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Abstract. We are concerned with the qualitative analysis of solutions for three
classes of nonlinear problems driven by the magnetic Laplace operator. We are
mainly interested in the perturbation effects created by two reaction terms with
different structure. Two equations are studied on bounded domains (under Dirich-
let boundary condition) while the third problem is on the entire Euclidean space.
Our main results establish that if a certain perturbation is sufficiently small (in
a prescribed sense) then the problems have at least two distinct solutions in a
related magnetic Sobolev space. The proofs combine variational, topological and
analytic methods.
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1. Introduction

In quantum mechanics, the Hamiltonian for a nonrelativistic charged particle in an
electromagnetic field is defined by (—iV — A)2 + b, where b : D € RY — R is
the electric (or scalar) potential, A : D € RY — R™ and the open set D C RV
is the region that constrains the particles. The vector (magnetic) potential A =
(A1, Ag, ..., Ay) is a source for the magnetic field B = curl A, where curl A is the
N x N skew-symmetric matrix with entries Bj, = 0jA; — 0xA;. The magnetic
potential A can also be expressed in the language of differential forms, namely if A
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is the 1-form Aidxq + - - -+ Andxy, then B = dA. Of course, if N = 3, then curl A
has also the usual representation as a vector in R3.
In this paper, we start by considering the subcritical perturbed problem

{p4v—A@»%:hm4u+xfinQ

1
u=0 on 0f), (1)

on a smooth bounded domain © in RY, where ) is a positive parameter, N > 2,
2<q<2,and A:Q CcRY = RY is the magnetic potential. Here, 2* denotes the
critical Sobolev exponent, that is, 2* = ]\2,—1172 if N >3, and 2* = 400 if N = 2.
Next, we are concerned with the sublinear perturbation of a critical problem
{( —iV — A(a;))2u = |u|> 2u+ A|u|9?u  in Q,

2
u =20 on 0, @)

where A is a positive parameter, N > 3 and 1 < ¢ < 2.

Finally, we study a perturbation problem in RY, but from another point of view.
More exactly, we will analyze the effect of a small perturbation g in the semilinear
elliptic problem

(—iV — A@))’u+ b(x)u = K(2)[u|" %u+ g(z) inRY, (3)
where N > 2,2 < ¢ < 2%, and A : RY — R¥ is the magnetic potential.
We assume that A and b, K € L=(R", R) satisfy the following conditions:

(A) For all y € ZV there exists p, € HL_(RY,R) such that A(z +y) — A(z) =
Veoy(2);

(B) esslimjg|, 100 b(7) = b € Ry and there exists a constant by > 0 such that
by < b(z) < by ae. in RY;

(K) esslimyy 00 K(7) = Koo € Ry and K (z) > Koo ace. in RY;

(M) meas({a: e RY :b(z) < boo} U {m ceRY: K(x) > Koo}) > 0.
We recall that the Schrédinger operator with magnetic potential is defined by
(—iV — A(2))°¢ = —AL + 2AVE + | A% + igdivA.

The problems we study in this paper are related with the existence of solitary
—iEy

waves, namely solutions of the form ¢(z,t) := e 'n‘u(z), with £ € R, for the
nonlinear Schrodinger equation

_9¢  (h 2

iy = (59 -40)) o+ U0 -16P)0, s€D. (@)

where t > 0, N > 2, h is the Planck constant, and A is a magnetic potential
associated with a given magnetic field B, U(z) is a real electric potential and the
nonlinear term [ is a superlinear function. A direct calculation states that ¢ is a
solitary wave of problem (4) if and only if u is a solution of the problem

2
<§V—A@O1H%@W=MWW% z€D, (5)
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where b(z) = U(z) — E. It is significant to study the existence and the shape of
such solutions in the semiclassical limit, that is, as & — 0. The significance of this
research relies on this fact that the transition from Quantum Mechanics to Classical
Mechanics can be formally performed by sending the Planck constant to zero.

In the last decades, many authors have conducted extensive research on pertur-
bations of problem (5) and of boundary value problems without magnetic potential
(namely A =0 and i = 1). We first give the elementary example

{—Au = |u[92u in Q,

6
u=0 on 0, (©)

where 2 is a smooth bounded domain in RY (N > 2) and 2 < ¢ < 2*. A clas-
sical result, based on a Zs symmetric version of the Mountain Pass Theorem (see
Ambrosetti and Rabinowitz [3]), shows that problem (6) admits infinitely many so-
lutions in Hg(Q,R). A natural question is to see what happens if the above problem
is affected by a certain perturbation. Consider the problem

—Au = |u["?u+n(z) in Q, 7)
u =0 on 0f).
Bahri-Berestycki [6] and Struwe [23] have proved independently that there exists
qo < 2* such that for every n € L?(Q2), problem (7) still possesses infinitely many
solutions, provided 2 < ¢ < ¢p. Furthermore, Bahri [5] has obtained that for any
2 < q < 2* there is a dense open set of n € H~(Q,R) for which problem (7) admits
infinitely many solutions.

To the best of our knowledge, the first result in the presence of a magnetic
potential A # 0 seems to be obtained by Esteban and Lions [12]. They have made use
of the concentration-compactness principle and minimization arguments to obtain
solution for A > 0 fixed and dimensions N = 2 or N = 3. We also would like to
cite the papers [1, 11, 4] for other results related to the problems (1) and (3) in the
presence of magnetic field when the nonlinearity has a subcritical growth. We also
refer to the papers [2, 4, 13, 14] for the critical case.

Now, we assume that A, A € Ly (RN RY) for some s € [1,00) and curl A =
B = curl A (in the sense of distributions). Then A— A = V¢ for some ¢ € I/Vlics (RM),
(see [17, Lemma 1.1]). We can easily deduce that if i = e, then Viu= e’V qu and
S0 [pn |V ul?de = [pn |V aul*dz, where V4 = (—iV — A) is given in Section 2. The
above properties are called the gauge invariance and the transformation T : u — u
the change of gauge. The condition (A) is inspired by hypothesis A2 introduced by
Arioli and Szulkin [4]. By hypothesis (A), we can define a different “transformation”
T (see Subsection 5.1) satisfying the above gauge invariance.

Motivated by the works of Radulescu-Smets [22] and Cirstea-Radulescu [10],
we are concerned with the qualitative analysis of solutions for three classes of non-
linear problems driven by the magnetic Laplace operator. Due to the existence of
the magnetic potential A, problems (1), (2) and (3) cannot be converted into pure
real-valued problems, thus we are supposed to directly treat these problems with
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complex values. But in this way, we will encounter some new challenges when deal-
ing with our problems. In particular, we refer to the combined effects of the lack
of compactness of problems (2) and (3) and the presence of a magnetic potential.
Since we deal with different problems where the functions are complex-valued, it
is necessary to make a careful analysis of technical estimates used in this paper.
By establishing new threshold estimates we overcome the lack of compactness in
problem (2). Furthermore, we overcome the lack of compactness of problems (3) by
employing a variant of the Mountain Pass theorem without the Palais-Smale con-
dition (see Brezis and Nirenberg [9, Theorem 2.2]), combined with a generalization
of the Brezis-Lieb lemma [8, Theorem 1]. We also refer to Pucci and Radulescu [20]
for a survey concerning the Mountain Pass theorem.

If we perturb problems (1), (2) and (3) such that the perturbations do not
exceed some levels, then we will show in this paper that problems (1), (3) have
at least two solutions while problem (2) has at least one nontrivial solution. More
precisely, if A and ||g||p—1 (see Section 2) are sufficiently small, then, problem (2)
has a mountain pass solution, while problems (1), (3) have local minimums near the
origin, whereas, the second solution is obtained as a mountain pass. Since problem
(3) is investigated in RY, we need to take advantage of the hypotheses (B), (K) and
(M) in order to conclude the existence of the mountain pass solution for problem
(3), while the existence of a simple solution (the local minimum) will follow without
these stronger assumptions for problem (3).

We refer to Laptev et al. [15, 16] for recent advances in the study of magnetic
differential operators and to Papageorgiou, Radulescu and Repovs [19] for some of
the abstract methods used in this paper.

2. Abstract framework and the main results

In this section, we outline the variational framework and give the statement of the
main results. We refer to Esteban-Lions in [12] and Lieb-Loss in [18] for more details
on the complex-valued function Sobolev spaces with magnetic potential.

Let U be an open set in RY. For u: U — C, we define

Vau = (—=iV — A)u.

Let Q be a domain with smooth boundary in RY, we shall denote by H4(Q) the
Hilbert space obtained by the closure of C5°(€2, C) under the scalar product

(u,v)q == Re/ V auVudz,
Q

where Re(w) denotes the real part of w € C, @ is its complex conjugated.
Moreover, we shall denote by |ul4 the norm induced by this scalar product,

that is,
1
2
ulla = </ yvAude) .
Q
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For u : RN — C, let us define
Ha(RY) := {u € I*(RY,C) : |Vqu| € 2(RY,R) }
and, for N > 3,
D RY) = {ue L¥ (RY,C) : [Vaul € L*(RY,R) }.

The spaces Hy (RN ) and Di’Q (RN ) are Hilbert spaces endowed with scalar
product, respectively,

(u, v)pn 1= Re/

i (VAUW + uﬂ) dx

and
(u,v)p = Re/ V auV gqvdz.
RN

Let |ull g7, mry and Hu”DZ’Z ®RM) denote the norms induced by the scalar prod-

1
o 2 2 2
iy = ([ (9l + o)z )
1
. 2d ?
HUH'D}A’Q(RN) = (/RN |V qul :c> .

By [12, Section 2] and [18, Theorem 7.22], C§°(R”, C) is dense in H4 (R") and
D}f (RY) (in [12], the function space D}f (R™) has been defined as the closure of
C§° (R, C) with respect to the norm ||UH'D}4’2(RN))' Finally, the spaces H4 (R") and
H! (RN , (C) are incomparable, more precisely, in general H 4 (RN ) ¢ H! (RN , (C) and
H' (RN, C) € Ha(RY).

Let Hy(RY) and H,,__ (RN ) be the Sobolev spaces defined as the completion of
cge (RN , C) with respect to the norms

%
July = </ (19 auf? +b(a:)|u\2>dx>
RN
%
ol = ([ (9 b))
RN

respectively. The spaces Hy(RY) and Hj,__ (]RN ) are Hilbert spaces endowed with
scalar products

ucts, namely

and

and

(u,v)p := Re/ (VAUVAU + b(m)u@) dx
RN
and
(U, v)p,, = Re/ (VAUVAU + boou@) dx,
RN

respectively.
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We shall denote by || - |[—1 and| - [|—1 the norms of H;'(Q) and H, ' (RM),
respectively, where

Hy Q) = (Ha()" and H, ' (RY) = (H,(RY))".
Throughout this work we suppose that f € Hgl(Q) \ {0} and g € Hljl (RN) \ {O}
Definition 2.1. We say that a function u € H4(Q2) is a weak solution of (1) if

Re (/ VAuVAvdx—/ |u142u@dx—/Afvdx> =0,
Q Q Q

for all v € Ha(Q).
Definition 2.2. We say that a function u € H(2) is a weak solution of (2) if

Re </ V auV gqvdx —/ lu* ~2uwds — )\/ |u|q_2u6dg:) =0,
Q Q Q

for all v € Ha(Q).
Definition 2.3. We say that u € H,(R”) is a weak solution of (3) if

Re ( /R i (VAUV_M—Fb(x)uE)dx — | K(2)|u|" uvde — /

g@daz) =0,
RN
for all v € Hy(RY).

RN

Our main results are the following.

Theorem 2.4. Let 2 < q < 2*. Then, for each f € H"(Q)\ {0}, there exists C; > 0
such that for all 0 < A < Hﬁﬁ, problem (1) has at least two solutions.

Theorem 2.5. There exists \* > 0 such that problem (2) has at least one nontrivial
solution for all A € (0, \*).

Theorem 2.6. Let 2 < q < 2* and conditions (A), (B), (K) and (M) are fulfilled.
Then there exists C' > 0 such that problem (3) has at least two solutions, for any
g e Hb_l (]RN) \ {0} satisfying | gllp,—1 < C’.

2.1. Auxiliary properties

Weak solutions of problems (1), (2) and (3) correspond to the critical points of the
following energy functionals

1 1
J(u) = §/QIVAu]2d$—g/{2|u\qd$—Re/Q)\fﬂdm for all u € Hu(Q),

1 1 N
J(u) = §/ |V qu|?dx — ?/ |u|?" dx — é/ |u|9dz  for all u € Hs(Q),
Q Q q.Jq

and

W(u) = %/RN (1740l + bla)fuf ) dar — é /RN K () [u|"dz

— Re/ g(z)udr  for all u € Hy(RY),
RN
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respectively.
The following well-known diamagnetic inequality is proved by Esteban-Lions in
[12] and Lieb-Loss in [18].

Lemma 2.7. If u € Hu(Q) (resp. u € Ho(RY)), then |u| € H{(Q,R) (resp. |u| €
H'(RY,R)) and

|V]u|(z)| = ’Re (VUZ\>

for a.e. z € Q (resp. x € RN), where |u|(-) := |u(-)].
Furthermore, the embedding H 4(Q2) — L*(Q2, C) (resp., Hy (RN) — Lt (RN, (C))
is continuous for each 1 < p < 2* (for any p € [1,+00) if N = 2) and it is compact

(resp. local compact) for 1 < p < 2*.
A direct calculation implies that J, J € C*(H4(f2),R) with

(J'(u),v) = Re (/Q VauV qvdz — /Q |u|? 2uvdx — /Q)\fvdx>

(J'(u),v) = Re (/ V auV gvdz —/ lu|* “2uvde — )\/ \u|q2uvda:>
Q Q Q

for all v € Ha(§2). Thus, the weak solutions of problems (1) and (2) are precisely
the critical points of J and J, respectively.

The following result shows that H, (RN ) is continuously embedded in
L (RN ,C). Applying this fact and (K) we deduce that the functional ¥ is well-
defined in Hy (]RN )

u

)\ < |Vau@),  ®)

_ ‘Re ((Vu y

Jul

and

Proposition 2.8. There exists a positive My > 0 such that, for any u € H, (RN ),

u|dx ‘1’qu (IV aul? + b(z)|u|*dz :
(L) <o [, )

Proof. By Lemma 2.7 and the hypotheses of b, it is obvious that Proposition 2.8
holds true. This proof is now complete. (|

In this paper we denote by “—” the weak convergence and by “—” the strong
convergence in an arbitrary Banach space X.

Remark 2.9. Let {un} be a sequence that converges weakly to some ug in Hj (]RN )
Since boo > b(x) > by > 0 a.e. in RY, we can easily see that the norms of the spaces
Hy (RN ), H, (]RN ) and Hp__ (RN ) are equivalent. Hence, the embedding H, (RN ) —
LM (RN, C) is continuous for each 1 < p < 2* (for any p € [1,+00) if N = 2) and it
is local compact for 1 < p < 2*. Therefore, we may assume (up to a subsequence)
that

Uy — Ug  In Hb(RN),

U, — ug in L (RNj(C), 9)

loc
Up — ug  a.e. in RV,
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For all uw € H, (RN), we define the functionals Y : H, (RN) — R and T :
H, (RN ) — R by

T =g /RN (140l + b)) — (11 /RN K (2)|udz

and
1 2 2 1 q
Tool(u) = 5 /RN (|VAu| + boo|u] )dm . /RN Koo|u|¥dz,

respectively. A direct calculation shows that ¥, T, Yo, € C* (Hb (]RN ),R) and their
derivatives are given by

(U (w), v) = Re( /R i (v AUV AU + b(g;)ua) dz — /R K (@)ul"?uvds

-/ g(a:)vda:),

(T'(u),v) = Re < /R i (v AUV AU + b(a:)u@) dz — /R i K(m)]u|q2uvda:) ,

(Y. (u),v) =Re (/ (VAUVAU + boouﬁ)d:n - / Koo|u|q_2uvd:c) ,
RN RN

for all u, v € Hb(RN).

Brezis and Lieb established in [8, Theorem 1] a subtle refinement of Fatou’s
lemma. Our following result is a weighted variant of the Brezis-Lieb lemma. This
proof uses some ideas found in Cirstea and Radulescu [10, Lemma 2]. We give the
details of the proof for the convenience of the reader.

Lemma 2.10. Let {un} be a sequence which is weakly convergent to ug in Hyp (]RN).
Then

lim K(x) (Jup|? = |un — up|?) doe = / K(x)|upl?dx.
RN

n—oo RN

Proof. By Proposition 2.8 and the boundedness of {un} in Hy (]RN ) we can see that
{un} is a bounded sequence in L? (RN ,(C). For given ¢ > 0 we take R* > 0 such
that

/ K(x)|up|%dx < e. (10)
|x|>R¢
We first observe that
| [ K@) unl” = ol ~ ol
RN

_ )/MRE K (@) (jun]? = \uqu)dx—/ K (@) (Jun — uo|")der

|z|<R*

/|x>Rs K($)|U0|q+/ K (z)(Jun|? — ‘un—uo|q)daj

|z|>Re
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‘/ 2)([ttn]? = Juo|® dm‘+/ K () (|un — uo|?)dz
|x\<Rs ja <Re
/ K (x)|up|?dx + / qK (x)]|0ug + (wn — uo)|? Huolde, (11)
|z|>Re |z|> R

where 0 < §(z) < 1. On the other hand, by relation (10) and Holder’s inequality we
can deduce that

/ K (2)|0ug + (un — uo)|? Huo|da
|x|>Re

IN

c/ K () ([uo]? + [un — 1] [uo|)da
|z|>R¢

(¢-1)/
c[(/ K(z)|u, — u0|qd:n> o
|z|>R?

1/q
X (/ K(x)|u0|qu> +/ K (2)|uo|9da
|z|>Re |z|>Re
< e+l (12)

IN

for some constants ¢, ¢ > 0 independent of n and . Next, using relation (9),

lim K(x)(|up|? — |uo|?)dx = 0,
"0 J|a| <Re
(13)
lim K(x)|un, — up|?dz = 0.
It follows from relations (10)—(13) that
limsup’/ K@) (|un|? — o] — [t — 0|V)dar| < (g2 + 1)(= + £1/9).
n—o0 RN
Thanks to € > 0 is arbitrary we conclude that
lim K(x)(Jun|? — |uo|? — |un — upl?)dz = 0,
n—oo RN
which completes our proof. O

Lemma 2.11. Let {vn} be a sequence which is weakly convergent to 0 in Hb(]RN).
Then

nhﬁ\lgo [T<Un) - Too(vn)] = 07 (14)
lim [(Y'(vp), vn) — (Tho(vn), vn)] = 0. (15)

n—oo
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Proof. By a simple computation we obtain that

T (o) = Too (vs) — 1/sz (b — () [vnl?dz — 1/ (Koo — K())[vn|"dz,

2 q JrN
Y(00).00) = (o)) = [ (oo = b)) P

—/ (Koo — K())|vn|?da.
RN

Let € be a positive number. The hypothesis (K) yields that there is R. > 0 such
that
|K(2) — Koo| = K(2) — Koo < ¢ for a.e. z € RN with |z| > R..

Applying this fact we get that
/N (K(2) — Koo)lvntde = / (K (2) — Koo)|onl'de
R

|z| <R

< (1K oo — Kox) / ol 9de
|x\§R5

+ E/ |vp, |Td.
|z|>Re

Due to v, — 0 in Hy (RN), it follows by Proposition 2.8 that {vn} is bounded in
L1(RYN,C). Moreover, using (9) we know that v, — 0 in L{ (RY,C). Then letting
n — oo we deduce that

limsup/ (K(2) — Koo)|vn|%da < Me
RN

n—0o0
for some constant M > 0 independent of n and . It follows that
. B a7, _
nh_)rgo o (K(z) — Koo) |vn|%dz = 0.

To prove (14) and (15) we need only to show that

lim (boo — b(2)) vy |2z = 0. (16)

n—oo RN

For this purpose, notice that for every R > 0 we can obtain that

—b(x))|v,|?dz = —b(x))|v,|?dz
+ boo — b(x))|Vn 2dx
/|x> (Oo ( ))‘ |
< (b — b Un, 2dx
< 1)/|1;<R’ |

—b(x Un213.
+ /|x>R(boo () [un[2d (17)
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By (B) we get that, for every ¢ > 0, there exists R. > 0 such that
lboo — b(z)| = boo — b(z) < € for a.e. z € RY with |z| > R.. (18)

But, it follows from Remark 2.9 that H, (RN ) is continuously embedded in
L? (]RN,(C). Furthermore, using (9) we see that v, — 0 in L12oc (]RN,C). Thus, by
relations (17) and (18) we deduce that there is a positive number L which is inde-
pendent of n and e such that
lim sup/ (boo — b(2))|vp|*dx < Le.
n—o00 RN

Due to € > 0 is a arbitrary, it follows that (16) holds true. This proof is now
complete. O

Definition 2.12. If F is a C' functional on some Banach space X and c is a real
number, we say that a sequence {u,} in X is a (PS). sequence of F if F(u,) — ¢
and F'(u,) — 0 in X*.

3. Proof of Theorem 2.4

We first prove that the weak limit (if this exists) of any (P.S). sequence of the energy
functional J is a solution of problem (1).

Lemma 3.1. Let {u,} C Ha(Q) be a (PS). sequence of J for some ¢ € R. Assume
that {uy,} converges weakly to uy in Ha(Q2). Then J'(ug) = 0, that is, ug is a weak
solution of problem (1).

Proof. Consider an arbitrary function & € C3°(€2,C) and set © = supp&. Clearly,
the fact that J'(u,) — 0 in H,'(Q) implies (J'(uy),&) — 0 as n — oo, that is,

lim Re </ YV aunV a€dx —/ |t |7 2 Eda — )\/ f{dm) =0. (19)
(S (S (S

n—oo

It follows that
lim Re/ VaupV a€dx = Re/ V augV a€dx, (20)
(S S

n—o0

since u, — wug in Hy (). The boundedness of {un} in Hy(Q2) and the continu-
ous embedding H () < L4(£2, C) imply that {|u,|9 %u,} is bounded sequence in
L9/(a=1)(Q, C). Combining this with the convergence (up to a subsequence)

|t |92y — uo|7 %up ave. in Q,
we can get (see [7]) that |ug|?2ug is the weak limit of the sequence |u,|9 %u, in

L9/(a=1)(Q, C). Hence,

lim Re/ |t |12 updx = Re/ luo| T 2up€da. (21)
(C] (C]

n—o0

By relations (19), (20) and (21) we conclude that

Re </® VaugV aédx — /@ luo|? 2upéda — )\/efgda;) =0.
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By density, this equality holds for any £ € H4 () which implies that J'(ug) = 0.
This proof is now complete. O

Lemma 3.2. For any 0 < ¢ < 1 there exist R = R(e) > 0 and C = C(g) > 0 such

that for all f #0 and 0 < A\ < ﬁ, there exists a (PS)., sequence of J(u) with
co = co(R) = infg, J(u), Br = {u € Ha(Q) : |Jul|la < R}. Furthermore, co(R) is

achieved by some uy € Ha(Q) with J'(ug) = 0.

Proof. Fix 0 < ¢ < 1. Then for any u € H,4(Q2), using the Sobolev and Young’s
inequalities we obtain

1 1
T = 5llul’ =2 [ fultde ~Re [ Apuda

1o 1 4
= gllelia = S lulzo.c) = Alellall £l

1, 5 1 2 o AT,
> gl = 2l ~ (Gl + 512
1 ¢ R T 2
= (55 ) Il = S8l = 55012,

where Cy > 0 is a positive Sobolev constant given by the continuous embedding
Ha(Q) — L1(0,C). The above estimate implies the existence of R = R(g) > 0,
C =C(e) > 0and § = §(R) > 0 such that J(u)|pp, > 6 > 0 for all f # 0 and
0< A< ﬁ For instance, we can take

1—¢2

1/(q-2)
R(s)z( cg) , Ce)=VMe, 6(R)=

where M = M(R) = (3 — ;) C{R".
Define ¢y = co(R) = infg, J(u). Since f # 0 and A > 0, we have ¢y < J(0) = 0.
The set Br becomes a complete metric space with respect to the distance

dist(u,v) = ||lu —v||a for any u, v € Bpg.

Additionally, J is weakly lower semi-continuous and bounded from below on Bp.
Thus, similarly with the proof of Corollary 1.5.3 of Struwe [24] (see also [25, Corollary
2.5]), we can deduce that there exists a minimizing sequence {u, } of J with ||u,|a <
R such that

J(up) = co and  J'(up) — 0 in H'(Q). (22)

But the fact that ||u,|/4 < R, for fixed R, implies that {uy} converges weakly
(up to a subsequence) in H4(Q2). Combining the compact embedding H4(Q2) —
L1(Q,C), relation (22) and Lemma 3.1 we obtain that for some uy € H4(2)
Up — ug in Ho(Q), u, — up a.e. in Q, (23)
J/(UO) = 0.
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Combining (22)—(23) and the weakly lower semi-continuity of .J, we can deduce that
co = liminf J(u,) > J(up).
n—o0

Due to ug € Bg, we see that J(ug) = co.
This proof is now complete. O

3.1. The second solution of Theorem 2.4

Now we show that the functional J satisfies the mountain pass geometry (see [25]).

Lemma 3.3. For any fited 0 < &1 < 1 and f # 0, the functional J satisfies the
following properties:

(i) there are Ry > 0, C1 = Ci(e1) = C1(R1) > 0 and g, > 0 such that for all
0< A< ”ﬁﬁ we have J |gBg, > OR,;
(ii) there is e € Ha(S2) with |le||a > Ry such that J(e) < 0.

Proof. (i) Using the conclusion and proof of Lemma 3.2, we can easily get this result.
(ii) For each 0 # u € H4(2) and t > 0, one has

12 t4
Tt < 5 ully = & [ uftdz + el a
q Ja

Since ¢ > 2, this relation shows that for all A € (0, ”ﬁﬁ) we can find ¢ty > 0 such
that J(tyu) < 0. So, we get the conclusion.
This proof is now complete. O

Lemma 3.4. For any ¢ € R and f # 0 with X\ € (0, ”ﬁﬁ) (C1 is given in Lemma

3.3), J satisfies (PS). condition, namely any (PS). sequence of J has a convergent
subsequence in H4(Q).

Proof. Let {un} C Ha(2) be a (PS). sequence of J. It follows that
J(un) = c+o(1) and ||J' (up)||-1 = o(1) as n — oo.
So, we have
q—2 _
07 (1) = () 10} = L5 2 unlly = (4 = D Re | Afda

=O(1) +o(1)]|ul|a as n — oo.

Note that 2 < ¢ < 2* and \ € (0, ch‘hl), for n big enough we can find that there
exists a constant C' > 0 such that
-2
2
It follows immediately that that {u,} is bounded in H4(£2). Thus, up to a subse-
quence, we may assume that there exists v’ € H4(f2) such that

up — v’ in Ha(Q),

up — v’ in LH(Q) for all p € [1,2%).

et 1+ [lunlla > L2 un) = Cllun]a-
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Using this fact and Hoélder’s inequality, it is easy to see that

: a2 1 / N v o
il — o3 = lim (T ) — (), — )

+ lim Re/ (Jun |9 2up, — |07 2) (un, — o) da
Q

n—oo

n—oo

+ lim Re/ M (up — u)dz
Q
=0,
that is, [Ju, —u'[|la — 0 as n — oo,

This proof is now complete. O

On the other hand, it is easy to see that J(0) = 0. Combining the Mountain
Pass Theorem [21, p. 4], Lemma 3.3 and Lemma 3.4 we obtain

J(u')=c1 >0and J'(u) =0,
that is, u is a weak solution of problem (1), where

— inf
¢ = Inf max J(v(t))

and
I'={yeC([0,1], Ha(2)) : 7(0) = 0 and (1) = e}.

3.2. Proof of Theorem 2.4 completed

Consider Ry > 0, C; = Ci(R;) > 0 and dg, > 0 given by Lemma 3.3. Thus, in

light of its proof, we are able to obtain that for all f # 0 and 0 < A < Hﬁﬁ the

conclusion of Lemma 3.2 also holds true. Hence, we get the existence of a solution
ug € Ha(2) of problem (1) such that J(up) =co < 0.
Clearly, ug # u'. This proof of Theorem 2.4 is now complete. O

4. Proof of Theorem 2.5
The energy functional associated to problem (2) is J : H4(€2) — R defined by

1 1 x A
JT(u) = / |V qu|?dz — / lu|?" dx — / lu|?dz for all u € Ha(R).
2 Ja 2" Ja q Ja
Let S denote the best constant of the continuous embedding of H4(f2) into
L% (Q,C), that is,

2
S = inf Jo[Vaul Cin* .
w€H 4 (\{0} (fQ |u\2*dx) /

Lemma 4.1. Every (PS). sequence of J is bounded in H4(S2).
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Proof. Let {un} C Ha(2) be a (PS). sequence of 7. It follows that
J(up) = c+o(1) and || T (un)||-1 = o(1) as n — occ.
It follows that
2 () = (i) = 2 = Dl =3 (2 1) [ fun e
=O0(1)+o(1)|uplla asn— oco. (24)

First of all, note that 1 < ¢ < 2. Fix € > 0 small enough. Combining the
Holder’s and Young’s inequalities we obtain for all u € H4 ()

A A . @)/
/ lu|ide < £ 5792 ull% </ 127/(2 _Q)da:>
q.Ja q Q

< G 4+ deul}, (25)

where

Cle) = 229472 (25)1/ a2 IN@-0)+24/IN@-0)] 5
2

Combining relations (24) and (25) we have

(2= 1= Zle o Lo Junlfs - (2 — D) < O) + 0(0) .

Since ¢ > 0 can be chosen sufficiently small, we deduce that {u,} C Ha(9Q) is
bounded. O

Lemma 4.2. There exists a real number ¢* such that J satisfies the (PS). condition
for all ¢ < c*.

Proof. Fix ¢ € R. Let {u,} C Ha(Q) be an arbitrary (PS). sequence of 7. By
Lemma 4.1, {un} is bounded. Thus, up to a subsequence

up — up in Ha(Q),
up, — ug in LY(Q, C),
and there exists ¢ € L?"~1(Q, R) such that
Up, — ug a.e. on  and |u,| < ¢ for all n, a.e. on €.

Taking n — oo, it follows that for all v € H4 ()

Re/ VAunVAvdx%Re/ V augV qvdz,
Q Q

Re/ ]un|q_2unvdm—>Re/ uo|? 2ugvde,
Q Q
and
Re/ |un|2*2unvda:—>Re/ luo|* " 2ugvde.
Q Q
Since || J'(un)||=1 = o(1) as n — oo, these relations show that

(T (ug),v) =0 for all v € Hu ().
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Therefore

1

I (uo) = T (uo) — =5 (J'(uo),uo)

o
1/ 2  N2-—q+2 )
> _
= o <N2 N_g5 ¢l
1 N(2 - q) + 2q 2/(2—q)
e eTHg . 2
> N_3 CEN (26)

_ 2
Choose € = =N

. Then relation (26) yields the following lower estimate
T (ug) > —A(q, N)N*/ @70, (27)

where A(q, N) is a positive constant.
Fix A > 0 such that
SN/2
- N

ct

— A(g, N)X?/(2=9) > ¢, (28)

We already know that

/ |up|?de = / |up|9dx + o(1) as n — oc. (29)
Q Q
Next, the Brezis-Lieb theorem implies
% = llun — woll% + lluoll% + o(1) as 7 — oo (30)

and

/ | | da = / |t — ol da + / lup|¥ dx + o(1) as n — oco. (31)

Q Q Q
Since {u,} is a (PS). sequence, relations (29), (30) and (31) imply that

1 1 .
T (n) = T (o) = 5 ltn = % = 5 [ o = w0l d+ o(1)

=c— J(up) +o(1) as n — oo. (32)
Next, using the fact that || J'(u,)||-1 = o(1) as n — oo in conjunction with
(J' (up),uo) = 0 we obtain
|tn — uol/4 — / tn — uo|? dz = o(1) as n — oc. (33)
Q

Combining relations (32) and (33) we deduce that there exists ¢ > 0 such that
|tn, — uplla =€+ o(1) as n — oo. (34)

We claim that if ¢ < ¢* (where ¢* is defined in (28)) then ¢ = 0, which implies
that the sequence {un} is convergent (up to a subsequence) to ug in H4(Q).
Fix ¢ < ¢* and assume that ¢ > 0. Then relation (33) implies that

/ |y, — ug|? dz — €% as n — .
Q

But
[ = 52*/2/ lupn — uo|? d.
Q



Vol.88 (2020) Small Perturbations for Nonlinear Schrodinger Equations 495

Thus, as n — 0o, we obtain
EQ* > 52*/2£2,
hence ¢ > SN/4. 1t follows that

¢t = s _ Ag, N)NY =9 < e + J(uo) = ¢

- N q, =N 0) — 6
which contradicts the choice of ¢. This proves our claim and the proof is now com-
plete. Il

By relation (25) we have for all u € H4(Q2)

1 _ 1 *
700 2 (5= &) Il - COPED — sl

Taking ¢ € (0,1/2), we can choose two positive numbers A\* and r so that both
relation (28) and

J(u) >0 for all A € (0,A\*) and all u € Hy(Q) with ||ul|a =r

hold. This property establishes the existence of a “mountain” near the origin and
for small perturbations (that is, small positive values of the parameter).

Next, we prove the existence of a “valley”. For this purpose, let ¢ be a positive
element in H,4(2). It follows that for all ¢ > 0

g C A
T e R

This relation shows that for all A € (0, \*) we can find t)\ > 0 such that J(tx¢1) <
hence

ey = inf{J(u); ||ulla <7} <0 <inf{J(uw); ||ulla =1}
Therefore, similarly with the proof of Corollary 1.5.3 of Struwe [24] (see also [25,
Corollary 2.5]), we can deduce that there exists a minimizing sequence {u,} of J
with |lu,||a < 7 such that

J(up) = ey and || T (up)|| -1 — 0.

Combining Lemma 4.2 with the fact that ¢y < 0, we deduce that this minimizing
sequence is relatively compact in Hy(Q). It follows that its limit is a solution of
problem (2). This solution is nontrivial, since ¢y < 0.

The proof of Theorem 2.5 is now complete. (|

5. Proof of Theorem 2.6

We start by proving that the weak limit (if this exists) of any (PS). sequence of ¥
is a solution of problem (3).

Lemma 5.1. Let {uy,} C Hb(]RN) be a (PS). sequence of U for some ¢ € R. Assume
that {u,} converges weakly to uf, in Hy(RY). Then V' (uf)) = 0, that is, u{, is a weak
solution of problem (3).



496 Y. Zhang, X. Tang and V.D. Radulescu Vol.88 (2020)

Proof. Consider an arbitrary function ¢ € C§°(RY,C) and set © = supp&’. Obvi-
ously ¥'(u,) — 0 in H; ' (RY) implies (¥'(u,), &) — 0 as n — oo, that is,

n—oo

lim Re (/ (VaunVa& + b(z)uné)da
C)

_ / K () [up | 2un €z — / g(x)g/dx> ~0. (35)
(C] S
Since u, — uf in Hp(RY) it follows that

lim Re/ (VAunVAﬁ’ + b(m)un?)daz
(C]

= Re/@ (VaupVag + b(z)upg’)dz. (36)

From the boundedness of {un} in Hb(RN ) and Proposition 2.8 we know that
{|un|?"?uy } is bounded sequence in L9/(a=1) (RY,C). Combining this with the con-
vergence (which is a consequence of (9))

lun] 20y — up)| T 2ul ace. in RY

we conclude (see [7]) that |uf|72uf, is the weak limit of the sequence |u,|7%u, in
La/a=D(RN C). So

n—o0

lim Re/ K (2)|un |9 2unde = Re/ K (2)|up| T2 up' da. (37)
(C] (C]

From (35), (36) and (37) we deduce that
Re(/ (VaupVag + b(z)upe’)da
e

- [ K@l 2 - [ g(x)@dx> 0.
(C] (C]

By density, this equality holds for any & € H,(R") which means that ¥'(ug) = 0.
This concludes our proof. O

Lemma 5.2. For any 0 < ¢ < 1 there exist R' = R'(¢) > 0 and C' = C'(e) > 0 such
that for all g # 0 with [|g|ls,—1 < C', there exists a (PS)y sequence of V(u) with
¢y =cy(R) = infg , U(u), Bp = {u € Hy(RN) : ||lully < R'}. Purthermore, c{(R')
is achieved by some u(, € Hy(RY) with ¥'(uf)) = 0.

Proof. Fix 0 < e < 1. Then for any u € Hy (RN), by (K) and Young’s inequality we
have

1 1
W) = lulf - ¢ [ K@itz ~Re | glajuda

Lo Koy g
2 Sllully ~ . [l 7o ) — lwllsllglls, -1
1 2 1Kl e 2 1 2
= 5”“”5 B Collully — EHqu to= lgll5,—1
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AT . 1
S _ A arafulld — —|lgll?
(5 5 ) ot = P nrgpng - ool

where M, > 0 is a positive constant given by Proposition 2.8. The above estimate
states the existence of R' = R'(¢) > 0, C' = C'(e) > 0 and ¢’ = 6(R’) > 0 such that
U(u)|op,, = 6" >0 for all g # 0 with [|g|[s,—1 < C’. For example, we can choose

/ 1 g2 1/(g—2) , / Wi
R'(e) = <> , C'(e)=VvM'e, 6R)=—,
= sy ( 2
where M’ = M'(R') = (%—%) | K ||oo Md R'Y. Let us define ¢, = ¢{(R') = infg , U(u).

Since g # 0, ¢j < J(0) = 0. The set Bp becomes a complete metric space with
respect to the distance

dist (u,v) = ||u — vy for any u, v € Bp.

On the other hand, ¥ is weakly lower semi-continuous and bounded from below
on Bp/. So, similarly with the proof of Corollary 1.5.3 of Struwe [24] (see also [25,
Corollary 2.5]), we can deduce that there exists a minimizing sequence {u,} of ¥
with |lu,|lp < R’ such that

U(uy) = ¢y and ¥'(u,) — 0in H, ! (RN). (38)

But ||un|lpy < R/, for the fixed R, we shows that {u,} converges weakly (up
to a subsequence) in Hy(RY). Therefore, (9), (38) and Lemma 5.1 imply that, for
some v, € Hy(RY)

up — ufy in Hy(RY),  u, — uf ace. in RY, (39)
W' (ug) = 0. (40)

We prove that ¥(u() = ¢{. By (38) and (39) we have

o(1) = ('(un), un)
= Re </ (IV aun|? + b(x)|up|?) dz — / K (x)up|%dz — / g(x)unda:) .
RN RN RN

Therefore

1 1 1 _
U(up)=1|=—- K(x)|up|'dz — =Re g(x)updz + o(1).

2 q RN 2 RN

By (38)—(40) and Fatou’s lemma we have

AT .
cp = 11nni1£f U (uy,)

1 1 1 _
>(z—- K (x)|uj|%dz — Re/ g(z)uhdx
2 q RN 2 RN

= W(uy).

Since uf, € B, it follows that W(uf) = c.
This proof is now complete. OJ
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5.1. A priori estimate for the second solution of Theorem 2.6

Firstly, we consider the following constrained minimization problem

Moo = inf {/ (\VAu\Q + boo|u|2)dx tu € Hy (RN),/ Koolu|fdx = 1} . (41)
RN RN

By virtue of (A) we can define a different “translation” T : Hy (RY) x ZV —
HA(RYN) by letting (Tyu)(z) = u(z + y)e *»(*). Note that in general Ty, 4, #
Ty, Ty, , hence T is not a group action of ZN . That the operator T is well-defined is
a consequence of the following property.

Lemma 5.3. Let u € HA(RN), y € ZN and v = Tyu. Then
ve Ha(RY) and / |V 40 |2da :/ |V qul*dz.
RN RN

In particular, for each y € ZN the operator T is an isometry.

Proof. Similarly with the proof of Lemma 4.1 of Arioli and Szulkin [4], we can get
the conclusion. For the convenience of readers, we give the details. Indeed, from
condition (A), it follows that

Vav(z) = —iV (u(x + y)e*iwy(x)> — A(z)u(z + y)e i@
= —i[Vu(z +y) — iu(z + y) Ve, () — iA(z)u(z + y)]e v
= —i[Vu(z +y) — iA(z + y)u(z + y)] e @
= [—iVu(z +y) — A(z + y)u(z + y)] e~iey(®),

thus/ |V 40 |2da :/ |V qul?dz. Furthermore,/ |v|2dz :/ |u|?dz and
RN RN RN RN

|v|%dx = |u|?dx, hence the conclusion. O
N N

R R

Let s € R, [s] is defined as the largest integer not exceeding s, that is, [s] < s <
[s]+1. For y = (y%,92,...,y") € RV, we use [y] to denote [y] = ([y'], [v?], ..., [¥N]).
It is easy to see that |[y] — y| < V/N.

Lemma 5.4. Assume that the hypotheses (A), (B) and (K) are fulfilled. Let {u,} C
Hy,_ (RY) be a minimizing sequence for problem (41). There is a v € Hy(RY) such
that

Moo :/ <|VAU|2 + boo|v|2)d:n and / Koo|v|fdx = 1.
RN RN

Proof. Combining conditions (B), (K) and Proposition 2.8 we see that ms > 0.
Due to [pn Koo|tun|%dz =1 and Ko > 0, Lemma 1.21 of [25] yields

d :=limsup sup / |, |2dz > 0.
B(y;1)

n—oo ycRN



Vol.88 (2020) Small Perturbations for Nonlinear Schrodinger Equations 499

Going if necessary to a subsequence, we may assume the existence of {yn} C RV

such that
d
/ lup |2dz > =.
B(yn,l) 2

So, using the above inequality we can easily obtain

/ | |2da > g
B([yn],VN+1) 2

Let us define vy, := T}, ju,. Applying Lemma 5.3 we see that

/RN |vp|Yde = 1/ K, an”%oo — Moo
and

d
o [dz > —. (42)

/B(o,\/ﬁﬂ) 2

Since vy, is bounded in Hj__ (]RN ), we may assume, going if necessary to a subsequence
vp, = v in Hy (RN),
v, — v In LIQOC(]RN, (C)7
Up — U a.e. on RN,
Using the Brezis-Lieb lemma as in [8, 25] we have
/Koo = ||U”qu(RN7C) + nh_?;o ”wnH%q(RN7C)7

where w,, := v, — v. Therefore, similarly with the proof of Theorem 1.34 of Willem
[25] we have

. 2 2 . 2
Moo = 1l [on[f = [|vfls, + lim {lwa]lh,
2/ 2/
Zmoo[(z(oouuugq(wc)) T+ (1= Eoollvlfqn o) q]-

Using (42), v # 0, we obtain K||v|| =1, and so

q
L1(RN,C)
ol = meo = lim o]},

This proof is now complete. O
Consider the following Nehari manifold
8" = {u e Hy(RY) \ {0} : (Yo (w),u) = 0.
Lemma 5.5. Let U, = inf {Too(u) TS S’}. Then there ewists U € Hb(RN) such
that

Do = Too (@) = sup Yoo (570). (43)
s>0
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Proof. For all ¢ € Hy(RY)\ {0}, let us define
2

s 51
k(s) = Too(s) = = /RN (WMF + boo|g0\2)dx - /RN Kool p|?d.

Since 2 < ¢ < 2%, it is clear that k(s) has a maximum which is a unique critical
point for k£ on {s 15> 0}. Moreover, taking any ¢ on the set

M = {go tp € Hb(]RN), / Kolp|tdx = 1}
RN
one immediately finds a unique element

1
-2

q
Sp = </ (|VA<p]2 + boo\g0]2) dw)
RN

such that sy, € S'. From Lemma 5.4 we can see that the minimum of problem
(41) is achieved by v € H,__(R"), and then using (B) we can easily deduce that
v € Hy (RN). So, we can conclude that there exists a unique s, = m(lx/)(q_Q) > 0 such

that w := m})é(q_Q)U € S’ and

Voo < 8up Too(51) = Too(@) = Too (mgm—%)
s>0

= Yo (500) = sp Lo (s0) = (1 _ 1) /a2,
s>0 2 q

Now WU, can be easily computed in terms of me. Indeed, using (B) we can obtain

Vo = inf YToo(u) = inf sup Yoo (su)
ues’ u€S’ 5>0

> inf sup T o (su
 ueHy(RN)\{0} SZIS (su)

= inf T oo (s0,1)
u€H, (RN)\{0}
1 1
g e — q/(q_Q) — N
(2 q) moo TOO(“)?

where
1/(g—2)
fRN (\VAU\Q + boo|u|2>da:

f]RN Koo|u|dz

Su —

This proof is now complete. O

Lemma 5.6. Assume {un} is (PS)o sequence of U that converges weakly to ugy in
Hy (RN). Then the following alternative holds: either {un} converges strongly in
Hy(RY), or ¢ > U(ug) + Voo.

Proof. Since {un} is a (PS) sequence and u, — ug in Hy (RN ) we get

U(u,) = +o(1) and (¥ (uy), u,) = o(1). (44)
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We set v, = u,, — ug. Then v,, — 0 in H, (RN ) which yields

Re/ (VAvnVAuo + b(a:)vnu_o)dz —0 asn — oo,
RN

Re/ g(x)tpdx — 0 as n — oo.
RN

We rewrite the above relations as
lunll = Iluoll} + lloall§ + o(1),
U(vy) = T(vyn) + o(1).
By (44), (45) and Lemmas 5.1, 2.10, it follows that
o(1) + ¢ = V(uy) = ¥(ug) + ¥(vy) +0(1) = ¥(ug) + Y(v,) + o(1),
o(1) = (¥'(un), un) = (¥'(u0), o) + (Y'(vn), vn) + o(1) (46)
= (Y'(vn),vn) + o(1).
If v, = 0in Hb(RN), then

Up — U ID Hb(]RN) and U(up) = lim ¥(u,) =c.

n— o0

(45)

If v, A 0in Hy (RN ), then combining this fact that v, — 0 in H, (]RN ) we may
assume that ||v,|[p — I’. Then (46) and Lemma 2.11 yield

' =V(ug) + Toolvn) + o(1), (47)

b= (Thalondson) = [ IVl + bocfonf?) o
RN

- / Koolvn|dz = o, — B, (48)
]RN
where

lim p), =0,

n—oo

a% = /N <|VA'Un’2 +boo‘vn‘2)dx = ”'Uan,
R

B, = / Ko|vp|?dz > 0.
RN
In light of (47), it remains to prove that Yoo (vy,) > Yoo + 0(1). For s > 0, we obtain
(YL (svp), svp) = 82/ (\VAvn]2 + boo\vn\2)dx - sq/ Koolvg|%dx.
RN RN
If we show the existence of a sequence {sn} with s, > 0, s, — 1 and

<T2>o (8nUn), $n¥n) = 0,

then
1—s2 1—sd
Too(vn) = Yoo(Snvn) + 5 LR - nKOOHUnH%q(RN,(C)

= Yoo(spvpn) +0(1) > Voo + 0o(1)
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and the conclusion follows. For this purpose, let s = 1 + ¢” with |§”| sufficiently
small and employing (48) we have

(Y (svn), svp) = (14 6")2al, — (14 6")
= (1460, — (148"
= o, (26" — q6" + 0(8"))
=al(2—q)8" + alo(6")

16,

U(an — 1)
_|_ ( ‘I’ 6”)

+ (1 + 5//)

On account of a), — 7' >1? >0, limy_o ph, =0 and ¢ > 2, then for n sufficiently
large, we define 6" = 2|u.,|/(qan — 20,) and 6"~ = —2|u|/(qon — 20v,), which
verify the following properties:

87N 0 and (Y!_((1+ 6" )un), (146" ), < 0,

_ _ _ (49)
S 00 and (Y (148 op), (1487 Yv,) > 0.
By (49) we derive the existence of s, € (1467 ,1+ 6"") such that
sp — 1 and (Y (spvn), Snvn) = 0.
This completes our proof. Il
Let © € Hy,(RY) satisfy (43). We can find s{, > 0 such that
Y(su) < 0if s> s,
U(su) < 0if s> s and ||g[lp—1 < 1.
We shall define
P' = {5 € C([0.1], H(RY)) [7(0) = 0, 7(1) = sy} (50)
¢) = inf sup ¥(u). (51)

YEP uey
Lemma 5.7. There are R} >0, C" = C(R}) > 0 and dg; > 0 such that for all g with
lgllp—1 < C" we have ¥ |3BR,1 > dp, and ¢ < ¢ + Voo, where ¢} is given by (51)
and ¢y = infER, U(u).

1

Proof. Using conditions (M) and the definition of T we may assume that Y (su) <
Yoo (su) for all s > 0. A direct computation yields that there is § € (0, s() such that

sup U(su) = U(50) < Yoo (5u) < sup Yoo(su) = V.
>0 5>0

Then, there is a constant £} € (0, 1) such that

sup Y (st) < Wy — £]. (52)
s>0

For this €], we obtain the existence of R} > 0 and C| = C}(¢}) = C1(R}) > 0
such that for all g # 0 and ||g[|p,—1 < C] the conclusion of Lemma 5.2 holds true.
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Furthermore, by virtue of its proof, there is 6R/1 > 0 such that ¥ ]aBR, > (5311 ,
1
provided that ||g|[s,—1 < C7. Choosing C% = min {01,5'1\/5’1} we find

1 e}
cp= inf W(u)>——5|gllp1> —51 for all g with ||g|[s,_1 < C5. (53)
UEBRll 251

If lgllo,—1 < €1/ (2s0]1@ll), then for o = {356ﬂ 0<s< 1} we have

/ g(x)udx
RN
So, if ||g|lp,—1 < C' = min{Cé,e’l/(Qs{)HﬂHb)} then for all g # 0 with ||g|ly—1 < C’

we obtain

() — T ()| =

N N e
<sq | gla)ude < splalls/lglls,—1 < 5
RN 2

/

U(u) < Y(u)+ %1 for u € 7,
and from (50), (52), (53) it follows that

/
¢y = inf sup ¥ (u) < sup ¥(u) < sup Y(u) + =1
YEP! uery uUEY uUEY0 2
/
5
< sup Y(su) < Uy — =+ < Uy + ¢p.
s>0 2

This completes our proof. O

5.2. Proof of Theorem 2.6 completed
Consider R} >0, " = C'(R}) > 0 and dp; > 0 given by Lemma 5.7, in view of its
proof, we get that for all g # 0 with ||g||s,—1 < C” the conclusion of Lemma 5.2 also
holds. So, we get the existence of a solution u(, € H, (RN ) of problem (3) such that
U(uy) = -

Furthermore, it follows from the Mountain Pass Theorem without the Palais-
Smale condition [9, Theorem 2.2] that there exists a sequence {uy} such that

U(up) = ¢} + o(1) and ¥ (u,) — 0 in H, H(RY).

This yields
1
i +o(l) + gll‘lf’(un)llb,—l\lunllb

> U(up) — ;<\If’(un>vuqz>

11 ) 1
S —(1-= _ .
<2 q) [[unl[3 ( q> lglle,1llunllo

Therefore {un} is bounded sequence in Hj (RN ) and, passing to subsequence, we
may suppose that u, — v} in Hp (RN ) for some v} € Hy (RN ) Thus, using Lemma
5.1, u} is a weak solution of problem (3).

v
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Finally, we prove that J(u() # J(u}). Indeed, from Lemma 5.6, either u,, — u}
in Hy (]RN ) which gives

U(u)) = lim U(u,) =c > 0> = U(ug)
n—oo
and the conclusion follows, or
¢ = lim U(uy,) > U(u)) + Uuo.
n—oo

If we assume that U(u)) = U(u)) = ¢, then ¢ > ¢+ Vo, which contradicts Lemma
5.7.
This proof of Theorem 2.6 is now complete. U
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