and t — G (t/?) is convex on [0, +oc]. So, we
obtain

Go(|Dus(2)])
< Go([(1 = t)| Dy (2)|? + t|Dvy(2)?]/?)  (the monotonicity of Go(-))
< (1 —t)Go(|Dv1(2)|?) + tGo(|Dva(2)|)  (the convexity of t — Go(t*/?))
= G(Dv3(2)) < (1 —t)G(Dv1(2)) + tG(Dva(2)) a.e. in Q
=j(-) is convex.

Let u,v be two positive solutions of auxiliary problem (4.38). Then from
the first part of the proof we have u,v € int Cy. So, for all h € C}(Q2) and for
t € [0,1] small, we have u? + th, v> £th € domj. Then by the chain rule, we
have

7)) = (4,00 + Aw). ),

i’ (v*)(h) = <Ap(v) + A(v), ij> for all h € WOLP(Q)
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(recall C§(Q) is dense in W, P(Q)). The convexity of j, implies the monotonicity
of j'(y)(-) for all y € dom j. Hence

0 < (5'(u?) = j'(v*),u® = v?)
_/( Apu—Au_—Av—Av)(u s

u v

/@ —u" ) (u? —0?)dz <0

= u=v = u, € intCy is the unique positive solution of (4.38).

Since the equation is odd, we deduce that v, = —u, € —int C; is the unique
negative solution of problem (4.38). O

Now let S; (resp. S_) denote the set of positive (resp. negative) solutions
of problem (1.1) belonging in the order interval [0,w+] (resp. [w_,0]). From
Proposition 4.3 we know that

S+,S_ 7é @ and S+ - int C+, S_ - —int C+.

PROPOSITION 4.9. If hypotheses (Hs) hold and uw € Sy (resp. v € —S_),
then u, < u and v < v,.

ProoF. We do the proof for u € S, the proof for v € S_ being similar. We
introduce the following Carathéodory function:
0 if z <0,
(4.41) Y4+(z,2) = ¢ &g — E a1 if 0 <z <u(z),
Sou(z) — &Gu(z)™™t if u(z) < x.
Let

x

Iy(z,2) = /7+(z,s) ds
0
and consider the C'-functional &, : Wy (Q2) — R defined by

1 1
€-(u) = [Dullp + SIDul ~ [ Tileu(:))d for all we W3P(@),
Q
It is clear from (4.41) that &4 is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find @, € W?(€) such that
(1.42) €4 (@) = flE, (u) - w € WLP(9)

As before (see the proof of Proposition 4.8), for ¢t € (0,1) small (at least such
that tu1(2) < u; recall that u € int C;. and see Lemma 3.3 of Filippakis, Kristaly
and Papageorgiou [14]), we have & (tu1(2)) < 0. Therefore &y (u.) < 0 (see
(4.42)), hence u, # 0. Also, from (4.42) we have

(4.43) GE)=0 = A @) +A@) = N, (@).
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On (4.43) we act with —u, € Wol’p(Q) and obtain u, > 0, u, # 0. Also, we act
with (@, —u)* € W)P(Q2) and have

(Ap( ), (=) )+ (A, (T = 0)) = [ 200 @ — ) s

= /Q[fou — &u (U — u)t dz (see (4.41))

< / f(zu) (U, —u)t dz (see (4.1))
Q
— (Ay(w), (it —u)") + (Aw), (@ —w)*) (since u € 5y),
= (Ap() — Ap(w), (T — u) ") + (AH) — A(u), (@ —u)") <0
= {u. > u}n =0,
hence u, < u. So, we have proved that
U, € [0,u] = {y € WyP(Q): 0 <y(z) <u(z) for a.a. z € Q}, Uy #0
= U, is a nontrivial positive solution of problem (4.38)
(see (4.41) and (4.43))
= Uy = Uy €0t Cy (see Proposition 4.8)
= Ux < U.

Similarly we show that v < v,. O

Now we can establish the existence of extremal constant sign solutions for
problem (1.1).

PROPOSITION 4.10. If hypotheses (H3) hold, then problem (1.1) admits a
smallest positive solution uy € int Cy and a biggest negative solution v_ €
—int C+.

PROOF. As in Filippakis, Kristaly and Papageorgiou [14], we can show that
the set of positive solutions of (1.1) is downward directed, that is, if u,y are two
positive solutions, then there exists a third positive solution of (1.1) such that
w < u, w < y. So, in order to produce the smallest positive solution, we can
restrict ourselves to the set Sy. Then from Dunford and Schwartz [12, p. 336],
we know that we can find {u,},>1 € S4 such that

inf S, = %gfl Up,.
We have

(4.44) Ap(un) + A(un) = N¢(un), u, € [0,wy] foralln>1

= {Untn>1 C Wol’p(Q) is bounded.
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So, we may assume that

(4.45) Uy ~uy i WyP(Q) and w, —uy in L'(Q) as n — oo.
Acting on the equation in (4.44) with u, — uy € Wy**(2), passing to the limit
as n — oo and using (4.45), we obtain

(446) lgn [<Ap(un)7un 7U+> + <A(Un),un *U+>} =0= u, = uyin Wol’p(Q)

(as before, see the proof of Proposition 3.3). So, if in (4.44) we pass to the limit
as n — oo and use (4.46), then

Ap(us) + Aluy) = Ny(us).

From Proposition 4.9, we have u, < u, for all n > 1, hence u, < uy (see
(4.46)) and so uy € Si and uy = inf Sy, that is uy € int C is the smallest
positive solution of problem (1.1). Similarly we produce v_ € —intCL the
biggest negative solution of problem (1.1). O

Now we are ready for the second multiplicity theorem. It generates six non-
trivial solutions, all with sign information.

THEOREM 4.11. If hypotheses (Hs) hold, then problem (1.1) admits at least
stz nontrivial solutions

ug,u € int Cy, u—up €int Cy,
v,V € —int Cy, v — 0 € int Cy,
and yo,7 € CH(Q) \ {0} nodal.
PROOF. The four nontrivial constant sign solutions
ug,u € int Cy and vy, € —intCy, U—wup €t Cy, vy—7v€intCy
come from Propositions 4.3 and 4.4. So, we need to produce the two nodal
solutions. By virtue of Proposition 4.10 without any loss of generality, we
may assume that ug € int Cy and vy € —int C; are extremal. Let g, be the
Carathéodory function defined by
f(z,v0(2))  if z <wo(z),
(4.47) 9«(z,2) = ¢ f(z,2) if v_(z) <z <wup(z),
f(zu0(2)) ifup(z) < z.
Let
xr
Gi(z,z) = / g«(z,8)ds
0

and consider the C'-functional 7, : W, ?(Q) — R defined by

1 1
To(u) = ];HDqu + §||Du||§ - /Q G.(z,u(z))dz  for all u € WyP(Q).
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Also, we consider the positive and negative truncations of g.(z, - ), namely the
Carathéodory functions
gf(z,x) = g*(z7 ix:t)
We set N
GEo) = [ gt (es)ds
0

and consider the C'-functionals 72 : WP (Q) — R defined by

1 1

7 (u) = — || Dullh + §|\Du|\§ —/ GE(z,u(z))dz  for all u € WyP(Q).

p Q

It is easy to see that

K:, Clvo,uol, K+ C[0,uo], K - C [vg,0]

T

(see the proof of Proposition 4.3). The extremality of ug and vg, implies that
(448) KT* g [’Uo,uO], KT:r = {O,Uo}, KT*— = {Uo, O}

CLAIM. wug € intCy and vg € —int Cy are local minimizers of the func-
tional Ty.

From (4.47) it is clear that 7.5 is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find &y, € Wy (€) such that

(4.49) 7 (o) = inf[r} (u) : u € WP (Q)).

As before (see the proof of Proposition 4.3), we have 7" (u9) < 0 = 7;7(0), hence
U, # 0. Since ug € K_+ (see (4.49)), we have up = ug (see (4.48)). Recall
that ug € int C;. Because 77|, = Tu|c,, it follows that ug € int C; is a local
CZ(Q)-minimizer of 7. Invoking Proposition 2.3, we infer that ug € int Cy is
a local Wol’p(Q)—minimizer of 7. Similarly, for vg € —int C, using this time the
functional 7. This proves Claim.

Without any loss of generality, we may assume that 7.(vg) < 7w«(ug) (the
analysis is similar, if the opposite inequality holds). By virtue of Claim, we can
find p € (0, 1) small enough (p < |Jug — vo||) such that

(4.50) T (v0) < Tu(uo) < inf[m(u) @ |Ju — wol|| = pl =m,

(see [1]). Since 7. is coercive (see (4.47)), it satisfies the C-condition. This fact
and (4.50), permit the use of Theorem 2.1 (the mountain pass theorem). So, we
can find yo € W, P(Q) such that

(4.51) yo € K, and m, < 7.(yo).

From (4.50) and (4.51) it follows that yo & {vo, uo}. If we can show that yo # 0,
then we infer that yg is nodal. Reasoning as in the proof of Proposition 4.4,
using hypothesis (Hs) (vi) and Proposition 2.4, we show that

(4.52) ug — Yo € int Cy  and gy — vy € int Cy..
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Since yg is a critical point of 7, of mountain pass type, we have

(453) Cl(T*,yo) 7£ 0.

Note that Tu|[vy,ug] = Pliwo,uo] (5€€ (4.47)). From this fact and (4.52), via a ho-

motopy invariance argument, as in the proof of Proposition 4.7, we obtain
(4.54) Cr(Te,90) = Cr(p,90) forallk >0 = Ci(p,y0) #0
(see (4.53)). But ¢ € C2(W, (). Hence

(4.55) Cr(o,y0) = 0p1Z forall k>0

(see [22], [21]). From Proposition 4.5, we know that

(4.56) Ci(9,0) = dk.q,,Z for all k >0, with d,, > 2

(

recall m > 2). Comparing (4.55) and (4.56), we have yo # 0, hence yo is nodal
and yo € C3(Q) (nonlinear regularity theory). From (4.54)—(4.56), we have
(457) Ck(T*,yo) = (5]@’12 for all k& 2 0,

(458) Ck(T*, 0) = 5k,dmZ for all k& Z 0.

By virtue of Claim, we have

(4.59) Cr (T, u0) = Cr(Tu,v0) = 0 0Z for all k > 0.
Finally, the coercivity of 7, implies

(4.60) Cr (T4, 00) = 0 0Z for all k> 0.

Suppose K, = {vg, u0,0,y0}. Then from (4.57)—(4.60) and the Morse relation
with ¢ = —1 (see (2.1)), we have

2—1)0 + (=1)% + (=1)! = (=1)° = (=1)¥ =0,

a contradiction. So, there exists § € K., , § ¢ {vg,uo,0,y0}. From (4.48) it
follows that 7 is a second nodal solution and by nonlinear regularity, we have
7€ CQ). O

It is natural to ask what happens if in (Hg) (iv), m > 1. In this case the uni-
lateral growth estimate (4.1) is not valid. Therefore, we cannot generate extremal
solutions and so Theorem 4.11 fails. Nevertheless, we still have a multiplicity
theorem producing five nontrivial solutions, but we are unable to determine the
sign of the fifth solution.

The new hypotheses on the reaction f are the following:

(Hy) f: QxR — R is a measurable function such that for almost all z € Q,
f(2,0) =0, f(z, -) € CY(R), hypotheses (Hy) (i)—(v) are the same as the
corresponding hypotheses (Hz) (i)—(iii),(v),(vi) and
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(iv) fi(%,0) = lir% f(‘;’z) uniformly for almost all z € Q and for some
z—

m > 1, we have

F2,0) € Am(2), Ams1(2)]  for a.a. z € Q
and fa/c('ao)g—é/\m(Q)z f;:c(aO)i—é/\m+1(2)
THEOREM 4.12. If hypotheses (Hy) hold, then problem (1.1) has at least five
nontrivial solutions
ug, U € int Cy with & — ug € int Oy,
v, U € —int Cy  with vg — 0 € int Cy,
Yo € C& (ﬁ)

PROOF. A careful reading of the proofs of Propositions 4.3 and 4.4, reveals
that by virtue of the UCP, the results remain valid under the new set of hypothe-
ses (Hy). Therefore we can say that problem (1.1) has at least four nontrivial
solutions of constant sign

ug,u €intCy  with U —wug € int Cy,

v, 0 € —int Cy  with vg — v € int C..
From the proof of Proposition 4.3, we know that wo is a minimizer of @y
(see (4.3)). From (4.11) we have ug € intcé@) [0,wy]. Since @4 |j0,uw,] = @0, ]
(see (4.2)), it follows that ug is a local C&(§)-minimizer of ¢, hence by Propo-

sition 2.3 it is also a local Wol’p(Q)-minimizer of ¢. Similarly we show that
vg € —int C; too is a local minimizer of ¢. Therefore, we have

(4.61) Cr(p,u0) = Cr(p,v0) = 0k 0Z for all k> 0.

From the proof of Proposition 4.4, we know that % € int C. is a critical point of
14+ of mountain pass type. Hence

(4.62) Cr(¢y,u) # 0.

Since w — ug € int C,, via a homotopy invariance argument as in the proof of
Proposition 4.7, we show that

(4.63) Cr(¥4,u) = Cr(p,u) forall k>0
= Ci(p,u) #0 (see (4.62))
= Ci(p,0) =012 for all k> 0 (see [22], [21]).

Similarly we show that

(4.64) Cr(p,0) = 0p1Z for all k > 0.
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From Propositions 4.5 and 4.6, we have

(4.65) Ci(p,0) =0k,4,,Z forall k>0,
(4.66) Cr(p,00) =0 for all k > 0.

Suppose K, = {vg,u0,7,4,0}. Then from (4.61), (4.63)-(4.66) and the Morse
(2.1

relation with t = —1 (see )), we have

2(—1)° +2(-1)! + (1) =0 = (-1 =0,

a contradiction. So, there exists yo € Ko, yo ¢ {vo,uo,?,u,0}, hence yo is
a fifth nontrivial solution for problem (1.1) and yo € C3(Q) (nonlinear regularity
theory). O
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