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ABSTRACT. We consider a semilinear parametric Neumann problem driven by
the negative Laplacian plus an indefinite and unbounded potential. The re-
action is asymptotically linear and exhibits a negative concave term near the
origin. Using variational methods together with truncation and perturbation
techniques and critical groups, we show that for all small values of the pa-
rameter the problem has at least five nontrivial solutions, four of which have
constant sign.

1. INTRODUCTION

Let Q C RY be a bounded domain with a C%-boundary 9. In this paper, we
study the following parametric Neumann problem:

(Py) —Au(z) + B(2)u(z) = f(z,u(2)) — AMu(2)]9%u(z) in Q, % =0 on 09Q.

In the boundary condition n(-) denotes the outward unit normal on 9. Also,
in (Py) the potential function B(-) need not be bounded and may change sign
(indefinite potential). So, the differential operator u — —Aw + Su is not in general
coercive. In the reaction (the right-hand side of problem (Py)), the function f(z,x)
is a Carathéodory function (that is, for every € R, z — f(z,x) is measurable and
for a.a. z € Q,z — f(z,x) is continuous). We assume that for a.a. z € Q, f(z,-)
exhibits linear growth near +oo and interacts with the principal eigenvalue 5\1(6) of
the differential operator u — —Au+ Su with Neumann boundary condition. In the
other part of the reaction, namely the term —\|z|¢72z, A > 0 is a parameter and
q € (1,2). So, this is a concave term which enters in the reaction with a negative
sign. Hence we are dealing with an equation resonant at +oo with respect to 5\1(5)

Semilinear elliptic equations with concave contributions in the reaction were first
considered by Ambrosetti, Brezis and Cerami [2], who studied problems in which
the concave term enters with a positive sign and the perturbation f(z,z) = f(x) is
superlinear (problems with concave-convex nonlinearities). This leads to a different
geometry for the problem. Problems with a negative concave term in the reaction
were examined by Perera [13] and de Paiva and Massa [5]. Both deal with Dirichlet
equations with no potential term Su (that is, § = 0) and no resonance is permitted.

Recently the authors (see Papageorgiou and Radulescu [I1]) examined nonpara-
metric semilinear Neumann problems with an indefinite and unbounded potential,
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with no concave terms and with a crossing nonlinearity. Analogous problems driven
by the p-Laplacian were studied by Mugnai and Papageorgiou [9] and Papageorgiou
and Radulescu [12].

2. MATHEMATICAL BACKGROUND

Let X be a Banach space and X* its topological dual. By (-,-) we denote the
duality brackets for the pair (X*, X). Let ¢ € C1(X). We say that ¢ satisfies the
“Palais-Smale condition” (“PS-condition” for short) if the following property holds:

“Every sequence {uy, }n>1 C X such that {o(uy)}n>1 C Ris bounded and ¢’ (uy,)
— 0 in X* as n — oo admits a strongly convergent subsequence.”

This compactness type condition on ¢ compensates for the fact that the ambient
space X need not be locally compact (when X is infinite dimensional) and is the
main tool in proving a deformation theorem. This deformation theorem leads to a
minimax theory for the critical values of ¢. One of the main results in that theory
is the so-called mountain pass theorem; see Ambrosetti and Rabinowitz [3].

In our analysis of problem (Py) in addition to the Sobolev space H' (), we will
also use the Banach space C'(2). This is an ordered Banach space with positive
cone given by

Cr={ueC'Q):u(z) >0 for all z€ Q}.
This cone has a nonempty interior given by
int C; ={ueCy:u(z)>0forall z € Q}.

Consider a Carathéodory function fy : © x R — R which satisfies subcritical
growth with respect to the z € R variable, that is,

\fo(z,2)| < a(2) (a+[z["7") foraa. z€Q, allz €R,

with a € L*(Q2), s > %ifN:3,s>lifN:2, and s =1if N =1and r € (1,2%),
where 2* is the critical Sobolev exponent, namely

N -
2* _ N_3 if N > 2,

Too ifN=1,2.

Let Fy(z,z) = / fo(z,7)dr and consider the C'-functional ¢ : H'(Q) — R
0
defined by
1
wo(u) = EHDuH% - / Fo(z,u(2))dz for all u € H'(Q).
Q
The next result is essentially a particular case of Theorem 2.1 of Motreanu and

Papageorgiou [§], and its proof uses the regularity result of Wang [15].

Proposition 1. Assume that ug € H*(Q) is a local C*(Q)-minimizer of ¢q; that
is, there exists oo > 0 such that

wo(uo) < po(ug + h) for all h € C*(Q) with Ihllcr @y < oo

Then ug € CY(Q) and it is a local H(Q)-minimizer of ¢o; that is, there exists
01 > 0 such that

o (ug) < wolug + h) for all u € HY(Q), with lu] < o1.
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Remark 1. Here and in the sequel, by | - || we denote the norm of the Sobolev space
H'(Q). Therefore

llull = (||u\|% + HDuH%)l/2 for all u € H'(Q).

Also, we should mention that the first such result relating local minimizers was
proved by Brezis and Nirenberg [4] for functionals defined on H{ (€2).
In what follows by 7 : H}(Q) — R we denote the C'-functional defined by

7(u) = || Dul3 + /Q B(z)u(2)?dz for all u € H' ().

We assume that 8 € L*(Q) with s > £ and also assume that N > 3, since for
N =1, 2, the situation is straightforward due to the Sobolev embedding theorem.
Let s’ denote the conjugate exponent of s (that is, % + % =1). We have s’ < %

and so 2s’ < 2*. Then the Sobolev embedding theorem implies that u? € LS/(Q)‘
Using the Holder inequality, we have

1
<18l < /Q 2 dz) — 18sllul2s.

HY(Q) = L¥(Q) < L*(Q),
and by the Sobolev embedding theorem, the first embedding is compact. So, invok-
ing Ehrling’s inequality (see, for example, Papageorgiou and Kyritsi [10, p. 698]),
given € > 0, we can find ¢(¢) > 0 such that

(2) lull3y < ellull® + e(@)llull  for all w € H' ().
From () and (@), we see that for all u € H'(Q), we have

(1) }/Q B(z)udz

‘We know that

1Dull3 + [|ull3 — /QB(Z)quz < [Dull3 + lull3 + el Bllslull* + c(e)1B]lsllull3
(3) = (1—elBll)llul® < 7(w) + (1 + e(@)lIBlls) ull3-

If we choose ¢ € (O ), then from (@) it follows that

1
AEP
(4) éllul|* < 7(u) + v||ul|? for all w € HY(Q), with ¢ € (0,1), v > 0.

We consider the following linear eigenvalue problem:

N 0
(5) —Au(z) + B(2)u(z) = du(z) in Q, a_Z — 0 on Q.
From Papageorgiou and Radulescu [I1], we know that problem (@) admits a se-
quence {Ag(B)}r>1 of eigenvalues such that Ax(8) — 400 as k — oo and the
corresponding eigenfunctions belong in C*(Q) if s > N and form orthogonal bases
for the separable Hilbert spaces L?(2) and H'(Q). The principal eigenvalue \;(3)
is simple (that is, the corresponding eigenspace is one dimensional) and admits the
following variational characterization:
(6) A1 (B) = inf ﬁi—“lg;ueﬂl(m,uﬂ .

2

The infimum is realized on the corresponding one-dimensional eigenspace. Let
i1(B8) € C1(Q2) be the L?>normalized (that is, ||41(8)|l2 = 1) principal eigenfunc-
tion. From ([B]) we see that it does not change sign and we choose it to be positive,
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4806 N. S. PAPAGEORGIOU AND V. RADULESCU

that is, 41(8) € C4. Moreover, from Harnack’s inequality (see Pucci and Serrin
[14, p. 163]), we obtain 41(8)(z) > 0 for all z € Q. In fact if we assume that
Bt € L>(Q), using the maximum principle (see Pucci and Serrin [14], p. 120]), we
can conclude that i (8) € int Cy. We mention that A;(j) is the only eigenvalue
with eigenfunctions of constant sign. All the other eigenvalues have nodal (sign
changing) eigenfunctions. By E(j\k(ﬂ)) we denote the eigenspace corresponding to
the eigenvalue 5\;3(/8). We have the following orthogonal direct sum decomposition:

HY(Q) = m~

The nonprincipal eigenvalues have the following variational characterizations:

Am(B)  =inf ue @ E(\(B
T e
= sup % tu € @E(&k(ﬁ)) ,m > 2.
2 k=1

Both the infimum and the supremum are realized on E (A, (3)).

Finally, we mention that the eigenspaces E(S\k(ﬁ)), k > 1, have the unique
continuation property; namely, if u € (5\k (8)) and u vanishes on a set of positive
Lebesgue measure, then v = 0.

The following proposition is an easy consequence of the spectral properties of
—Au + S(z)u described above. See also Papageorgiou and Rédulescu [II] (Propo-
sition 2.3) for (a) and Gasinski and Papageorgiou [6] for (b), (¢).

Proposition 2.  (a) If 9 € L®(Q), 9(z) < M(B) a.e. in Q, ¥ # M (B), then
there exists cg > 0 such that

- / I(2)u*dz = collu||® for allu € H ().
Q

(b) If n € L>=(Q), n(z) < Ami1(B) a.e. in Q, 0 # Any1(B), then there exists
&o > 0 such that

7(u) — / n(z)uldz > & lull? for all u e @ E(\(B)).
Q E>m41

(¢) Ifn € L®(), n(2) = Am(B) a.e. in Q, n# An(B), then there exists £ > 0
such that

T(u) — /Qn(z)uzdz < —&ollul)? for all u e @E(S\k(ﬁ))

k=1

Let (Y7,Y2) be a topological pair such that Yo C ¥; € X. For every integer
k > 0 we denote by Hy(Y1,Ys) the kth relative singular homology group with
integer coefficients for the pair (Y7,Y2).

Given ¢ € C*(X) and ¢ € R, we introduce the following sets:

e ={ue X :pu)<c}, Kp={ue X :¢(u)=0}, K;={ueK,:pu)=c}

Let u € X be an isolated critical point of ¢ with ¢(u) = ¢ (that is, u € Kg).
Then the critical groups of ¢ at u are defined by

Cr(p,u) = Hp(°NU, o NU \ {u}) for all k >0
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where U is a neighborhood of u such that K,Ne°NU = {u}. The excision property
of the singular homology theory implies that the above definition of critical groups
is independent of the particular choice of the neighborhood U.

Finally we mention that if & : Q x R — R is a measurable function (for example,
a Carathéodory function), we denote by Nj, the Nemytski operator corresponding
to h, that is,

Ny (u)(z) = h(-,u(-)) for all u € H(Q).

3. SOLUTIONS OF CONSTANT SIGN

In this section, we produce solutions of constant sign for problem (P)) when
A > 0 is sufficiently small. To do this, we introduce the following hypotheses on
the data of the problem.

Hy: § € L#*() with s > N.

Hy: f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for a.a.
z € 2 and

(i) |f(z,2)] < a(2)(1+ |z|) for a.a. z € Q, all z € R with a € L™(Q)4;
(ii) limsup 222
z—+o0

(iii) hm [f(z x)x—2F(z,x)] = 400 uniformly for a.a. z € Q, where F'(z,2) =

/szdT

) there exist functions ng, 7jo € L™ (2) such that

< A1 (B) uniformly for a.a. z € Q;

M(B) <mo(2) ae. in @, no # M(B),

no(2) < liminf fee) < limsup fzo) < fjo(%) uniformly for a.a. z € Q.
z—0 x z—0 T

Remark 2. Hypothesis H;(ii) implies that asymptotically at +-co we can have res-

onance with respect to the principal eigenvalue A;(3). This justifies the presence

of hypothesis Hj(iii), which is needed in order for the energy functional to satisfy

the PS-condition. Hypothesis H; (iv) implies that at the origin we have nonuniform

nonresonance with respect to Ay ().

To produce solutions of constant sign, we introduce the following truncations-
perturbations of the reaction of problem (Py):

- 0 ifx <0
+ . AN I

(7) hile @) = { f(zyz) + vz — A9t if 2 > 0.

s | fGa) vz = Nz|7 2 ifz <0,

hk(”)_{ 0 if 2 > 0.
Here v > 0 is as in inequality ({@l). Both ﬁf(z, z) are Carathéodory functions. We
set Hi(z,2) = / hi(z,7)dr and consider the C'-functionals ¢F : H'(Q) — R

0

defined by

1 N
@3 (u) = §T(u) + %Hu”% — / Hi (2,u(2))dz for all u € H(Q).
)
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4808 N. S. PAPAGEORGIOU AND V. RADULESCU

Also let @y : H(Q2) — R be the energy functional for problem (Py) defined by
1

oa(u) = 57’(114) + 2”“”3 - /Q F(z,u(2))dz for all u € H'(Q).

Evidently ¢y € C'(H'(Q2)).

Proposition 3. If hypotheses Hy and Hy hold and X\ > 0, then the functionals cﬁf
and @y are all coercive.

Proof. We do the proof for gai, the proofs for ¢} and ¢, being similar.
We argue indirectly. So, suppose that the functional <pj\' is not coercive. Then
we can find {uy, }n>1 € HY(Q) and M; > 0 such that

[|un|| — 0o and @ (up,) < My for all n > 1.
So, we have

1 N
(8) —7(un) + %HunH% - / H (z,u,)dz < My for alln > 1.
Q

2
Let yn = 2, n 2 1. Then |[yn[| =1 for all n > 1, and so we may assume that
(9) Yn — yin HY(Q) and y,, — y in L*(Q).
From (7l) and () we have
1 Y —uo F(z,u}l) A1 My
(10) e+ Pl 13— [ 2T et S oty < o foralln > 1,
2 27 Jo lual q [lun 2077 fun]?

By virtue of hypothesis H (i) we have that

{F(~,UI(‘))

[

} C L'(Q) is uniformly integrable.
n>1

=

So, by the Dunford-Pettis theorem and hypothesis H;(ii), we have (at least for a
subsequence) that

(11)

with ¥ € L>(Q) satisfying 9(z) < A (B) a.e. in Q (see also Aizicovici, Papageorgiou
and Staicu [I], proof of Proposition 14). Note that the functional () is sequen-
tially weakly lower semicontinuous (an easy consequence of the Sobolev embedding
theorem). So, if in (0] we pass to the limit as n — oo and use (@), (1) and the
fact that ¢ < 2, we obtain

1

(12) 570+ <5 [ 962

(13) = 1) < [ s (see @),
Q
If 9 # A1 (B), then from (I3) and Proposition 2, we have
collyT|I? <0, hence y* = 0.
Also from ([I2) and {@), we have

ély~|> <0, hence y~ = 0.
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Therefore y = 0 and so we have
I;[Jr Ty Un " w,
)\”(+|2()) 2 0in LY(Q) (as above)
= 7(un) +7[[unl3 — 0 (see @)
=y, — 0in H(Q) (see @),
a contradiction to the fact that ||y,|| = 1 for all n > 1.

Next we assume that 9(z) = A(8) a.e. in Q (resonant case). From (I3) and (@),
we infer that

(y ) MBlyTII3
i (

= gyt = B) for some £ > 0
First assume that ¢ = 0. Then y+ = 0, and from ([I2) and {@) we also have

y~ = 0. Hence y = 0. Then reasoning as above, we obtain that y,, — 0 in H(Q),
a contradiction to the fact that ||y,|| =1 for all n > 1.
So, suppose that £ > 0. Then y*(z) > 0 for all z € Q and so y(z) = y*(z) >0

for all z € Q, and we have
(14) un(2) = ut (2) = +oo for a.a. 2z € Q.
For a.a. z € Q and all z > 0, we have

d (F(z,x)) _ f(z,2)a? = 22F (2,2)  f(z,2)z — 2F(z,x).

1 —
(15) dx 2 zd 3

By virtue of hypothesis Hj (iii), given £ > 0, we can find Ms > 0 such that
f(z,x)x —2F(z,z) > £ for a.a. z € Q, all z > Ms.
Using this in ([I5]), we obtain
d (F(zz) 3
%< 2 )/—2foraa z€Q, all z > M,
F F 1 1
(z;u) — (z;x) > —g [— — —2] fora.a. z€Q, all u >z > M.
x T
Passing to the limit as u — 400 and using hypothesis H;(ii), we obtain
M(B) _ Flza) €1
2 2 > 2 x?
= M(B)a?—2F(z,x) > foraa. z € Q, all z > M.

Since £ > 0 is arbitrary, we infer that

u

for a.a. z € Q, all x > M,

(16) A (B)z® — 2F(z,2) — +00 as & — +oo uniformly for a.a. z € Q.
From (®), () and (@), we have

a7 0< el <3~ [ Ma(B)(wf)? 2P (2
Q

From (I4), (I8) and Fatou’s lemma, it follows that

(18) /Q B (8) (uh)? — 2P (2, utY]dz — +o0.

Comparing (I7) and ([I8]), we reach a contradiction. This proves the coercivity of
¢1. In a similar fashion, we show the coercivity of ¢} and of ¢,. (]
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4810 N. S. PAPAGEORGIOU AND V. RADULESCU

From the above proposition, the following result concerning the compactness
properties of the functionals c,bj\—L and ¢, follows easily.

Corollary 4. If hypotheses Hy and Hy hold and X > 0, then the functionals @f
and py satisfy the PS-condition.

Proposition Bl permits the use of the direct method on the functionals @f. The
next result guarantees that for small A > 0 the minimizers of @f obtained by the
direct method are nontrivial.

Proposition 5. If hypotheses Hy and Hy hold, then we can find \* > 0 such that
for every X € (0, \*), there exists t* = t*(\) > 0 for which we have

ox(Et a1 (8)) < 0.

Proof. By virtue of hypotheses H; (i), (iv), given € > 0, we can find ¢; = ¢1(g) > 0
such that

(19)  F(z,2) = =(no(2) — €)z? — c1|z|" for a.a. z € Q, all z € R, with r > 2.

|~

For t # 0, we have

exttin(®) = Gr(an() + L2 @)l - [ Fevin(@)a:
eI N
< [ - [ ) - (]
vealt ()5 + L2 s (8)18 (see @)
t2

) UQ (3a(8) = m=)) s (8= + ] +ealtlaa @)l + > (Bl

(recall that 7(ia(5)) = Ar(8) a1 (8)[3 and [l (8)]]2 = 1.

We know that 41 (8)(z) > 0 for all z € Q. So

¢ = /Q (no(z) - 5\1(6)) a1 (8)2dz > 0 (see H, (iv)).

Choosing ¢ € (0,£*), we obtain

pa(tin(8))

N

A
—cot® + c3 <t|r + —|t|q) for some cg,c3 >0, allt #0
q
re2  Ag-2) | 2
(20) = |—cotes||t]"T+—t) t* for all t # 0.
q

Let ux(r) = 7772 + %T‘Fz for all 7 > 0. Evidently py € C1(0,+o0), and since
q < 2 < r, we see that

ux(t) = +oo as 7 — 01 and as 7 — +o0.
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So, we can find 79 > 0 such that
pux(to) =inf [u(r) : 7>0] >0

= p\(10) =0
A —3

= g(Q—q)Tg :(r—2)75_3
-]

Then px(1o(A)) — 0T as A — 07. So, we can find A\* > 0 such that

(1) < Z—Z for all A € (0, \").

Taking t* = 79(A), from (20) we have
ox(Et a1 (5)) < 0.

The next proposition will be useful in applying the mountain pass theorem.

Proposition 6. If hypotheses Hy and Hy hold and A > 0, then u = 0 s a local
minimizer for the functionals gbf and py.

Proof. Again we do the proof for the functional cﬁ;\r, the proofs for the functionals
gﬁf and ¢, being similar.
By virtue of hypotheses Hi(i), (iv), we see that there exists ¢4 > 0 such that

(21) |F(2,2)] < cqx? for a.a. z € Q, all z € R.
Then for every u € H'(Q2), we have
e = g7+ Dl - / 15 (2 u)d
1 _
= () + 2 B+ 2ty - / F(z,u")dz (see (@)
2 2 q Q
> Lty 4 Aty 12 4 2wy 4 D12
> 5r)+ 2ty = et B+ () + B (see @D)

¢ A
> Gt = Gt I+t = eallut 1B (see @)

A
(22) Z / h(iﬁ)q - C5(u+)2] dz with ¢5 = ¢4 + % > 0.
Q

Suppose that we could find {uy, },>1 € C*(Q) such that u,, — 0 in C1(Q) and
@1 (uy) <0, hence u # 0 for all n > 1 (see ()

(23) = / {— —esllut |3 q} (u)?dz < 0 for all n > 1 (see [22)).
Since u, — 0 in C*(Q), it follows that u;f — 0 in C(Q). So, we can find ng € N
such that
A
(24) / [— - c5||u:{|§o_q} (u)?dz > 0 for all n > ny.
QL
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4812 N. S. PAPAGEORGIOU AND V. RADULESCU

Evidently, relations ([23) and (24]) lead to a contradiction. This proves that u = 0
is a local C''(Q)-minimizer of ¢} . Invoking Proposition [[, we conclude that u = 0
is a local H'(Q)-minimizer of ¢} .

Similarly for the functionals ¢, and 5. O

Now we are ready to produce constant sign solutions for problem (Py) when
A > 0 is small, namely, when A € (0, A*).

Proposition 7. If hypotheses Hy and Hy hold and X € (0, \*), then problem (Py)
has at least four nontrivial constant sign solutions:

uo, 4 € Cy with ug(2),4(z) > 0 for all z € Q,

vo, 0 € —C4 with vo(2), () <0 for all z € 2.
Moreover, ug,vg are local minimizers of the energy functional @y while G, v have
positive energy, that is, ©x (i), (V) > 0.

Proof. By virtue of Proposition [3] the functional cﬁj is coercive. Also, using the
Sobolev embedding theorem, we can see that ¢ is sequentially weakly lower semi-
continuous. So, by the Weierstrass theorem, we can find ug € H'(2) such that

(25) @1 (ug) = inf [pF (u) 1 u € Hl(Q)] .
Since A € (0, \*), from Proposition [}l we know that
¢x (i (8)) <0
= @f(up) <0=p7(0) (see 7)), hence ug # 0.
From (23] we have
(&X) (uo) =0
(26) = A(uo) + (6(2) +7)uo = N+ (uo),
where A € L(HY(Q), H}(Q)*) is defined by

(A(u),y) = / (Du, Dy)gndz for all u,y € H'(Q).
)

On (26) we act with —uy € H'(Q2). We obtain
7(ug) +llug [I3 = 0 (see (@)
= ¢lug > <0 (see @), hence ug > 0, ug # 0.
Then (26) becomes
A(uo) + B(2)o = Ny (uo) — Muf ™" (see (@)
(27) = — Aug(z) + B(2)uo(2) = f(z,u0(2)) — Mug(2)? ! ae. in Q,

% = 0 on 09 (see Motreanu and Papageorgiou [7]).
n

Using Lemmata 5.1 and 5.2 of Wang [15], as in Papageorgiou and Radulescu [11]
(see the proof of Proposition 3.2, p. 303), we have that ug € Cy \ {0}. Harnack’s
inequality (see Pucci and Serrin [14, p. 163]) implies that

up(z) > 0 for all z € Q.
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NEUMANN PROBLEMS WITH INDEFINITE UNBOUNDED POTENTIAL 4813

Claim 1. wg is a local minimizer of pj.

According to Proposition[I] it suffices to show that ug is a local C1(Q)-minimizer
of 5. We argue by contradiction. So, suppose that ug is not a local CH(Q)-
minimizer of ¢,. Then we can find {uy,},>1 € C1(Q) such that

Uy, — up in CH(Q) and @y (u,) < @a(up) for all n > 1.

From () it is clear that ¢ = gbi . S0, we have
0 > palun) — pa(uo)
= @A(un)_¢7j\_(u0)
> altn) — 35 (un) (sce @)
1 A
= () lunlly = [ Feun)iz
2 q Q
1
~ ) = Tl = 2l + / F(z,uf)dz (see (@)
A
= Sl - el - /F
A _ _
> Sy = Flu 1§ - ealur 13 (see @D)
A 0% _a— _
28 > 2 (2 a 9dz.
(28) L2 = G e e wnyea

Because ug(z) > 0 for all z € Q and u,, — ug in C1(€), it follows that
u, — 0 in C(Q).
So, from (28) we see that we can find ny € N such that
A
0> / {— - (% + 64) ||un|§oq} (u,, )4dz = 0 for all n > no,
o Lq

a contradiction. This proves Claim 1.

From Proposition [l we know that u = 0 is a local minimizer of ¢y, too. Then
as in Aizicovici, Papageorgiou and Staicu [I] (see the proof of Proposition 29), we
can find ¢ € (0,1) small such that
(29) @) <0 =@ <int [¢ ) : Jul = g] =,

Then (29)) and Corollary Hl permit the use of the mountain pass theorem. So, we
can find 4 € H(Q) such that

(30) i€ Ky and 0= @1 (0) <y, < @5 (@)

From ([29) and (30) it follows that @ ¢ {0,ug}, @ € Cy \ {0}, solves (Py) (this is
established as we did for ug), and via Harnack’s inequality we have @(z) > 0 for all

z €.
Similarly, working with ¢y, we produce vy, 0 € (—C4) \ {0} solutions of (Py)
such that
vo(2),0(z) <0 for all z € Q
with vg a local minimizer of ¢y and 0 < @y (9). O
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4814 N. S. PAPAGEORGIOU AND V. RADULESCU

4. FIVE SOLUTIONS

To produce a fifth solution (but without any sign information), we need to restrict
the behavior of the perturbation f(z,-) near the origin. So, the new hypotheses on
f(z,x) are the following:

Hy: f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for a.a.

z € Q and
(i) |f(z,2)] < a(z)(1+|z|) for a.a. z € Q, all z € R with a € L>(Q)4;
(ii) limsup z—,x) < 5\1(5) uniformly for a.a. z € Q;
(iii) :grioo[f(z, x)x — 2F(z, )] = 400 uniformly for a.a. z € €
(iv) there exist an integer m > 2 and functions ng, 7o € L>°(£2) such that

Am(B) < 1m0(2) < fi0(2) < Amr1(B) ae. in Q, An(B) # o, Amr1(B) # o,
f(z,2) f(z,2)
a X

< limsup
z—0

1o(2) < lim i(I)lf < fjo(z) uniformly for a.a. z € Q,
r—r

5\'m-ﬁ-l (/8)
2

Let Y = @7, E(\(8)) and V = Drzmi E(M:(B)). We have the orthogonal
direct sum decomposition

F(z,x2) < x? for a.a. 2 € Q, all z € R.

H Q) =YV
We check the behavior of ¢, with respect to this decomposition.
Proposition 8. If hypotheses Hy and Hy hold, then we can find e (0, A*] such
that for all X € (0, \*) there exists o = o(\) > 0 for which we have

A
v OB,NY

(here X\* > 0 is as in Proposition Bl and 0B, = {u € H'(Q) : |lu| = o}).

Proof. By virtue of hypotheses Hs (i), (iv), given € > 0, we can find ¢ = cg(g) > 0

such that
1
(31)  F(z,2) > 5(7]0(2) —¢)x? — cglz|” for a.a. 2z € Q, all 2 € R with 7 > 2.
For all u € Y, we have
1 Ay
SDA(U) = 57—(“) + _”u”q - F(Z’u)dz
q Q

e [omteaz ] s ex (1 + 2gue)

(for some c7 > 0 (see ([B1)))

1 . A ..
<[] hut? + er (Julr + i) (see Proposition .

N

Choosing ¢ € (0,&,), we have

A
oa(u) < {—08 +cr <||u|T_2 + 5||u|q_2>} [|u||* for some cg > 0.
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NEUMANN PROBLEMS WITH INDEFINITE UNBOUNDED POTENTIAL 4815

As in the proof of Proposition Bl by considering the function uy(7) = 7" ~2+ %T‘FQ,
we can find A* > 0 such that for all A € (0, \*) there exists 0 = o(\) > 0 for which
we have

ex(u) <0 forall u e dB,NY.
Finally let A* = min{\*, \*}. O

Proposition 9. If hypotheses Hy and Hy hold, then ) y > 0.

Proof. Using hypothesis Ha(iv), for every u € V, we have

oa(u) > Srw) — 2t Dz g

DN | =

Now we can produce a fifth nontrivial solution.

Proposition 10. If hypotheses Hy and Hs hold and X € (0, 5\*), then problem (Py)
has a fifth nontrivial solution: yo € C1(€2).

Proof. Proposition Blimplies that the energy functional o, is bounded below. This
fact together with Propositions [§] and [@ permits the use of Theorem 3.1 of Perera
[13]. So, we can find yo € H'(Q) such that

(32) Yo € Ko, oa(yo) <0 =x(0) and
Cayo—1(02,0) # 0 (dyy, = dim @, E(\(B)) = 2).

Since @ (@), pA(0) > 0 (see Proposition [7), we have that yo ¢ {a, 4,0} (see also
B2)). From Proposition [1l we know that ug, vg are local minimizers of ¢,. Hence

(33) Ck(tp)\,’U,()) = Ck(QD)\, ’Uo) = 6/@,02 for all k£ 2 0.

Comparing [B2) and B3], we see that yo ¢ {ug,vo}. Therefore yo is the fifth
nontrivial solution of (Py) (since yg € K,,; see (B2)), and as before using the
regularity result of Wang [15], we have yo € C*(Q). O

So, we can state the following multiplicity theorem for problem (Py).

Theorem 11. If hypotheses Ho and Hy hold, then there exists N > 0 such that
for all X € (0, \*) problem (Py) has at least five nontrivial solutions:

ug, & € Cp, up(z),0(z) >0 for all z € Q,
v, 0 € —C4, vo(2),0(z) <0 for all z € Q,
yo € CH()\ {0},

with ug, vy local minimizers of the energy functional and

ox(u0), @a(vo), ¥a(yo) < 0= px(0) < pr(@), pa(D).

Remark 3. Tt is an interesting open question whether the fifth solution ¥, is nodal
(that is, sign changing).
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