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ABSTRACT. We consider the existence of solutions of the following p(x)-
Laplacian Dirichlet problem without the Ambrosetti—-Rabinowitz condition:

—div(|Vu[P@)—2Ty) = f(z,u) in Q,
u =0 on 9.

We give a new growth condition and we point out its importance for check-
ing the Cerami compactness condition. We prove the existence of solu-
tions of the above problem via the critical point theory, and also provide
some multiplicity properties. The present paper extend previous results of
Q. Zhang and C. Zhao (Existence of strong solutions of a p(z)-Laplacian
Dirichlet problem without the Ambrosetti—-Rabinowitz condition, Comput-
ers and Mathematics with Applications, 2015) and we establish the exis-
tence of solutions under weaker hypotheses on the nonlinear term.
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1. Introduction

In recent years, the study of differential equations and variational problems
with variable exponent growth conditions has been a topic of great interest. This
type of problems has very strong background, for instance in image processing,
nonlinear electrorheological fluids and elastic mechanics. Some of these phenom-
ena are related to the Winslow effect, which describes the behavior of certain
fluids that become solids or quasi-solids when subjected to an electric field. The
result was named after American engineer Willis M. Winslow.

There are many papers dealing with problems with variable exponents, see
[1]-[8], [10]-[25], [28], [33], [34], [37], [38], [40]-[46], [48]-[49]. On results con-
cerning the existence of solutions of these kinds of problems, we refer to [8], [14],
[15], [18], [21], [33], [36], [45]. We also refer to the recent monograph [35] which
treats variational methods in the framework of nonlinear problems with variable
exponent.

In this paper, we consider the existence of solutions of the following class of
Dirichlet problems:

—Apyu = —div(|VuP®=2Vu) = f(z,u) in €,

P
) u=20 on 0f),

where Q C RY is a bounded domain with C*® smooth boundary, and p(-) > 1
is of class C1(Q).

Since the elliptic operator with variable exponent is not homogeneous, new
methods and techniques are needed to study these types of problems. We point
out that commonly known methods and techniques for studying constant expo-
nent equations fail in the setting of problems involving variable exponents. For
instance, the eigenvalues of the p(x)-Laplacian Dirichlet problem were studied
in [16]. In this case, if @ C R is a smooth bounded domain, then the Rayleigh

quotient
1 .
/ —— |VuP@® dg
(1.1) Ap(.) = inf 2 p(@)

ueW&'p“(m\{o}/ L@ g
o p(z)

is in general zero, and A,(.) > 0 holds only under some special conditions.

In [41], the author generalized the Picone identities for half-linear elliptic
operators with p(z)-Laplacian. In the same paper some applications to Stur-
mian comparison theory are also presented, but the formula is different from the
constant exponent case. In a related setting, we point out that the formula

oo
/ |u(z)|? dz :p/ P {x € Q; Ju(x)] > t}| dt
Q 0

has no variable exponent analogue.
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In [23] and [46], the authors deal with the local boundedness and the Harnack
inequality for the p(z)-Laplace equation. However, it was shown in [23] that even
in the case of a very nice exponent, for example,

1

3 for0<x§§,

plw) = 3—2 1 f L 1
— x—i or§<x<,

the constant in the Harnack inequality depends on the minimizer, that is, the
inequality supu < cinf v does not hold for any absolute constant c.

The standard norm in variable exponent Sobolev spaces is the so-called Lux-
emburg norm |ul,.) (see Section 2) and the integral [, |u(x)[P*) dz does not
satisfy the constant power relation.

On several occasions, it is difficult to judge whether or not results about
p-Laplacian can be generalized to p(z)-Laplacian, and even if this can be done,
it is still difficult to figure out the form in which the results should be.

Our main goal is to obtain a couple of existence results for problem (P)
without the Ambrosetti—-Rabinowitz condition via critical point theory. For this
purpose, we use a new method for checking the Cerami compactness condition
under a new growth condition. Our results can be regarded as extensions of the
corresponding results for the p-Laplacian problems, but the growth condition
and the methods for checking the Cerami compactness condition are different
with respect to quasilinear equations with constant exponent.

Next, we give a review of some results related to our work. Since the
Ambrosetti-Rabinowitz type condition is quite restrictive and excludes many
cases of nonlinearity, there are many papers dealing with the problem without
the Ambrosetti-Rabinowitz type growth condition. For the constant exponent
case p(-) = p, we refer to [26], [27], [31], [39].

In [26], the authors considered problem (P) for p(-) = p, and proved the
existence of weak solutions under the following assumptions:

F(z,t)
[t|—=4o0 |t[P

¢
= 400, where F(z,t) = / flx,s)ds;
0

and there exists a constant C, > 0 such that H(z,t) < H(x,s) + C, for each
xeQ,0<t<sors<t<O0, where H(z,t) = tf(z,t) — pF(x,t).

In [27], the author studied problem (P) for p(-) = p. Under the assumption
that f(z,s)/|s|P~2s is increasing when s > sg and decreasing when s < —sq, for
all x € ), the existence of weak solutions was obtained.

In [31], the authors studied problem (P) for p(-) = 2, which becomes a Lapla-
cian problem. The main result in [31] establishes the existence of weak solu-
tions by assuming that f(x,s)/s is increasing when s > sg and decreasing when
s < —sq, for all x € Q.
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In [39], the author also studied problem (P) for p(-) = 2 and proved the
existence of weak solutions under the assumption

sf(x,u) > Cy|s|*, where p > 2 and Cy > 0.

If p(-) is a general function, results on variable exponent problem without
the Ambrosetti—-Rabinowitz type growth condition are rare due to the complexity
of p(z)-Laplacian (see [3], [5], [20], [19], [42]). However, their assumptions imply
Gp+(z,t) = f(z,t)t —ptF(x,t) > 0 and F(z,t) > 0 as t — 400, so we can
see that F(x,t) > Ct*" as t — 4oo. This is too strong and unnatural for the
p(z)-Laplacian problems.

In [45], the author considered problem (P) under the following growth con-
dition:

e there exist constants M, Cy,Co > 0,a > p on  such that, for all z € Q
and all |¢t| > M,

(1.2) Ol‘ﬂp(m)[ln(e—k |t|)]a(x)—1 <C tf(z,t)

< o m <tf(x,t) — p(x)F(z,t).

A typical example is f(z,t) = [t[P(®) =2t [In(1 + |¢|)]*®). This function satis-
fies the above condition (1.2), but does not satisfy the Ambrosetti-Rabinowitz
condition.

Our paper was motivated by [45]. We further weaken condition (1.2). To
begin, we point out that the assumption a > p on € is unnecessary in the present
paper.

Before stating our main results, we make the following assumptions:

(fo) f: QxR — R satisfies the Carathéodory condition and
|f(z,t)] < CA+[t[*®Y),  for all (z,t) € Q xR,

where o € C(Q) and p(z) < a(z) < p*(z) on Q.
(f;) There exist constants M, C' > 0, such that

t t —
(1.3) C J;gt’)) <tf(z,t) — p(x)F(z,t), forall || > M and all z € Q,
and
t t —
(1.4) f@.t) — 400 uniformly as || — oo for z € Q,

|t|p(1‘) [K(t)]l)(l')
where K satisfies the following hypotheses:

(K) 1 < K(-) € CY([0,+00),[1,+0c0)) is increasing and [In(e + ¢)]*> >
K(t) — 400 as [t| = 400, which satisfies t K’ (¢) /K (t) < a¢ € (0,1),
where o is a constant.

(z,t) = o(|t|P®)~1) uniformly for x € Q as t — 0.

(v, —t) = —f(z,t), for all z € Q, for all t € R.

(f2)

f) f
(fs) f
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(fy) F satisfies

F(x,t)

TP (e 1 )@ — 400 uniformly as |t| — +oco for z € Q.

(p1) There is a vector I € RY \ {0} such that for any = € Q, p(t) = p(z + tl)
is monotone for t € I,(I) = {t | z + tl € Q}.
(p2) p has a local maximum point, that is, there exist zp € 2 and § > 0 such

that B(zg,36) C © and
min  p(z) > max  p(z).

|z—z0|<d 26<|z—z0|<38
(p3) p has a sequence of local maximum points, that is, there exist a sequence

of points z,, € Q and §,, > 0 such that B(xg,30,) are mutually disjoint
and

min x) > ma, x).
\w—a:n\S(Snp( ) 26n§\w—w)§\§36np( )

We state our main results in what follows.

THEOREM 1.1. Assume that hypotheses (fo)—(f2), (p1) and (fy) or (p2) are
fulfilled. Then problem (P) has a nontrivial solution.

THEOREM 1.2. Assume that hypotheses (fo), (f1), (f3) and (f4) or (p3) are
fulfilled. Then problem (P) has infinitely many pairs of solutions.

REMARK 1.3. (a) The following functions satisfy hypothesis (K):
Ky (t) =In(e + [t]),
Ks(t) =In(e +1In(e + |t])),
K3(t) = [In(e + In(e + [t]))] In(e + [¢]).

Let K = Ky, and f(x,t) = [t|P®=2¢[In(1 + [t])]P® p(|t]), where 1 < p(|t]) <
[In(e + [t£))]2, p/ > 0 and p(|t]) — +oo as [t| — +oo, for example p(|t]) =
In(e + In(e + |¢|)). Then f satisfies conditions (fp)—(fs), but it does not satisfy
the Ambrosetti-Rabinowitz condition, and does not satisfy (1.2).

(b) We do not need any monotonicity assumption on f(z, -).

This paper is organized as follows. In Section 2, we do some preparatory
work including some basic properties of the variable exponent Sobolev spaces,
which can be regarded as a special class of generalized Orlicz—Sobolev spaces. In
Section 3, we give proofs of the results stated above.

2. Preliminary results

Throughout this paper, we use letters ¢,¢;,C,C;, ¢ = 1,2,..., to denote

generic positive constants which may vary from line to line, and we will specify
them whenever necessary.
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One of the reasons for the huge development of the theory of classical Lebe-
sgue and Sobolev spaces L? and WP (where 1 < p < co) is its usefulness for
the description of many phenomena arising in applied sciences. For instance,
many materials can be modeled with sufficient accuracy by using the function
spaces LP and WP, where p is a fixed constant. For some materials with
nonhomogeneities, for instance electrorheological fluids (sometimes referred to as
“smart fluids”), this approach is not adequate, but rather the exponent p should
be allowed to vary. This leads us to the study of variable exponent Lebesgue
and Sobolev spaces, LP(') and W1P(*) where p is a real-valued function.

In order to discuss problem (P), we need some results about the space
Wol’p(')(Q), which we call the wvariable exponent Sobolev space. We first state
some basic properties of Wol’p(‘)(Q) (for details, see [12], [17], [15], [25], [35]
and [38]). Denote

Ci(Q)={h|heC(Q), h(z) > 1 for x € Q},
h*t = maxh(z), h~ = minh(z), for any h € C(Q),
Q Q

Lre(Q) = {u

u is a measurable real-valued function, / Ju(z)|P® da < oo}.
Q

We introduce the norm on LP()(Q) by

|u|p(.) Zin{)\>0‘ /
Q

Then (LP()(€2), | - |,(.)) becomes a Banach space and it is called the variable

U(JZ) p(x)
A

dr < 1}.

exponent Lebesgue space.

PROPOSITION 2.1 (see [12], [35]). (a) The space (LPC)(Q),]-|,(.)) is a sepa-
rable, uniform convex Banach space, and its conjugate space is Lq(')(Q), where

1/q(-) +1/p(-) = 1. For any u € LPC)(Q) and v € L) (), we have

’/ dr| < (1 1>| |v]
uv dx + W |V
0 - g p(-)1Yq(+)

(b) If pr,p2 € Cy(Q), pr(z) < pa(a) for any x € Q, then L) (Q) C
Lpi()

(Q), and this imbedding is continuous.

PROPOSITION 2.2 (see [15], [35]). If f: QxR — R is a Carathéodory function
and satisfies

|f(x,8)| < a(z) +b|s|Pr@/P2@) for any 2 € Q, s € R,

where py,pa € C(Q), a € LP>0)(Q), a(x) >0, b > 0, then the Nemytskii oper-
ator from LPr()(Q) to LP2()(Q) defined by (Nju)(x) = f(x,u(x)), is a contin-
uous and bounded operator.
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PROPOSITION 2.3 (see [15], [35]). If we denote

plu) = / [uP@ da,  for all u e LPC)(Q),
Q

then there exists &€ € Q such that |u|§§?)) =/, |u[P®) dz and
(a) Julp.y <1 (=1; > 1) if and only if p(u) <1 (=1; > 1);
. - +
(0) i ) > L then July < pfu) < bl
if [ulp(.) <1 then |U|Z(.) > p(u) = |U|§(,)§
(c) |ulpc.y = 0 if and only if p(u) — 0;
[ulp(.y — o0 if and only if p(u) — oc.
PROPOSITION 2.4 (see [15], [35]). If u,u, € LPC)(Q), n =1,2,..., then the
following statements are equivalent:
(a) Hm fup —ulp) =0;
(b) lim p(ur —u) = 0;
k—o0
(¢) ux — u in measure in Q and klim plug) = p(u).
— 00

The space W1P(-)(Q) is defined by
W(Q) = fu e 170)(Q) | Vu e (O(@)V],

and it can be equipped with the norm
lul| = [ulpc.y + [Vulp.y, forallue WP (Q).

We denote by W7 (Q) the closure of C§°(€) in WP(-)(Q) and set

Np(@) o
p*(z) =< N —p(z) fp(z) <NV,
00 if p(z) > N.

Then we have the following properties.

PROPOSITION 2.5 (see [12], [15], [35]).
(a) WtP()(Q) and Wol’p(')(Q) are separable reflexive Banach spaces;
(b) if ¢ € C1(Q) and q(x) < p*(z) for any x € Q, then the imbedding from
WhrC)(Q) to L9C)(Q) is compact,
(c) there is a constant C > 0 such that
[ulp.y < C|Vuly.y, forallue Wol’p(')(Q).

It follows from (a) of Proposition 2.5 that |Vul,c.y and ||u|| are equivalent
norms on Wol’p(')(Q). From now on, we will use |Vul,(.) instead of ||u|| as the
norm on Wy ().

The Lebesgue and Sobolev spaces with variable exponents coincide with the
usual Lebesgue and Sobolev spaces provided that p is constant. These function
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spaces LP(®) and WP(*) have some unusual properties, see [35, p.8-9]. Some of
these properties are the following:

(i) Assuming that 1 < p~ < p* < oo and p:  — [1,00) is a smooth function,
the following co-area formula

oo
/ (@) do = p/ 7 | € u(a)| > 1} di
Q 0
has no analogue in the framework of variable exponents.

(ii) Spaces LP(*) do not satisfy the mean continuity property. More exactly,
if p is nonconstant and continuous in an open ball B, then there is some u €
LP@)(B) such that u(x + h) ¢ LP®)(B) for every h € RY with arbitrary small
norm.

(iii) Function spaces with variable exponent are never invariant with respect
to translations. The convolution is also limited. For instance, the classical Young
inequality

|f *glp(z) < C|f‘p(z)Hg||L1
holds if and only if p is constant.

PROPOSITION 2.6 (see [16]). If the assumption (p1) is satisfied, then \p.)
defined in (1.1) is positive.

Next, we prove some results related to the p(z)-Laplace operator —A ;) as
defined at the beginning of Section 1. Consider the following functional:

1 N Lp(-
J(u) /Qp(x)wuv)( Vdz, we X :=WwP(Q).

Then (see [9]) J € C}(X,R) and the p(x)-Laplace operator is the derivative
operator of .J in the weak sense. We denote L = J': X — X*, then

(L(u),v) = / |VulP®)=2VuVudz, for all v,u € X.
Q

THEOREM 2.7 (see [15], [21]).

(a) L: X — X* is a continuous, bounded and strictly monotone operator;
(b) L is a mapping of type (S4), that is, if up — u in X and @ (L(up)—
n—-—+0o0

L(u),un, —u) <0, then u, — u in X;
(¢) L: X = X* is a homeomorphism.

Denote

T —xo Vp(zo)
lz — 20| [Vp(z0)]

B(m0,5,5,0):{m€RN ‘6<|m—x0<5, >cost9},

where 0 € (0,7/2). Then we obtain the following.
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LEMMA 2.8. If p € CYQ), zo € Q satisfy Vp(zg) # 0, then there ewists
a small enough € > 0 such that
(2.1) (x —x0) - Vp(z) >0, for all x € B(xo,¢,9,0),
(2.2) max{p(z) | x € B(xo,e)} = max{p(z) | ¢ € B(xo,¢,0,0), |z — xo| = €}.
PROOF. A proof of this lemma can be found in [45]. For readers’ convenience,
we include it here.
Since p € C1(Q), for any x € B(xo,¢,6,0), when ¢ > 0 is small enough, we
have
Vp(x) - (z —20) = (Vp(x0) + (1)) - (& — o)
=Vp(zo) - (z — 20) + o(|z — o)
> |Vp(zo)| |x — zo| cos € + o]z — x0|) > 0,
where o(1) € R is a function and o(1) — 0 uniformly as |z — zg| — 0.
When ¢ is small enough, condition (2.1) is valid. Since p € C*(€), there
exists a small enough positive € such that
p(x) — p(xo) = Vp(y) - (z — 20) = (Vp(z0) + 0(1)) - (z — 20),
where y = zo + 7(x — 1) and 7 € (0,1), o(1) € RY is a function and o(1) — 0
uniformly as |z — x| — 0.
Suppose that z € B(zg,¢) \ B(xo,€,9,0). Let x* = z¢ + eVp(xo)/|Vp(xo)|.
Suppose that

-z Vp(wo)
[z — ol [Vp(zo)]
When ¢ is small enough, we have

p(x) = p(wo) = (Vp(xo) + 0(1)) - (2 — o) < [Vp(wo)| |2 — wo|cos b + & - o(1)
< (Vp(xo) + 0(1)) - eVp(x0) /[ Vp(wo)| = p(x") — p(w0),

where o(1) € RY is a function and o(1) — 0 as € — 0.
Suppose that |z — z¢| < §. When ¢ is small enough, we have

p(x) = p(x0) = (Vp(x0) +0(1)) - (2 — 20) < [Vp(20)| |2 — 20| + - 0(1)
<(Vp(xo) + o(1)) - eVp(0) /|Vp(20)| = p(z7) — p(20),
where o(1) € RY is a function and o(1) — 0 as € — 0. Thus
(2.3) max{p(z) | z € B(xg,e)} = max{p(x) | z € B(xo,¢,0,0)}.
It follows from (2.1) and (2.3) that relation (2.2) holds. O

< cosf.

LEMMA 2.9. Suppose that F(z,u) satisfies (f4). Let

0 if |l —xg| > €
h(x): f| 0| )
e—lx—zo| if|r—ax0| <e
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where € is defined as in Lemma 2.8. Then
/ |Vth|P®) dz — / F(z,th)de = —o0 ast — +0o0.
Q Q

ProOF. Obviously,

1
/ —— |Vth[P@ de < O, / |Vth|P®) dz.
Q p(CE) B(z¢,¢,6,0)
We make a spherical coordinate transformation. Denote r = |z — x|. Since

p € CH(Q), it follows from (2.1) that there exist positive constants ¢; and cy
such that

ple,w) —ca(e —r) < p(r,w) < ple,w) —c1(e —r), forall (r,w) € B(xo,e,d,0).

Therefore
(2.4) / |Vth|P®) dz = / [t[Prs) N =1 e o
B(z0,¢,6,0) B(wo,¢,9,0)
S/ |t|P(€,UJ)*61(E*7‘)TN*1 dr dw
B(xo,¢,6,0)
S &_Nfl/ tp(s,w)fcl(sfr) dr dw
B(zo,¢,6,0)
tp(&,w)
< gVt / dw.
B(zo,1,1,0) €110t
Denote
G = . .
) = b (e + [
Then
(2.5) G(x,u) — +oo uniformly as |u| — +oo for x € Q.

Thus there exists a positive constant M such that G(z,u) > 1, for all |u| > M
and for all z € Q. Denote

Ey, ={x € B(xg,¢) | th> M} = {x € B(xp,¢) | |x — x| <e— M/t},

Ey = B(zo,¢) \ Er.

Then we have

/Q F(x,th) da = / F(x,th) da

B(zo,¢)

= / F(z,th)dz + F(z,th)dr > F(z,th)dx — Cy.
Ey

B, E4
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When ¢ is large enough, we have

/ F(x,th)dx = / th|P@ [In(e + [th])]P™ G (z, th) dz
E,

Ey

= / C1[th|P@ [In(e + [th)]P@) G (xz, th) dz
B(zo,e—M/t,5,0)

:/ Chlt(e — 7“)|p(”"”)r]\’*1
Blwo,e—M/t,5,0)

[In(e + [t(e — )P G(r, w, t(e — 7)) dr dw
> 01§N71 / |t|p(€,w)762(677‘) |€ . ,r,|p(5,w)7c1 (e—r)
N B(zo,e—M/1,5,0)
(e + [t(e — P)NPTIG(r,w, t(e — 1)) dr dw
e—M/t
— C1(5N_1 / dw/ |t|p(6’w)_02(6_r)|g _ r|p(£,w)—cl(a—r)
B(z0,1,1,0) §
[In(e + |t(e — M)NPTIG(r,w, t(e — 1)) dr
e—1/Int
> Cl(SN_l / dw/ |t|p(s’w)_C2(€_T)|E _ r|p(5,w)
N B(z0,1,1,6) s

[In(e + [t(e — P))PTIG(r, w, t(e — 7)) dr

N1 1 p(e,w) t p(e,w)
>C20" T Gy, wy, t(e — — 1 —
=2 (reyor, #(e =) /]3(10,1,1,9) (mt) { " (e+ lntﬂ

e—1/Int
. / P e (=) g
0

|t|p(a,w)—02/lnt

> VGt =) [ d
o ! B(zo,1,1,0) calnt
t|p(e:w)
2046N_1G(rt,wt,t(s—rt))/ i dw,
B(zo,1,1,) C21nt

where (ry,w;) € Fj is such that

Glry,wnt(e — 1)) = min {G(r,w,t(e — ) ‘ (r,w) € B(xo,e - ﬁ,a, 9> }

Note that t(e — r¢) > t/Int — +o00 as t — +o00. Thus

t p(va)
| | dw — Cl

(2.6) / F(x,th) de > G(ry,wi, t(e —14))Cs
o B(zo,1,1,0) 0t

as t — +o0. It follows from (2.4), (2.5) and (2.6) that ¥(th) — —oc. O
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LEMMA 2.10. The following K; (i = 1,2,3) satisfy hypothesis (K)

Ki(t) = In(e + [¢]);
Ks(t) = In(e +In(e + [t]));
K3(t) = [In(e + In(e + [t]))] In(e + |¢])-

PrROOF. We only need to check that K3(t) satisfies hypothesis (K). The
proofs for the other functions are similar.

We observe that 1 < K(-) € C*([0,+00),[1,+00)) is increasing and K (t) —
+00 as t = +00. So we only need to prove that tK'(t)/K(t) < o € (0,1), where
o is a constant. By computation we obtain

tK’ _ t{ [In(e + |t])]sgnt [In(e + In(e + |t|))]sgnt}
K K \|[e+1In(e+|t])](e+t]) (e +t])
_ It]
~ [In(e +In(e + |t]))][e + In(e + |¢])] (e + |t])
+ |t| .
[In(e + [¢[)](e + [¢])
We have
[t] < % [ln(e + In(e + [t]))][e + In(e + |t])](e + |t]),
< = in(e + [£D](e + 1)

2
and we complete the proof by observing that tK’'/K < 5/6, for all t € R. O

3. Proofs of main results

In this section we give the proofs of our main results.

DEFINITION 3.1. We say that u € Wol’p( )(Q) is a weak solution of (P) if
/ |VulP@ =2y - Vo de = / fz,w)vdz, forallve X := Wol’p(')(Q).
Q Q

The corresponding functional of (P) is

1
o(u :/—Vup(z)das—/Fx,u dr, uelX,
)= [ vl [ Ple.u

where F(x,t) = fot f(x,s)ds.

DEFINITION 3.2. We say that ¢ satisfies the Cerami condition in X, if any
sequence {u,} C X such that {¢(u,)} is bounded and ||¢(u,)||(1 + ||un|]) — O
as n — +oo has a convergent subsequence.

LEMMA 3.3. If f satisfies (fo) and (f1), then ¢ satisfies the Cerami condition.
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ProoF. Let {u,} C X be a Cerami sequence, that is ¢(u,) — ¢ and
[l' (un)|| (L + ||unl]) = 0. Therefore ¢’ (un) = L(uy) — f(x,u,) = 0 in X*, so we
have L(u,) = f(x,un) 4+ 0n(1), where 0,(1) — 0 in X* as n — oo. Suppose that
{un} is bounded. Then {u,} has a weakly convergent subsequence in X. With-
out loss of generality, we may assume that u,, — u. Then by Propositions 2.2
and 2.5, we have f(x,u,) — f(x,u) in X*. Thus L(u,) = f(z,un) + on(1l) —
f(x,u) in X*. Since L is a homeomorphism, we have u,, — L~!(f(z,u)) in
X, and so ¢ satisfies the Cerami condition. Therefore u = L™1(f(x,u)), so
L(u) = f(z,u), which means that u is a solution of (P). Thus we only need to
prove the boundedness of the Cerami sequence {u, }.

We argue by contradiction. Then there exist ¢ € R and {u,} C X satisfying:

eun) =» e, @' W) A+ [lunll) =0, lunll = +oo.
Obviously,
1 1 1 1
S| S tluben [Toisun] S Wl + b
‘p(m) ) — p(+) »(z) o P p(+) p(+)

p
Thus [Ju,/p(z)|| < Cllun||. Therefore (¢ (un),un/p(z)) — 0. We may assume
that

ct+1 2> p(u,) — (@/(Un)v 1% “n)

:/ 1|Vun|p(w)dx/F(x,un)dx{/ L|Vun|p(9£)d:v
a p(x) Q o p(x)

1 1
- — f(x, up )y, dr — / —— un|Vu, p(I)JVuan da:}
ey f o) o 2@ Ve

Z/Q I%uﬁVunP(”)_QVuandx +/Q{p(1:v) fzyun)uy, — F(a:,un)} dx.
Hence
(3.1) / {W - F(a:,un)} dr < co</ |t |Vt [P~ da + 1)
Q Q

p(z)
<o [V,

o K(lun|)
where ¢ is a small enough positive constant. Due to hypothesis (K), it is easy
to check that w,/K(Ju,|) € X, and [|u, /K (|un])|| < Collun||. Let wn/K(Jun|)
be a test function. We have

dx + Cy + C(o) / |t [P [K (| |)]P@) 1 di,
Q

u U
flz,u, 7ndx:/ Vu, [P#) 2y, V " dx+o(1
Ju ) gy o = [ 19 u W

p(z) 1
:/ Mdm_/unwunp(w)ﬂvunvi
Q Q K

K] () = o)
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By computation, we obtain

/ un|Vun|p(z)_2VunV
Q

) < [l Va0 Bl

< |Vun|p(m) |un | K |un|)
“Ja K(unl)  K(lunl)
Note that |un|K’(|un|)/K(|un|) < 0 € (0,1). Thus

In\

dx.

|Vun| f (z,un) un v < Cs |Vun\p(1)

3.2) C
B2 Kl K o ()
By (3.1), (3.2) and conditions (fo) and (f1), we have

fla,up) Kuin dz (fgl) C f@tn)un F(x,uy) ¢ dx + Cy
Q (Junl) Q p(x)

p(z)
07{0 [V | dz + Cs + C(0) / 2t [P [ K (|| )P daz}
0 0

dx+C6.

IN

K(|un])
p(x)
< cho [N L oo / et [P [K ([t | P Lz + Co
o K(lunl) o
G221 [ f(z,un)u / _
< = | T g 4 050 o U [P K (Jun )P~ da + Cho.
2 )y K () 7C(o) Q| PO (|un )] 10

Thus, by condition (f;) and the above inequality, we can see that

(3.3) /fac ) ‘ Sda cn/ et P K (Jun )P dir + Ch.

Note that tf(z,t)/(|t|P®[K (t)]P®)) — 400 uniformly as |t| — +oo for z € Q.
We claim that

/|un|”(x)[I((|1ATL|)]”(I)_1 dx is bounded.
o

This means that

f(z,up) ——— dx is bounded.
0 (I nl)
In fact, by (K), we observe that there exists M > 0 large enough such that
t t
(3.4) J;f;)) > 200 |tPO K ())P@ L for all [t| > M.

Denote @, = {x € Q| |u,| > M}. We have
Up, p(x) p(z)—1 _
(3.5) f(x,un) K(ua |u ) dz > 2C’H|un| [K (Jun])] dz — Cha.
Comblnmg (3.3)-(3.5), we obtain
/ Cra [unPP K (Jun )@ da < Ch,

and hence

[ ol ual P d <
Q
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Thus
U
fla,uy) = dw < Cpy, foranyn=1,2,...
/Q K(lunl)
This combined with (fy) implies that

o K(ual)
Let € > O satisfy e < min{1,p~ —1,1/p**, (p* /o)~ —1}. Since ||’ (un)||||tn || — 0,
we get

/ |V, |P®) do = / fx, up)uy, dx + o(1)
Q Q

(3.6) da:} is bounded.

|f(x,un)un| e z 4o
K (fun) } d + ofl).

By condition (f), we have |f(z,uy, )un| > |u,|P®) for large enough vertu,,| , and

<[ |f<x,un>un|€[K<|un|>P—f[

[K (Jun])]' ¢ < [In(e + |un])]?1—2) for large enough |uy|, so we have
| (@ wn)un | [K (Jun )]~ < Crs (1 f (@ wn)un|0F) 4 1).
Therefore

/|Vun|p(g”)dx:/f(x,un)undm—i—o(l)
Q Q

1+ € 1—e
et [ e

By Young’s inequality, we have

(3.7) |vun|f’<z> dx

|f T )un [T+ 1| f (@,
(1 flun )1V K(lunl)

According to the definition of €, we have

£ (@, )un| T2+ 1< C(Jun P ) + 1)

< Cs(1+ Jlual)'*e dz + o(1).

and
(14 [lun )+ > (14 [y I+ D7
Therefore
(2, wp )up |7He 4+ 1 C(|un|P”
|f1 T lunl) |<1+jf ws | <1ﬂ ||un||><1+€>/)€ &
2 Clunl ™ 1) _ Cp(llun] " +1)
= (U unDTFE = (1 g YO+

|f Zz, Un Un‘H_E +1
dx
(1 + [un|)) (2 +e)/e

Thus, the sequence
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is bounded. This combined with (3.6) and (3.7) implies
/ [V [P d < Cug(1 + [|unl|) = + Chr.
Q

Note that ¢ < p~ — 1. This is a contradiction, hence {u,} is bounded in X, as
claimed. 0

PrOOF OF THEOREM 1.1. We first establish the existence of a nontrivial
weak solution. We show that ¢ satisfies conditions of the mountain pass lemma.
By Lemma 3.3, ¢ satisfies the Cerami condition. Since p(x) < a(x) < p*(z), the
embedding X < L*(")(Q) is compact. Hence there exists Cy > 0 such that

[ulp(.y < Collul|, for all u € X.

Let o > 0 be small enough such that o < § A,(.). By assumptions (fy) and (f2),
we obtain

1
F(z,t) <o ) [tP®) 4+ C(o)|t|*®),  for all (z,t) € Q2 x R.
p\x

By (p1) and Lemma 2.6, we have Ap(.) > 0 and

1 1 30 1
—Vup(m)da:—a/—up(m)dxzf/—Vup(m).
IFELL o o) 1o VM

Since a € C(Q) and p(r) < a(x) < p*(z), we can divide the domain Q into ng
— n —_
disjoint small subdomains ; (i = 1,...,n¢) such that Q = Lj Q; and
i=1

supp(z) < inf a(z) < sup a(z) < inf p*(z).

Let ¢ = min {infa(:c) - supp(x)} and denote by ||u|

q, the norm of u on €,

1SZS’I’L0 Qz i
that is
1 p(z) 1 p(z)
/ — v dx +/ — |- x =1
o, P() | |ulle; o, P() | [lulle;
Then |u||q, < C|jul| and there exist &,n; € Q; such that

i) = [l da,

p(n:) :/ ( 1 Vu|P@) +i up(:v)) dr.
& a w1V o)

When ||u|| is small enough, we have

ng
C(a)/ @) dx:C(a)Z/ [ g
Q =1

=0(0) Y luly)  (where & € )

i=1

[l
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ng
<C Z HUHgEg) (by Proposition 2.5)

<Clful® ZHUIIP (where n; € ;)

—Clul? Z ], (g 7o+ g )

1
:Cu€/< Vup(‘”)—i—up(gﬂ))dx
[ o )| | p(x)| |
1
< 7Vupr)dx
i )i 7

1 1
p(u) > /Q@ | V[P — U/Q @) [u[P@ da — / || @) dz

> 2/ ﬁ |p(w)

when [Ju|| is small enough. Therefore, there exist » > 0 and § > 0 such that
o(u) >0 >0 for every u € X and ||ul| =r.

Suppose (pz) is satisfied. Define h € Cy(B(xg,39)) as follows

0 if |x — x| > 30,
h(x) 30 — |z — | if 26 < |z — 70| < 36,
6

if |z — xo| < 26.
Note that min p(x)

max
|z—z0|<d

x). It is now easy to check that
25§\mfxg|§35p( ) Y

_ [ e v th) da
go(th)—/ﬂp(x) Vth| /QF( Jth)d

</ L e - |
Bao 35\ (B(ao.29)) P(2) (B(z0,9))

as t — +o0o. Since ¢(0) = 0, the functional ¢ satisfies the conditions of the

mountain pass lemma. So ¢ admits at least one nontrivial critical point, which
implies that problem (P) has a nontrivial weak solution u

Cl|th|p(x) dx + Cg — —00

Suppose (fy) is satisfied. We may assume that there exists zg € Q such that
Vp(xo) # 0. Define h € Cy(B(z0,¢)) as follows:

0 if |x — x| > ¢
€—lz—mo| if|zr—xz0| <e.

(f4) and Lemma 2.9, there exists € > 0 small enough such that

1
o(th) = / — |Vth|P®) — / F(x,th)dr — —o0 as t — +oo.
o p(z) Q
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Since functional ¢(0) = 0, ¢ satisfies the conditions of the mountain pass lemma.
So ¢ admits at least one nontrivial critical point, which implies that problem (P)
has a nontrivial weak solution wu. U

In order to prove Theorem 1.2, we need to make some preparations. Note that
X = Wol’p( ' )(Q) is a reflexive and separable Banach space (see [47], Section 17,
Theorems 2 and 3). Therefore there exist {e;} C X and {ej} C X* such that
X =span{e;, j=1,2,...}, X" = spanW*{e;, j=1,2,...1},
and
. 1 ifi=y,
(€jej) = N
0 ifi#j.

For convenience, we write

k 00
X, = span{e,}, Yk:@Xj and Zk:@Xj.
j=1 j=k

LEMMA 3.4. Assume that o € C(Q), a(x) < p*(x) for any x € Q. If

B = sup{lulac.) [ lull =1, w € Zy},
then lim S = 0.
k—o0
PrOOF. Obviously, 0 < Bry1 < Bk, so B — 8 > 0. Let ug € Zj, satisfy
1
lugll = 1, Ogﬁk—|uk|a(.)<?
Then there exists a subsequence of {uy} (which we still denote by uy) such that
ur — u, and

(ej,u) = kli_{rolo(e;,u@ =0, for all e].

This implies that « = 0, and so u; — 0. Since the embedding from Wol’p( ' )(Q)

into L*(")(Q) is compact, we can conclude that u, — 0 in L*()(Q). Hence we
get By — 0 as k — oo. O

In order to prove Theorem 1.2, we need the following auxiliary result, see
[50, Theorem 4.7]. If the Cerami condition is replaced by the PS condition, we
can use the following property, see [9, Theorem 3.6].

LEMMA 3.5. Suppose that ¢ € CY(X,R) is even and satisfies the Cerami
condition. Let VT, V= C X be closed subspaces of X with codimV™ + 1 =
dim V~. Suppose that:

(1) #(0) =0;

(2) there exist T > 0, v > 0 such that, for all w € VT, if ||u|| = 7 then

p(u) > 7; and
(3) there exists p > 0 such that, for allu € V=, if |lu]| > p then o(u) < 0.



NONHOMOGENEOUS PROBLEMS WITHOUT THE AMBROSETTI-RABINOWITZ CONDITION 73

Consider the set:

I'={geC’X,X)|gisodd, glu)=u if ue V" and ||u| > p}.

Then
(a) forall§ >0, g €T, SfNg(V™)#0, and it satisfies S§ = {u € V1 |
|lul| = 0}; and
(b) the number w := inf sup @(g(u)) > 7 >0 is a critical value for .

g€l yev -

PRrROOF OF THEOREM 1.2. We first establish the existence of infinitely many
pairs of weak solutions. According to (fp), (f1) and (f3), the functional ¢ is an
even functional and it satisfies the Cerami condition. Let V,j = 7}, be a closed
linear subspace of X and V,j dY._1=X.

Suppose that (fy) is satisfied. We may assume that there exists z,, € Q such
that Vp(z,) # 0. Define h,, € Co(B(xn,en)) by

o (2) 0 if | — x| > en,
n\L) =
En— |z —xn| i |z —ap] < ep.

Without loss of generality, we may assume that supph; Nsupph,; = 0, for all
1 # 7. By Lemma 2.9, we can let €, > 0 be small enough, so that

1
o(th,) = / —— |Vth, [P(®) — / F(z,thy)dx — —co  ast — +oo.
o p(x) Q

Suppose that (p3) is satisfied. Define h,, € Co(B(zn,€xn)) by

0 if | — x| > 30,,
hp(x) = 36, — |v — | if 26, < |v —2,| < 30,,
On if |z — x| < 20,.
Note that i > . It foll that
ore tha |I—Iﬂ?:|nﬁ5np(x) 2571§|£%E}§|§35np($) crows T

1
thy) = / —— |Vith, [P — / F(x,th,)dx
p(thn) Qp(x)l | ; ( )

g/ 1 |Vth,, [P 7/ C1[thy, [P® da + Oy — —o00
26, <|z—2n| <35, P(T) |z—2p <60
as t — +o00.

Set V. = span{hi,...,hi}. We will prove that there exist infinitely many
pairs of V™ and V,, such that ¢ satisfies the conditions of Lemma 3.5 and the
corresponding critical value satisfies

@y, = inf sup ¢(g(u)) = 400
ger ueV,~
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when k — 4o00. This shows that there are infinitely many pairs of solutions of
problem (P). For any m = 1,2,..., we will prove that there exist p,, > v, > 0
and large enough k,, such that

(A1) by, = inf{p(u) |ue Vi, [lull = ym} = +oo (m = +00); and
(A2) ag,, == max{p(u)[u eV, , [|lull =pn} <O0.

First, we prove (A;) as follows. By computation, for any u € Zj, with

m

[lu|l = ¥m = m, we have

o(u) :/ —|Vu|p(m) dx — /F(x u) dz

/|Vu|p dx—C/ \u|"‘($)dm—Cl/ |u| dx

> pj lulP” = Clul2) = Calula(.) (where € € Q)

1 - S .
;HUII” = OB, lull™ = CoB,, llull - if fulac) <1,

.
ul|* — Cofy,,

Y

4WWP—Cm

ull i Julq) > 1,

m

||u||p — OB ([ul®” +1) — CaBy,,

m

ul|.

Obviously, there exists a large enough k,,, such that, for all u € Z, with ||ul| =

Ym = M,

—Hunp — OB (lul®” +1) — CoBy,,

m

1 _
p
ul 2 ol

Therefore ¢(u) > ||ul|P /2p™T, for all u € Zg, with ||ul] = 4, = m. Hence
by,, — +oo as m — oo.

Next, we give a proof of (Ay). According to the above discussion, it is easy
to see that

U(thg, ) = —oco0 ast— +oo.
We conclude that, for all h € V- = span{hi,..., kg, } with [[h]| =1,

p(th) —» —co  as t — +oc. O
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