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Abstract. We study the boundary value problem —div((|Vu|P! =24 |wy|P2D-2yyy) =
Au9®) ~24in Q, u = 0 on 32, where Q is a bounded domain in R with smooth boundary,
A is a positive real number, and the continuous functions p1, py, and g satisfy 1 < pp(x) <

q(x) < p1(x) < N and max cad(y) < NN_p;;)&) for any x € Q. The main result of this

paper establishes the existence of two positive constants Ay and A1 with Ay < A1 such that
any A € [Aq, 00) is an eigenvalue, while any A € (0, 1¢) is not an eigenvalue of the above
problem.

1. Introduction and preliminary results

In this paper we are concerned with the study of the eigenvalue problem

—div((|Vu| PP =2 4 | Vy|P2D=2)Vy) = Au|1M 2y, forx € Q .
u =20, for x € 0Q2, M
where Q ¢ RY (N > 3)is abounded domain with smooth boundary, 1 is a positive
real number, and p1, p2, g are continuous functions on Q.

The study of eigenvalue problems involving operators with variable exponents
growth conditions has captured a special attention in the last few years. This is
in keeping with the fact that operators which arise in such kind of problems, like
the p(x)-Laplace operator (i.e., diV(qu|p(x)_2Vu), where p(x) is a continuous
positive function), are not homogeneous and thus, a large number of techniques
which can be applied in the homogeneous case (when p(x) is a positive constant)
fail in this new setting. A typical example is the Lagrange multiplier theorem, which
does not apply to the eigenvalue problem

—div(|Vu|P®=2Vu) = Aul?2u, forx € Q )
[u:O, for x € 0Q2, )
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where @ C R is a bounded domain. This is due to the fact that the associated
Rayleigh quotient is not homogeneous, provided both p and g are not constant.

On the other hand, problems like (2) have been largely considered in the liter-
ature in the recent years. We give in what follows a concise but complete image of
the actual stage of research on this topic.

e In the case when p(x) = ¢g(x) on Q, Fan, Zhang and Zhao [8] established the
existence of infinitely many eigenvalues for problem (2) by using an argument
based on the Ljusternik-Schnirelmann critical point theory. Denoting by A the
set of all nonnegative eigenvalues, Fan, Zhang and Zhao showed that A is dis-
crete, sup A = 400 and they pointed out that only under special conditions,
which are somehow connected with a kind of monotony of the function p(x),
we have inf A > 0 (this is in contrast with the case when p(x) is a constant;
then, we always have inf A > 0).

e In the case when min, 5¢(x) < min g p(x) and ¢g(x) has a subcritical
growth Mihdilescu and Radulescu [12] used the Ekeland’s variational princi-
ple in order to prove the existence of a continuous family of eigenvalues which
lies in a neighborhood of the origin.

o In the case when max, g p(x) < min, g¢q(x) and g(x) has a subcritical
growth a mountain-pass argument, similar with those used by Fan and Zhang
in the proof of Theorem 4.7 in [7], can be applied in order to show that any
A > 01is an eigenvalue of problem (2).

o Inthe case when max 5 ¢(x) < min, g p(x) it can be proved that the energy
functional associated to problem (2) has a nontrivial minimum for any positive
A (see Theorem 4.3 in [7]). Clearly, in this case the result in [12] can be also
applied. Consequently, in this situation there exist two positive constants A*
and A** such that any A € (0, A*) U (A**, 00) is an eigenvalue of problem (2).

In this paper we study problem (1) under the following assumptions:

1 < p2(x) <ming(y) <maxq(y) < p1(x) Vx%inQ 3)
yeQ yeQ
and
maxg(y) < p3(x) VxeQ, 4)
yeQ
Npa(x)

where p3(x) := N o) if p2(x) < N and p5(x) = +ooif pa(x) > N.

Thus, the case considered here is different from all the cases studied before. In
this new situation we will show the existence of two positive constants 1o and A
with L9 < A; such that any A € [A1, 00) is an eigenvalue of problem (1) while any
A € (0, Ap) is not an eigenvalue of problem (1). An important consequence of our
study is that, under hypotheses (3) and (4), we have

1 1
/ |Vu |1 dx +/ |Vu|P2) dx
inf o P1(x) o P2(x)

uew, "1 @)\(0) / %|u|q(x) dx
Qqgx

>0.
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That fact is proved by using the Lagrange Multiplier Theorem. The absence of
homogeneity will be balanced by the fact that assumptions (3) and (4) yield

1 1
/ |V | P10 dx+/ ——|Vu|P2® dx
Q Q

P1(x) p2(x) — oo
lullpy 0)—0 / 1 |M|Q(X) dx
@ q(x)
and
1 1
|Vau| 1) dx + |Vu|P2®) dx
o P1(x) o P2(x) —
el py 1y =00 / L gy
@ q(x)
where || - ||, (x) stands for the norm in the variable exponent Sobolev space

W(}vpl (x) (Q)

We start with some preliminary basic results on the theory of Lebesgue—Sobolev
spaces with variable exponent. For more details we refer to the book by Musielak
[14] and the papers by Edmunds et al. [4-6], Kovacik and Rédkosnik [10], Mihdilescu
and Radulescu [11,13], and Samko and Vakulov [16].

Set

C.(Q=1{h heC(Q), h(x)>1 forall x e Q}.
For any h € C,(Q) we define

h™ =suph(x) and h~ = inf h(x).
xe

xe

For any p € C (), we define the variable exponent Lebesgue space

LP® (@)=l u; u is a measurable real-valued function such that/ [u()|PY) dx < oo] .
Q

We define on this space the Luxemburg norm by

px)
dx <1

u(x)

"w

| pxy =1inf J u > 0; /
Q

Let L? ™) () denote the conjugate space of LP™) (), where 1/p(x) +
1/p (x) = 1. For any u € LP™(Q) and v € L? ™) (Q) the Holder type inequality

1 1
/uv dx S(p—_'i‘p,__)|u|p(x)|v|p/(x) 5)

Q

holds true.
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An important role in manipulating the generalized Lebesgue—Sobolev spaces
is played by the modular of the LP™) () space, which is the mapping Ppx) -
LP™M(Q) — R defined by

ooty @) = [ 17 ax.
Q

If (u,), u € LPY(Q) then the following relations hold true

_ +

|u|p(x) >1 = |M|Z(x) = pp(x)(u) = |”|£(x) (6)
N _

ulpey <1 = luljy < ppe @) < luly, )

[y —ulpoy = 0 & ppey(p —u) — 0. ®)

Next, we define WO1 P Q) as the closure of C§°(£2) under the norm
lull pxy = [Vl pixy-

The space Wol’p (x)(Q) is a separable and reflexive Banach space. We note that if
s € C4(Q) and s(x) < p*(x) forall x €  then the embedding W, "™ (Q) —
L@ (Q) is compact and continuous, where p*(x) denotes the corresponding crit-
ical Sobolev exponent, that is, p*(x) := NN—[);(C;) if p(x) < N or p*(x) = +oo if
p(x) = N.

For applications of Sobolev spaces with variable exponent we refer to Acerbi
and Mingione [1], Chen, Levine and Rao [2], Diening [3], Halsey [9], Ruzicka [15],
and Zhikov [18].

2. The main result

Since py(x) < pi(x) for any x € Q it follows that Wé’pl(x)(Q) is continuously
embedded in WO1 P2(r) (£2). Thus, a solution for a problem of type (1) will be sought
in the variable exponent space W(} P l(X)(Q).

We say that A € R is an eigenvalue of problem (1) if there exists u € W, "'
(2) \ {0} such that

/(qu|p1(x)_2 + | Vu|2"2) vy Vo dx — ,\/ [u]999 24y dx = 0,
Q Q

for all v € WO1 P109(Q). We point out that if A is an eigenvalue of problem (1)
then the corresponding eigenfunction u € Wol’p ! (x)(SZ) \ {0} is a weak solution of

problem (1).
Define
/ ! |Vu| PP dx +/ ! |Vu|P2) dx
A = inf Q P1(x) Q P2(x)
uew, "1 @)\(0) / L|u|q(x) dx
o q(x)

Our main result is given by the following theorem.
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Theorem 1. Assume that conditions (3) and (4) are fulfilled. Then A1 > 0. More-
over, any A € [A1, 00) is an eigenvalue of problem (1). Furthermore, there exists a
positive constant Ao such that Ao < A1 and any A € (0, Lg) is not an eigenvalue of
problem (1).

Proof. Let E denote the generalized Sobolev space W(:’p 1(X)(Q). We denote by

| - || the norm on Wol’p'(x)(Q) and by || - ||1 the norm on Wol’m(x)(Q).
Define the functionals J, I, Ji, I} : E — R by

1
J(u) =/—|Vu|1’1(’“) dx—|—/—|Vu|”2(x) dx,
J (x) J p2(x)

1
_ q(x)
I(M)—/q(x)lul dx,
Q

Jl(u)=/|Vu|p‘(x) dx+/|Vu|p2(x) dx,

L (u) =/|u|q<x> dx.
Q

Standard arguments imply that J, I € C YE,R)and forallu, v € E,

(J (), v) = /(|W|P1<X>—2 + | Vu|P2=2) vy Vo dx,
Q

I (), v /|u|q(x) Zuv dx.

We split the proof of Theorem 1 into four steps.
e Step 1. We show that A1 > 0.

Since for any x € Q we have p;(x) > ¢ > g(x) > ¢~ > p2(x) we deduce
that forany u € E,

2(1Vu @) P + |Vu(x)|P2D) > Va4 + |Vux)?
and
()19 + @) > Ju(x) 19,

Integrating the above inequalities we find

2/(|W|Pl<x) + | Vu|”2™) dx > /(|Vu|‘1+ +|Vul? Yydx YueE (9)
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and

/(|u|‘1+ +ul? ) dx > / )9 dx VuekE. (10)
Q Q

By Sobolev embeddings, there exist positive constants A+ and A~ such that

/|W|’1+ dx > x,,+/|u|q+ dx Vuew, " (@ (11
Q Q

and
/|Vu|q’ dx > A - / w9 dx Yue Wy (Q). (12)
Q Q

Using again the fact that g~ < g7 < pj(x) for any x € Q we deduce that E is

continuously embedded in WO1 a (€) and in WO1 " (Q). Thus, inequalities (11) and
(12) hold true for any u € E.

Using inequalities (11), (12) and (10) it is clear that there exists a positive
constant p such that

/(|W|‘1+ +|Vul? ) dx > u/ 4 dx YueE. (13)
Q Q

Next, inequalities (13) and (9) yield

/(|Vu|”‘(x) + | Vu[P2¥) dx > %/ 7™ dx VuekE. (14)
Q Q

By relation (14) we deduce that

and thus,
Ji(u) > rli(u) YucekE. (16)
The above inequality yields
py I @) = i) = holi() = Aol (u) Yu € E. a7

The last inequality assures that A; > 0 and thus, step 1 is verified.

e Step 2. We show that A is an eigenvalue of problem (1).
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Lemma 1. The following relations hold true:

J(u)
= 18
ull o I(u) (18)
and
Jw) (19)

1m =0
lull—0 I (u)

. . . . + . .
Proof. Since E is continuously embedded in L9 (£2) it follows that there exist two
positive constants ¢; and ¢; such that

lull = c1-lulgr YuekE (20)
and
lull = cz - ul;- YuekE. (21)

For any u € E with |lu|]| > 1 by relations (6), (10), (20), (21) we infer

Jull " )l T
Jw _ 2
I(w) = 4" - — 4" toma -
R N Ol 1 A ol A
q- a

Since p; > g™ > g, passing to the limit as ||| — oo in the above inequality
we deduce that relation (18) holds true.

Next, let us remark that since pj(x) > py(x) for any x € €, the space
Wé’pl(x)(Q) is continuously embedded in Wol’pZ(x)(Q). Thus, if |u|| — O then
l[ully — O.

The above remarks enable us to affirm that for any u € E with ||u|| < 1 small
enough we have ||ul||; < 1.

On the other hand, since (4) holds true we deduce that WO1 72 Q) is contin-

uously embedded in L (2). It follows that there exist two positive constants d|
and d, such that

lully > dy - luly+ Vue Wy (@) (22)
and
1,
lully = do - luly- Y u e Wy (Q). (23)
Thus, forany u € E with ||u|| < 1 small enough, relations (7), (10), (22), (23) imply
+
Jo V|29 dx )l }?
Jw Py N 2
= + - =Tt + P -
L Al ] ol 1

q- q
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Since p;r < g~ < g™, passing to the limit as |Ju|| — O (and thus, |lu|; — 0) in
the above inequality we deduce that relation (19) holds true. The proof of Lemma 1
is complete. O
J@ _ M.

Lemma 2. There exists u € E \ {0} such that 7 EZ)

Proof. Let {u,} C E \ {0} be a minimizing sequence for A1, that is,

li J(uy)
m

n=00 1 (ity)

= >0. (24)

By relation (18) it is clear that {u,,} is bounded in E. Since E is reflexive it follows
that there exists u € E such that, up to a subsequence, {u,} converges weakly to u
in E. On the other hand, similar arguments as those used in the proof of Lemma 3.4
in [11] show that the functional J is weakly lower semi-continuous. Thus, we find

lim inf J (uy) = J (w). (25)

By the compact embedding theorem for spaces with variable exponent and assump-
tion1 < max, o q (y) < p1(x)forallx € Q(see(3))itfollows that E is compactly

embedded in L™ (). Thus, {u,} converges strongly in L™ (). Then, by rela-
tion (8) it follows that

Tim () = 1(w). (26)

Relations (25) and (26) imply that if u % O then

J(u) .
I(u)

1.

Thus, in order to conclude that the lemma holds true it is enough to show that u is
not trivial. Assume by contradiction the contrary. Then u,, converges weakly to 0
in E and strongly in L™ (Q). In other words, we will have

lim 7 (uy) = 0. 27)
n—o0

Letting € € (0, A1) be fixed by relation (24) we deduce that for n large enough we
have

[J(un) — At (un)| < €l (up),
or
A =) (up) < J(up) < (A1 + €)1 (uy).

Passing to the limit in the above inequalities and taking into account that relation
(27) holds true we find

lim J(u) = 0.
n—>oo
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That fact combined with relation (8) implies that actually u,, converges strongly to
O0in E,i.e. lim,_ « ||u,|| = 0. By this information and relation (19) we get

Jwn)

1 =
n—o0 [ (uy)

and this is a contradiction. Thus, u # 0. The proof of Lemma 2 is complete. O

By Lemma 2 we conclude that there exists # € E \ {0} such that
J J
(u) N - (w)

= Al = mn —_—. (28)
I(u) weE\{0} I (w)
Then, for any v € E we have
d J(u + €v)
——————le=0=0.
de I(u+ €v)
A simple computation yields
/(|Vu|1’1(x>*2 + | VuP?D"2) VvV dx - T () — J(u)
Q
/ )92y dx =0 VveE. (29)
Q

Relation (29) combined with the fact that J(#) = A1/ (u) and I (1) # O implies
the fact that A1 is an eigenvalue of problem (1). Thus, step 2 is verified.

e Step 3. We show that any A € (11, 00) is an eigenvalue of problem (1).
Let A € (A1, 00) be arbitrary but fixed. Define T : E — R by
T(u) = Jw) — M (u).
Clearly, T; € C'(E,R) with
(T, (), v) = (J (), v) — A(I (u),v), YuckE.

Thus, A is an eigenvalue of problem (1) if and only if there exists u; € E \ {0} a
critical point of Tj,.

With similar arguments as in the proof of relation (18) we can show that T,
is coercive, i.e. lim||—co T3 () = oo. On the other hand, as we have already
remarked, similar arguments as those used in the proof of Lemma 3.4 in [11] show
that the functional 7}, is weakly lower semi-continuous. These two facts enable us to
apply Theorem 1.2 in [17] in order to prove that there exists #; € E a global mini-
mum point of 7 and thus, a critical point of 7). In order to conclude that step 4 holds
true it is enough to show that u; is not trivial. Indeed, since A1 = inf,cg\(0) %
and A > A it follows that there exists v, € E such that

J () < Al (vy),
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or
T, (vy) <O.
Thus,
iréf T, <0

and we conclude that u; is a nontrivial critical point of T}, or A is an eigenvalue of
problem (1). Thus, step 3 is verified.

o Step4. Any A € (0, Ap), where X¢ is given by (15), is not an eigenvalue of
problem (1).

Indeed, assuming by contradiction that there exists A € (0, Ag) an eigenvalue
of problem (1) it follows that there exists u; € E \ {0} such that

(J (), v) = A (up),v) YvekE.
Thus, for v = u; we find
(J W), uz) = M (), u3),
that is,
Ji(uy) = A ().

The fact that u; € E \ {0} assures that I1(u;) > 0. Since A < Ag, the above
information yields

Ji(up) = roli(up) > A (uy) = Ji1(uy).

Clearly, the above inequalities lead to a contradiction. Thus, step 4 is verified.
By steps 2, 3 and 4 we deduce that o < X;. The proof of Theorem 1 is now
complete. O

Remark 1. At this stage we are not able to deduce whether Ag = A1 or Ag < Aj.
In the latter case an interesting question concerns the existence of eigenvalues of
problem (1) in the interval [Xg, A1). We propose to the reader the study of these
open problems.
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