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1. Introduction

One of the reasons of the huge development of the theory of classical Lebesgue and Sobolev spaces [’ and WP (where
1 < p < 00)is the description of many phenomena arising in applied sciences. For instance, many materials can be modeled
with sufficient accuracy using the function spaces I” and W P, where p is a fixed constant. For some materials with inhomo-
geneities, for instance electrorheological fluids (sometimes referred to as “smart fluids”), this approach is not adequate, but
rather the exponent p should be able to vary. This leads us to the study of variable exponent Lebesgue and Sobolev spaces,
[P® and W'P® where p is a real-valued function. Variable exponent Lebesgue spaces appeared in the literature for the first
time already in a paper by Orlicz [38]. In the 1950s this study was carried on by Nakano [37], who made the first systematic
study of spaces with variable exponent (called modular spaces). Nakano mentioned explicitly variable exponent Lebesgue
spaces as an example of more general spaces he considered, see Nakano [37, p. 284]. Later, the Polish mathematicians in-
vestigated the modular function spaces, see Musielak [35]. Variable exponent Lebesgue spaces on the real line have been
independently developed by Russian researchers. In that context we refer to the work of Tsenov [45], Sharapudinov [43] and
Zhikov [47]. We refer to the monograph by Diening, Harjulehto, Hast6, and Ruzicka [ 10] for a comprehensive introduction to
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the theory of function spaces with variable exponents and various applications. We also point out the multiple contributions
of the Finnish “Research group on variable exponent spaces and image processing” [22], whose main purpose is to study
nonlinear potential theory in variable exponent Sobolev spaces.

This paper is motivated by phenomena which are described by nonlinear boundary value problems of the type

{—div(a(x, Vu)) =f(x,u), forxe £ (11)

u=020, forx € 082

where 2 ¢ RN (N > 3) is a bounded or an exterior domain with smooth boundary.
The interest in studying such problems consists in the presence of the Laplace-type operator with variable exponent
div(a(x, Vu)). A basic example is the p(x)-Laplace operator, which is defined by

Apptt = div (|VulP®2Vu).

The study of differential equations and variational problems involving p(x)-growth conditions is a consequence of their
applications. In 1920, E. Bingham was surprised that some paints do not run, like honey. He studied such a behavior and
described a strange phenomenon. There are fluids that flow then stop spontaneously (Bingham fluids). Within them, the
forces that create flow reach a first threshold. As this threshold is not reached, the fluid flows without deforms as a solid.
Invented in the 17th century, the “Flemish medium” makes painting oil thixotropic: it fluidies under pressure of the brush,
but freezes as soon as you leave the rest. While the exact composition of the medium Flemish remains unknown, it is known
that the bonds form gradually between its components, which is why the picture freezes in a few minutes. Thanks to this
wonderful medium, Rubens has painted La Kermesse in 24 h.

Materials requiring such more advanced theory have been studied experimentally since the middle of the last century.
The first major discovery on electrorheological fluids is due to Willis Winslow, who obtained a US patent on the effect in
1947 and wrote an article published in 1949, see [46]. These fluids have the interesting property that their viscosity depends
on the electric field in the fluid. Winslow noticed that in such fluids (for instance lithium Polymethacrylate) viscosity in an
electrical field is inversely proportional to the strength of the field. The field induces string-like formations in the fluid, which
are parallel to the field. They can raise the viscosity by as much as five orders of magnitude. This phenomenon is known as
the Winslow effect. For a general account of the underlying physics, we refer to consult Halsey [19]. Electrorheological fluids
have been used in robotics and space technology. The experimental research has been done mainly in the USA, for instance
in NASA laboratories. For more information on properties, modeling and the application of variable exponent spaces to
these fluids we refer to Acerbi and Mingione [1], Ruzicka [42], Chen, Levine, and Rao [9], Harjulehto, Hdsto, Latvala, and
Toivanen [20], Molica Bisci and Repovs [34], et al. We also point out the pioneering contributions of Pucci et al. [4,5,3] in the
study of Kirchhoff-type problems, including nonlocal problems with variable exponent like

1 p(x)
M Q%Wlﬂ dx | Appou = f(x, u).

We give in what follows two relevant examples that justify the mathematical study of models involving variable expo-
nents.

Example 1 (Image Restoration Chen, Levine, Rao [9]). In image restoration, we consider an input I that corresponds to shades
of gray in a domain £2 C R?. We assume that I is made up of the true image corrupted by noise. Suppose that the noise is
additive, that is, I = T + n where T is the true image and 7 is a random variable with zero mean. Thus, the effect of the
noise can be eliminated by smoothing the input, since this will cause the effect of the zero-mean random variables at nearby
locations to cancel. Smoothing corresponds to minimizing the energy

&1 (u) 2/(IVu(X)|2+Iu(X)—I(X)IZ)dx.
2

Unfortunately, smoothing will also destroy the small details from the image, so this procedure is not useful A better
approach is total variation smoothing. Since an edge in the image gives rise to a very large gradient, the level sets around
the edge are very distinct, so this method does a good job of preserving edges. Total variation smoothing corresponds to
minimizing the energy

&) = f (IVu@)| + [ux) — 1x)[*)dx.
2
Unfortunately, total variation smoothing not only preserves edges, but also creates edges where there were none in the

original image. This is the staircase effect.
Looking at &; and &,, Chen, Levine and Rao suggest that an appropriate energy is

e = / (IVu@)PY + Jux) — 1(x)|*)dx,
2

where 1 < p < 2.
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This function should be close to 1 where there are likely to be edges, and close to 2 where there are likely not to be
edges. The approximate location of the edges can be determined by just smoothing the input data and looking for where the
gradient is large.

Example 2 (Electrorheological Fluids). The constitutive equation for the motion of an electrorheological fluid is
u +divS@w)+ u-Vu+ Ve =f, (1.2)

where u : R»! — R? is the velocity of the fluid at a point in space-time, 7 : R»! — R is the pressure, f : R>! — R3
represents external forces, and the stress tensor S : le)‘cl — R332 is of the form

SW)(x) = p)[1+ Du)[*]P*~2/PYpu(x),
where Du = (Vu + Vu")/2 is the symmetric part of the gradient of u.
We observe that the highest order differential term in (1.2) is
div ((1 + [Du(x) ) ?®~2/P®py(x)) .

The degenerate case corresponds to the Laplace operator with variable exponent.

This survey investigates mathematical models that involve differential operators with variable exponents and we are
mainly interested in the qualitative properties of solutions for problems with p(x) growth as in (1.1). We point out that
even if our results will be formulated in a variational context, our methods and techniques can be applied to systems as
well. A particular interest in this work is given to new phenomena, which are generated by the presence of one or several
variable exponents and which are no longer valid in the classical framework corresponding to homogeneous differential
operators like the Laplace or the p-Laplace operator. In particular, we are interested in new spectral properties, for instance
the concentration of the spectrum near the origin or at infinity. In all the cases studied in the present paper, a central role
is played by various competition effects between the terms arising in the equation, as well as by various perturbations that
can alter the behavior of the solutions by generating nonexistence properties. We refer to [28,29,16,30,31,18,32,41,33] for
related results and complete proofs.

This paper is constructed as follows. In the next section we recall the basic properties of Lebesgue and Sobolev spaces
with variable exponent. Section 3 contains a multiplicity result for a class of Dirichlet problems involving a general
nonhomogeneous differential operator. Section 4 deals with the existence of a continuous spectrum for a differential
operator with two variable exponents. A concentration property at infinity of the spectrum is established in Section 5 in the
case of the p(x)-Laplace operator on exterior domains. The case of multiple variable exponents and sign-changing potential
is considered in the next section of the paper. In Section 7, by using the Morse theory in combination with local linking
theory, we establish several existence results. Finally, we consider the discrete framework and we are concerned with the
existence of homoclinic solutions for a class of partial difference equations with variable exponent.

2. Function spaces with variable exponent

With the emergence of nonlinear problems in applied sciences, standard Lebesgue and Sobolev spaces demonstrate their
limitations in applications. The class of nonlinear problems with variable exponent growth is a new research field and reflects
a new kind of physical phenomena.

In this section we introduce the Lebesgue and Sobolev spaces with variable exponent and we recall their main properties.
For more details we refer to the book by Musielak [36], Diening, Harjulehto, Hdst6é and Ruzicka [10], and the papers by
Edmunds et al. [12,11], Kovacik and Rakosnik [23].

For any continuous function h : 2 — (1, co) we denote

h™ =ess infh(x) and h" = ess suph(x).
xXe xe
Usually it is assumed that h™ < o0, since this condition is known to imply many desirable features for the associated
variable exponent Lebesgue space L"™ (£2). This function space is defined by

"0 () = {u; u is a measurable real-valued function such that / |u(x)|h(") dx < oo} .
2

On this space we define a norm, the so-called Luxemburg norm, by the formula
u(x)

hx)
[ulpey = inf {1 > 0; / dx<1y}.
2l M4

The variable exponent Lebesgue space is a special case of an Orlicz-Musielak space. For a constant function h the variable
exponent Lebesgue space coincides with the standard Lebesgue space.

We recall that the variable exponent Lebesgue spaces are separable and reflexive Banach spaces. If 0 < |£2| < oo and
h1, h, are variable exponents so that hy(x) < hy(x) almost everywhere in §2 then there exists the continuous embedding
[m®(Q) — MW Q).
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We denote by L"® () the conjugate space of L"™®(£2), where 1/h(x) + 1/W'(x) = 1. Forany u € L"® (%) and
v € ["® () the Holder type inequality

/uvdx
2

holds true.

Variable exponent Lebesgue spaces do not have the mean continuity property: if p is continuous and nonconstant in an
open ball B, then there exists a function u € LP® (B) such that u(x + h) ¢ LP®(B) for all h € RN with arbitrary small norm
(see Kovacik and Rakosnik [23]).

Most of the problems in the development of the theory of [P® spaces arise from the fact that these spaces are virtually
never translation invariant. The use of convolution is also limited: the Young inequality

1 1
< (h— + h/) [Ulngo (V11 o o

If * &llpeo < Cllfllpeo gl

holds if and only if p is constant.
An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the modular of the L"™® (£2)
space, which is the mapping ph( : L"™(£2) — R defined by

Pheo () = f ()" dx.
2

Lebesgue-Sobolev spaces with ht = +oco have been investigated in [11,23]. In such a case we denote 2., = {x €
£2; h(x) = +o0} and define the modular by setting

XERos0

oo = [ " dxtess sup hol
2\R

If (up), u € L"®(£2) then the following relations hold true

- +

ulhey > 1 = [ulhy < Preo@) < Uy, (2.2)
x) (%)
N .

ulhey <1 = [l < Preo @) < Uy, (2.3)
) x)

|un - ulh(x) -0 & /Oh(x)(un - u) — 0. (24)

Next, we define the variable exponent Sobolev space
W (@) = (u e "(2) : |Vul € "™ (2)}.

On W™ (£2) we may consider one of the following equivalent norms
lullhey = lulne + [Vilne)

. Vu() e
lu]| = inf{ u > 0; dx <1y¢.
Q “w

We also define W, "™ (£2) as the closure of C3°(£2) in W' (2). Assuming h~ > 1, then the function spaces W' ()
and Wg’h(x)(.Q) are separable and reflexive Banach spaces. Set

or
h(x)

u)

O (W) = / (IVuE) "™ + |u@)["®) dx.
2

For all (u,),u € Wg’h(x)(.Q) the following relations hold

- +

lul > 1 = [ul"™ <ono@ < llul™, (2.5)
. B

full <1 = [[ul™ < onw@) <llul", (2.6)

lun —ull = 0 < Onu(up —u) — 0. (2.7)

Next, we recall some embedding results regarding variable exponent Lebesgue-Sobolev spaces. If h, 6 : 2 — (1, c0)
are Lipschitz continuous and h™ < N and h(x) < 8(x) < h*(x) for any x € £2 where h*(x) = Nh(x)/(N — h(x)), then there

exists a continuous embedding W,"® (£2) <> L?®(£2). Furthermore, assuming that £2, is a bounded subset of £2, then the
embedding W, "™ (£29) < L%® (£2,) is continuous and compact.
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As shown by Zhikov [47], the smooth functions are in general not dense in W1P® (). This property is in relationship
with the Lavrentiev phenomenon, which asserts that there are variational problems for which the infimum over the smooth
functions is strictly greater than the infimum over all functions that satisfy the same boundary conditions. Another
formulation asserts that a Lagrangian L exhibits the Lavrentiev phenomenon if the infimum taken over the set of Lipschitzian
trajectories AC[0, 1] is strictly lower than the infimum taken over the set of Lipschitzian trajectories Lip[0, 1], with fixed
boundary conditions. The first example of such a phenomenon is due to Lavrentiev [24], who proved that

1
inf / (x — ) |u'(x)|%dx = 0,
uew1.1(0,1), u(0)=0, u(1)=1Jo
while
1
inf / (x — )|’ (%)|%dx > 0.
uew1.20(0,1), u(0)=0, u(H)=1Jo

A related example corresponding to the Lagrangian L(t, x, x') = (x> — t2)x’® on the interval [0, 1] is due to Mania [27].
Moreover, Foss, Hrusa and Mizel [17] gave a physical action of a nonlinear elastic material where the occurrence of the
Lavrentiev phenomenon is the occurrence of a meaningful physical event.

1 J—
If p is logarithmic Holder continuous (notation: p € O Trogel (£2)), that is,

C _
px) —pW| < ———— Vx,ye 2, x—y/ <1/2,
[log|x — yl|

then the smooth functions are dense in W'?® () and so the Sobolev space W, ** (£2) is the closure of C°(£2) under the
norm || - ||. Edmunds and Rakosnik [12] derived the same conclusion under a local monotony condition on p.
Since 2 is bounded and p € C, (£2) is logarithmic Hoélder continuous, then

lulp < C|Vulpe Yu e WyP® () [Poincaré inequality],

where C = C(p, |$2], diam (£2), N). Poincaré’s inequality holds under a much weaker assumption on p than the Sobolev
inequality and embedding, namely if the exponent p is not too discontinuous.

2.1. Some remarks and a striking example

We start with some useful remarks in the framework of function spaces with variable exponent.

Remark 1. If §2 is bounded then the following embeddings hold:

COL@) c WH(R) (ifg > N) C % Toet (52),

Remark 2. If §2 is unbounded, then p is said to be logarithmic Holder continuous if

PO - PO < —— Wxye® k—yl<1/2
[log|x — yl|
and
PX) — PO € ———— Wxye, byl > Ix.
llog(e + )|

In such a case we cannot require p € W9(£2), since fQ [p(x)]9dx = oc.
Let
WO (@) = {u € [®(£2); |Vu| € L1 (2)},
where N < g_ < q4 < oo.
We conclude that if £2 is unbounded then the hypotheses

(i) pe C%'(2);
(ii) p e WHO) () with N < q_ < g4 < o0;
1 J—
(iii) p € C% e (2)
are independent of each other.
Next, we provide the following example related to minimizers of the one-dimensional Dirichlet energy with variable

exponent. We say that a function u € WP® (0, 1) is a minimizer with boundary values 0 and a > 0if u(0) = 0, u(1) = q,
and

1 1
/ ' )PV dy < / [v' )PP dy,
0 0

forall v € WIP® (0, 1) with v(0) = 0, v(1) = a.
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If p is constant, then the minimizer is linear, namely u(x) = ax. Let us assume that p(x) = 3x(0,1/2) + 2X(1/2,1)- Assume
that u is a minimizer and denote u(1/2) = b. Then u|,1,) is the solution of the classical energy integral problem with
values 0 and b, and u|(y2,1) is the solution with boundary values b and a. Thus, these functions are linear. This u has Dirichlet

energy 4b3 + 2(a — b)2. The function b — 2b> 4 (a — b)? has a minimum at b = (v/12a + 1 — 1)/6, which determines
the minimizer of the variable exponent problem. A computation shows that the minimizer is convex if a > 2/3, concave if
a < 2/3 and linear ifa = 2/3.

3. Combined sublinear perturbations in a problem with variable exponent

Let 2 C R" be a bounded domain with smooth boundary. In this section we study the nonlinear Dirichlet problem

—div(a(x, Vu)) = A’ "' —uP1), forxe 2
u=0, forx € 082 (3.1)
u>0, forx € £2,
where 1 < B8 < y < inf, .5 p(x).
Problem (3.1) is studied in [28], which seems to be the first paper dealing with elliptic equations involving general
nonhomogeneous differential operators.
We assume that a(x, £) : 2 x RY — RN is the continuous derivative with respect to £ of the mappingA : 2 x RN — R,
A =A(x, &), thatis, a(x, £) = V:A(x, £). Suppose that a and A satisfy the following hypotheses:

(A1) The following equality holds
A(x,0) =0,

forallx € £2.
(A2) There exists a positive constant c; such that

la(x, £)] < c1(1+ |EPOT),

forallx € 2 and & € RV,
(A3) The following inequality holds

0<(ax, &) —ax,¥)) - (& =),

forallx € 2 and &, ¥ € RN, with equality if and only if € = .
(A4) There exists k > 0 such that

2

forallx € 2 and &, ¥ € RV,
(A5) The following inequalities hold true

EPY < a(x, &) - & < p(x) A, §),
forallx € 2 and & € RV,

A (x, ﬂ) < %A(x, &)+ %A(x, W) — klg — P

Examples. 1. SetA(x, £) = ﬁlélp“), a(x, &) = |E[P®—2& where p(x) > 2. Then we get the p(x)-Laplace operator

div(|VuP®2vu).

2. SetA(x, &) = ﬁ[(] +|EP)PD2 — 1], a(x, &) = (1 + |£]?)PW~D/2¢ where p(x) > 2. Then we obtain the generalized
mean curvature operator

div((1 + |Vu>)P®-2/2gy),
We say thatu € Wol’p(x)(Q) is a weak solution of problem (3.1) if u > 0 a.e. in £2 and
f a(x, Vu) - Vo dx — k[ ulg dx+)\/ W lpdx=0
2 2 2

for all g € W, "™ ().
The main result in this section asserts that problem (3.1) has at least two nontrivial weak solutions, provided that A is
large enough.

Theorem 1. Assume hypotheses (A1)-(A5) are fulfilled. Then there exists A* > 0 such that for all . > A* problem (3.1) has at
least two distinct non-negative, nontrivial weak solutions, provided that p* < min{N, Np~ /(N — p™)}.

We observe that using Theorem 4.3 in Fan and Zhang [14], problem (3.1) has at least a weak solution in the particular
case a(x, £) = |£[P®~1&. However, the proof in [14] does not state the fact that the solution is non-negative and not even
nontrivial in the case when f (x, 0) = 0.
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3.1. Qualitative properties of the energy functional

Let E denote the generalized Sobolev space Wol'p ®(£2). Define the energy functional I : E — R by

A 1% A B
I(u) = | A, Vu) dx — — uy dx + — uy dx,
2 v Ja B Je

where uy (x) = max{u(x), 0}.
We first establish some basic properties of I.

Proposition 2. The functional I is well-defined on E and I € C'(E, R) with the derivative given by

(I'(w), ¢) :/ a(x, Vu) - Vo dx—k/ u "' dx+A/ u? T dx,
2 2 2

forallu, ¢ €E.
To prove Proposition 2 we define the functional A : E — R by

A(u) = / A(x, Vu) dx, VYueE.
2
Lemma 3. (i) The functional A is well-defined on E.

(i) The functional A is of class C'(E, R) and
(A'(w), ¢) = / a(x, Vu) - V¢ dx,
o)
forallu, ¢ € E.

Proof. (i) Forany x € £ and £ € RN we have

1 d 1

Ax, &) = / —A(x, t&) dt = / a(x, t&) - & dt.
o dt 0

Using hypotheses (A2) we get
1
AR, §) < ¢ f (1+ [§PO7TPO™h g dt
0

C
< GlE] + —— €Y
px)

C —
< el + p—1|g|!’<">, Vxe 2, £ eRV. (32)

The above inequality and (A5) imply
C
0< / A(x, Vu) dx < q/ |Vu| dx + —‘_/ |VulP® dx, VueE.
2 Q D Jo

Using inequality (2.1) and relations (2.2) and (2.3) we deduce that A is well defined on E.
(ii) We now argue the existence of the Gateaux derivative. Let u, ¢ € E.Fixx € £2 and 0 < |r| < 1. Then, by the mean
value theorem, there exists v € [0, 1] such that

IA(x, Vu(x) + rVe(x)) — Alx, Vu)|/Ir| = |a(x, Vux) + v r Vo)) [Vo(X)].
Using condition (A2) we obtain
AKX, Vux) + rVe () — Ak, Vu)|/|r| < [c1 4 c1(IVu@)] + [V DPP Ve x)|
< o1+ a2? (VU@ PP+ [V PO )] Ve (0)].

Next, by Holder's inequality, we have
/ Vol dx <1l pw - [V@lpe
2 px)—1
and
/ [VuP¥~11 V| dx < | IVUI”(X)_llp(p()m] IV lpw-
o) O

Therefore
aill+ 27 (IVu@) PO~ + Vo) PO )]V (0] € L'(£).
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It follows from the Lebesgue theorem that

(AW, ¢) = f aCx, Vi) - Vb di.
2

In order to establish the continuity of the Gateaux derivative, we assume that u, — u in E. Let us define 6(x, u) =
a(x, Vu). Using hypotheses (A2) and Proposition 2.2 in Fan and Zhang [ 14], we deduce that 6 (x, u,) — 6 (x, u) in (LY® (£2))N,
where q(x) = pgf)"j] . By inequality (2.1) we obtain

(A" (un) — A' (1), @)| < 10X, tn) — O(X, Wlge0 | VPlpe

and so

A (un) — AW < 10(x, un) — (%, U)|qey = 0, asn — oo.
The proof of Lemma 3 is complete. O

The next result generalizes a classical property due to Stampacchia [44]. The proof combines Lebesgue’s dominated
convergence theorem and Sobolev-type embeddings.

Lemma4. If u € E thenuy,u_ € E and

_J0,  iflu<0] _Jo,  if[u>0]
Vu+_{Vu, if [u> 0], V“——{Vu, if [u < 0]

where ux = max{£u(x), 0} forallx € 2.

By Lemmas 3 and 4 it is clear that Proposition 2 holds true.
We remark that if u is a critical point of I then using Lemma 4 and condition (A5) we have

0= (I'(w), u_) =/ a(x, Vu) - Vu_ dx — A/ (up)” ' dx+xf (up)?~lu_ dx
2 7 2

= / a(x, Vu) - Vu_ dx = / a(x, Vu_) - Vu_ dx > f [Vu_[P® dx.
2 o) 2
Thus we deduce that u > 0. It follows that the nontrivial critical points of I are non-negative solutions of problem (3.1).
The above remark shows that we can prove Theorem 1 using the critical points theory. More exactly, we first show that
for A > 0 large enough, the functional I has a global minimizer u; > 0 such that I(u;) < 0. Next, by means of the Mountain
Pass Theorem, a second critical point u; with I(u;) > 0 is obtained.

Lemma 5. The functional A is weakly lower semi-continuous.

Proof. By Corollary II1.8 in Brezis [7], it is enough to show that A is lower semi-continuous. For this purpose, we fixu € E
and € > 0. Since A is convex (by condition (A4)), we deduce that for any v € E the following inequality holds

/ A(x, Vv) dx > / A(x, Vu) dx +/ a(x, Vu) - (Vv — Vu) dx.
2 2 o)

Using condition (A2) and inequality (2.1) we have
/ A(x, Vv) dx > / A(x, Vu) dx —/ la(x, Vu)| |[Vv — Vu| dx
2 Q 2

> / A(x, Vu) dx — ¢ / V(v —u)| dx — ¢ / IVulPO~ V(v — u)| dx
fo) 2 2

> / A(x, Vu) dx — CZ|1|q(x)|V(U - u)lp(x) —c3] |Vu|p(x)7l|q(x)|v(v - u)|p(x)
2

> [ Ao v dx o -l
fo)

> / A(x, Vu) dx — €
2

forall v € E with ||lv — u|| < & = €/c4, Where ¢, c3, ¢4 are positive constants, and q(x) = p(';()"ere conclude that A is
weakly lower semi-continuous. The proof of Lemma 5 is complete. O

Standard arguments show that one of the associated Rayleigh quotients has positive infimum. More precisely, we have
the following property.
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Lemma 6. There exists A1 > 0 such that
1 (x)
fo oo | VulP® dx

= i
uek, |luf>1 fﬂ [ulP™ dx

Proposition 7. (i) The functional I is bounded from below and coercive.
(ii) The functional I is weakly lower semi-continuous.

Proof. (i)Since 1 < 8 < y < p~ we have
ey _ 1B
lim X—~— =o.
t—00 tp

Then for any A > O there exists C;, > 0 such that
1 1 Ao
A (tV - 45) <N 4, Veso,
14 B 2

where A is defined in Lemma 6.
Condition (A5) and the above inequality show that for any u € E with ||u|| > 1 we have

1 A _
1(w) > f — |VuP® dx——‘/ lulP” dx — Cyu(£2)
o p(x) 2 Jo

1 1 ®
> - | —IVulP™ dx — G u(2)
2 Jep®

1 _
> —|ullP — G u(R).
2p+” Il W (£2)

This shows that I is bounded from below and coercive.
(ii) Using Lemma 5 we deduce that A is weakly lower semi-continuous. We show that I is weakly lower semi-continuous.
Let (u,) C E be a sequence which converges weakly to u in E. Since A is weakly lower semi-continuous we have

A(u) < liminf A(uy). (3.3)
n—oo
On the other hand, since E is compactly embedded in L” (£2) and L#(£2) it follows that (un,) converges strongly to u, both
in L” (£2) and in L#(£2). This fact together with relation (3.3) imply

I(u) < liminfl(uy).
n—oo
Therefore, I is weakly lower semi-continuous. The proof of Proposition 7 is complete. O

By Proposition 7 we deduce that there exists u; € E a global minimizer of I. The following result implies that u; # 0,
provided that A is sufficiently large.
The next property asserts that the energy functional achieves negative values for big values of the parameter.

Proposition 8. There exists A* > 0 such that infg I < O forall A > \*.
Proof. Let £2; C £2 be a compact subset, large enough and uy € E be such that upg(x) = toin £27 and 0 < up(x) < tp in
£2\§21, where ty > 1is chosen such that
1 1
—t] ——tl > 0.

B
We have

1 1 1 1 1
—/u{d——fufjdx)—/ uf dx — = | uf dx— - ub dx
Ve BJa Y Je B Je, B Jare,

1

f/ uydx—l/ uﬂdx—ltﬂu(9\91)>0
14 21 0 ﬂ 21 0 ﬂ 0

and thus I(up) < 0 for & > 0 large enough. O

WV

Since Proposition 8 holds true it follows that u; € E is a nontrivial weak solution of problem (3.1).
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Fix A > A*. Set

0, fort <0
gty ={er 1 =P for0 <t < uy(x)
L T —u P, fort > ui(x)

and
t
G(x, t) :/ g(x,s) ds.
0
Define the functional J : E — R by
J) = / A(x, Vu) dx — A/ G(x, u) dx.
2 2
The same arguments as those used for functional I imply that] € C!(E, R) and

J' (), ¢) = / a(x, Vu) - V¢ dx — A/ g(x, u)¢p dx,
2 2

forallu,¢ € E.
On the other hand, we point out that if u € E is a critical point of ] then u > 0. The proof can be carried out as in the case
of functional I.

Lemma 9. If u is a critical point of | then u < uy.
Proof. We have
0= (' —I'w), @u—u)y)
= /Q(a(x, Vu) — a(x, Vi) - V(u — up)y dx — A fg[g(x, w) — @ =P T —up)y dx

= / (a(x, Vu) — a(x, Vuy)) - V(u — uq) dx.
[u>uq]

By condition (A3) we deduce that the above equality holds if and only if Vu = Vu;. It follows that Vu(x) = Vu;(x) for all
x€ew:={ye€ 2; uly) > u;(y)}. Hence

/ IV(u—u)P® dx =0
and thus
/ IV(u—up)yP® dx = 0.
2

By relation (2.3) we obtain

[ —u)4ll = 0.

Since u — u; € E by Lemma 4 we have that (u — uy), € E. Thus we obtain that (u — u;); = 01in £2, thatis, u < u; in £2. The
proof of Lemma 9 is complete. O

In the following we determine a critical point u, € E of J such that J(u;) > 0 via the mountain pass theorem. By the
above lemma we will deduce that 0 < u, < uy in £2. Therefore

- - 1 1
g(x, ) = uj T uzﬂ ' and G(x,up) = —u) — —uf
14

'8 2
and thus
Jw) =1(u) and J'(up) =1I'(u2).
More exactly we find
I(up) >0=1(0) > I(u;) and I'(uy) =0.

This shows that u; is a weak solution of problem (3.1) such that 0 < u; < uy, up # 0and u; # uy.
In order to find u, described above we prove that the energy J satisfies the following geometric property (see [28] for
details).
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Lemma 10. There exists p € (0, ||uy]|) and a > O such that J(u) > aq, for allu € E with ||u|| = p.

Lemma 11. The functional J is coercive.

The proof combines our assumption (A5) with relation (2.2) and inequality (2.1).
The following result yields a sufficient condition which ensures that a weakly convergent sequence in E converges
strongly, too.

Lemma 12. Assume that the sequence (u,,) converges weakly to u in E and

lim sup/ a(x, Vuy) - (Vu, — Vu) dx < 0.
2

n—oo

Then (u,) converges strongly to u in E.
Proof. Using relation (3.2) we have that there exists a positive constant cs such that
A §) <cs(El +1EPY), Vxe 2, £ eR.
The above inequality implies
Ax, Vi) < (| V| + [V, [P, Vxe 2, n. (34)

The fact that u, converges weakly to u in E implies that there exists R > 0 such that ||u,|| < R for all n. By relation (3.4),
inequalities (2.1)-(2.3) we deduce that {fg A(x, Vu,) dx} is bounded. Then, up to a subsequence, we deduce that

fQ A(x, Vu,) dx — c.By Lemma 5 we obtain
/ A(x, Vu) dx < liminf/ A(x, Vu,) dx = c.
o n—oo o
On the other hand, since A is convex, we have
/ A(x, Vu) dx > / A(x, Vu,) dx —}—/ a(x, Vu,) - (Vu — Vuy,) dx.
o) 2 2

Next, by the hypothesis lim sup,,_, o, fQ a(x, Vu,) - (Vu, — Vu) dx < 0, we conclude that fQ A(x, Vu) dx = c.
Taking into account that (u, + u)/2 converges weakly to u in E and using Lemma 5 we have

A u, +u
c= f A(x, Vu) dx < lim mf/ A (x, \Y ) dx. (3.5)
2 n Q 2

—>00

We assume by contradiction that u, does not converge to u in E. Then by (2.4) it follows that there exist ¢ > 0 and a
subsequence (up,,) of (u,) such that

/ IV (up, —w)P® dx>e, Vm. (3.6)
2
By condition (A4) we have

%A(x, Vu) + %A(x, Vi) — A (x, V%) > K|V Uy, — )P, (37)
Relations (3.6) and (3.7) yield

1 1
f/A(x, Vu) dx—f—f/A(x, Vunm)dx—/A(x,Vu+u"m> >1</ IV (1, — )P dx > ke.
2 2 2 2 2 2 2

Letting m — oo in the above inequality we obtain

u+u
c—I<e>1imsup/A<x,V + n'") dx
o 2

m— 00

and that is a contradiction with (3.5). It follows that u, converges strongly to u in E and Lemma 12 is proved. O
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3.2. Existence of multiple solutions

Using Lemma 10 and the mountain pass theorem (see Ambrosetti and Rabinowitz [2]) we deduce that there exists a
sequence (u,) C E such that

Jw,) = c>0 and J'(u,) — 0 (3.8)

where
= inf t
c J‘Qm@}&’ﬁj(”( )
and

I'={y € C([0,1],E); y(0) =0, y(1) =u}.

By relation (3.8) and Lemma 11 we obtain that (u,) is bounded and thus passing eventually to a subsequence, still denoted
by (uy), we may assume that there exists u, € E such that u, converges weakly to u,. Since E is compactly embedded in
L'(£2) foranyi € [1, p~], it follows that u, converges strongly to u, in L'(£2) for alli € [1, p~]. Thus,asn — oo,

(A'(un) — A" (W), un — uz) = (' (un) —J'(u2), up — ) + A/ [g(x, up) — g(x, ux)1(u, — up) dx = o(1).
2

By Lemma 12 we deduce that u,, converges strongly to u, in E and using relation (3.8) we find
Jw)=c>0 and J'(uy) =0.
Therefore, J (u;) = ¢ > 0and J'(u;) = 0. By Lemma 9 we deduce that 0 < u; < u; in £2. Therefore

- - 1 1
g(x, up) = u;’ 1_ uzﬂ ' and G(x,uy) = —u; — Euzﬂ
14

and thus
Ju) =1(uz) and J'(uz) =1I'(u2).

We conclude that u; is a critical point of I and thus a solution of (3.1). Furthermore, I(u;) = ¢ > 0and I(u3) > 0 > I(uy).
Thus u; is not trivial and u; # uq. The proof of Theorem 1 is now complete. O

4. Subcritical Lane-Emden equations with multiple variable exponents

4.1. Previous results and statement of the problem

The standard Lane-Emden equation is

—Au=Aul%u, ifxeR
u=0, ifx € 982,

where 2 C RN is a bounded domain. This paper has been intensively studied, especially after the pioneering paper by
Ambrosetti and Rabinowitz [2]. The structure of solutions is well understood at this stage and the behavior of solutions
strongly depends on the values of g with respect to the critical Sobolev exponent. In the present paper we point out some
striking properties of solutions in the case of the presence of several variable exponents. In particular, we will point out
some concentration properties of the spectrum, which are generated by the nonstandard nonlinearities in relationship with
the nonhomogeneous differential operator.

Consider the following nonlinear Dirichlet problem

u=020, ifx e 082. (4.1)

{—div(qu|p(")’2Vu) = Mu|"®"2y, ifxe

In the case when p(x) = q(x) on £2, Fan, Zhang and Zhao [15] established the existence of infinitely many eigenvalues
for problem (4.1) by using an argument based on the Lyusternik-Schnirelmann critical point theory. Denoting by A the set
of all nonnegative eigenvalues, Fan, Zhang and Zhao showed that A is discrete, sup A = +oc0 and they pointed out that only
under special conditions, which are somehow connected with a kind of monotony of the function p(x), we have inf A > 0
(this is in contrast with the case when p(x) is a constant; then, we always have inf A > 0).

In the case when min, 5 q(x) < min, .5 p(x) and q(x) has a subcritical growth Mihdilescu and Radulescu [29] used
Ekeland’s variational principle in order to prove the existence of a continuous family of eigenvalues which lies in a
neighborhood of the origin. If max,.z p(x) < min, 5 q(x) and q(x) has a subcritical growth a mountain-pass argument,
then any A > 0 is an eigenvalue of problem (4.1).
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Assuming that max,.g q(x) < min, .z p(x) then the energy functional associated to problem (4.1) has a nontrivial
minimum for any positive A, see [14, Theorem 4.3]. Using now the main result in [29], we obtain two positive constants
A* and A** such that any A € (0, A*) U (A*™, 00) is an eigenvalue of problem (4.1).

In this section we are concerned with the problem

—div((|VuP1®=2 4 |vuP2®=yvu) = Aju|"@ 2y, ifx e 2 (42)
u=0, ifx € 082. )

We impose the following hypotheses:
1 < p2(x) < ming(y) < maxq(y) < p;(x), VxeQ (4.3)
yeSR yes

and

maxq(y) < p5(x), Vxe R, (4.4)
yeR

where p}(x) == N’Vf;z(’&) if py(x) < N and p(x) = +o0if pa(x) > N.

Under these conditions, we show a concentration property of the spectrum at infinity. More precisely, we argue that
there are two positive constants Ag and A; with 1y < A; such that any A € [A;, 00) is an eigenvalue of problem (4.2) while
any A € (0, L) is not an eigenvalue of problem (4.2). An important consequence of our study is that, under hypotheses (3.1)

and (4.4), we have

1 p1(%) 1 p2(x)

inf fQ Pl(X>|Vu| ' dx+f9 pz(X)Wul o >0

ueWg‘pl(X)(.Q)\{O} fg $|u|q(X) dx

That fact is proved by using the Lagrange multiplier theorem. The absence of homogeneity will be balanced by the fact that
assumptions (3.1) and (4.4) yield

1 p1(®) 1 p2(%)
Jo g VU™ dxt g gl VUl dx
lullp; =0 fg ﬁ“ﬂq(x) dx
and
1 p1(®) 1 p2(%)
f-Q Pl(X)|Vu| ' dx+f9 Pz(X)lvu| Tk =0

‘|u“p1(x)"00 fQ Wlx)|u|q()<) dx

where || - ||, stands for the norm in the variable exponent Sobolev space Wol‘pl(x) (£2).

4.2. Concentration at infinity

Since p,(x) < p;(x) for any x € 2 it follows that W, ”'® (£2) is continuously embedded in W, *2* (£2). Thus, a solution
for a problem of type (4.2) will be sought in the variable exponent space WO] P (£2).
We say that A € R is an eigenvalue of problem (4.2) if there exists u € Wol’p1 ® (£2)\{0} such that

/ (|VuPr®=2 4 |vy|P2®=2)vyvy dx — )\/ [ul9¥=2yy dx = 0,
2 2

forallv € WJ”’“*’(Q). We point out that if A is an eigenvalue of problem (4.2) then the corresponding eigenfunction

u € Wy "1™ (2)\{0} is a weak solution of problem (4.2).
Define a first Rayleigh quotient by

1 p1(®) 1 p2(%)
= inf Jo e VU™ dx + [ 5 IVul?® dx

= . .
1.p1(x)(9)\{0] fg ® |u|q(x) dx

uew,
The main result in this section is given by the following theorem. This result points out the importance of the quotient
defined in (4.5) and of a second Rayleigh quotient denoted by Ag.

(4.5)

Theorem 13. Assume that conditions (4.3) and (4.4) are fulfilled. Then A1 > 0. Moreover, any A € [Aq, 00) is an eigenvalue of
problem (4.2). Furthermore, there exists a positive constant Aq such that Ly < A and any A € (0, Ag) is not an eigenvalue of
problem (4.2).
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Proof. Let E denote the generalized Sobolev space W, "™ (£2). We denote by | - || the norm on W,*'® (22) and by || - |1

the norm on W, 2% ().
Define the functionals J, I, J;,I; : E — R by

1 1
](u)=/ —— |Vu1® dx+/ |Vu[P2® dx,
2 P1(x) 2 P2(x)

1
i — — quli® ¢ ,
W) /Q q(x)lul X

hi@) :/ |Vu[Pr) dx—i—/ |VulP2® dx,
2 2

I(u) = / [u]9® dx.
Q
Standard arguments imply thatJ, I € C'(E, R) and forallu, v € E,

(J'w),v) = / (IVulPr®=2 4 |vu|P2® =2y vy Vu dx,
2

I, v) = / 1924y dx.
2

We split the proof of Theorem 13 into four steps.
Step 1. We show that A; > 0.
Since for any x € 2 we have p;(x) > q* > q(x) > g~ > p»(x) we deduce that forany u € E,

2(IVu@)P1® + [Vu@)2®) > [Vu@)|T + [Vuk)|"
and
@ + U@ > |u)|7®.

Integrating the above inequalities we find

zf (IVulPr® 4+ |VuP2®)y dx > / (Vul? +|Vul? )dx, YueE (4.6)
2 2
and
f (ul® + [u)® ) dx > / [ul?® dx, ¥ ueE. (4.7)
2 2
By Sobolev embeddings, there exist positive constants Ag+ and A~ such that
/ IVul?" dx > ,\q+/ ™ dx, Yuewr (2) (4.8)
2 2
and
/ |Vul? dx > ,\r/ ul? dx, YueWw,? (2). (4.9)
2 2

Using again the fact that ¢~ < q* < p;(x) for any x € £2 we deduce that E is continuously embedded in Wol’q+ (£2) and in

WOW (£2). Thus, inequalities (4.8) and (4.9) hold true for any u € E.
Using inequalities (4.8), (4.9) and (4.7) it is clear that there exists a positive constant p such that

/ (Vul? + |Vu? ) dx > u/ [u]"® dx, ¥ ueeE. (4.10)
fe) o)
Next, inequalities (4.10) and (4.6) yield
f (IVuP1® 4 [Vu2®) dx > ﬁ/ " dx, VueE. (4.11)
fe) 2 Ja
By relation (4.11) we deduce that

ho = inf 1O
veE\(0} I1 (v)

(4.12)
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and thus,

Ji(w) = ol (u), VYueeE. (4.13)
The above inequality yields

py - JW) = i) = Aol (u) = Aol(w) Yue€E. (4.14)

The last inequality assures that A; > 0 and thus, step 1 is verified.
Step 2. We show that A, is an eigenvalue of problem (4.2).

Lemma 14. The following relations hold true:

im J(—u) = (4.15)
lull—o0 I(u)
and
W _ (4.16)
lul—o0 I(u)

Proof. Since E is continuously embedded in L (£2) it follows that there exist two positive constants ¢y and ¢, such that
lull > ¢ - |ulg+, YueE (4.17)
and
lull >cz-Julg-, YuekE. (4.18)
For any u € E with ||u]| > 1 by relations (2.2), (4.7), (4.17), (4.18) we infer

flulP1 LulP1
Jw) N pf N N
= + — = _at a— _ .
Ll [ A ol (11
S =

Since p; > q* > g, passing to the limit as ||u|| — oo in the above inequality we deduce that relation (4.15) holds true.
Next, let us remark that since p;(x) > p,(x) for any x € £, the space Wol’pl(x)(.Q) is continuously embedded in
W, P2% (2). Thus, if |u|| — O then [[u]l; — 0.
The above remarks enable us to affirm that for any u € E with ||u|| < 1 small enough we have |jul|; < 1.

On the other hand, since (4.4) holds true we deduce that Wol’pz @ (£2) is continuously embedded in I (£2). It follows that
there exist two positive constants d; and d;, such that

lully > dy - Julge, Y uewyP® (@) (4.19)
and
lully > dy - Jul-, Y ue Wy (82). (4.20)
Thus, for any u € E with ||u|| < 1 small enough, relations (2.3), (4.7), (4.19), (4.20) imply
p+
Jo IVulP2® dx llully?
Jw T Di
L e Pl U A S T
e =

Since p2+ < q~ < q*, passing to the limit as |u|| — 0 (and thus, ||u|l; — 0)in the above inequality we deduce that relation
(4.16) holds true. The proof of Lemma 14 is complete.

Lemma 15. There exists u € E\{0} such that ]1% = A1

Proof. Let {u,} C E\{0} be a minimizing sequence for A4, that is,

i J(un)
1m
n—o0 [ (up)

=i > 0. (4.21)
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By relation (4.15) it is clear that {u,} is bounded in E. Since E is reflexive it follows that there exists u € E such that, up to
a subsequence, {u,} converges weakly to u in E. On the other hand, similar arguments as those used in the proof of Lemma
3.4 in [28] show that the functional ] is weakly lower semi-continuous. Thus, we find

liminf](u,) > J(u). (4.22)

By the compact embedding theorem for spaces with variable exponent and assumption 1 < max,.z q(y) < p1(x) for all

x € £2 (see (4.3)) it follows that E is compactly embedded in LY (£2). Thus, {u,} converges strongly in L% (£2). Then, by
relation (2.4) it follows that

lim I(u,) = I(u). (4.23)
n—oo

Relations (4.22) and (4.23) imply that if u 0 then
I(w)

Thus, in order to conclude that the lemma holds true it is enough to show that u is not trivial. Assume by contradiction the
contrary. Then u,, converges weakly to 0 in E and strongly in L% (£2). In other words, we will have

lim I(u,;) = 0. (4.24)
n—oo
Letting € € (0, A1) be fixed by relation (4.21) we deduce that for n large enough we have
Uun) — A1l (un)| < €l(uy),
or
(A — )l(up) < J(un) < (A1 + ) (un).
Passing to the limit in the above inequalities and taking into account that relation (4.24) holds true we find
lim J(u,) = 0.
n—oo

That fact combined with relation (2.4) implies that actually u, converges strongly to O in E, that is, lim,_. . ||u,|| = 0. By
this information and relation (4.16) we get

L J)
m =
100 1(1ty)

’

and this is a contradiction. Thus, u # 0. The proof of Lemma 15 is complete.
By Lemma 15 we conclude that there exists u € E\{0} such that

Jw _ )

—Mm= in . (4.25)
I(u) weE\{0} I(w)
Then, for any v € E we have

d Ju+ev)
de I(u+ €v)

e=0

A simple computation yields
/ (|VuPr®=2 4 | vuP2®0=-2yy vy dx - 1(u) — J(u) - / [u™=2yy dx =0, Vv eE. (4.26)
2 2

Relation (4.26) combined with the fact that J(u) = AqI(u) and I(u) # 0 implies the fact that A, is an eigenvalue of problem
(4.2). Thus, step 2 is verified.

Step 3. We show that any A € (A1, 00) is an eigenvalue of problem (4.2).

Let A € (A1, 00) be arbitrary but fixed. Define T : E — R by

T(w) =J(w) — Al(u).
Clearly, T, € C!(E, R) with
(T;(u), v) = ('), v) —A{'(w),v), YuekE.

Thus, X is an eigenvalue of problem (4.2) if and only if there exists u; € E\{0} a critical point of T;.
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With similar arguments as in the proof of relation (4.15) we can show that T, is coercive, that is, limjj— o T.(u) = oo.
On the other hand, as we have already remarked, similar arguments as those used in the proof of Lemma 3.4 in [28] show
that the functional T, is weakly lower semi-continuous. Thus there exists u; € E a global minimum point of T; and thus,
a critical point of T;. In order to conclude that step 4 holds true it is enough to show that u; is not trivial. Indeed, since
A1 = infyepy (o) ]I% and A > A1 it follows that there exists v; € E such that

J() < Al(vy),
or

T, (U)\) < 0.
Thus,

iI‘lfT)L <0

E
and we conclude that uj is a nontrivial critical point of T, or A is an eigenvalue of problem (4.2). Thus, step 3 is verified.

Step 4. Any A € (0, L), where X is given by (4.12), is not an eigenvalue of problem (4.2).

Indeed, assuming by contradiction that there exists A € (0, A¢) an eigenvalue of problem (4.2) it follows that there exists
u; € E\{0} such that

J' W), v) = A{'(u), v), VYveeE.
Thus, for v = uy we find
('), up) = A" (W), wy),
that s,
Jiw) = Ah(uy).
The fact that u; € E\{0} assures that I; (u;) > 0.Since A < Ao, the above information yields
Ji() = Aoli(up) > Ai(up) = J1(us)-

Clearly, the above inequalities lead to a contradiction. Thus, step 4 is verified.
By steps 2, 3 and 4 we deduce that Ay < A1. The proof of Theorem 13 is now complete.

5. Eigenvalue problems with variable exponents on exterior domains

The result established in Section 4 can be extended to other classes of nonlinear equations with variable exponent. We
give an example in this section in the framework of nonhomogeneous differential operators with a single variable exponent.
We are concerned with the nonlinear eigenvalue problem
—div(|VulPY7 V) + [ufPO 20 + [u]" 2y = Ag@)u)" Y ifx e 2
. (5.1)
u=0 ifx e ds2,

where £2 is a smooth exterior domain in RV, that is, £2 is the complement of a bounded domain with Lipschitz boundary.
The mappings p, q,7 : £ — [2, oo) are Lipschitz continuous functions while g : £ — [0, co) is a measurable function for
which there exists a nonempty set £2o C 2 such that g(x) > 0 for any x € 2y, and A > 0 is a real number. We assume that
the functions p, q and r satisfy the hypotheses

2<p <p" <N, (5.2)
+ - + - + Np~
pr<r <r'<q <q" < . (5.3)
N —p~
Furthermore, we assume that the function g(x) satisfies the hypotheses
g € L®(R) NIPY(Q), (5.4)

where po(x) = p*(x)/(p*(x) — r~) forany x € £2.
We say that A € R is an eigenvalue of problem (5.1) if there exists u € Wol‘p(x) (£2)\{0} such that

/ (IVulPP=2vuvu + [uPP2uv + [u]9®92yp) dx — k/ g |ul"™® 2y dx = 0,
2 2

for all v € Wy *¥ ().
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Define the Rayleigh quotients

1 px) p(x) 1 g19®)
- [ oo (IVUlP® + [ufP®) dx + [, oo |U19% dx

A

uew P @)\ (0} fg %"JV(X) dx
and
A= inf Jo VUl + uP®) dx + [o ul*® dx
uew "™ (2)\(0} Jo 8@ |u|r® dx

Theorem 16. Let $2 be an exterior domain with Lipschitz boundary in RN, where N > 3. Suppose that p, q,r : 2 — [2, o0) are
Lipschitz continuous functions and g : 2 — [0, 00) is a measurable function for which there exists a nonempty set 2o C 2
such that g > 0in $29. Assume conditions (5.2), (4.3), and (5.4) are fulfilled.

Then

0 < XAg < Aq.
Furthermore, each . € [A1, 00) is an eigenvalue of problem (5.1) while any A € (0, 1) is not an eigenvalue of problem (5.1).

Sketch of the proof. Let E denote the generalized Sobolev space W, *™ ().
Define the functionals J1, I1, Jo, Io : E — R by

1 1
Mw=/’ (WWW+MW5M+/‘*MWM&
2 p(X) 2 q()

mwzfgﬁwwm
o (%)

Jotw = [ A9+ ) ax+ [ i ax,
2 2

o = [ geoluf™ dx
2
Standard arguments imply that J;, I; € C'(E, R) and forallu, v € E,

(i), v) = / (VuPP2vuvu + [uPP2up + [u]992yp) dx,
2

(W), v) = / 2 |ul"® 2y dx.
2

For any . > 0 we also define the functional T, : E — R by
L) =)W —A-Liw, VYuekE.

It is clear that A is an eigenvalue for problem (5.1) if and only if there exists u; € E\{0} a critical point of the functional T;.
The proof of Theorem 16 is divided into the following steps.
Step 1. We have A and A; > 0. This follows with energy estimates and similar arguments as in Section 4.
Step 2. Any A € (0, Xp) is not an eigenvalue of problem (5.1).
Step 3. Any A € (X1, 00) is an eigenvalue for problem (5.1). This property relies on the following auxiliary results first
prove two auxiliary results.

Lemma 17. Assume that the hypotheses of Theorem 16 are satisfied and s is a real number such that
rm<s< (),

where (p~)* =Np~ /(N —p~).Theng € Lsf% £2)N Lﬁ (£2) and

", Yuek. (5.5)

fgwwm<mp%wf+ms
Q s—r

s—rt

Lemma 18. For any A > 0 we have

lim T, (u) = oo.

luf|—o0

Returning to the proof of Step 3, we fix A € (A, 00). By Lemma 18 we deduce that limy_ o Ty (u) = oo, thatis, T, is
coercive. On the other hand, standard arguments show that the functional T, is weakly lower semi-continuous. Thus there
exists u; € E a global minimum point of T, and hence, a critical point of T;. In order to conclude that step 3 holds true it
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is enough to show that u, is not trivial. Indeed, since A1 = infyeg\(g) ﬁ% and A > A it follows that there exists vy € E
such that

Ji(vy) < AMq(vy),
or

TA (UA) < 0.
Thus,

il’lfT)L <0

E
and we conclude that u; is a nontrivial critical point of Ty, or A is an eigenvalue of problem (5.1). Thus, step 3 is verified.
Step 4. A1 is an eigenvalue of problem (5.1).

This property follows by using the following two auxiliary results.
We begin by proving two auxiliary results.

Lemma 19. The following relation holds true

. Jo(w)
uzlhrgo Io(u) oo

Lemma 20. Assume {u,} converges weakly to u in E. Then the following relations hold true

im Io(un) = lo(w), (5.6)
lim (I} (un), up — u) = 0. (5.7)

Returning to the proof of Step 4, let A,,\(A1. By Step 3 we deduce that for each n there exists u,, € E\{0} such that
(J1(un), v) = Ay - (I7(un), v), Vv €E. (5.8)
Taking v = u, we find
Jo(un) = Aq - Io(up). (5.9)
Passing to the limit as n — oo in relation (5.9) and taking into account that relation (5.6) holds true we deduce
nlifgo](’(u”) = A1 - lo(u),

and thus, the sequence {Jo(u,)} is bounded in R. That remark, the definition of J, and relations (2.5) and (2.6) imply that
the sequence {u,} is bounded in E. Since E is a reflexive Banach space it follows that there exists u € E such that, up to a
subsequence, {u,} converges weakly to u in E. Then by relations (5.6) and (5.7) it follows that

lim I (un) = Io(u)
n—oo
and

lim (I} (up), up — u) = 0.
n—oo

On the other hand, by Lemma 4.2 in [25] we find that for any 6 > 2 and any £, n € RN we have

2 - -
S 16—l <00 = ") - 6 ). (5.10)
Using inequality (5.10) and the above relations we deduce that there exist two positive constants L; and L, such that

Ly / IV (y — WP + [u, — ulP?) dx < f (IVup POV, — [VulPY2Vu) - (Vu, — Vu) dx
2 2

2 = P2y~ w
2
and

L / ty — U7 dx < / (1121, — [l ) - (uy — u) dx.
2 2
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Adding the two relations above, using relations (5.8) and (5.7) and the fact that {u,} converges weakly to u in E we deduce
that

Ly / (IV@Uy — WP + Juy — ulP®) dx < (1 (un) —J; (), up — u)
2
= (1 (), up — u)| + |3 (W), up — u)|
= |Ay- <I{(un)v u, —u)| + |(]‘;(u)s u, —u)| — 0,

asn — oo.
The above inequalities and relations (2.4) and (2.7) show that u, converges strongly to u in E. Then passing to the limit
asn — oo in (5.8) it follows that

(i), v) = A1 - (I{(w), v), Vv eE.

Thus, u is a critical point for T;,. In order to prove that A; is an eigenvalue for problem (5.1) it remains to show that u # 0.
Indeed, passing to the limit as n — oo in (5.9) we find

li ]O(un) _
m =
n—o0 Io(ity)

1-
On the other hand, if we assume by contradiction that u = 0 then we have u,, — 0inE, or ||u,|| — 0.But by Lemma 19 we
deduce that

i Jo(un) N
m =
n—o0 Jo(Uy,)

3

which represents a contradiction. Consequently, u # 0 and thus, A is an eigenvalue for problem (5.1).
By steps 2, 3 and 4 we deduce that Ag < A1. The proof of Theorem 16 is now complete. O

We notice that a similar result as those of Theorem 16 can be proved with similar arguments for the problem

—Au+u+ [ui9 2y = Ag®)u®2u forx e 2
u=0 forxe ds2,

where 2 is a smooth exterior domain in R?. The mappings g and r : 2 — [2, oo) are still Lipschitz continuous functions
while g : 2 — [0, 00) is a function for which there exists a nonempty set 2o C §2 such that g(x) > 0 for any x € 29, and
A > 0is areal number. This time conditions (5.2)-(5.4) should be replaced by the following conditions

2<r <rt<q <q" <
and

g el®(2)NLY(R).

6. Nonlinear eigenvalue problems with variable exponent and sign-changing potential

In this section we discuss some combined effects in a class of nonlinear eigenvalue problems with several variable
exponents and sign-changing potential. We are concerned with the study of the Dirichlet problem

—div((|VulP'®72 + |Vu|P2® 2y Vu) + V(x) |u| ™ 2u = A(Ju|T P72 4+ [u|20 2, xe 2 6.1)
u=20, X € o082, ’
where 2 ¢ RN (N > 3) is a bounded domain with smooth boundary.
We assume that p1, p2, q1, q2, m : 2 — (1, 00) are continuous functions satisfying the following hypotheses:
maxp, < ming; < maxq; < minm < maxm < ming; < maxq; < minpy, (6.2)
2 2 2 2 2 2 2 2
Npa(x
. N2 e ) <N
maxq; < p5(x) = § N —pa(x) (6.3)
« +00 if p(x) > N.
We assume that the potential V : 2 — R satisfies
Vel'™R2), withreC(®2) and r(x) > Vxe. (6.4)
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Condition (6.2) which describes the competition between the growth rates involved in Eq. (6.1) represents the key of the
present study since it establishes a balance between all the variable exponents involved in the problem. Such a balance is
essential since our setting assumes a non-homogeneous eigenvalue problem for which a minimization technique based on
the Lagrange multiplier theorem cannot be applied in order to find (principal) eigenvalues (unlike the case offered by the
homogeneous operators). Thus, in the case of nonlinear non-homogeneous eigenvalue problems the classical theory used in
the homogeneous case does not work entirely, but some of its ideas can still be useful and some particular results can still
be obtained in some aspects while in other aspects entirely new phenomena can occur. To focus on our case, condition (6.2)
together with conditions (6.3) and (6.4) implies

1 1 VR
Jo 5 IVUP'® dx + [ s IVulP® dx + [ 165 |u| ™Y dx B

ltllp, g0 fg ﬁwm(x) dx + fg ﬁ“ﬂ‘“(") dx
and
fg pll(x) [VulP1® dx 4+ fg pzl(x) |Vu|P2® dx 4 fg %lulm(x) dx e
ltllpy =00 fg qll(x) [u| 1@ dx + fg ﬁhﬂ‘“(") dx = 00,
where || - ||, stands for the norm in the variable exponent Sobolev space WO1 P 1(")(.(2). In other words, the absence of

homogeneity is balanced by the behavior (actually, the blow-up) of the Rayleigh quotient associated to problem (6.1) in the
origin and at infinity. The consequences of the above remarks is that the infimum of the Rayleigh quotient associated to
problem (6.1) is a real number, that is,

1 1 v
fg ey [VulP1® dx + fﬂ 5 [VuP2® dx + fg Y60 13m0 gx

m(x)

inf 2(0) € R, (6.5)

i i
uew, P19 (2)\(0) Jo o) un® dx + [, FE) ul92®) dx

and it will be attained for a function uy € WJ P (£2)\{0}. Moreover, the value in (6.5) represents an eigenvalue of problem
(6.1) with the corresponding eigenfunction ug. However, at this stage we cannot say if the eigenvalue described above is the
lowest eigenvalue of problem (6.1) or not, even if we are able to show that any A small enough is not an eigenvalue of (6.1).
At the moment this remains an open question. On the other hand, we can prove that any A larger than the value given by
relation (6.5) is also an eigenvalue of problem (6.1). Thus, we conclude that problem (6.1) possesses a continuous family of
eigenvalues.

We say that A € Ris an eigenvalue of problem (6.1) if there exists u € Wol‘p](x)(.Q)\{O} such that
/ (| VuPr®=2 4 |vu|2®=-2)yuvy dx + / V) [u|m™ ™20y dx — A/ (Ju|9®=2 4y 20=2)yy dx = 0,
o) 2 2

forallv € Wol’p1 (x)(.Q). We point out that if A is an eigenvalue of problem (6.1) then the corresponding eigenfunction
u € Wy "1™ (22)\{0} is a weak solution of problem (6.1).
For each potential V € L'® (£2) we define

1 1 269
Jo P1O [VulPr® dx + [, P20 [VulP2® dx + [, W|U|m(x) dx

E(V) = inf
uew 1% (2)\(0) Jo @ uln® dx+ [, s ule2® dx
and
VulPt® dx + [ |[VulP2® dx + [, V(x)[u|™™ dx
F(V) = inf Jo VUl Jo IVul Jo V®)lul '

uewg-m(x)(g)\{o} fg |u|lJ1(X) dx + fg |u|q2(x) dx

Thus, we can define a function E : L'® (£2) — R.
The first result of this section is given by the following theorem.

Theorem 21. Assume that conditions (6.2)-(6.4) are fulfilled. Then E (V) is an eigenvalue of problem (6.1). Moreover, there exists
ue Wol‘p](x)(.Q)\{O} an eigenfunction corresponding to the eigenvalue E (V) such that

1 p1(®) 1 p2(®) Y& [y, m@
fo |VulP1® dx + [, oo | VulP? dx+ [, g [l dx

(x)
E(V) = p1
1 1
fg n® [u|91® dx + fg @ [u|2® dx

Furthermore, F(V) < E(V), each A, € (E(V), 00) is an eigenvalue of problem (6.1), while each . € (—oo, F(V)) is not an
eigenvalue of problem (6.1).

Next, we show that on each convex, bounded and closed subset of L"®(£2) the function E defined above is bounded from
below and attains its minimum. The result is the following:
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Theorem 22. Assume that conditions (6.2)-(6.4) are fulfilled. Assume that S is a convex, bounded and closed subset of L'® (£2).
Then there exists V, € S which minimizes E(V) on S, that is,

E(V,) = inf E(V).
Ves

6.1. Concentration of the spectrum

We describe the main steps in the proof of Theorem 21. Let X denote the generalized Sobolev space Wo]‘p](x)(Q). We

denote by || - || the norm on W, **® (2) and by | - [|; the norm on W, "2% ().
Define the functionals]v,l :X > Rby

Jv@) =/ —|Vu"® dx+/ —— | Vu[P2® dx +/ VOO ymo g,
2 p1( ) 2 b2(%) m(x)

1
I(u)=/ —— |u|1® dx +/ —— |u2® dx.
q1(x) 2 ©2(X)

We notice that for any V satisfying condition (6.4) we have

Jo@) = Jotw) +/ 8

where Jj is obtained in the case when V = 0 in £2.
Standard arguments imply that Jy, I € C'(X,R) and forallu, v € X,

[u™™ dx, YueX,

v (W), v) :/(|Vu|"1(")_2+|Vu|”2(")_2)Vqu dx—f—f V() |u™ ™2y dx,
2 2

'), vy = f [u| ™2y dx + / [u| 202y dx.
2 2
The proof of Theorem 21 is based on some auxiliary results.

Lemma 23. Assume that conditions (6.2)-(6.4) are fulfilled. Then for each € > 0 there exists Cc > 0 such that

VX) m(x X X
gt ] <o [ (oot s rggtoar=e) accivin [aar” + s
forallu € X.

Lemma 24. The following relations hold true:

u
v _ (6.6)
lul—o0 I(u)
and
m @ _ (6.7)
ull—0 I(u)
Lemma 25. There exists u € X\{0} such that ]}’((”)) =E(V).
We refer to [32] for detailed proofs of Lemmas 23-25.
Returning to the proof of Theorem 21, we deduce by Lemma 25 that there exists u € X\ {0} such that
u
Jv(w) —E(V)= inf Jv(w) (6:8)
I(u) weX\{0 I(w)
Then, for any w € X we have
d Jv(u+ew) _0

de T(u+ew) |._,
A simple computation yields

Jy W), w)l () — Jy @' (), w) =0, (6.9)

for all w € X. Relation (6.9) combined with the fact that Jy (u) = E(V) - I(u) and I(u) # 0 implies the fact that E(V) is an
eigenvalue of problem (6.1).
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Next, we show that any A € (E(V), co) is an eigenvalue of problem (6.1).
Let A € (E(V), oo) be arbitrary but fixed. Define Ty , : X — R by

Tv () = Jv(u) — Ml(u).
Clearly, Ty, € C'(X, R) with
(T(,J(u), v) = (]\’,(u), v) —A{'(w),v), YueX.

Thus, A is an eigenvalue of problem (6.1) if and only if there exists u, € X\{0} a critical point of Ty ;.

With similar arguments as in the proof of relation (6.6) we can show that Ty , is coercive, i.e. limyyj— oo Tv 1 (1) = 00.0n
the other hand, as we have already remarked, similar arguments as those used in the proof of Lemma 3.4 in [28] show that
the functional Ty , is weakly lower semi-continuous. Thus there exists u, € X a global minimum point of Ty , and thus, a

critical point of Ty ;. It is enough to show that u, is not trivial. Indeed, since E(V) = infyex\ (0} ]1%) and A > E(V) it follows
that there exists v, € X such that

Jv(v) < M(vy),

or
TV.A(U)L) < 0.

Thus,
iI‘lfTV,)L <0
X

and we conclude that u, is a nontrivial critical point of Ty ,, or A is an eigenvalue of problem (6.1).

Finally, we prove that each A < F(V) is not an eigenvalue of problem (6.1). With that end in view we assume by

contradiction that there exists A < F(V) an eigenvalue of problem (6.1). It follows that there exists u; € X\{0} such
that

Uy W), uz) = A (up), uy).

Since u; % 0 we have (I'(uy), uy) > 0. Using that fact and the definition of F (V) it follows that the following relation holds
true

Uy W), un) = A (u), un) < FOV){I' (), un) < (Jy(up), up).

Obviously, this is a contradiction. We deduce that each A € (—oo, F(V)) is not an eigenvalue of problem (6.1). Furthermore,
it is clear that E(V) > F(V). The proof of Theorem 21 is complete. O

6.2. More about a Rayleigh quotient with variable exponents

In this section we give the proof of Theorem 22, which yields a sufficient condition in order to achieve the infimum of
the Rayleigh quotient E (V).
Let S be a convex, bounded and closed subset of L"® (£2) and

E, := infE(V).
Ves

Let (V,;) C S be a minimizing sequence for E,, that is,
E(V,) = E,, asn— oo.

Then (V,) is a bounded sequence, hence there exists V, € L'® (§2) such that V,, converges weakly to V, in L"® (£2). Moreover,
since S is convex and closed it is also weakly closed (see e.g. Theorem III.7 in Brezis [7]) and consequently V, € S.

Next, we show that E(V,) = E,.Indeed, by Theorem 21 we deduce that for each positive integer n there exists u,, € X\ {0}
such that

Jv, (un)
= EV)p). 6.10
1) (Vo) (6.10)
Since (E(V,)) is a bounded sequence we have
]Vn(un) S ﬁjo(un) _ C, for any n,

Iu) =" I(up)
where C is a positive constant, we infer that (u,) is bounded in X and it cannot contain a subsequence converging to 0 (oth-
erwise we obtain a contradiction by applying Lemma 24). Thus, there exists up € X\ {0} such that (u,) converges weakly to
Uo in X. Using the Rellich-Kondrachov theorem we deduce that (u,,) converges strongly to g in L’® (£2) for any s(x) € C(£2)

satisfying 1 < s(x) < N1 o any x € £.In particular, using conditions (6.2)-(6.4), we deduce that (u,) converges

N—p1(®)
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to o in L™® (£2) and in "7 ® () where ' (x) = r&()"l -. Using that information, Holder’s inequality and the fact that
V, € I'®(£2) and (V,,) is bounded in L"® (£2) we find
Vi(x V.(x
lim / £|un|m® dx = / —()|u0|’"(") dx (6.11)
n—oo Jo m(x) 2 mX)
and
Va(x Va(x
lim ﬁ|un|m<x> - ﬁ|uo|m<x> dx = 0. (6.12)
n—oo fo \ m(x) m(x)
On the other hand, since (V,,) converges weakly to V, in L'® () and uy € L™®"'® (), where r'(x) = . (;()"_)l , we deduce
Va(x V. (x
lim / ﬂ|u0|m<’<> dx = / ﬁ|u0|m<x) dx. (6.13)
n—oo Jo m(x) 2 m(x)
Combining the equality
V. (x Via(x V. (x V. (x
/ V. )|un|m<"> dx—/ Vo) )|un|m<x) dx = / V. )|un|’”(") dx—[ V. )|uo|m<x> dx
2 m(x) o m(x) 2 mx) 2 mK)
V. (x Vo (x
+ / AL )|u0|m<x> dx—/ Ynl®) )|u0|m<X> dx
o mX) 2 mX)
Va(x Vo (x
+ / a8 g dx—/ 8 7 i,
o m(x) 2 mx)
with relations (6.11)-(6.13) we get
Ve (x Va(x
lim / ﬁ|un|m<*> - ﬂ|un|m<x> dx = 0. (6.14)
n—oo Jo \ m(x) m(x)
Since
u
E(V,) = inf Jo. W),
uex\{0} I(u)
it follows that
E(V,) < ]v,(un).
I(un)

Combining the above inequality and equality (6.10) we obtain
Jv, (un) — Jv, (up)
I(up)

Taking into account the result of relation (6.14), the fact that I(u,) is bounded and does not converge to 0 and (E(V};)) con-
verges to E, then passing to the limit as n — oo in the last inequality we infer that

E(V.) < +E(Vy).

E(V,) <E,.
But using the definition of E, and the fact that V, € S we conclude that actually
E(V,) =E,.

The proof of Theorem 22 is complete. O

7. Morse theory and local linking for a degenerate problem

In this section we are concerned with the study of the following nonlinear problem

_AP(X)U + |u|p(X)72u =f(xu) ing, (7.1)
u=~0 on 452, '
where £2 is a bounded domain in R" with smooth boundary. Let p € C(£2) and 1 < p_ := min, s p(X) < p(X) < py =

max,.o p(x) < ooand F(x, t) = fotf(x, s)yds, F(x,t) = f(x, )t — pF(x, t).
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We assume that the reaction term f (x, u) satisfies the following hypotheses:
(H1) f € C(£22 x R) with f(x, 0) = 0 and there exists C; > 0 such that
Fx O <G+, Vx,t) e 2 xR,

where q(x) € C(£2),1 < q(x) < p*(x) forallx € £ and p* = N”f;’g() if p(x) < N,p*(x) = +o0if p(x) > N;

(H2) limyej— oo % = oo uniformly for x € 2;
(H3) there exists & > 1suchthat 0 F (x,t) > F(x, st) for (x,t) € 2 x Rands € [0, 1];
(H4) there exists v > 0 such that

fx, 0)

|t|l’+—2t

isincreasing int > v and decreasing int < —v;

(H5) there are small constants r and R with 0 < r < R such that

Glt1*® < p(x)F(x, t) < G3|t|P®, fort € Rwithr < |t| <R, ae.x € £2, (7.2)

where G, and (5 are constants with0 < G, < (3 < 1, a(x) € C(£2) and 1 < a(x) < p(x). Moreover, there exists
C4 > 0 such that

F(x,t) > —C4|t|P+ forall (x,t) € 2 x R. (7.3)
The assumption (H2) implies that the problem (7.1) is superlinear at infinity. A lot of works concerning superlinear elliptic
boundary value problem have been done by using the usual Ambrosetti-Rabinowitz condition, that is,
(AR) there exist © > p; and M > 0 such that
0 <piFx, t) <f(x,t)t forallx € 2 and |t| > M. (7.4)
From (7.4) it follows that for some a, b > 0
F(x,t) > alt|* —b for (x,t) € 2 xR, (7.5)
which is a stronger assumption than our condition (H2).

Let us consider the following function (for simplicity we drop the x-dependence):

_ |t]
x,t) = [t|P+ 2%t log(1 + |t]) + )
fx, t) =t (p+ g(1+ |t]) T+t

Then F(x, t) = [t|P* log(1 + [t]) and f does not satisfy the Ambrosetti-Rabinowitz condition, but it satisfies our conditions
(H2) and (H3). Furthermore, we can show that this function fulfills all hypotheses (H1)-(H5).

We prove that the above hypotheses provide sufficient conditions for the existence of one or more nontrivial solutions
of problem (7.1).

Theorem 26. Assume that (H1), (H2), (H3) and (H5) hold. Then the problem (7.1) has at least one nontrivial weak solution in
W, P ().

Theorem 27. Assume that (H1), (H2), (H4) and (H5) hold. Then the problem (7.1) has at least one nontrivial weak solution in
Wy P (82).
Before the statement of the next result, we recall some known properties about the eigenvalues of the nonhomogeneous

differential operator — A, in Wy ?® (£2). We say that A is an eigenvalue of — A, with Dirichlet if the problem

—Apott = AulPP 2y x e 2,
u=~0 xe€ 082,

has nonzero solution. Fan, Zhang and Zhao [15] obtained the principal eigenvalue A, > 0 by introducing the following
condition:

(P) there exists a vector [ € RN \ {0} such that for any x € £2, c(t) = p(x + tl) is monotoneint € I, = {t : x + tl € £2}.

Theorem 28. Assume that conditions (P), (H1), (H5) are fulfilled and

(H6) limsupy;_, o p(ﬁ)li((f;t) < B=). + Tuniformly onx € 2;

(H7) F(x,t) > Oforallx € 2 and |t| < 1.

Then the problem (7.1) has at least two nontrivial weak solutions in W, ** (£2).
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From the assumption (H1) we deduce that the energy functional @ : WOl P (£2) — R given by
1
D) = f ——(IVulP® + |uP®)dx — / F(x, u)dx
2 bX) Q
is well defined and of class C'. The derivative of @ at u is given by

(@' (1), v) :/(|Vu|p(")’2Vu~Vv—l—lulp(")’zum)dx—/f(x, u)vdx
2 2

for v € Wy P® ().
Set

I(u):/ i(|Vu|P(X)+|u|P<X>)dx, ](u):/ F(x, u)dx.
2 P(x) Q

Then @ (u) = I(u) — J(u).
The function u € X is called a weak solution of problem (7.1) if for any ¢ € X

/ (\VulPY72vu - Vo + [ulP®2u - ¢)dx — / f(x, u)pdx = 0.
2 2

The functional @ satisfies the (C) condition if for ¢ € R, any sequence {u,} C X such that ®(u) — ¢, (1 +
lun DD’ (uy)]lx+ — 0 hasaconvergent subsequence. The functional @ satisfies the (PS) condition if any sequence {u,} C X
such that @ (u,) is bounded and @’ (u,) — 0 has a convergent subsequence.

Standard arguments show that the energy functional @ satisfies the (C) condition under the hypotheses of Theorems 26
and 27 or 28.

7.1. Computation of critical groups
Let X be a real Banach space and @ € C!(X,R), K = {u € X : ®'(u) = 0}, then the qth critical group of @ at an isolated
critical point u € K with @ (u) = c is defined by
C(®@,u) =Hy(®°NU, o NU\{u}), geN:={0,1,2,...},

where @¢ = {u € X : @(u) < c}, U is any neighborhood of u, containing the unique critical point, H, is the singular relative
homology with coefficients in an Abelian group G.

We say that u € K is a homological nontrivial critical point of @ if at least one of its critical groups is nontrivial.

The following critical point result will be used in the sequel.

Proposition 29 (See [35, Theorem 2.1]). Let X be a real Banach space and let ® € C!(X, R) satisfy the (PS) condition and is
bounded from below. If @ has a critical point that is homological nontrivial and is not a minimizer of @, then & has at least three
critical points.

If @ satisfies the condition (C) and the critical values of @ are bounded from below by some a < inf @(K), then the
critical groups of @ at infinity were introduced by Bartsch and Li [6] as

Cy(®, 00) := Hy(X, #%), qeN, (7.6)

If @ satisfies the condition (C), then @ satisfies the deformation condition. By the deformation lemma, the right-hand side
of (4.1) does not depend on the choice of a.

Remark 30. Morse theory [8] tells us that if K = {0} then C;(®, 0c0) = C4(®, 0) for all ¢ € N. It follows that if C4(®, 00)
# Cy(@, 0) for some g € N, then @ must have a nontrivial critical point. So, we must compute the critical groups at zero
and at infinity.

For the proofs of our theorems, in what follows we may assume that @ has only finitely many critical points. Since @
satisfies the condition (C), then the critical groups (@, oo) at infinity make sense.

Theorem 31. Suppose that @ satisfies (H1), (H2) and (H3). Then C4(®, oo) = 0 forallq € N.

Proof. LetS = {u € X : ||u|]| = 1}. For u € S, by Fatou lemma and (H2) we have

F(x, tu F(x, tu
lim / ( )dxg/ lim ¥|u|p+dx: +00.
t—>+00 Jo |t|P+ o t—>+oo |tu|P+

Therefore

1 F(x, tu
( )dx)—>—oo ast — +oo.

tP+
D (tu) < — —/ F(x, tu)dx < t"+(— —/
p- 2 p o |tP+
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Choose a < min{infj,<; @ (u), 0}, then for any u € S, there exists tp > 1 such that @ (tou) < a. By (H3), we have
F(x,m)>0 for(x,m) e 2 xR. (7.7)

Therefore, if

P
& (tu) =/ (IVuP® + |u|P<">)dx—/ F(x, tu)dx < a,
2 p(Xx) Q

then
/ (tPOVUPP® + JuP®))dx < pia+ / p+F(x, tu)dx.
2 2

Using relation (7.7), we obtain

d 1
—d(tu) = 7[/ PO (VuP® 4 [uP®)dx — / f(x, tu)tudx]
dt e/, o

1
< f[p+a —/ F(x, tu)dx] < 0.
t 2

Then by the implicit function theorem, there exists a unique T € C(S, R) such that @ (T (u)u) = a. Next, we use the function
T to construct a strong deformation retract from X\ {0} to @. Therefore, we deduce

Cy(®, 00) = Hy(X, &%) = Hy(X, X\{0})) =0, VgeN.

The proof is completed. O

Theorem 32. Suppose that @ satisfies (H1), (H2) and (H4). Then C4(®, o0) = 0 forallq € N.

The proof is standard and we omit the details.
As in [21], since X is a separable and reflexive Banach space, there exist {e;};-; C X and {f;};2; C X* such that

_ )1, n#m
fn<em>—6n,m—{o, S

X =spanfe;:n=1,2,...}, X*=span{f, :n=1,2,...}.

Fork = 1,2, ..., we denote Y, = span{eq, e,, ..., e}, hence Y, has a closed complementing subspace Z; in X. Thus, X =
Yi ® Zi (see [7]).
Lemma 33. Assume that ¢ : X — R is weakly-strongly continuous, ¢(0) = 0, p > 0 is a given positive number. Set n, =
SUPyez, jul<p |9 @)|. Then n, — 0 as k — oo.

We refer to Fan and Han [13, Lemma 3.3] for the proof of this result.

In order to compute the critical groups at zero, we need the following classical linking theorem.
Proposition 34. Assume that @ has a critical point u = 0 with @ (0) = 0. Suppose that ® has a local linking at 0 with respect
toX =V W, k=dimV < oo, that is, there exists p > 0 small such that

dw) <0, ueV, flull <p;
dW) >0, ueW, 0<|ull <p.

Then Ci(®, 0) # 0, hence 0 is a homological nontrivial critical point of .

Theorem 35. Suppose that @ satisfies (H1) and (H5). Then there exists ko € N such that Gy, (®, 0) # 0.

Proof. Since f(x, 0) = 0, the zero function 0 is a critical point of @. So we only need to prove that ¢ has a local linking at 0
with respect to X = Y, & Z;. We take two steps:
Step 1. Take u € Yj. Since Yy is finite dimensional, we have that for given R > 0, there exists 0 < p < 1 small such that

ueY, lull <p=u@®| <R, Vxe 2.

ForO <r <Rlet2, ={xe€ 2 :jux)| <r},2, ={xe 2 :r < |ux) <R}),2; = {x € 2 : |uix)] > R}. Then
2= Ule £2; and £2; are pairwise disjoint. For the sake of simplicity, let G(x, u) = F(x, u) — %|u|°‘("). Therefore, from (H5)
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it follows that

cp(u)=/ —(|Vu|p(")+|u|p("))dx—(/ +/ +/ )F(x,u)dx
ob (%) 21 2, £23

G
= f —(qu|"(">+|u|p("))dx— f — |u*®dx — / G(x, u)dx — / G(x, u)dx — f G(x, u)dx
2 p(X) 2 p(X) 24 2 23
C
< /(|Vu|p(")+|u|p("))dx——2/ |u|°‘(")dx—/ G(x, u)dx.
2 P+ Ja 2

In terms of the assumptions on o (x) and £2 is a bounded domain in RV, the embedding [P® (§2) — [*® (£2) is continuous.
This implies that there exists a constant C > 1 such that

”u“a(x) Cllullpe < Cllull1,pe < 2CHull < 2Cp.
Ifp < 2c' then |lull4xy < 1. Note that the norms on Y, are equivalent to each other, ||ull, is equivalent to [|u]|. Since
a(x), p(x) € C(£22) and a(x) < p(x), for each x € £2, there exists an open subset Bs(x) of £2 such that

oy = sup a(x) < 1nf p(x) = Dx-.
X€EBs (x) Bs (%)

Then {B;s(x)},cp is an open covering of £2. Since £2 is compact, there is a finite subcovering {Bs (x))} ;. We can use all the
hyperplanes, for each of which there exists at least one hypersurface of some {B;(x;)}I" ; lying on it, to divide {Bs(x;)}" ; into

finite open hypercube {(,‘2}” 1 which mutually have no common points. It is obvious that 2= U}L1 @jand

ajp =supa(x) < mf p(X) ==pj_.
X€Q;

Notice that le G(x,u)dx — Oasr — Oand |||u|||@j < |lufl. Therefore, there is a constant C > 0 such thatfor0 < p < 0
small and r sufficiently small

n

[
D) < Z[ (VulP® + [uP®)dx — |u|“(")dx} / G(x, u)dx
@] p- (2] 21

=1

Z(mumpf* — Cllullg”) — f G(x, wydx < 0
2

j=1
Step 2. By hypothesis (H1) and Young'’s inequality, there exists C > 0 such that
C
IF(x, )| < —[uP® + Clul*™®, forallx € £2 and [u] > R, (4.3)
D+

where s(x) € C(£2) and p(x) < s(x) < p*(x). For the sake of simplicity, let H(x, u) = F(x, u) — % |u|P® . Therefore, ifu € Z
and ||uf] < 1, from (H5) and (4.3) we deduce

q§(u):/ —(|Vu|p(")+|u|”("))dx / +f +/ )F(x,u)dx
oD () 21 29 23

—f —(|VulP® + uP®)dx — / G |u|1’<x>dx—/ H(x,u)dx—/ H(x,u)dx—/ H(x, u)dx
oD () 2 P(X) 21 2, 23

T JuP®)dx — C f W — / H (x, u)dx.
2 2

We next consider the functional ¢ : X — R, ¢(u) = [, [ul*®dx. We already know that the embedding X — L*®(£2) is
compact. Hence by Lemma 33, we have

me= sup |o)|—0 ask— oo. (44)

u€Zy, [luli<1

Note that f o H(x, u)dx — 0asr — 0.Therefore, using the same argument as in Step 1, we obtain

I
D(u) >

© 4 uP®ydx — |u|s(")dx] +/ H(x, u)dx
Qi 2

|

z[

"‘*—cmnunﬁ-] [ Howan
2
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1-C3

From (4.4) we know that there exists kg € N such that n, < 2ps

. Then we get

[ p—

1 C3 Di Si—
P(u) > E (lullg™ — Mulig) —f H(x, u)dx > 0
i=1 2Cp+ 2

as 0 < p < 1small and r sufficiently small. Thus, there exists ko € N such that @ (u) > 0asu € Zy; and 0 < |Juf| < p.
Combining Steps 1 and 2, we complete the proof of Theorem 35 due to Proposition 34. O

Remark 36. From the proof of Theorem 35, we deduce that the conclusion of Theorem 35 still holds under the assumptions
(H1), (H5) and (H7).

Next, by Theorems 31 and 35, we have Gy, (®, 00) # C, (@, 0) for some kg € N. Then Theorem 26 follows immediately
from the fact that @ satisfies the (C) condition and Remark 30.

By Theorems 32 and 35, we have Gy, (@, 00) # Cy, (@, 0) for some ko € N. Then Theorem 27 follows immediately from
the fact that @ satisfies the (C) condition and Remark 30.

We know that @ satisfies the (PS) condition and is bounded from below. By the assumption (H7) and Remark 36, the
trivial solution u = 0 is homologically nontrivial and is not a minimizer. The conclusion follows from Proposition 29.

8. Difference equations with variable exponent

Partial difference equations usually describe the evolution of certain phenomena over the course of time. In this section,
we consider a discrete problem involving variable exponents. In many cases a problem in a continuous framework can be
handled by using a suitable method from discrete mathematics and conversely a beautiful description of such phenomena
can be found in Lovasz [26]. The modeling and simulation of certain nonlinear problems from economics, biological neural
networks, optimal control and others enforced in a natural manner the rapid development of the theory of difference
equations. Elementary but relevant examples of partial difference equations are concerned with heat diffusion, heat control,
temperature distribution, population growth, cellular neural networks, etc.

Let T > 0 be a given natural number and let p(-), q(-) : Z — [2, 00), V(:) : Z — R be three T-periodic functions and
f(k,t) : Z x R — R be a continuous function in t € R and T-periodic in k.

Let A denote the difference operator, namely

Au(k) = u(k+ 1) — u(k),

for each k € Z. We denote by Af,(_) the p(-)-Laplace difference operator, that is,

A puk — 1) = [Auk) PO Auk) — [Autk — DPED2Auk — 1), (8.1)

forallk € Z.
This section is devoted to the study of the difference non-homogeneous equations of type

{A,z,(kq)u(k — 1) = V) lu()"O~2uk) + f (k, u(k)) =0 fork € Z, (82)

uk) — 0 as |k| = oo.

The goal of the present paper is to establish the existence of nontrivial homoclinic solutions for problem (8.2). Poincaré [39]
called a trajectory x(t) a homoclinic orbit (or doubly asymptotic trajectory) if it is asymptotic to a constant as [t| — oo.
Since we are seeking solutions u(k) for problem (8.2) satisfying limy_, o (k) = 0, we are interested in finding nontrivial
homoclinic solutions for problem (8.2).

Set

pTi=supp(k) p = infp(k)
kez keZ
g =supqk) q :=infq(k),
kez kez
and we assume that
1<q <q"<p <p'. (8.3)
We also assume that the T-periodic function V satisfies the supplementary conditions

(V1) 0 < Vo := min{V(0), ..., V(T — D)}
(V2) Vo < q*.

while the continuous function f = f(k, t) : Z x R — R which is assumed to be T-periodic in k verifies
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(F1) there exista > p* and r > 0 such that

t
aF(k,t) :=a/f(k,s) ds < tf(k,t), VkeZ, t+#0,
0

and
F(k,t) >0, VkeZ, t>r;
(F2) f(k, t) = o(|t]7 ~1) as |t| — O.

Forp : Z — (1, 00), define the function space

PO = [u CZ— Ry ppy(u) = Z lu(k) PP < oo} .

keZ

On £°©) we introduce the Luxemburg norm

k p(k)
[ulpey = inf{,u > 0; Z & <1yg.

keZ H
Then the following relations hold true

n _

[ulpy < 1= ulf) < ppey@) < Julf ), (8.4)
p() pC)
- +

lulpey > 1= |ulb, < ppey (W) < |ul)), (8.5)
p() p()

|u|p<‘) - 0% pp(.)(u) — 0. (8.6)

We also consider the space

£ = {u 17— R; |u|y = suplu k)| < oo}.
keZ

Proposition 37. Assume condition (8.3) is fulfilled. Then £90) c ¢P®).

Proof. If Y, _, [u(k)|P® < co then there exists S > 0 such that
lu(k))9® <1, V |k| > S.

It follows that
lutk)] <1, V Ikl >S.

By relation (8.3) we infer that q(k) < p(k) for all k € Z. That fact and the above inequality assure that
u(k)P® < Ju) 1Y,V k| > S,

and the proof is complete. O

By Proposition 37, relation (8.3) and the hypotheses on functions V and f we infer that the natural space where we should
seek homoclinic solutions for (8.2) is £9). Thus, we say that u € £9) is a homoclinic solution for (8.2) if

> lautk = DPEI2Autk — DAvk— 1) + > VR |u@)*©2ukvk) — > fk, uk)v(k) =0,

keZ keZ keZ

forall v € ¢4 and limyy o u(k) = 0.
The main result of this section is given by the following theorem.

Theorem 38. Assume hypotheses (8.3), (V1)-(V2) and (F1)-(F2) are fulfilled. Then problem (1.1) possesses at least a nontrivial
homoclinic solution. Moreover, given a nontrivial homoclinic solution u of problem (8.2), there exist two integers S; and S, with
S1 < Sy such that for all k > S, and all k < Sy the sequence u(k) is strictly monotone.

8.1. Homoclinic solutions and qualitative properties

The basic idea in proving Theorem 38 is to consider the associate energetic functional of problem (8.2) and to show that
it possesses a nontrivial critical point by using the mountain-pass lemma.

Set
|t|p(t)

o (0) = (PO Dy (1) = pO)
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Note that
Ajgepyt(k = 1) = A(pge—n) (Au(k — 1))).
Next, we introduce the functional A : £9© — R defined by

AW) =Y Dy (Autk — 1) + Y V) gty (u(k)).

keZ keZ

We define the energy functional associate to problem (8.2) as ] : £9©) — R defined by
JW) = A@w) = Y F(k, u(k)).

keZ

Standard arguments show that ] € C1(£90), R) with the derivative given by
'@, v) =Y lAutk = DPE D2 Auk — DAvk — 1) + VR lu@)*©2ukyvk) — £ (k, uk)vk)],

keZ

forallu, v e £90,
We point out that on £9) we can introduce an equivalent norm with | - lq(y, namely

. Vk) |uk) q(k)
lullgey = mf{u > 0; 27 s <1},

= ak) | u
By straightforward computation we show that

+ V (k) -
lullgey < 1= Nully <> = u)"® < ). (8.7)
q() q(k) q()
keZ
- V (k) +
lullgey > 1= Null, <3 = [u"® < jjuld,. (8.8)
q() q(k) q()
keZ
V(k)
lullgy = 0€ Y —= Ju()|"“ — o. (8.9)

= (k)
The next result shows thatJ has a mountain-pass geometry.
Lemma 39. Assume the hypotheses of Theorem 38 are fulfilled. Then there exist 0 > O and v > 0 and e € £1°) with |le]lq) > ©
such that

(i) J(u) > v forallu € €9° with ||ullq.) > o;
(i) J(e) < O.

We recall that given ¢ € R, we say that a sequence (u(k)) C £90) satisfies the Palais-Smale (PS). condition if
J (k) - c and J (uk) — 0.

Lemma 40. Assume the hypotheses of Theorem 38 are fulfilled. Then, there exist c > 0 and a bounded (PS), sequence for | in
yLION

Returning to the proof of Theorem 38, assume that {u,} is the sequence given by Lemma 40. Then for each n € N the
sequence {|u,(k)|; k € Z} C €90 is bounded and |u, (k)| — 0 as |k|] — oo.
Assume that {|u, (k)|}xez achieves its maximum in k, € Z.Then there exists j, € Z such thatj,T < k;, < (j, + 1)T. Define

wy (k) == up(k — j,T).

Then {|w, (k)| }rez attains its maximum in
i, .=k, —j,T € [0, T].

The T-periodicity of p(-), q(-) and V() implies
> Y0 oo = > Y0 i1,
ez a0 = 4tk

and J(u,) = J(wy). Since {u, }ney is bounded in £90) the above estimates and relations (8.7) and (8.8) yield that {wy }nen is
bounded in £9), too. Then there exists w € £9) such that w, converges weakly to w in 299 as n — oo.
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We claim that w, (k) — w(k) asn — oo for each k € Z. Indeed, defining the test function v, € £ by
L f1 ifj=m
Un(j) = {o ifj £ m,
and taking into account the weak convergence of w, to w in 9 we find
lim wy(k) = lim (wy, v) = (w, ve) = w(k),
n—oo n—oo

for all k € Z. The claim is clear now.
Next, we point out that for each v € £9© we have

1" (wn), v)| = [ Wn), v+ D)< I @)l llvllge)s
which implies J'(w,,) — 0asn — oo. It follows that for each v € £9© we have asn — oo
> [y (Awnk = 1) Av(k = 1) + V() dgtg (wa (k)0 (k) — f (k. wa(k))v(k) — 0] — 0. (8.10)
kez
Consider v € £9°) has compact support, hence there exista, b € Z,a < bsuchthatv (k) = 0ifk € Z\ [a, bland v (k) # 0
if k € {a+ 1, b — 1}. The set of compact support functions, denoted by eg”, is dense in £9¢), Indeed, for all v € £90) we can
define v, € Eg(') by v,(j) = 0if |j| > n+ 1and v,(j) = v(j) if |j| # n and we have ZjeZ %h}(}') — ()] = 0asn — oo,
or, by relation (8.9), [v — vullq) — 0asn — oo.

Now, for each v € zg“ in (8.10) taking into account the finite sums and the continuity of f (k, -) we obtain by passing to
the limit as n — oo that

> o (Awk = 1) Av(k = 1) + V(K g (w(k)v (k) — f (k, w(k))v(k) — 0] — 0.
keZ
We found that w is a critical point of ] and consequently a solution of problem (8.2).
We show that w # 0. Assume by contradiction that w = 0. Therefore

[unloo = |Wnloo = maxflwn(K)[; k € Z} — 0,
as n — oo. On the other hand, condition (F2) implies that for a given € > 0 there exists § € (0, 1) such that

q+
[F(k, )] < €lt] (8.11)
<

IF(x, ] < elel”

forallk € {0,1,...,T — 1} and all |t| < §. The above inequalities show that for every k € {0, 1, ..., T — 1} there exists M;
such that for n > M, we have

lwp (k)| < 6.
Sincei, € {0, 1, ..., T — 1} it follows that forn > M := max{M,; k€ {0,1,...,T — 1}} and every k € Z we have

lwn()| < [wn(in)] <3 < 1.
That fact and relation (8.11) imply

IF(k, wa(K)| < €lwa(R)|T < €|wy (k)1
and

IF (k, wa (kD wa (k)| < €lwn (K < €[wn (k)P
We infer that for each n > M and every k € Z the following estimates hold true

0<q T =03 — [y k= DD 1073 L 0 — g S F kw00
keZ (k) keZ (I) keZ
<Y 1AW (k= DPED 3V (k) [wn ()19 = f (ks wa (k) wa (k)
keZ keZ keZ
= > (@ F (e wa (k) = f (k, wn (k) wy (K))
keZ
< {1 (wa) s wa) +q7 Y F (ky wn (K) + D If (ks wn (k) wy (K) |
keZ keZ
< (7 wn) s w)+ 7€ ) wa)|*® + € Y Jwn ("™
keZ keZ
' S i vk ak)
<y (wn>,wn>+<q Vo “vo); 2o )]
qat@ +1)

< ) e gy + € [, + Nl ]
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Taking into account that [|u,l4(.) is bounded, J'(u;) — 0asn — oo. Since € > 0 is arbitrary we find by the above estimates
a contradiction with J(w;) — ¢ > 0 asn — oo. Thus, w is a nontrivial solution of problem (8.2).

Next, let u be a nonzero homoclinic solution of problem (8.2). Assume that it attains positive local maximums and negative
local minimums at infinitely many points k,. In particular we can assume that {|k,|} — oco. Consequently,

Aﬁ(kn—n” (kn — 1) u(k,) <0,
and
u(k,) — 0,
asn — oo. Using that facts and multiplying in (8.2) by u(ky,)/|u(k,)|9*", we have

£ Gt (k) utkn) - Apg -t kn = 1 ukn) Gkt (k) uthkn)
u(kn) 20w~ |u(kn) 20k |11 (k) 20k
=V (k) > Vo > 0. (8.12)
Using (8.12) and condition (F2) we deduce

0= lim [ (kn, u (kn)) ukn) SV > 0,
nso Julky) |90
which represents a contradiction. Consequently u does not attain positive local maximums and negative local minimums at
infinitely many points.

Assume now that u vanishes at infinitely many points I,. By condition (F2) we find that Aﬁ(lrl)u (I, — 1) = 0 and, con-
sequently, u(l, — 1) u(l, + 1) < 0. Therefore it has an unbounded sequence of positive local maximums and negative local
minimums, in contradiction with the previous assertion.

We proved that, for |k| large enough, function u has constant sign and it is strictly monotone. The proof of Theorem 38 is
complete. O

We observe that the homogeneous problem

2 (-2 -
{Ap(k_l)u(k -1 = V®u® ™ uk) =0 forkez, (8.13)

uk) - 0 as |k| — oo,

has only the trivial solution. Indeed, if u is positive or negative, let ko be the point of its positive maximum or negative
minimum. Then Ag(,(r])u(ko — Du(ky) < 0and

0= A2, _nu(ko — Duko) — V (ko) |u(ko)|"™ < 0,

which is a contradiction. The same conclusion can be made if u is sign-changing.
Note that under the assumptions of Theorem 38, then for every A > 0 we can establish with the same approach the
existence of a nontrivial solution for the eigenvalue problem

{Af,(k_l)u(k — 1) = V) |uk) | 2uk) + Af (k, u(k)) =0 fork € Z, (8.14)

uk) - 0 as k| = oo.
We can prove that if in addition to conditions (F1) and (F2) the following condition holds:
(F3) f(k,t) > 0foranyt < Oandall k € Z,

then the homoclinic solution of the problem (8.2) is positive.
A comprehensive treatment of nonlinear partial differential equations with variable exponent can be found in the
monograph by Radulescu and Repovs [40].
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