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Dedicated with esteem to Professor Haim Brezis on his 70th anniversary

Abstract. We consider a nonlinear logistic-type equation, driven by a
nonhomogeneous differential operator and with a reaction of superdiffu-
sive type. Using variational methods together with suitable truncation
and comparison techniques, we prove a bifurcation-type result describ-
ing the set of positive solutions as the parameter A > 0 varies.
Mathematics Subject Classification. 35J25, 35J92.
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1. Introduction

The aim of this paper is to study the existence, nonexistence and multiplicity
of positive solutions for the following nonlinear, nonhomogeneous logistic-
type equation:

—diva(Du(2)) + B(2)u(2)P~ = Mh(z,u(2)) — f(z,u(z)) in Q,

Ju

— =0 on 09, (Py)
on
u >0 in €,

where A > 0.

In this problem, Q C R¥ is a bounded domain with a C%-boundary
00 and a : RV — RY is a strictly monotone, continuous map that satisfies
certain other regularity and growth conditions. The precise assumptions on
the map a(-) are given in hypotheses H(a) below and incorporate as special
cases important differential operators such as the p-Laplacian (1 < p < 00),
the (p, ¢)-Laplacian (1 < ¢ < p < c0) and the generalized p-mean curvature
operator. In problem (Py), A > 0 is a parameter and in the reaction the two
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terms h(z,x) and f(z,z) are both Carathéodory functions (that is, for all
x € R, z+— h(z,x) and f(z,z) are measurable and for a.a. z € Q, x — h(z,x)
and f(z,x) are continuous). The asymptotic growth conditions on h(z,-) and
f(z,) correspond to a reaction of superdiffusive type. Indeed, a very special
case of our problem is when the differential operator is the p-Laplacian (that
is, a(y) = ||y||P~2y for all y € RY with 1 < p < 00) and the reaction is

z= Ar? T — 2" forall z > 0,

where
l<p<qg<r<p'={N-p tp<H,
400 if N <p.
This is the superdiffusive p-logistic equation. Such equations, in contrast to
the subdiffusive and equidiffusive cases, exhibit bifurcation phenomena as the
parameter A > 0 varies. Finally, we mention that § € L>=(Q), 8(z) > 0 a.e.
in Q, f # 0 and in the boundary condition n(-) denotes the outward unit
normal on 0f).
Under natural assumptions (as described in hypotheses H(a), Hy, H;
and Hy below), the main result in this paper (see Theorem 3.12) establishes
that there exists Ay > 0 such that

(a) for all A > A\, problem (P)) has at least two positive solutions;
(b) for A = A, problem (P, ) has at least one positive solution;
(c) for A € (0, \) problem (Py) has no positive solutions.

Superdiffusive p-logistic equations (that is, logistic-type equations driv-
en by the p-Laplace operator) were studied by Dong [5], Filippakis, O’Regan
and Papageorgiou [6], Takeuchi [14, 15] (Dirichlet equations) and Cardinali,
Papageorgiou and Rubbioni [4] (Neumann equations). In all the aforemen-
tioned works, the reaction has a more restricted form than in (P).

The nonhomogeneity of the differential operator in (Py) is the source of
serious difficulties in establishing the bifurcation-type result and the methods
used in the case of p-Laplacian equations do not work here (see Cardinali,
Papageorgiou and Rubbioni [4]).

Let a : RY — RY be an operator and let (-, -) denote the inner product
in RY. We recall (see Brezis [1]) the following basic notions:

(i) a is monotone if
(a(z) —aly),z —y) >0 for all z,y € RY;
(ii) a is strictly monotone if
(a(x) —aly),z —y) >0 forall z,y e RN, = #y;
(iii) a is mazimal monotone if it is monotone and
[(a(x) =y, 2 —y) 2 0Vz € RY] =3/ = a(y).

We refer the reader to the book by Brezis [2], which gives an excellent
account of the interplay between functional analysis and partial differential
equations.
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2. Mathematical background

Let X be a Banach space and X* its topological dual. By (-,-) we denote
the duality brackets for the pair (X*, X). Given ¢ € C*(X), we say that ¢
satisfies the Palais—Smale condition (PS condition for short), if the following
is true:

“Every sequence {z,, },>1 € X such that {¢(z,)}n>1 CRis

bounded and ¢'(x,) — 0 in X* as n — co admits a strongly

convergent subsequence.”

This compactness-type condition on ¢ leads to the following minimax

theorem for critical values of ¢. The result is known in the literature as the
“mountain pass theorem.”

Theorem 2.1. Let X be a Banach space, ¢ € Cl(X) satisfies the PS condition,
xo, 11 € X, ||T1 — 30| > 7 >0,
max{p(x0), p(z1)} < inf [p(z) : |z — zo|| = r] = my,

— inf t
c é‘épo%?éi@”( ),

where
I'={y € C([0,1], X) : v(0) = mo, v(1) = 21 }.
Then m, < ¢ and ¢ is a critical value of .

Now, we will introduce the hypotheses on the map a(-).
So, let n € C*(0,00) be a function such that n(t) > 0 for all ¢t > 0 and

(¢
0<ec MW o
n(t)

at!™t < n(t) <cp(14+P7") forall t >0 and some ¢i,c > 0. (2.2)

for all £ > 0 and some cg, ¢ > 0, (2.1)

Then the conditions imposed on the map a(-) are the following.

H(a): a(y) = ao(||y|))y for all y € RY with ag(t) > 0 for all t > 0 and
(i) ag € C*(0,00), t + tag(t) is strictly increasing on (0, +00), tag(t) — 0
ast — 0" and

t /
a(t) =c>—1;
t—0t ao(t)
(ii) for every y € RV \ {0}, we have
IVa(y)|| < c3 77(|yy”||) for some ¢z > 0;
(iii) for every y € R \ {0}, we have
(Vaty)e O > TV e for at ¢ € Y,

(iv) if Go(t) = fot sag(s)ds for all t > 0, then

t2ag(t) — Go(t) = cqt? for all t > 0 and some ¢4 > 0.
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Remark 2.2. Evidently Go(-) is strictly convex and strictly increasing. We
set G(y) = Go(||y||) for all y € RY. Then G(-) is convex, G(0) = 0 and

VG(y) = Gau\yn)”—gu

=ao(|lyl)y = aly) for all y € RV \ {0} and VG(0) = 0.

Therefore, G(-) is the primitive of a(-). The convexity of G(-) and the fact
that G(0) = 0 imply that

G(y) < (a(y),y)r~ for all y € RV, (2.3)

Hypotheses H(a)(i), (i), (iii) and (2.1), (2.2) lead to the following lemma
summarizing the main properties of the map a(-).

Lemma 2.3. Assume that hypotheses H(a)(i), (ii), (iii) are fulfilled. Then

(a) the map y — a(y) is continuous, strictly monotone, hence mazimal
monotone too;

(b) there exists c5 > 0 such that ||a(y)| < es(1 + |Jy||P~1) for all y € RY;
(©) (ay) e~ > =5yl for ally € RY.

Then Lemma 2.3, (2.3) and the integral form of the mean value theorem
lead to the following growth properties of the primitive G(-).

Corollary 2.4. If hypotheses H (a)(i), (ii), (iii) hold, then

Zﬁ”y“’) <Gy) <cs(L+|ylP)  for all y € RY and some cg > 0.
Example 2.5. The following maps satisfy hypotheses H(a):
(a) a(y) = [lylP~?y with 1 < p < co.
This map corresponds to the p-Laplace differential operator defined by
Apu = div(||Dul|P"2Du)  for all u € W'P(Q).
(b) a(y) = llyllP~2y + [ly[|*"?y with 1 < g < p < c0.
This map corresponds to the (p, ¢)-Laplace differential operator defined by
Apu+ Agu for all w € WHP(Q).

Such operators arise in mathematical physics. Recently the authors studied
the existence and multiplicity of solutions for (p, 2)-equations under resonance
conditions (see Papageorgiou and Rédulescu [12]).

p—2 .
(¢) a(y) = (1+|lylI*) ="y with 1 <p < oc.

This map corresponds to the generalized p-mean curvature differential oper-
ator defined by

p—2

div ((1 =+ ||D’u,||2) ) DU) for all u € Wl’p(Q).

p—2 .
(d) aly) = [lylIP~>y + R with 1 <p < co.
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Let fo: 2 xR — R be a Carathéodory function with subcritical growth
in the z € R variable; that is,
[fo(z,2)| < a(z)(1+ |z|""1) for a.a. z € Q,all 2 € R,

with a € L®(Q)4 and 1 < r < p*. We set Fy(z,2) = [, fo(z,s)ds and
consider the C1-functional 1y : WP (2) — R defined by

Po(u) = /QG(Du(z))dz - /Q Fo(z,u(2))dz for all u € WHP(Q).

The following result can be found in Motreanu and Papageorgiou [11]
and it is an outgrowth of the nonlinear regularity theory (see Lieberman [10]).
The first such result was proved by Brezis and Nirenberg [3] for G(y) = 3||y/|?
for all y € RN and for space Hi(Q).

Proposition 2.6. Assume that hypotheses H(a)(i), (ii), (iii) hold and ug €
WP (Q) is a local C*(Q)-minimizer of 1y; that is, there exists o1 > 0 such
that

Yo(uo) < to(ug +h)  for all b € C*(Q) with ||h]| 1) < o1-

Then ug € CHP(Q) for some B € (0,1) and ug is also a local WP (Q)-mini-
mizer of 1g; that is, there exists oo > 0 such that
Yo(uo) < bo(ug +h)  for all h € WHP(Q) with ||h|| < 0o.

Hereafter, by ||-|| we denote the norm of the Sobolev space W1(£2) de-

fined by
lull = (2 + [Dul2) " for all u € WP(Q).

Note that the notation || - || is also used to denote the norm of RY. However,
no confusion is possible since it will always be clear from the context which
norm is used.

The Banach space C1(2) used in the above proposition is an ordered
Banach space with positive cone given by

Cy ={ueC'(Q):u(z) >0forall z € Q}.
This cone has a nonempty interior given by

intCy = {ueCy:u(z) >0 forall z € Q}.
Let A: WHP(Q) — WLP(Q)* be the nonlinear map defined by

(A(u),v) = /Q(a(Du), Dv)gn dz  for all u,v € WHP(Q). (2.4)

From Gasinski and Papageorgiou [8] we have the following result.

Proposition 2.7. Assume that hypotheses H(a)(i), (ii), (iii) hold. Then the op-
erator A : WHP(Q) — WLP(Q)* defined by (2.4) is bounded (that is, it maps
bounded sets to bounded sets), demicontinuous, monotone (hence mazximal
monotone too) and of type (S)+; that is,

Uy~ w in WHP(Q) and limsup(A(uy, ), un —u) < 0 = u, — u in WHP(Q).

n— oo
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Finally, let us fix our notation in this paper. Given z € R, we define
¥ = max{4z,0}. Then for u € WP(Q), we set u™(-) = u(-)*. We have

utF e WhP(Q), uw=ut—u", |ul=u"+u".

Also, given a measurable function g : QxR — R (for example, a Carathéodory
function), we define

Ny(u)(-) = g(-,u(-)) for all u in WHP(Q)

(the Nemytskii map corresponding to g(+,-)). Moreover, by | - |y we denote
the Lebesgue measure R,

3. Bifurcation-type theorem

The hypotheses on the other three data of (P)) (namely, the functions 5(z),
h(z,z) and f(z,x)) are the following.

Hy: B € L™(Q), B(z) 20 ae. in Q, §#0.

Hi: h: QxR — R is a Carathéodory function such that for a.a. z € €,
h(z,0) =0, h(z,-) is nondecreasing on [0, c0) and

(i) for every p > 0, there exists a, € L>()4 such that h(z,z) < a,(z) for
a.a. z € Q, all x € [0, gf;
(ii) there exists ¢ € (p,p*) such that

hz,x) _ o h(z, z)
—— < limsup ——~

0 < ¢y < liminf

C,
rz—+oo xd— =08

T— 400 a1
uniformly for a.a. z € Q;

(iii) there exist 0 < ¢g < ¢10 such that

h(z,z)

c9 < liminf < lim su
z—0t+t x9 z—0+ T

h(z,x
(qll) X C10

uniformly for a.a. z € Q;
(iv) for every p > 0, there exists ¥, > 0 such that f(z,z) > o, for a.a.
zeQ,all x > p.

Remark 3.1. Since we are looking for positive solutions and the above hy-
potheses concern the positive semiaxis Ry = [0, +00), without any loss of
generality, we can set h(z,z) =0 for a.a. z € Q, all z < 0.

Example 3.2. The following functions satisfy hypotheses H;. For the sake of
simplicity, we drop the z dependence:

hi(zx) =291 forallz >0 with1<p<gq<p;
AR if x € ]0,1],

() = 5_1 | [0, 1]
(1-¢kt ! —nz] ifl<z
withl<p<g<rt,qg<p, &€ (0,21), ¢=>2.

T—1
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Hy: f: Q@ xR — R is a Carathéodory function such that for a.a. z € Q,
f(2,0) =0, f(z,2) >0 for all z > 0 and
(i) f(z,z) < a(z)(1+2" 1) for aa. z € Q, all @ > 0 with a € L>=(Q)4,
p<rT<p
(i) limg_ oo fw(qzﬁ) = +o0 uniformly for a.a. z € Q (here g € (p,p*) is as in
hypothesis Hy(ii));

(iii) limg_,q+ fm(pzfi) = 0 uniformly for a.a. z € §;

(iv) for every o > 0, there exists £, > 0 such that for a.a. z € Q the function
x> E,aP~ — f(z,2) is nondecreasing on [0, g].

Remark 3.3. As we did for h(z,x), without any loss of generality, we assume
that f(z,z) =0 for a.a. z € Q, all z < 0.

Example 3.4. The following functions satisfy hypotheses Hy. Again, for the
sake of simplicity, we drop the z dependence:

fi(z) =2"" forall z >0 with ¢ < r < p*,

27— 297l if 2 € 0,1
x) = TV withl<p<T<g<p®
f2(@) {xq_llnx fl<uz b =P

Remark 3.5. If a(y) = ||y|[P~2y with 1 < p < oo (that is, the differential
operator is the p-Laplacian) and the reaction is Ahy (x)— f1(z) = Az?~ 1 —z" !
with p < ¢ < r < p*, then problem (Py) recovers the classical p-logistic
equation of superdiffusive type.

For A > 0, let
S(A) = the set of positive solutions of problem (Py).
Also, we introduce the set
L ={X>0: problem (Py) admits a positive solution (that is, S()\) # 0)}.
We start with a simple lemma.

Lemma 3.6. Assume that 8 € L*(Q), f >0 a.e. in Q and 8 # 0. Then there
exists & > 0 such that

C1

ollul” < v(w) = -2

Hm%+émmmmwzﬁMMmWMmy

Proof. Suppose the lemma is not true. Then exploiting the p-homogeneity of
the functional ¥(-), we can find {u,},>1 € WP(Q) such that
lun||=1 foralln>1 and (up) L0 asn — oo.

By passing to a suitable subsequence if necessary, we may assume that

Uy —u  in WHP(Q) and u, = u in LP(Q).
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Since the norm in the Banach space LP(Q, RY) is weakly lower semicontinu-
ous, in the limit as n — oo, we have

C
0 —
.

—/B(z)\u|pdz<O:>uE£€]R.
Q

If ¢ = 0, then Du,, — 0 in LP(Q,RY) and so u, — 0 in WhP(Q), a contra-
diction to the fact that ||u,| =1 for all n > 1.
So, £ # 0 and we have

0<-l¢ [ Bedz <o,
Q
a contradiction again. O

Using the previous lemma, we have the following result.

Proposition 3.7. Assume that hypotheses H(a), Hy, Hy and Hy hold. Then
inf £ >0 (if L= 10, then inf £L = +00).

Proof. Let & > 0 be as postulated by Lemma 3.6 and let & € (0,&,). Hy-
potheses Hy and Hs imply that we can find A = A(§) > 0 small such that
Ma(z,x) — f(z,2) < P! for aa. z € Q, all 2 > 0. (3.1)

Let A € (0, \] and suppose that A € £. Then we can find u € S(\) and so we
have

A(u) + BuP~t = N\, Ny (u) — Ny (u). (3.2)
On (3.2) we act with v > 0 and using the nonlinear Green’s identity (see
Gasinski and Papageorgiou [7, p. 210]), we have

/Q(a(Du),Du)RNdZ—F i B(2)|ulP dz = /\/Q h(z,u)udz—/ﬂf(z,u)udz

] B(2)|ul” dz

< Eullh < &llullP (see Lemma 2.3(c) and (3.1))
= (& — O|lul’ <0 (see Lemma 3.6),

a contradiction since £ € (0,&g).
Therefore, A ¢ £ and so inf £ > X > 0. O

Next we establish that £ # () (hence inf £ € (0, +00)).

Proposition 3.8. Assume that hypotheses H(a), Hy, Hy and Hs hold. Then
L # 0 and for every X € L we have S(A) C int Cy.

Proof. Let H(z,z) = [} h(z,s)ds and F(z,x) = [; f(z,s)ds and, for A > 0,
we consider the 01 functional ¢y : Wl’p(Q) —R deﬁned by

:/QG(Du) dz+%/ﬂﬂ(z)|u|pdz

_)\/H(z,u)dz+/F(z,u)dz for all u € WHP(Q).
Q Q
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By virtue of hypotheses H; (i), (ii), we can find ¢;; > 0 such that
H(z,z) <c11(1+2?) foraa. zeQ, allz>0. (3.3)

Moreover, hypotheses Ha(i), (ii) imply that, given any £ > 0, we can find
c12 = ¢12(§) > 0 such that

F(z,x) 2 &x9— 1o foraa.ze€Q, allz > 0. (3.4)
Therefore, for all u € WhP

(Q

= [ G(Du)dz+ - /ﬂ NulP dz — A /qu der/F(z,u)dz

Q Q
1

> il + [ sG] el
p

+&lJull = (Ae1r 4 c12)|Qn - (see Corollary 2.4 and (3.3), (3.4))

) we have

> %”u”p + (& = Acwn)|lul|d = (Aerr + €12)|Qn - (see Lemma 3.6).

Choosing £ > Aci1, we see that @) is coercive. Also, using the Sobolev em-
bedding theorem, we can easily check that ¢, is sequentially weakly lower
semicontinuous. So, by the Weierstrass theorem, we can find uy € W1?(Q)
such that

pa(uy) = inf [ (u) : uwe WHP(Q)]. (3.5)
By hypotheses Hj(iii) and H,(iii), we can find § > 0 and ¢;3 > 0 such that

1
H(z,x) > 98 19 and F(z,2) < —=2P fora.a. z€Q, all z €0,4].
q p

(3.6)
So, if £ € (0, 4], then
p e
o€ < 1Bl +121x] - 2220y (sce (36)),
Choosing A > 0 big, we infer that
PA(§) <0=x(0)
= a(ur) < 0=x(0) (see (3.5)) and so uy # 0.
From (3.5) we have
¢h(ux) =0
:>A(UA)+ﬂ|’U,)\|p72U)\ :AN;,,(U)\) fo(uA). (37)

On (3.7) we act with u; € W1P(Q). Using Lemma 2.3(c) and recalling that
for a.a. z € Q and all x < 0, we have h(z,x) = f(z,2) = 0, we obtain

C1 - _
L IDusly + [ Bl de <0
p Q

= &olluy [P <0 (see Lemma 3.6), hence uy > 0, uy # 0.
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Then from (3.7) and using the nonlinear Green’s identity, as in Gasinski and
Papageorgiou [8] (see the proof of Theorem 3.9), we have

—diva(Duy(2)) + B(2)ux(2)P1 = M(z,ur(2)) — f(z,ur(z)) a.e. in Q,

% -0 on 0,

n

A 2 Oa Un 7é O in Q,
(3.8)

which implies that uy € S(\) and so £ # 0.

Let A € £ and let uy € S(A). Then (3.8) holds. From Hu and Papageor-
giou [9] and Winkert [16], we have uy € L°°(€2). Then we can apply the non-
linear regularity result of Lieberman [10, p. 320] and infer that uy € C \ {0}.
Let ¢ = ||u]|oo and let €, > 0 be as postulated by hypothesis Hs(iv). Then

— diva(Dux(2)) + (B(2) + {o)ua(2)" "
= Ah(z,ux(2)) = f(zua(2) + Egua(2)P !
>0 ae. in Q (see Hy(iv) and recall that h > 0)
— diva(Dux(2)) < (|Blloe + E)ur(2)P™"  ace. in Q.
Let ~(t) = tao(t
t/(t) = t2ap(t) + tao(t)

¢
/ s)ds =ty(t) — / ~v(s)ds (by integration by parts)
0

=t%ag(t) — Go(t) = cqt? for all t > 0.

) for all ¢ > 0. Then

So, we can apply the results of Pucci and Serrin [13, pp. 111, 120] and conclude
that uy € int Cy. Therefore S(A) C int C.. O

Proposition 3.9. Assume that hypotheses H(a), Hy, Hy and Hy hold, A € L
and > X. Then € L.

Proof. Let uy € S(\) C int Cy (see Proposition 3.8). We have
A(u,\)—l—ﬁui_l :/\Nh(u,\) —Nf(U)\). (3.9)

Using uy € int C'y, we introduce the following truncation of the reaction in
problem (Py):

Ly = Az ua(2)) = flzun(2) if 2 Sua(2),
Fu2,2) {uh(z,x) — f(z,2) if uy(z) < z. (3.10)

Evidently k,(z,z) is a Carathéodory function. We set

u(z, ) = /OI k,(z,s)ds
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and consider the C'-functional v, : W1?(Q) — R defined by

1 P
(u) = /Q G(Du(z)) dz + /Q BENu(z)P d

- / K, (z,u(z))dz for all u € WP(Q).
Q

As we did for the functional ¢y (see the proof of Proposition 3.8), we can
check that 1, is coercive. Also, it is sequentially weakly lower semicontinuous.
So, by the Weierstrass theorem, we can find u,, € WP () such that

Yu(uy) =inf [ty (u) : u e WLP(Q)]
— !, (u,) = 0 (3.11)
= A(uu) + ﬁ‘uu|p72uu = Nku (uu)-

On (3.11) we act with (uy —u,)™ € WH?(Q). Then
(Alu), (un = u) ™) + /Q BlugP 2wy (ux — )t dz
= [ k(2 uu)(ux —uM)"'dz
[wh(z,ux) = f(z,un)] (ux —u,) T dz  (see (3.10))
[An(z,un) = f(z,un)] (un —uy) T dz (since h > 0 and A < p)
= (A(un), (ux —uu)™)
—|—/ B(2)ua P~ (ux —u,)tdz (since uy € S(N))

I
o\o\@\

g < uy) — A(“u) (ux — “u)+>
+ | BEET = fud ) (s = )" d= <0
= (a(Duy) — a(Duy,), Duy — Duy,)gy dz < 0 (see Hp)
{u,\>u“}

= [{un > uu}|ny =0 (see Lemma 2.3(a) and hypothesis Hy)
= u) < U
Therefore, (3.11) becomes

A(uy) + Bul " = Ny (uy) — Nyp(uy,)  (see (3.10))
= u, € S(u) CintCy andso p € L. O

Let A\, = inf £. From Proposition 3.7 we know that A, > 0.
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Proposition 3.10. Assume that hypotheses H(a), Hy, Hy and Hy hold and
A > M. Then problem (Py) admits at least two positive solutions:

ug, 4 € int C..

Proof. Let n € (A, \) and let u,, € S(n) C int Cy (see Proposition 3.8). We
consider the reaction x — Ah(z,x) — f(z,2) of problem (Py) and truncate it
at u,(z) as we did in the proof of Proposition 3.8 (see (3.10)). Then reasoning
as in that proof, using the direct method, we get

ug € S(A) Cint Cy

such that u, < uo.

Let 0 = |lugloo and let £, > 0 be as postulated by hypothesis Ha(iv).
Let ug =u, + 0 € int C. Then we have

—diva(Dud) + (B(2) + &) (ud)P
< —diva(Du,) + (B(2) + fg)ug_l +7(8) with 7(6) = 0" as § — 0"
= nh(z,uy) — f(z,uy) + Eul ™ + 7(5)

= Mz, uy) — (A= n)h(z,uy) — f(z,uy) + Eul " +7(6).
(3.12)

Since h(z,-) is nondecreasing (see hypotheses H;) and u,, < ug, we have
Ah(z,uy) < AR(2,u0). (3.13)

Since u,, € int C, we have u = mingu, > 0 and so by virtue of hypothesis
H,(iv) we can find ¥, > 0 such that

A =n)h(z,un) = (A —n)d, > 0. (3.14)
Moreover, hypothesis H; (iv) implies that
éguffl — f(zup) < Egub™" — fz,u0) (recall that u, < ug). (3.15)

We return to (3.12) and use (3.13), (3.14) and (3.15). Then
—diva(Dup) + (8(z) + &) (ug)P ™!
< Ah('Z7 ’LLO) - f(Z,UO) + ggug_l - ()‘ - 77)19# + T(d)
Since 7(§) = 07 as § — 0T, for § > 0 small we have
(A =n)du = 7(9).

Therefore, finally we have

— diva(Dud) + (B(2) + &) (ud)P !

< —diva(Dug) + (B(2) + £,)ub™"  (recall that ug € S(\))

= ug < up (acting with (uf7 —up)t € W'P(Q) and using Lemma 2.3(a))

= up — uy, €int C,.
(3.16)



Vol. 15 (2014) Superdiffusive Neumann equations 531

Let 1y : W1P(Q2) — R be the C'-functional introduced in the first part of
this proof. Recall that the solution ug € int C. was obtained as a minimizer
of the functional ¥,. We introduce the set

[ug) = {u € WHP(Q) : up(z) < u(z) a.e. in Q}.
Recall that ¢y : W1P(Q) — R is a C! energy functional for problem (Py)
(see the proof of Proposition 3.7). We have

(p)‘|[u0) :’(/}A|[u0)+§§‘ with 53‘(\ eR
(see (3.10) with uy replaced by w,).

Because of (3.16), it follows that ug € int Cy is a local C*(Q)-minimizer
of the functional ¢. Hence we can use Proposition 2.6 and have that ug is a
local WP (Q)-minimizer of p,.

Hypothesis H (iii) implies that we can find 6 > 0 and ¢14 > ¢19 > 0 such
that

h(z,z) < cpq2?™! for aa. z € Q, all z € [0, 0]
= H(z,x) < % xz? fora.a. z€Q, all x €0,4]. (3.17)

Then for u € C*(Q) with l[ull o1y < 9, we have

ox(u) > G(Du)dz—i—%/ B(z)\u|pdz—)\/ H(z,u)dz (since F > 0)
Q Q Q

p(p—1)

>

1 e
| Dullp + E/Qﬂ(Z)IUI” dz — TMIIUIIE (see (3.17))

> 6—O||u|\p — Acpsllul|® for some ¢35 > 0 (see Lemma 3.6).
P (3.18)
Since ¢ > p, from (3.18) we see that we can find dg € (0, ] such that
or(u) = 0=\(0) forall u e C'(Q) with [ullcr @y < do

= u = 0 is a local C'*(Q)-minimizer of p)

= u = 0 is a local WP (Q)-minimizer of ¢, (see Proposition 2.6).
Without any loss of generality, we may assume that

0 = ©(0) < paluo)-

The analysis is similar if the opposite inequality holds. Since wug is a local
minimizer of ¢y, we can find ¢ € (0,1) small such that

0 =a(0) < @aluo) <inflpr(u) : [lu—uol = o] =m, (3.19)
(see Papageorgiou and Radulescu [12], proof of Proposition 3.5, Claim 2).
Recall that ¢y is coercive (see the proof of Proposition 3.8). So, ¢, satisfies

the PS condition. This fact and (3.19) permit the use of Theorem 2.1. We
can find @ € W?(Q) such that

e K, and m, < @i(d).
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Then 4 ¢ {0,up} (see (3.19)) and it solves problem (Py); that is,
€ S(\) Cint Cy. O
Proposition 3.11. If hypotheses H(a), Hy, Hy and Hs hold, then A\, € L.
Proof. Let {An}n>1 C £ such that
Ap > A foralln>1 and And A asn — oc.
Then we can find u, € S(A,) C int Cy for all n > 1. We have

A(uy,) + pub™ = ANy (u,) — Ny(uy,) for all n > 1. (3.20)
Hypotheses Hi (i), (ii) imply that we can find ¢ > 0 such that
h(z,z) <cig(l+297") foraa. z€Q, allz > 0. (3.21)

Moreover, hypotheses Hj (i), (ii) imply that, given any £ > 0, we can find
c17 = ¢17(€) > 0 such that

f(z,2) > €29t —¢yp foraa. z€Q, allz >0. (3.22)
On (3.20) we act with u,, € int C;. Then
/( (Duy,), Duy)g~ dz+/ B(z)ub dz (3.23)

/f (zyUp )up dz = Ay /h(zmn)un dz,

||} + / B(2)uh, dz + (§ — Ancie)||un | (3.24)
Q
< (16 + 17)|Qn  (see Lemma 2.3(c) and (3.21), (3.22))

= &ollunll” + (€ — Ancie)[lunlld < (c16 + c17)|Q N (3.25)
Choosing & > A\, c16, from (3.23) we see that
{tn}nz1 € WHP(Q) is bounded.
By passing to a subsequence if necessary, we may assume that
Up —5 uy in WHP(Q) and Up — Uy in L7(Q). (3.26)

On (3.20) we act with u,, — u., € WHP(Q), pass to the limit n — oo and
use (3.26). Then

lim (A(up), tn — us) =0

n—oo
= u, — u, in WHP(Q) (see Proposition 2.7). (3.27)
So, if in (3.20) we pass to the limit as n — oo and use (3.27), then
Aw) + Bt = ANa(u) — Ny (us).

Therefore u, is a solution of (Py,). We need to show that wu. # 0.
As before, from Hu and Papageorgiou [9] and Winkert [16], we know
that we can find M > 0 such that [Juy||cc < M for all n > 1. Then the
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nonlinear regularity result of Lieberman [10, p. 320] implies that we can find
¥ € (0,1) and M > 0 such that

u, € CH7(Q) and [unllcro @) < M foralln > 1.

Exploiting the compact embedding of C*7(Q) into C*(Q) and using (3.27),
we have -
U, — u,  in CH(Q). (3.28)
Suppose that u, = 0. Note that
h h
M = lim qu*p =0 uniformly for a.a. z € Q
z—0+ P~ z—0+ xd71
(see hypothesis H; (iii)).
So, given € > 0, we can find § = §(¢) > 0 such that
h(z,z) <exP™! fora.azeQ, allz € [0,d]. (3.29)
Then from (3.28) and since we have assumed that u, = 0, we see that we can
find ng > 1 such that
0<up(z) <46 forall z€Q, all n > no. (3.30)

From (3.20), as in Gasinski and Papageorgiou [8], using the nonlinear Green’s
identity, we have for all n > ny,

—diva(Duy(2)) + B(2)u, ()P "
= Mh(z,un(2)) = f(z,un(2))
< Ah(z,un(z)) (since f > 0, see Hy)
< Mctn (2)P71 for a.a. 2 € Q (see (3.29), (3.30)).
(3.31)
Acting on (3.31) with u,,, using the nonlinear Green’s identity (see Gasinski

and Papageorgiou [7, p. 210] and recall that du,,/On = 0 on 92) and applying
Lemma 2.3(c), we have

C1
p—1
= &ollunllP < Apellun || for all n > ng (see Lemma 3.6)

| Dun|[5 +/ B(2)ul, dz < Anellun|lp < Anellug P for all n > ng
Q

:>££§A7L<A1 for all n > ng.
€

Since € > 0 is arbitrary, we let € — 07 to reach a contradiction. Hence u, # 0
and so uy, € S(A.) Cint C, which means that \, € L. O

Summarizing the situation for problem (Py), we can state the following
bifurcation-type theorem.

Theorem 3.12. Assume that hypotheses H(a), Hy, Hy and Hy hold. Then
there exists A > 0 such that

(a) for all X > A\ problem (Py) has at least two positive solutions:

Ug, U € int C+;
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(b) for A = X\, problem (Py,) has at least one positive solution:
Uy € int Cy;
(c) for A € (0, ) problem (Py) has no positive solutions.

Remark 3.13. When a(y) = [jy[|P~2y with 1 < p < oo (the p-Laplace dif-
ferential operator) and h(z,z) = 297! for all > 0 with ¢ € (p,p*), then
Theorem 3.12 improves Theorem 3.6 of Cardinali, Papageorgiou and Rub-
bioni [4], since our hypotheses on f(z,x) (see Hs) are less restrictive than
those used in [4] (see hypotheses H). For example, the function f(z) = x%lnx
for z > 1 is excluded from the hypotheses in [4], while it is admissible here. Tt
is interesting to know that Theorem 3.12 remains valid if § = 0 (noncoercive
differential operator).
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