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ABSTRACT. — In this paper we are concerned with a new class of quasilinear elliptic equations with
a power-like reaction term and a differential operator that involves partial derivatives with different
powers. The functional-analytic framework relies on anisotropic Sobolev spaces. By means of com-
bined variational arguments, we obtain the existence of weak solutions and, in case of symmetric
settings, the existence of large or small energy solutions. In particular, we establish some results
that extend the classical theory of combined effects of concave and convex nonlinearities.
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1. HISTORICAL PERSPECTIVES

Schrodinger gave the classical derivation of his equation, based upon the analogy
between mechanics and optics, and closer to Louis de Broglie’s ideas. He also de-
veloped a perturbation method, inspired by the work of Lord Rayleigh in acous-
tics, proved the equivalence between his wave mechanics and Heisenberg’s ma-
trix, and introduced the time dependent Schrédinger’s equation. It is striking to
point out that talking about his celebrating equation, Erwin Schrodinger said: “I
don’t like it, and I’'m sorry I ever had anything to do with it”.

The Schrodinger equation is central in quantum mechanics and it plays the
role of Newton’s laws and conservation of energy in classical mechanics, that is,
it predicts the future behaviour of a dynamic system. The linear form of this
equation provides a thorough description of a particle in a non-relativistic setting.
The structure of the nonlinear Schrodinger equation is much more complicated.
This equation is a prototypical dispersive nonlinear partial differential equation
that has been central for almost four decades now to a variety of areas in mathe-
matical physics. The relevant fields of application vary from Bose-Einstein con-
densates and nonlinear optics, propagation of the electric field in optical fibers
to the self-focusing and collapse of Langmuir waves in plasma physics and the
behaviour of deep water waves and freak waves (the so-called rogue waves) in
the ocean. The nonlinear Schrédinger equation also describes various phenomena
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arising in the theory of Heisenberg ferromagnets and magnons, self-channelling
of a high-power ultra-short laser in matter, condensed matter theory, dissipative
quantum mechanics, electromagnetic fields, plasma physics (e.g., the Kurihara
superfluid film equation). We refer to Ablowitz, Prinari and Trubatch [1], Sulem
[21] for a modern overview, including applications.

Our purpose in the present paper is to establish some multiplicity results
for a Schrodinger-type equation in the framework of Sobolev spaces with vari-
able exponents. The study is motivated by the fact that in the last few years
these function spaces have described several important topics of nonlinear par-
tial differential equations. More precisely, problems involving the p(-)-Laplace
operator

A

(U = div(|Vu|"Y 2 Vu)

have been intensively studied. Lebesgue and Sobolev spaces with variable ex-
ponent have been used in the last decades to model various phenomena. Chen,
Levine and Rao [5] proposed a framework for image restoration based on a
variable exponent Laplacian. Another application that uses nonhomogeneous
Laplace operators is related to the modeling of electrorheological fluids. The first
major discovery in electrorheological fluids is due to Willis Winslow in 1949.
These fluids have the interesting property that their viscosity depends on the elec-
tric field in the fluid. They can raise the viscosity by as much as five orders of
magnitude. This phenomenon is known as the Winslow effect. Electrorheological
fluids have been used in robotics and space technology. The experimental re-
search has been done mainly in the USA, for instance in NASA laboratories.
For more information on properties, modelling and the application of variable
exponent space to the fluids, we refer to Diening [7], Rajagopal and Ruzicka
[18] and Ruzicka [19]. For an excellent overview of the most significant mathe-
matical methods employed in this paper we refer to Ciarlet [6].

2. STATEMENT OF THE PROBLEM

In a celebrated paper, Rabinowitz [16] proved that the nonlinear Schrodinger
equation has a ground-state solution (mountain-pass solution) for small positive
perturbations and in the case of positive potentials. After making a standing wave
ansatz, Rabinowitz reduces the problem to that of studying the semilinear elliptic
equation

—Au+a(x)u= f(x,u) inRY,

under suitable conditions on ¢ and assuming that f is smooth, superlinear and
has a subcritical growth. Motivated by the paper [16], the goal of this work is to
study the existence and multiplicity of weak solutions of problem (2.1). A central
role in our arguments will be played by the fountain theorem, which is due to
Bartsch [3]. This result is nicely presented in Willem [22] by using the quantitative
deformation lemma. We also point out that the dual version of the fountain the-
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orem is due to Bartsch and Willem, see [22]. Both the fountain theorem and its
dual form are effective tools for studying the existence of infinitely many large
or small energy solutions. It should be noted that the Palais-Smale condition
plays an important role for these theorems and their applications.

The purpose of this paper is to analyze the existence and multiplicity of weak
solutions of the anisotropic quasilinear elliptic problem

a4~ S0l + bl " u = f(xu) inQ,
u=0 ondQ,

where Q = RY (N >3) is a bounded domain with smooth boundary, p;, i €
{1,..., N} are continuous functions on Q such that p;(x) >1and f: QxR —
R satisfies the Carathéodory conditions.

In this paper, the operator involved in equation (2.1) is more general than
the p(-)-Laplace operator. Thus, the variable exponent Sobolev space W 17()(Q)
is not adequate to study nonlinear problems of this type. This lead us to seek
weak solutions for problem (2.1) in a more general variable exponent Sobolev
space which was introduced for the first time in [12].

In [4, 14] (see also [11, 15, 17]) the authors studied the anisotropic quasilinear
elliptic problem

{_ S O (0ul " 20 u) = f(x,u) in Q,
u=0 on0Q,

where Q = RY (N > 3) is a bounded domain with smooth boundary. They have
established both existence and multiplicity results. in [4] it is applied the sym-
metric fountain pass theorem of Ambrosetti and Rabinowitz [2], while in [14]
the authors combine the minimum principle, the mountain pass theorem and the
Ekeland variational principle, where f(x,u) = /1|u|q(x)72u is assumed.

Our paper is organized as follows. We first introduce the theory of generalized
Lebesgue—Sobolev spaces and the generalized anisotropic Sobolev spaces, in
which we seek the solutions of (2.1). Next, we state and prove the main results.
The final part of the paper is concerned with combined effects of concave and
convex nonlinearities.

3. FUNCTIONAL SETTING

In this section, we recall some definitions and basic properties of the variable ex-
ponent Lebesgue space L?()(Q) and WOI"” (')(Q), where Q is a bounded domain in
RY. Roughly speaking, anisotropic Lebesgue and Sobolev spaces are functional
spaces of Lebesgue’s and Sobolev’s type in which different space directions have
different roles.

Let Q be a bounded domain of RY. Denote

C.(Q) = {h(x); h(x) € C(Q),h(x) > 1,Vx € Q}.



94 G. A. AFROUZI, M. MIRZAPOUR AND V. D. RADULESCU
For any /1 € C,(Q), we define
ht =max{h(x);x € Q}, h =min{h(x);x € Q}.

For any p € C,(Q), we define the variable exponent Lebesgue space

L")(Q) = {u : Q — R;u is measurable and / u(x) |7 dx < oo},
Q

p(x)
dx <15.

ProOPOSITION 3.1 (See [8]). (i) The space (L") ( ) -lpey) is a separable, uni-

formly convex Banach space and its dual space is L1")(Q), where p( 7+ ﬁ = 1. For
any u e LP")(Q) and v e L1V (Q), we have

/ uv dx
Q

(ii) If p1(-), p2(-) € CL(Q), pi() < pa(), ¥x € Q, then L7V(Q) — L1(Q)
and the embedding is continuous.

endowed with the Luxemburg norm

iy = [t = inf{,u > o;/Q

Then (L?V)(Q),|. |5()) is a Banach space, cf. [13].

u(x)

1 1
< (o= o) Whololyey < 2ol

An important role in manipulating the generalized Lebesgue space is played
by the p(-)-modular of the L?)(Q) space, which is the mapping Py LrO(Q)
— R defined by

Py (1) = /Q ) dx.

PROPOSITION 3.2 (See [9]). For u € L*Y)(Q) and u, = L”")(Q), we have

(1) ful,.) <1 (respectively = 1;> 1) < p,,(u) <1 (respectively = 1;> 1);
(2)f0ru;é0 |ua] . l@pp()(—)ZI

() il > 1, then Jul, )= 0 0) =l

(4) if Jul,) <1, then Jul ;. <Pp()é\|(

(5) |u, — u| —0 (respectwely ) & Pty — u) — 0 (respectively — o),

since p < 0.

The space WO1 o’ ('>(Q) is the closure of C;°(€2) under the norm

[ull = V()] -
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The norm l|lul| = E, 1 [0xul,y) 1s an equivalent norm in W )(Q) (see [14]).
Hence W, Lp( (Q) is a separable and reflexive Banach space. Note that when
se Cyi(Q ) and s(x) < p*(x) for all x € Q, where p*(x) :NAZ(\))( if p(x) <N
and p*(x) = oo if p(x) > N, then the embedding WOI’P(')(Q) — L* ()(Q) is com-
pact.

Finally, we introduce a natural generalization of the Sobolev function
space W <)( Q), which will enable us to study with sufficient accuracy problem
(2.1). For this purpose, let us denote by p: Q — R" the vectorial function
BC) = (pi().p2()s o px(2)) with pi(-) € Co(Q), i€ {l,...,N}. We define
X = WO1 o’ x)(Q), the anisotropic variable exponent space, as the closure of
Cy (Q), with respect to the norm

N

||M|| = Z |axfu|p,-(x)'

i=1

As it was pointed out in [14], W (Q) is a reflexive Banach space. In order to
facilitate the manipulation of the space W i )(Q) we introduce P, P_ e RY
and P, P*, P, P~ e R" as

p)-‘r:(pfrapzra"'apj\})v ﬁ—:(PfaPEaaPﬁ)a

P-—:-_:max{pr7p;—7“'>p]—~\;}7 Pt:max{pl_7p2_7"'7p;/'}7

P, =min{p}, py,....,py}, PZ=min{p;,p;y,...,px}

Throughout this paper, we assume that

(3.1) Zi> 1.

This condition ensures that the anisotropic space WO1 ’ (x)(Q) is embedded into
some Lebesgue space L’(Q). If hypothesis (3.1) is no longer fulfilled, then one
has embeddings into Orlicz or Holder spaces.

Define P* €e R™ and P_ ,, € R" by

* N *
P'=———, P_ ., =max{P" P}

e

In addition, for the Carathéodory function f : Q x R — R, we consider the anti-

derivative F : Q x R — R,
F(x,s) :/ f(x,1)dt
0

With the previous notations, we introduce the following conditions:
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(B) b e L*(Q) and there exists by > 0 such that b(x) > b for all x € Q.
(fo) There exist two constants C; >0, C; > 0 and «(x) € C(Q) and P <o~ <
a(x) < P*(x) such that

(3.2) 1f(x,0)] < Cp + Co|t]*™ !, forall (x,7) e Q x R.

(f1) There exist constants M > 0, 0 > P such that for all x e Q and all 1 € R
with [f| > M,

0 < OF (x,1) < 1f (x,1).

(f2) f(x,1) = 0(|Z|PI_1) as t — 0 uniformly with respect to x € Q.
(f3) f(x,—t) = —f(x,1), forall x e Qand r € R.

PROPOSITION 3.3 (See [14]). Let Q = RY (N > 3) be a bounded domain with
smooth boundary. Assume relation (3.1) is satisfied and q € C.(Q) verifies

1<q(x)<P_ ., foralxeQ.
Then the embedding
Wy (@) — L)
is compact.

It should be noticed that from the condition (fy), we have P_ , =
max{P*, P*} = P*.

DEerINITION 3.4. By a weak solution to problem (2.1), we mean a function
u € X such that

N
/ {Z 1021|9720, b v + b(x)|ul T 2uw — f(x, u)v} dx =0
Q=1

forallve X.
We associate to problem (2.1) the energy functional J : X — R defined by
N ja) ,'(X)
|0 ul” b(x),  p+
Ju:/ — 4+ ——|ul" — F(x,u) ; dx.
(w) Q{Z e~ Flew)
REMARK 3.5. Under the condition (fy), the functional J is of class C'.

REMARK 3.6. For simplicity, we use ¢, ¢’, ¢, C, C', M, M’, to denote the gen-
eral nonnegative or positive constant (the exact value may change from line to
line).
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4. EXISTENCE OF SOLUTIONS
In this section we establish the existence of weak solutions to problem (2.1).

THEOREM 4.1. Assume that hypothesis (3.2) holds with a(x) < P_ ., at < P_.
Then problem (2.1) has a weak solution.

ProOOF. From the assumption on f, using the Holder’s inequality and the
Sobolev type embeddings, we deduce that the functional J is weakly lower semi-
continuous in X. We will show that J is coercive.
Condition (3.2) implies
F(x,1) < C(1+ "), forall (x,7) e Q x R.

Without loss of generality, assume ||u|| > 1. Then

/{Z \ovlu|: b(x) |u| + — F(x, u)} dx

= Pl+2/|8x,~ul”’ dx+—/|u| dx—/ C(1 + |u|™) dx

+ =1

05+
- Ly JIEEe ol = Cll* = o

+ll

Using (B), we have

(4.1) /b Yu| P dx>—|u| > 0.
L@

Foreachie {1,2,..., N} we define

o PI if |8x,u|pi(x) <1
' P~ if |Oyul

pi(x)

Using Proposition 3.2, and Jensen’s inequality (applied to the convex function
g: Rt = R, g(t) =tP~, P~ > 1), we have

al (x) S
> [ 1ol ax > > e
N p- P Pt
= Z |axiu|pi(7x) o Z (|axiu|ﬁiE«V) o |axiu|p"(+x))
i=1

{[; 1,‘:PI}
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N LX) pe
> N(Zi:l |f\;‘iu|p( ))P _ N

.
aal |

= NP:—I

Thus, we obtain

ot /
—W—Cllull - M'— o, asu — o,

so J is coercive, since ™ < P~. Thus, J has a minimum point z € X and u is a
weak solution (which may be trivial) of problem (2.1). O

THEOREM 4.2. Assume that conditions (fy), (f1) and (f3) are fulfilled. Then prob-
lem (2.1) has a nontrivial weak solution.

To prove Theorem 4.2, we apply the mountain pass theorem, see [2]. We need
to verify the following auxiliary results.

LemMa 4.3. Let (u,) be a Palais-Smale sequence for the Euler-Lagrange func-
tional J. If the condition (f) is satisfied, then (u,) is bounded.

PRrROOF. Let (u,) be a Palais-Smale sequence for the functional J. Thus, there
exists ¢ > 0 such that

(4.3) [I(u,)] <¢é and [I'(u,) —0 asn— oo.

By conditions (B) and (f}), for all n we can write

1 1
c+1=> J(un) _§<J,(un)aun>+§<Jl(“n)7un>
N i(x)
|6x»un|p b(x) Pt
= : + u,|"+ — F(x,uy,) pdx
/{Z pl o Ml )

I - P I Loy
0 |‘/Q{;|axf“n| + b(x) ||+ — f(x, )1t p dx +E<J (Un), Uny

11y || 11 P 1,
= (55 ) o+ (e =) | POl e = 17 )y ] — <

1 N ™= 1,
> (pr =)y gl @l —c

We have supposed, for convenience, that ||u,|| > 1. From the inequality above,
we know that (u,) is bounded in X since 0 > P . The proof is complete. O
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In the following lemma, we establish that every bounded Palais-Smale se-
quence for the functional J contains a convergent subsequence.

LEmMA 4.4. Let (u,) be a Palais-Smale sequence for the Euler-Lagrange func-
tional J. If the conditions (fy) and (f) are satisfied then (u,) contains a convergent
subsequence.

PRrROOF. Let (u,) be a Palais-Smale sequence for the Euler-Lagrange functional
J. By Lemma 4.3, (u,) is bounded. Then there exists a subsequence, still denote
by (u,), which converges weakly to a function u, in X. By relation (4.3) we
deduce

lim <I'(uy),u, — up» = 0.

n—o0

Therefore
(4.4) hm Z/ |0t 7720 4 (Ot — O 110)

[l ()~ [ 1) ) ) =0

Since Pt < o(x) < P* = P_ ., the embeddings X — L*")(Q) and X — LPH(Q)
are compact, hence (u,) converges strongly to uy in L*)(Q) and also in L% (Q).
From (B), (fy), Propositions 3.1 and 3.3, we obtain

< 2C| |7/ln|a(x)7l

S (xy up) (U — ug) dx
Q

4|un - uo|a(.> — 0,

%()—

and

‘/ b(x)\uﬁpi*zun(un —up) dx
Q

Taking into account the two above inequalities, relation (4.4) reduces to

< 2Bl eyt ™ o lttn = w0 p — 0.

+_
Pl

N
lim / |0, 4| 7720 14 (D, g — Oyt dx = 0.
Q

n—oo 4
1=

We conclude that

n—oo

(4.5) lim Z / (10 26| 7720 10 — |0 100|720 ,100) (Ot — D, tt) dlx = 0.
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Next, we apply the following inequality (see [20])

(4.6) (€2 = nl"m)- (& =m) =277 =", V& e RY,

valid for all r > 2. Relations (4.5) and (4.6) show that actually (u,) converges
strongly to ug in X. |

LEmMA 4.5. Assume that conditions (fo) and (f3) are fulfilled. Then there exist
r>0ando > 0 such that J(u) >0 > 0 for any u € X with ||ul| =r.

PrOOF. From (fy), we have X < L+ (Q). So there exist a constant C > 0 such
that

- g < Clull

for allu € X. By (fy) and (f3), there exist a constant 0 < ¢ < 1 and a positive con-
stant C(¢) such that

(4.7) F(x,0)] < elt]™ + C(e)|]™™,  forall (x,7) e Q x R.
Next, we focus our attention on the case when u € X and |u|| < 1. For such
an element u, we have |dul, ) <1, i€ {l,...,N} and by Proposition 3.2, we
obtain
N p+
(4.8) / |0u| ") dx > Z|anu| Z:|anu|pi<+x>
N . +
- N<Zf=1 Iax,.ul,,,.(x))m ™
= N NPifl

Relations (4.7), (4.8) and (4.1) yield
J(u) > &—/(EMH + C(&)|u|™™) dx
PINF o

+ — o
— 26Cllu|| ™ = C(e)|lul
Choose ¢ > 0 so small that 0 < 2¢C < ﬁ We obtain
2PINTE

P+
[l

—— — C(e)||u|*
spinrr— CElul

J(u) =

Since o~ > P, there exist r > 0 small enough and 6 > 0 such that J(u) > 6 > 0 if

llu|| = r. O
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LEMMA 4.6. Assume that condition (fy) is fulfilled. Then there exists e € X with
llel]| > r (where r is given in Lemma 4.5) such that J(e) < 0.

PrOOF. From (f;), we have
(4.9) F(x,t)>Clt|” =1, forall (x,7) e QxR.
Using (4.9), for € X\{0} and 7 > 1, we have

N pi(x)
J(tw) = /Q{Z |a\;7())|c) +b1<)+) |tw|” + — F(x, tw)} dx

i=1

e

<—Z/|6X,w|”’ dx+—b( Y| dx — Ct /|co| dx+ C'.

Since 0 > P, we deduce that for sufficiently large 7 > 1, we have J(tw) < 0. O

PROOF OF THEOREM 4.2 COMPLETED. Since J(0) =0, considering Lemmas
4.3-4.6, we apply the mountain pass theorem [2] to obtain that problem (2.1)
has a nontrivial weak solution. |

5. INFINITELY MANY SOLUTIONS

The following result establishes the existence of infinitely many solutions of prob-
lem (2.1), provided that the right-hand side is odd.

THEOREM 5.1. Assume that the conditions (fy), (f1) and (f3) hold. Then problem
(2.1) has a sequence of solutions (+uy) such that J(+uy) — +o0 as k — +o0.

The proof of Theorem 5.1 relies on the fountain theorem, see Willem [22].
Since X is a reflexive and separable Banach space, then X* is too. Thus, by
[23], there exist {¢;} = X and {¢;} = X* such that

X =span{e;: j=1,2,...}, X" =span{e:j=12,...},

and

1 ifi=,
<ei’ef'>_{0 if i # J,

where {-,-> denotes the duality product between X and X *. We define

k 0
Xj=span{e}, Yi=@X, Z=@X
j=1 i=k

Then we have the following auxiliary result.
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LEMMA 5.2 (See [10]). Assume that o, € C(Q), a(x),B(x) < P_ o, for all
x € Q. Denote

oy = sup{|u
Bre = supilul oy lull = 1, u € Zij.

Loy llull = 1,u € Z}

Then limy_, o, oy = 0 and limy_,, f;, = 0.

LEMMA 5.3 (Fountain Theorem, see [22]). Let J € C'(X,R) be an even func-
tional, where (X, ||.||) is a separable and reflexive Banach space. Suppose that for
every k € N, there exist p;, > ri > 0 such that

(A1) inf{J(u) : u € Zy, ||u|| = re} — 400 as k — +oo.
(A2) max{J(u):ue Yi,||ull =pi} <0.
(A3) J satisfies the Palais-Smale condition for every ¢ > 0.

Then J has a sequence of critical values tending to + co.

5.1. Proof of Theorem 5.1. According to (f3), Lemmas 4.3 and 4.4, J is an even
functional and satisfies the Palais-Smale condition. We prove that if &k is large
enough, then there exist p; > r, > 0 such that (A1) and (A2) hold.

(Al) For any u € Zy, |ju|]| = rx > 1 (rr will be specified below), using (4.1) and

(fo) we have
/{Z'a;lu(lx Ig—?]mPI—F(x,u)}dx

i=1

> dqu| " dx - C / 1+ Ju) ) dx
o> [ (1)

+ =1

Jua]) -
2 NPT Cmax{|”|uv @ Ul — M.
+
ot - +
If max{[u[7 . q): [Ul 7000y} = [Ulf0q)> We have
s = M e g
> k
P

At this stage, we fix ry as follows:
1
rp = (Ccﬁ’oc,iﬁ)"iﬂ+ — 4o ask — +oo.
Consequently, if ||u|| = r then

1

1
P—I oc)k - M — 400 ask — +o0,

J(u)z(

due to a* > o~ > Pf and op — 0 as k — +c0.
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(A2) Using relation (4.6) for any u € Y;\{0} with [ju[| =1 and 1 < p, = # with
tx — +oo, we have

N i(x)
|0y, tu|” b(x) pt /
Jlu:/ : + teu| + — | F(x,tyu) p dx
(txu) Q{?—l i) Pi'k‘ A (x, tiu)

+
+

PI N P

I i) I Pt 0 0
< %S ul? Sy — M.
< oo /Q|6‘u| dx+Pi Qb(x)|u| dx — Ct; Q|u| dx +

— i=1

Since 0 > P} and dim Y} < oo, we observe that J(#u) — —oo as k — 40
for u € Yg. This implies that

max{J(u) : |u|| = pp,u € Yi} <0,

for every p,, large enough. Applying the fountain theorem, we complete the
proof.

6. THE CASE OF CONCAVE-CONVEX NONLINEARITY

In this section, similarly to the result named “concave and convex nonlinearities’
for the Laplace operator in [22], we establish the following qualitative property.

THEOREM 6.1. Let y(x),f(x) € C.(Q), y(x),B(x) < P*(x) for any x € Q with
v~ > PL BT < P and f(x,1) = A" 21 + wlt) "2t Then the following prop-
erties hold:

(i) For every A >0, u € R, problem (2.1) has a sequence of weak solutions (+uy)
such that J(+u) — +o0 as k — +o0.

(ii) For every u> 0, 2 € R, problem (2.1) has a sequence of weak solutions (+vy)
such that J(+vr) — 0 as k — +oo.

We will use Lemma 5.3 to prove Theorem 6.1 (i) and the following dual foun-
tain theorem to prove Theorem 6.1 (ii), respectively.

LeMMA 6.2 (Dual Fountain Theorem, see [22]). Assume (Al) is satisfied and
there is ko > 0 so that, for each k > ky, there exist p;, > ry > 0 such that

(Bl) ax =inf{J(u) : u € Zy,||ul| = pi} = 0.

(B2) by =max{J(u):ue Yy, |ul| =r} <O.

(B3) dy =inf{J(u) : u € Z, ||ul| < p;} — 0ask — +c0.
(B4) J satisfies the (PS), condition for every ¢ € [dy,,0).

Then J has a sequence of negative critical values converging to 0.

DEFINITION 6.3. We say that J satisfies the (PS), condition (with respect
to (Yy)), if any sequence (u,) = X such that n; — +c0, u,, € Yy, J(uy) — ¢
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and (J |Y ) (un,) — 0, contain a subsequence converging to a critical point
of J.

6.1. Proof of Theorem 6.1. (i) The proof is similar to that of Theorem 5.1 if we
use the fountain theorem, so we only verify the Palais-Smale condition. Accord-
ing to Lemma 4.3 it is sufficient to verify that the Palais-Smale sequence (u,) is
bounded in X. We assume there exists a constant ¢ > 0 such that

[I(u,)] < ¢ and [I'(u,) —0 asn— oo.

Assume |[ju,|| > 1. We have for n large enough

c+1> J(un) _yl_<J/(un)7un> +yi_<‘]/(un)vun>

|av un‘p ) b(x> Pl A 7(x) K B(x)
: Uyt — ——u, | — U, dx
/{Z Fpr g e g
1 Blx
S ol 4 b0l — ™ — s
Y Q 1

=

+yi<J’(un>,un>

1 24a|
Z(Pi >NP -1 /b Dl
11 1
B(x) /
—|—,u/(—_——)un dx ——||J" (uy, || Un
G 5(x)| | o= 17 G
11 [Ju]™ g1
> (= — ) 2 Ol = — .
2 (p=5) = Clwl” ==l

Since P~ > % and y~ > P7, we deduce that (u,) is bounded in X.

(ii) We know that J satisfies (A1), the assertion of conclusion can be obtained
from the dual fountain theorem. Now, it remains to prove that J satisfies the
(PS), condition and there exist p, > rr > 0 such that if & is large enough (B1),
(B2) and (B3) are satisfied.

(B1) Let u € Z, then

”uHPI |’1|/ (x) ,Lt/ B(x)
JWw)> —————— [ |u|"Vdx—== [ |u|"" dx
) PINP 9™ Q| | B Q‘ |

lll™ _ClAl P
Z S P [|ul] e max{ [ul} s g 1417 o) -
+
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There exists 0 < p; < 1 small enough such that CW lull” < [uel| * as

-
0 < p = |Ju|| < p;. Then we have 2P+NP -
[ :
= J(U) > 2P_':_']V—PII ﬁ_ max{|u| Q) |u|£l,(x)(g)},
+ _
If max{|“|gﬁ<x>(g)> |“|£ﬁ(X)(Q)} |”|L/; > then
1 Pt ﬂ + ﬂ+
J(u) = —————[lull™ — =B llu|”" .
2PiNP B
L PT-1 ot 1
Choose p;, = (w) 7T then
J(u) > ! (p)" ! (p)F =0
= S ptarPt—1 Wk - . I =
2PfNPi! 2PTNPIT

Since P~ > B, B — 0, we know that p;, — 0 as k — +co.

IE max{[ul} ) g 4l 50 0} = 14l
above. So (B1) is satisfied.
(B2) Forv e Y with |jv] =1and 0 <z < p; < 1, we have

N
|0, lvl b(x), pr A oo KB
! | ——— | —— |t dx
/{Zl ol PI' T g
i "

we can do the same work as the case

put?” .
—/5’+ /Q|v\£(>dx

Since dimY; = k, conditions f~ < P~ and PT <y~ imply that there exists a
ri € (0,p;) such that J(u) <0 when ||u|| = ry. Hence by = max{J(u):u e Y,
llu|| = ri} < 0, so (B2) is satisfied.

(B3) Because Yy N Z; # 0 and ry < py, we have

di =inf{J(u) :u e Z, ||ul| <pr} <bpr=max{J(u):ue Y, |ul| =r} <O0.
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In view of the proof of (B1), we have

Iy = = =B " o Bl
B B
Since f;, — 0 and p;, — 0 as k — +o0, (B3) is satisfied.
Finally, we verify the (PS), condition. Suppose (u,) < X such that
nj — +o, u, € Y, and (J|ym)/(u,1j) — 0. Assume [|u, || > 1 for convenience. If
A >0, for n large enough, we have

1 1
c+1=J(uy) _F<J/(”ﬂf)’u’?i> +y_7<‘]/(uﬂ,,),un/.>

1 1 ””n-HP: pr_ 1
= (pr—57) e~ Clunl” ==l

Since P~ > f" and y~ > P}, we deduce that (u,) is bounded in X.
If 2 <0, for n large enough, we can consider the inequality below to get the

boundedness of (u,,).
_ [ L
c+1=> J(””j) - V_+<J (un,->, “n,> +7_+<J (un/)a “nj>-

Going if necessary to a subsequence, we can assume u, — u in X. As

X =U,, Y, we can choose v,, € Y,, such that v,, — u. Hence
J

im ' (), — uy = Hm T (uy),t, — 00> + Hm T (uy,), 00, — 1)

nj—+o0 nj—-+oo B0
1 /
- n/ETw <(J| Ynj) (unj)7 unj - Unj>
= 0.

Similar to the process of verifying the Palais-Smale condition in the proof of
Lemma 4.3, we conclude u,, — u, furthermore we have J'(u,) — J'(u). Let us
prove J'(u) = 0 below. Taking w; € Yy, notice that when n; > k we have

<J/(u)7wk> = <J/(u> - J/(un;>awk> + <J/(unj)?wk>
=J (u) - Jl(“n/),wk> + <(J|Ynj)/(”n_,-)vwk>~

Going to the limit on the right side of the above equation reaches
<J/(M),C()k> - Oa VCOk € ka

so J'(u) = 0, this show that J satisfies the (PS), condition for every ¢ € R. The
conclusion of Theorem 6.1 (ii) is reached by the dual fountain theorem. O
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