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DOUBLE-PHASE PROBLEMS AND A DISCONTINUITY
PROPERTY OF THE SPECTRUM

NIKOLAOS S. PAPAGEORGIOU, VICENTIU D. RADULESCU, AND DUSAN D. REPOVS

(Communicated by Catherine Sulem)

ABSTRACT. We consider a nonlinear eigenvalue problem driven by the sum of
p and g-Laplacians. We show that the problem has a continuous spectrum.
Our result reveals a discontinuity property for the spectrum of a parametric
(p, ¢)-differential operator as the parameter 8 goes to 1.

1. INTRODUCTION

This paper was motivated by several recent contributions to the qualitative anal-
ysis of nonlinear problems with unbalanced growth. First, we refer to the pioneering
contributions of Marcellini [I7[I8], who studied lower semicontinuity and regular-
ity properties of minimizers of certain quasiconvex integrals. Problems of this type
arise in nonlinear elasticity and they are connected with deformations of an elastic
body; cf. Ball [I].

In order to recall the roots of the double-phase problems, let us assume that 2
is a bounded domain in RY (N > 2) with smooth boundary. If u : Q2 — RY is the
displacement and Du is the N x N matrix of the deformation gradient, then the
total energy can be represented by an integral of the type

(1) I(u) = | F(z,Du(z))dz,

Q
where the energy function F' = F(z,¢) : Qx RV*N — R is quasiconvex with respect
to £&. One of the simplest examples considered by Ball is given by functions F' of
the type

F(&) = g(&) + h(det £),

where det £ is the determinant of the N x N matrix £, and g, h are nonnegative
convex functions which satisfy the growth conditions

p. 3 —
9€) > cr 67 lim_h(t) = +oo,

where ¢; is a positive constant and 1 <p < N. The condition p < N is necessary
to study the existence of equilibrium solutions with cavities, that is, minima of the
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integral () that are discontinuous at one point where a cavity appears; in fact,
every u with finite energy belongs to the Sobolev space W12 (Q,RY) and thus u is
a continuous function if p > N.

In accordance with these problems arising in nonlinear elasticity, Marcellini [17]
18] considered continuous functions F' = F(z, u) with unbalanced growth that satisfy

e JulP <|F(z,u)| < e (14 |u|?) for all (z,u) € Q xR,

where ¢, ¢y are positive constants and 1 < p < ¢. Regularity and existence of
solutions of elliptic equations with (p, ¢)-growth conditions were studied in [I§].

The study of nonautonomous functionals characterized by the fact that the en-
ergy density changes its ellipticity and growth properties according to the point
was continued in a series of remarkable papers by Mingione et al. [2LBL6GL8]. These
contributions are related to the work of Zhikov [28], and they describe the behavior
of phenomena arising in nonlinear elasticity. In fact, Zhikov intended to provide
models for strongly anisotropic materials in the context of homogenization. We
also point out that Zhikov’s functionals turned out to be important in the study of
duality theory and in the context of the Lavrentiev phenomenon [29]. One of the
problems considered by Zhikov was the double-phase functional

Pp.q(u) = / (IDuf” + a(2)|Du|*)dz, 0<a(z) <L, 1<p<g,
Q

where the modulating coefficient a(z) > 0 dictates the geometry of the composite
made by two different materials. More precisely, considering two different materials
with power hardening exponents p and ¢, respectively, the variable coefficient a(z)
dictates the geometry of a composite of the materials. In the region where a is
positive, the g-material is present; otherwise the p-material is the only one making
the composite.

Another significant model example of functional with unbalanced growth studied
by Mingione et al. [2LBL[6] is given by

£(u) ::/ \DulPlog(1 + |Dul)dz, p> 1.
Q

General models with (p, ¢)-growth in the context of geometrically constrained prob-
lems have been recently studied by De Filippis [7]. A key role is played by the
method developed by Esposito, Leonetti, and Mingione [§] in order to prove the
equivalence between the absence of Lavrentiev phenomenon and the extra-regularity
of the minimizers for unconstrained, nonautonomous variational problems.

Motivated by these results, we study in this paper a problem with the (p,q)-
growth. More precisely, we consider the following nonlinear, nonhomogeneous para-
metric Dirichlet problem:
(Py) { —al,u(z) — BAGu(z) = Mu(2)]972u(z) in €, }

A uon =0, a>0, >0, A>0, 1 <p,g<oo, p#q ’
where Q C RY is a bounded domain with a C2-boundary 0.

For every r € (1,400) we denote by A, the r-Laplace differential operator
defined by

Ayu = div (|Du|""2Du) for all u € W, ().

Equations driven by the sum of a p-Laplacian and a ¢-Laplacian, known as (p, q)-
equations, arise in many problems of mathematical physics such as particle physics;
see e.g. Benci, D’Avenia, Fortunato and Pisani [4], and for nonlinear elasticity, see
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Zhikov [28]. For instance, Zhikov [28] introduced models for strongly anisotropic
materials in the context of homogenization.

Such problems with unbalanced growth were studied by Chorfi and Riddulescu [5],
Gasinski and Papageorgiou [10,[12], Marano, Mosconi, and Papageorgiou [I5}16],
Papageorgiou and Ridulescu [I9,20], Papageorgiou, Radulescu, and Repovs [21H24],
Rédulescu [25], Rédulescu and Repovs [26], and Yin and Yang [27], under different
conditions on the data of the problem.

In the present paper, we show that problem (Py) has a continuous spectrum:
it is the half-line (Bj\l(q), +00), with 5\1((]) > 0 being the principal eigenvalue of
(=Ay, Wy %(2)). So, for every A € (8A1(gq), +00), problem (Py)) admits a nontrivial
solution. Our result reveals an interesting fact, which is better illustrated in the
special case corresponding to

1<p<OO7 q:2a p¢q7 Oézl—ﬂ, ﬂe(ovl)
Let Lg = —(1 — B)Apu — BAu and let 6(3) denote the spectrum of Lg. We have
that
6(B) = (BA1(q), +o0) for B € (0,1).
The set function 3 +— &(3) is h-continuous (Hausdorff continuous) on (0, 1], whereas
it exhibits a discontinuity at 5 = 0, since Ly = A which has a discrete spectrum.

Our approach is based on the use of the Nehari manifold. So, we perform a
minimization under constraint.

2. MATHEMATICAL BACKGROUND

Let r € (1,400). We recall some basic facts about the spectrum of (—A,,
I/VO1 "(Q)). So, we consider the following nonlinear eigenvalue problem:

(2) —Ayu(z) = Mu(z)]""2u(z) in Q, ulaq = 0.

We say that A is an eigenvalue of (—A,., W, " () if problem (@) admits a nontriv-
ial solution @ € VVO1 "(£2), known as an eigenfunction corresponding to the eigenvalue
A. From the nonlinear regularity theory (see, for example, Gasinski and Papageor-
giou [9, pp. 737-738]), we know that @ € C§(Q) = {u € C*(Q) : u[spg = 0}. There
is a smallest eigenvalue 5\1(7") which has the following properties:

e A\ (r) is isolated (that is, there exists € > 0 such that the interval (A, (r),
A1 (r) + €) contains no eigenvalues of (—A,., W, (2)));

° 5\1(7“) is simple (that is, if @, ¢ are eigenfunctions corresponding to ;\1(7“),
then @ = po with p € R\{0});

e A\ (r) > 0 and admits the following variational characterization:

(3) A(r) = inf{ [1Dully

[l

:uEWOLT(Q),u;éO}.

The infimum in (@) is realized on the corresponding one-dimensional eigenspace.
The above properties imply that the elements of this eigenspace lie in C&(Q) and
do not change sign. By 4;(r) we denote the positive, L"-normalized (that is,
|| (r)]|» = 1) eigenfunction corresponding to A;(r) > 0. We have

G1(r) € Cy ={u e Cy(Q) :u(z) =0 forall z € Q}.
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In fact, the nonlinear maximum principle (see, for example, Gasinski and Papa-
georgiou [12], p. 738]) implies that
< o} |
o0

with g—z = (Du,n)r~ being the outward normal derivative of u. Note that if 4 is

ou

G1(r) €int Cy = {u € Cy:u(z) >0forall z€Q, I
n

an eigenfunction corresponding to an eigenvalue A # ;\1(7“), then 4 is nodal (that is,
sign-changing). The Ljusternik-Schnirelmann minimax scheme gives, in addition,
to A1(r) a whole strictly increasing sequence { Ay (r)}xen of distinct eigenvalues such
that Ay (r) — 4o0. These eigenvalues are called “variational eigenvalues”, and we
do not know if they exhaust the entire spectrum of (—A,., W, " (Q)). However, if
r = 2 (linear eigenvalue problem), then the spectrum is the sequence {\(2)}ren
of variational eigenvalues.

Let » = max{p,q} and let A > 0. The energy (Euler) functional for problem
([P is defined by

A r
oa(u) = %HDqu + §||Du|\g - aHqu for all u € Wol’ (Q).

Evidently, ¢ € CH(Wy" (), R).
The Nehari manifold for the functional ¢, is the set

Ny = {ue W (Q) : (¢h(u),u) =0, u#0}.
In what follows, we denote by &(«, 5) the spectrum of the differential operator
u —alyu— BAu  for all u e Wy (Q).

So, A € 6(a, B) if and only if problem (Py]) admits a nontrivial solution @ € C(€).
This solution is an eigenvector for the eigenvalue .

In what follows, for every 7 € (1, +00) we denote by ||-||1.» the norm of W™ (Q).
On account of the Poincaré inequality, we have

[ull1.r = ||Dull, for all u e Wy ().

Also, we denote by A, : W, 7(Q) — Wofl’T/(Q) = Wy () (2 + L =1) the
nonlinear operator defined by

(Ar(u),h) = / |Du|"~%(Du, Dh)g~dt  for all u,h € W™ (Q).
Q

This operator is bounded (that is, it maps bounded sets to bounded sets) and
continuous, strictly monotone (hence maximal monotone, t00).

3. THE SPECTRUM OF ([Py)

We first deal with the easier case when 1 < ¢ < p. As we will see in what follows,
©x(+) is coercive in this case and so we can use the direct method of the calculus of
variations.

Proposition 1. If 1 < g < p, then &(a, B) = (BA1(q), +00) and the eigenvectors
belong to C}(92).
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Proof. We have r = max{p, ¢} = p. Evidently, if A < Bj\l(q), then A ¢ &(a, B) or
otherwise we violate ().
Let A > BA1(q) and u € W, P(Q). We have

o A
oa(u) = —|[Dullp — < [[Dul| (see @)
p " Mil9)q 7

> g\|Du||£ —c1||Dul[] for some ¢; > 0 (since ¢ < p),
p
= pa(u) = collull’ — es||ul|? for some ¢y, c5 > 0,
= a(:) s coercive (since ¢ < p).

Also, by the Sobolev embedding theorem, ¢,(+) is sequentially weakly lower
semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find @y € W, ()
such that

(4) ox(tiy) = inf{px(u) : u € Wy (Q)}.
For t > 0 we have
. tPa . P t? 2 .
oa(tii(q)) = 7HDul(q)Hp + E [ﬁ)\l(q) — )\} (recall that ||41(q)|lq = 1)
= c4t? —cs5t?  for some cq,c5 >0 (recall that A > ﬁj\l(q)).
Since ¢ < p, choosing small ¢ € (0,1) we have

pa(tii(g)) <0,
ea(ln) <0=px(0) (see @),
ix 0.

U

From (@) we have
Ph(an) =0,
= (adp(tyr), h) + (BAq(0n), h) = )\/ lin|7"2azhdz  for all he Wy P (),
= —aApﬁA(z)—ﬁAqﬁ)\(z)=)\|ﬁ)\(z)|2_2ﬁ)\(z) for almost all z€€, 4x|sn=0,
= 4y € C3(Q) (by the nonlinear regularity theory; see Lieberman [4]).
The proof is now complete. O

When 1 < p < ¢, the energy functional is no longer coercive. So, the direct
method of the calculus of the variations fails, and we have to use a different ap-
proach. Instead, we will minimize ) on the Nehari manifold Ny.

First, we show that Ny # 0.

Proposition 2. A > 8A1(q) if and only if Ny # 0.
Proof. As before (see the proof of Proposition [), using (B we see that
Ny #0=X> BAi(q).

Now, suppose that A > 8;(g). Then on account of (), we can find u € Wy9(Q)\
{0} such that

)
(5) [1Dullg < IRl
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Consider the function &y : (0, +00) — R defined by

Q) = (pi(tu),tu)
= at?|[Dul[} + Bt4|| Dul[g — At |u][]
= tPa||Dul[y + t*(B]|Dul[§ — a|ullg)
(6) cet? — cqt?  for some cg, ¢7 > 0 (see (@)).
Since ¢ > p, we see from (@) that
E(t) &> —c0  ast — +oo.
On the other hand, for small ¢ € (0,1) we have

Ex(t) >0 (see (@]).

Therefore, by Bolzano’s theorem, we can find ¢y > 0 such that

Ex(to) =0,
= (ph(tow), tou) =0 with tou # 0,
= tou € Ny andso N, # 0.

This completes the proof. O
We define

(7) my = inf{px(u) 1 u € Nr}.
For uw € Ny, we have

(8) al| Dul[} + Bl|Dul|g = Alful[g.

Therefore

« 15} 1
oau) = EHDUIlﬁ + gHDUIIZ ~ (alDullp + Bl[Dullg)  (see (8))

o) —a (5= 1) Dl
= my=0 (see (D).

From (@) we infer that ¢,|y, is coercive on W, (Q).

Proposition 3. If A\ > Bj\l(q), then every minimizing sequence of () is bounded
; 1.q
in Wyl (Q).

Proof. We argue by contradiction. So, suppose that {u, }n>1 C WO1 1(Q) is a mini-
mizing sequence of () such that

[ltnll1,q = o0

‘We have
(10) of [Dun g + Bl|Dunll§ = Alfun g for all n € N,
(1) = BlDuE = Bllunllt, < Mluall§ for all m € N,

= ||upllg = +0 asn — oo.
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We set y,, = H;‘T"Hq for all n € N; hence ||y,||q = 1. Also, from (1)) we have

A A
[[Dynlla < BH%HZ =3 for all n € N,

= A{Yntnz>1 C Wol’q(Q) is bounded.
So, we may assume that
(12) Yo Sy i W3UQ) and gy, —y in LIY(Q).
We multiply ([I0) with We obtain

TenTE
Allun|l§ = Bl Dun| g

[lunllg

(13) a||Dyn||g: , neN.

Recall that {u,}n>1 € Ny is a minimizing sequence for (7). So, we have

(14) <]10 - 3) ()\Hun||g - B||Dun|\g) —my asn — oo (see ([8), [@)).

Using (I4) in (I3), we can infer that

Yo — 0 in WyP(Q),
= y, — 0 in LYQ) (see (I2)),

a contradiction, since ||y,||q =1 for all n € N.
Therefore we can conclude that every minimizing sequence of () is bounded in

Wy (). O
We have already seen that my > 0. We can now say more.
Proposition 4. If A > 8\1(q), then my > 0.

Proof. Arguing by contradiction, suppose that my = 0. Then we can find {u, }r,>1
C N, such that @y (u,) — 07. From (@) we have

1 1
o (2= )il o
P q

(15) = wu, =0 inW}PQ).
Then by ([I3) and Proposition Bl we infer that

(16) U, 30 in WyU(Q) and w, —0 in LI(N).
It follows from (I&]), (Id), and (B) that
1Dunlly =0,
(17) = u, >0 in Wy¥Q).
Let vn = o (P for all n € N; hence ||v, || = 1. We have
(18) Mva||E = Bl Dv||T = 7|\Dvn||p>0 for all n € N,

[l |13

A
= ||Dvn||g§5 for all n € N,

(19) = {Un}n>1 C W&”(Q) is bounded.
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Then it follows from (I8)) and (I3J)) that

%HDUHHZ < cg for some cg >0, all n € N,
[l |l
= ||Duy|lp = 0 (see (I7) and recall that p < q),
(20) = v, =0 in WyP(Q).

From ([I9) and (20), we can infer that
v, = 0 in LI(Q),

a contradiction, since ||v,||; = 1 for all n € N. From this we can conclude that
my > 0. [l

Proposition 5. If A > B:\l(q), then there exists Gy € Ny such that my = @x(ty)-

Proof. Let {un}n>1 € Ny be such that ¢y (u,) — my. According to Proposition 3]
{tn}ns1 € Wy?(Q) is bounded. So, we may assume that

(21) w, B ay in Wy '(Q) and  w, — 4y in LI(Q).
Since u,, € Ny for all n € N, we have
(22) a||Duy [P + Bl|Dun ||l = M|u,||¢  for all n € N.

Passing to the limit as n — oo and using (2I)) and the weak lower semicontinuity
of the norm functional in a Banach space, we obtain

(23) al|[Dax|l; < Allaallg = Bl1Daxllg-
Note that A[|@x[| — B[[Dax||d # 0, or otherwise from ([I9)), we have
[ Dunllp — 0,

= wu, =0 in WP Q).
Recall that

1 1

ox(un) =« (— - —) [[Duy|[5  for all n € N (see ([@)).
P q

So, it follows that
ox(un) >0 asn — oo,
= my =0,
which contradicts Proposition @ Therefore
Allaal[g = BlIDax|lg # 0,
= ay #0.
Also, exploiting the sequential weak lower semicontinuity of ¢y(-), we have
pal@n) < Tm px(un) =my (see ).

If we show that 4y € Ny, then ¢y (i)) = my, and this will conclude the proof.
To this end, let

Ex(t) = (@ (tin, tay))  for all t € [0,1].

Evidently, é A(+) is a continuous function. Arguing by contradiction, suppose that
Gy ¢ Ny. Then since u,, € N) for all n € N, we can infer from (21]) that

(24) &) <o.
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On the other hand, note that since A > ﬂj\l(q), we have
f,\(t) > cgt? — c10t?  for some cg, c19 > 0,
(25) = &x(t) >0 forall t € (0,¢) with small € € (0,1) (recall that p < ).

By @24), [25), and Bolzano’s theorem, we see that there exists t* € (0,1) such
that

é)\(t*ﬁ,,\) =0,
= If*’&)\ € N.

Then using (@), we have

. 11\,
m <) = aT- D) Epivnlg

p q
1 1 . . X

< a|=——]|[Du|[f (since t* € (0,1))
P q

< o= =) iminf [ Du|f  (sce @D)

< «a . im in unlly  (see

= my,

a contradiction. Therefore 4y € N, and this finishes the proof. O

So, we can state the following theorem concerning problem (Py)). This property
establishes the existence of a continuous spectrum that concentrates at infinity.

Theorem 6. If A > 55\1(q), then X is an eigenvalue of problem ([Py)) with eigen-
function 4y € CL(Q2).

Proof. For 1 < g < p, this follows from Proposition [l
For 1 < g < p, let h € Wol’q(Q). Choose € > 0 such that @y + sh £ 0 for
s € (—€,¢). We set

Al + shll? — BI|D(ax + sh)
s) = ( al[D(ar + shIE ) s € (a0

Then s — t(s) is a curve in Ny and it is differentiable. Let & : (—¢,€) — R be
defined by

Ex(s) = palt(s)(@r + sh)), s € (—¢e).
Evidently, s = 0 is a minimizer of £ A(+) and so

0 = &(0)
{5\ (0x),t'(0)ax + h) (by the chain rule)
(

)t
= (0) (@b (@), i) + (P (@), )
(P\(Gy),h)  (since Gy € Ny),
S @A) )+ B (Ao = ) [ Jin ik

= —al iy (2) = BA A (2) = Nia(2) |7 %05 (2) for almost all z€Q, dy|an =0,
= iy # 0 is an eigenfunction with eigenvalue A\ > ﬁj\l(q).

Now, the nonlinear regularity theory of Lieberman [14] p. 320] implies that 4y €
C (). O
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Remark 1. In the terminology of the critical point theory, the above proof shows
that the Nehari manifold is a natural constraint for the functional ¢y (see Gasinski
and Papageorgiou [9, p. 812]).

Now suppose that a = (1 — ), 8 € (0,1). Let Lg = —(1 — 8)A, — BA, and let
&(p) be the spectrum of Lg. From Theorem [6] we know that

5(8) = (BAi(q), +00).

Evidently, &(-) is Hausdorff and Vietoris continuous on (0,1) (see Hu and Papa-
georgiou [I1]), but it exhibits a discontinuity at 8 = 1, since

(1) = the spectrum of (—A,, W'4(Q)),

and we know from Section 2 that A;(q) > 0 is isolated and so (1) # (A1(g), +00).
This is more emphatically illustrated when ¢ = 2. Then

§(8) = (BA1(2), +00) for all B € (0,1),
but at 8 =1 we have
6(1) = {\e(2)}x>1 (the discrete spectrum).
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