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Abstract

In this paper we are concerned with a new class of anisotropic quasilinear elliptic equations with a power-like variable reaction
term. One of the main features of our work is that the differential operator involves partial derivatives with different variable expo-
nents, so that the functional-analytic framework relies upon anisotropic Sobolev and Lebesgue spaces. Existence and nonexistence
results are deeply influenced by the competition between the growth rates of the anisotropic coefficients. Our main results point
out some striking phenomena related to the existence of a continuous spectrum in several distinct situations.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to analyze the existence of solutions of the nonhomogeneous anisotropic eigenvalue
problem
N
=Y O (1051?0200 u) = A1 U in 2,

i=1

u=0 on 052,

ey

where 2 c RV (N > 3)is a bounded domain with smooth boundary, A is a positive number, and p;, g are continuous
functions on £2 such that 2 < p;(x) < N and ¢(x) > 1 forany x € 2 and i € {1, ..., N}.

In the particular case when p; = p forany i € {1, ..., N} the operator involved in (1) is the p(-)-Laplace operator,
ie., Apoyu = div(|Vu|?®~2Vy). This differential operator is a natural generalization of the isotropic p-Laplace

* Corresponding author at: Department of Mathematics, University of Craiova, 200585 Craiova, Romania.
E-mail addresses: mmihailes @yahoo.com (M. Mihdilescu), pucci@dipmat.unipg.it (P. Pucci), vicentiu.radulescu@math.cnrs.fr
(V. Radulescu).

0022-247X/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.09.015



688 M. Mihdilescu et al. / J. Math. Anal. Appl. 340 (2008) 687-698

operator A pu = div(|Vu|P~2Vu), where p > 1 is a real constant. However, the p(-)-Laplace operator possesses
more complicated nonlinearities than the p-Laplace operator, due to the fact that A .y is not homogeneous.

The study of nonlinear elliptic equations involving quasilinear homogeneous type operators like the p-Laplace
operator is based on the theory of standard Sobolev spaces WP (£2) in order to find weak solutions. These spaces
consist of functions that have weak derivatives and satisfy certain integrability conditions. In the case of nonhomoge-
neous p(-)-Laplace operators the natural setting for this approach is the use of the variable exponent Sobolev spaces.
The basic idea is to replace the Lebesgue spaces L”(§2) by more general spaces LPC) (£2), called variable exponent
Lebesgue spaces. If the role played by L?(§2) in the definition of the Sobolev spaces W7 (£2) is assigned instead
to a variable Lebesgue space L”()(£2) the resulting space is denoted by W70 (£2) and called a variable exponent
Sobolev space. Many properties of Sobolev spaces have been extended to Orlicz—Sobolev spaces, mainly by Donald-
son and Trudinger [9], and O’Neill [26] (see also Adams [2] for an excellent account of those works). The spaces
LPO)(£2) and W™ PO (£2) were thoroughly studied in the monograph by Musielak [25] and the papers by Edmunds
et al. [10-12], Kovacik and Rakosnik [21], Mihailescu and Radulescu [22—-24], and Samko and Vakulov [34]. Variable
Sobolev spaces have been used in the last decades to model various phenomena. Chen, Levine and Rao [7] proposed
a framework for image restoration based on a variable exponent Laplacian. A second major application which uses
nonhomogeneous Laplace operators is related to the modelling of electrorheological fluids (sometimes referred to as
smart fluids). Materials requiring such more advanced theory have been studied experimentally since the middle of
the last century. The first major discovery in electrorheological fluids was due to Willis Winslow in 1949. These fluids
have the interesting property that their viscosity depends on the electric field in the fluid. They can raise the viscosity
by as much as five orders of magnitude. This phenomenon is known as the Winslow effect. For a general account of
the underlying physics consult Halsey [17] and for some technical applications Pfeiffer et al. [28]. Electrorheological
fluids have been used in robotics and space technology. The experimental research has been done mainly in the USA,
for instance in NASA laboratories. For more information on properties, modelling and the application of variable
exponent spaces to these fluids we refer to Acerbi and Mingione [1], Alves and Souto [3], Chabrowski and Fu [6],
Diening [8], Fan et al. [14,15], Mihdilescu and Radulescu [22-24], Rajagopal and Ruzicka [32], and Ruzicka [33].

In this paper, the operator involved in (1) is even more general than the p(-)-Laplace operator. Thus, the variable
exponent Sobolev space W P()(£2) is not adequate to study nonlinear problems of this type. This leads us to seek
weak solutions for problem (1) in a more general variable exponent Sobolev space, which will be introduced in the
next section of this paper.

As far as we are aware, nonlinear eigenvalue problems like (1) involving multiple anisotropic exponents have not
yet been studied. That is why, at our best knowledge, the present paper is a first contribution in this direction. Another
major feature of this work is that, due to the “competition” between the growths of the functions p; and g, some
striking phenomena, not arising in the homogeneous case, characterize eigenvalue problems of this type.

2. Abstract framework

We recall in this section some definitions and basic properties of the variable exponent Lebesgue—Sobolev spaces

LPO () and W(} PO (£2), where £2 is a bounded domain in R". Roughly speaking, anisotropic Lebesgue and Sobolev
spaces are functional spaces of Lebesgue’s and Sobolev’s type in which different space directions have different roles.
Set C4(2) ={h e C(2): min 5 h(x) > 1}. For any h € C(£2) we define

ht =suph(x) and h~ = inf h(x).
e xeNR

For any p € C,(£2), we introduce the variable exponent Lebesgue space

Lp(')(.Q) = {u: u is a measurable real-valued function such that /|u(x) |p(x) dx < oo}
2

endowed with the so-called Luxemburg norm

p(x)
|u|p(,)=inf{u>0; / u) dxél},
Q
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which is a separable and reflexive Banach space. For basic properties of the variable exponent Lebesgue spaces we
refer to [21]. If 0 < |£2] < oo and py, p, are variable exponents in C.y (£2) such that p; < ps in £2, then the embedding
LP2O)(2) — LP10O(2) is continuous [21, Theorem 2.8].

Let L”'©)(£2) be the conjugate space of LP()(£2), obtained by conjugating the exponent pointwise that is, 1/p(x) +
1/p'(x) =1 [21, Corollary 2.7]. For any u € L?)(£2) and v € L ©)(£2) the following Holder type inequality

1 1
uvdx <(—+ _>|u| vlpe @
‘([ PR PO ()

is valid.
An important role in manipulating the generalized Lebesgue—Sobolev spaces is played by the p(-)-modular of the
LPO)(£2) space, which is the mapping p, () : LP)(£2) — R defined by

Py () = / |u| P dx.
2

If (u,), u € LP)(£2), then the following relations hold:

Ulpoy <1 (=1 =1) & ppo@) <1(=1; > 1), 3)
- +

|u|1’(') >1 = |u|£(.) < Pp(~)(’4) < |M|Z(.)7 4)
+ _

lup —u|lpy >0 & ppoyUy, —u)—0, (6)

since pT < 00. For a proof of these facts see [21].
If p e C.(R2), the variable exponent Sobolev space W!7()(£2), consisting of functions u € L”)(£2) whose
distributional gradient Vu exists almost everywhere and belongs to [L?)(£2)]", endowed with the norm

lull = lulpe) + [Vulpe,
is a separable and reflexive Banach space. As shown by Zhikov [39,40] the smooth functions are in general not dense

in W70 (£2), but if the exponent variable p in C(£2) is logarithmic Holder continuous, that is

M
|p(x) — p(y)| < ——— forallx, y € 2 such that [x — y| < 1/2, @)
log(lx — yI)

then the smooth functions are dense in W' 7()(£2) and so the Sobolev space with zero boundary values, denoted by
Wol’p(')(.Q), as the closure of C§°(§2) under the norm || - ||, are meaningful, see [18,20]. Furthermore, if p € Ci(R2)

satisfies (7), then C§°(£2) is dense in Wé’p(')(ﬂ), that is Hol’p(')(.Q) = Wé’p(')(.Q) [19, Theorem 3.3]. Since £2 is an
open bounded set and p € C (£2) satisfies (7), the p(-)-Poincaré inequality

lulpy < ClVulp)
holds for all u € Wy”"(£2), where C depends on p, |£2|, diam(£2) and N [19, Theorem 4.3], and so
lullt, pey = 1Vulpey

is an equivalent norm in WOl P (')(.Q). Of course also the norm

N
lallpey = D 1951l pcy

i=1
is an equivalent norm in Wol’p (')(.Q). Hence Wé ) (£2) is a separable and reflexive Banach space. Note that when
s €Cy(£2) and s(x) < p*(x) for all x € £2, where p*(x) = Np(x)/[N — p(x)] if p(x) < N and p*(x) = oo if

p(x) = N, then the embedding Wol’p (')(.Q) — LO(2) is compact and continuous. Details, extensions and further
references can be found in [18-21].
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Finally, we introduce a natural generalization of the variable exponent Sobolev space Wé P (')(.Q) that will enable
us to study with sufficient accuracy problem (1). For this purpose, let us denote by p : 2 — R” the vectorial function

p=(p1,..., pn). We define WO1 b (')(Q), the anisotropic variable exponent Sobolev space, as the closure of CgO(Q)
with respect to the norm

N
leell ey =D 1851l pic)-

i=1
In the case when p; € C(£2) are constant functions for any i € {1, ..., N} the resulting anisotropic Sobolev space
is denoted by Wé’ﬁ (£2), where p is the constant vector (pi, ..., py). The theory of such spaces was developed
in [16,27,30,31,37,38]. It was proved that Wol’ﬁ(.Q) is a reflexive Banach space for any p € RY with pi > 1 for all
i €{l,..., N}.This result can be easily extended to Wé’ﬁ(') (£2). Indeed, denoting by X = LP10)(2) x - .- x LPNO) ()
and considering the operator 7 : Wol’ﬁ(‘)(.Q) — X, defined by T (#) = Vu, it is clear that Wol’ﬁ(‘)(.Q) and X are
isometric by T, since ||Tu|lx = ZlNzl [0x;ulp; -y = llull ). Thus, T(Wg’ﬁ(')(ﬂ)) is a closed subspace of X, which is
a reflexive Banach space. By Proposition II1.17 in [5] it follows that T(W(} PO (£2)) is reflexive and consequently also
Wol’ﬁ(')(.Q) is a reflexive Banach space.
On the other hand, in order to facilitate the manipulation of the space Wé‘ﬁ (')(.Q) we introduce ﬁ+, P_eRN as

Pom (phee ) Pom (P i),

and Pf:, P, P~ eRt as

Pl =max{p.....p}}. P* =max{p;....,py}. PZ =min{p;,..., py}.
Throughout this paper we assume that
A
LI 8)
i=1 Pi

and define P* € R™ and P_ o, € RT by
N
P:ZN—_, P,,OozmaX{Pj,P:}.
2z 1/p =1

3. Main results

Our first main result extends Theorem 1 in [16] and states a compactness embedding between the spaces WO1 PO (£2)
and L1 (£2).

Theorem 1. Assume §2 C RN (N > 3) is a bounded domain with smooth boundary. Assume relation (8) is fulfilled.
For any q € C(82) verifying

l<q(x) <P_o forallxe, ©)]
the embedding

Wy PY(@2) > L10(@)
is continuous and compact.
Proof. Clearly LP()(£2) is continuously embedded in LPi (£2) for any i € {1,..., N}, since p;” < p;(x) for all
x € 2. Thus, for each i € {1, ..., N} there exists a positive constant C; > 0 such that

l¢l,- < Cilglp () forallg e LML)
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If u € W)'P(82), then d,,u € LP/O)(82) for each i € (1, ..., N}. The above inequalities imply

N N
lullp =D 13xul,- < C Y 1dgulper = Cllulls
i=1 i=1

where C = max{C1y, ..., Cy}. Thus, we deduce that W(}’ﬁ(')(.Q) is continuously embedded in WOI’P’ (£2). On the
other hand, since relationﬁ(9) holds true, we infer that g7 < P_ . This fact combined with the result of Theorem 1
in [16] implies that W&’P’ (£2) is compactly embedded in La* (£2). Finally, since g(x) < g™ for each x € 2, we
deduce that L9" (£2) is continuously embedded in L") (£2). The above piece of information yields to the conclusion
that W(} PO () is compactly embedded in L) (£2). The proof of Theorem 1 is complete. [

We give in what follows our main results regarding the existence of weak solutions for problem (1). By a weak
solution for problem (1) we understand a function u € Wol’p (‘)(Q) such that

N
/ { D 105 ulP 720, udy _Muwm—zw} dx =0

o Li=l

forall ¢ € Wol’ﬁ(')(.Q).

Theorem 2. Assume that the function q € C(82) verifies the hypothesis

P_T_r < ming(x) < maxq(x) < P*. (10)
xef2 xe

Then for any A > 0 problem (1) possesses a nontrivial weak solution.

Theorem 3. If ¢ € C(R2) satisfies the inequalities

I <ming(x) <maxqg(x) < P_, (11)

xes xX€eNR

then there exists \** > 0 such that for any A > A** problem (1) possesses a nontrivial weak solution.

Theorem 4. If ¢ € C(£2), with

I <ming(x) < PZ and maxq(x) < P_ s, (12)
xes? xe?

then there exists \* > 0 such that for any A € (0, A*) problem (1) possesses a nontrivial weak solution.

Remark 1. If ¢ € C(£2) verifies (11), then it satisfies (12). Consequently, the result of Theorem 3 can be completed
with the conclusion of Theorem 4. More precisely, we deduce the following consequence.

Corollary 1. Let g € C(R2) verify

1 <ming(x) < maxqg(x) < P_.
xefR2 xef2

Then there exist \* > 0 and A** > O such that for any A € (0, A*) and . > A** problem (1) possesses a nontrivial weak
solution.

Remark 2. On the other hand, we point out that the result of Theorem 4 holds true in situations that extend rela-
tion (11), since in relation (12) we could have

I <ming(x) < PZ <maxq(x) < P_ .
xef2 xe2
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4. Proof of Theorem 2

From now on E denotes the anisotropic variable exponent Orlicz—Sobolev space W(}’[; (')(.Q). For any X > 0 the
energy functional corresponding to problem (1) is defined by J, : E — R,

N

i (x)
Mu)z/{Z'a’””'p - |u|"(“}dx- (13)
2

= i) qW)

Theorem 1 assures that J; € C'(E, R) and the Fréchet derivative is given by
N
(7] (u), v) =/{ D 10k ulP 20 udy v —A|u|q<x)2uv} dx
o li=l
for all u, v € E. Thus the weak solutions of (1) coincide with the critical points of Jj,.
In order to prove that the J; has a nontrivial critical point, our idea is to show that actually J; possesses a mountain
pass geometry. It turns out that also the application of this, by now standard tools, is not straightforward, due to the

fact that the kinetic functional J) is no longer homogeneous, as in the isotropic case.
We start with two auxiliary results.

Lemma 1. There exist n > 0 and @ > 0 such that J, (u) > a > 0 for any u € E with llullgy =n.

Proof. First, we point out that

|u(x)|q7 + |u(x)|q+ > |u(x)|q(x) forall x € £2. (14)

Using the above inequality and (13), we find
- A - +
D)= — 3 | (0 ul” ™ dx — = (|uf? + |ul? ) (15)
Py i=1 1 ! !
=l
foranyu € E.

Since (10) holds, then E is continuously embedded both in L¢ (£2) and in La" (£2) by Theorem 1. It follows that
there exist two positive constants B; and B, such that

Billulljo = luly+,  Balullje = lul,~ forallu e E. (16)

Next, we focus our attention on the case when u € E and ||u| 5() < 1. For such an element u we have |9y, u|p,() < 1
and, by relation (5), we obtain

NP:—1 N

i=1

P +
5t SV acul o\ A e M |
—p()=N<l—1—x'1"()> <Z|3Xi”|p,-+(~)<Z|axi”|£:-(-)<Z/|3Xi”|p'()()dx' (17)
i=1 i=1 0
Relations (15)—(17) imply
! pr A q* qa-

Ji(u) = mﬂuﬂﬁz) - q—_[(BIHMHﬁ(-)) + (Ballulley)? ]
g —PF pt
po Ml

for any u € E with |lu|| 5, < 1, where B3, B4 and Bs are positive constants.
Since the function g : [0, 1] — R defined by

gt—pPf
= (B3 — Ballull ;" = Bs|u|

g(t) =By — Byt ~P% — gy =%

is positive in a neighborhood of the origin, the conclusion of the lemma follows at once. O
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Lemma 2. There exists e € E with ||le| 5, > n (where n is given in Lemma 1) such that J;.(e) < 0.

Proof. Let yy € C5°(£2), ¥ >0 and ¢ # 0, be fixed and let 7 > 1. By (13)

N o pi(x)

mw:/{z;( a1 = )|w|q<x>}dx
2

i=1

Z/m 1/f|"'<x>dx——f|1/f|q<”dx

Since ¢~ > Pfrr by (10), it is clear that lim,_, o Jj (1) = —oo. Then for ¢ > 1 large enough we can take e = i/ such
that |le|| 5.y > 1 and J;(e) < 0. This completes the proof. O

Proof of Theorem 2. By Lemmas 1 and 2 and the mountain pass theorem of Ambrosetti and Rabinowitz [4] (see
also Pucci and Serrin [29] for the case of mountains of zero altitude), we deduce the existence of a sequence (u,) C E
such that

Ja(up) —>¢>0 and J,(uy) >0 (in E*) asn — oo. (18)

We prove that (u4,) is bounded in E. In order to do that, we assume by contradiction that passing eventually to a
subsequence, still denoted by (u,), we have [lu, || 5.y — oo and |lu, || 5.) > 1 for all n.
Relation (18) and the above considerations imply that for n large enough we have

1
I+c+ ”un”p() Jo(u) — q_(‘,k(u”) Mn)

1 1\ v
> (—+ — —_> Z/ |8, 14 |77 dx.
Py a i=lg

Foreachi €{l1,..., N} and n we define
Pl i [0 unlpy < 1,

Uy =
UL P i |0yl py > 1

Using relations (4) and (5) we infer that for n large enough we have

N N
_ 1 1 . i,n
1+ + lunll oy = <—+ — —_) Z/ 18y, 14| P dx > <_ - _> Z Ottt
P+ q i=lg i=1
1 PZ P
Z\ o7 = Z'ax:”“p() __q_— D (Bnunlyy = ldul )

{i;0;, =P}

S 1 1 1 P- N 1 1 19
> P—I_q__ F”“n”ﬁ(.)— P_j_q_‘ . (19)

Dividing by ||u, ||§E) in the above inequality and passing to the limit as n — 0o, we obtain a contradiction. It follows
that (u,) is bounded in E. This information, combined with the fact that E is reflexive, implies that there exist a
subsequence, still denoted by (u,), and ug € E such that (u,) converges weakly to up in E. Since, by Theorem 1,
the space E is compactly embedded in L9 O (£2), it follows that (i) converges strongly to ug in L90)(£2). Then by
inequality (2) we deduce

lim |t |7 210, (uy — ) dx = 0.

2
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This fact and relation (18) yield
nli)ngo<-l)i(un)» Up — u0> =0.

Thus, we deduce that

N
lim > / |91t | 7728, 1ty (B 1 — B, 100) dx = 0. (20)
n—o0
i=1 Q
Since (u,) converge weakly to ug in E, by relation (20) we find

N
nli)rgoZ/(IE)xiunlp"(“’zax,-un — 1814017 729, 140) (Bt — Dy 140) dx = 0. @1
i=l1 o

Next, we apply the following inequality (see Simon [35, formula (2.2)])

(€26 —lwI"2y) - - =275 -yl &y eRY, (22)
valid for all > 2. Relations (21) and (22) show that actually (u,,) converges strongly to #¢ in E. Then by relation (18)
we have

Do) =c>0 and J(ug) =0,

that is, ug is a nontrivial weak solution of Eq. (1). O
5. Proof of Theorem 3

For any A > 0 let J, be defined as in (13). This time our idea is to show that J, possesses a nontrivial global
minimum point in E. We start with the following auxiliary result.

Lemma 3. The functional J, is coercive on E.

Proof. By relations (15) and (16) we deduce that for all u € E,

N
1 , A +
50> 5 32 [ g [ (Bl 0)" + (Balulio)” ) @)
+ i=1g

Now, we focus our attention on the elements u € E with ||u|| 5 > 1. Using the same techniques as in the proof of (19)
combined with relation (23), we find that
1 P- N A g+ -
> - - .
Sn(u) = PINT lluell 5., P [(Billullje)" + (Ballulize)’ ]
for any u € E with |u| 5., > 1. Since by relation (11) we have P~ > gt > g~ we infer that J; (1) — oo as
llu]l 3¢y = oo. In other words, Jy, is coercive in E, completing the proof. O

Proof of Theorem 3. The same arguments as in the proof of Lemma 3.4 of [22] can be used in order to show that J;,
is weakly lower semicontinuous on E. By Lemma 3, the functional Jj, is also coercive on E. These two facts enable
us to apply Theorem 1.2 in [36] in order to find that there exists u;, € E a global minimizer of J, and thus a weak
solution of problem (1).

We show that u, is not trivial for A large enough. Indeed, letting 7o > 1 be a fixed real number and £2; be an open
subset of §2 with |§2;] > 0, we deduce that there exists vg € C(‘)>o (£2) C E such that vo(x) =t for any x € £1 and
0<v(x) <roin £2 \ £21. We have

N
1 ) A A Aog—
J,\(UO)Z/{Zpi(x)|3x,-vo|p’(x)——|Uolq(x)}dxéL—q—Jrflvolq(x)dxéL—q—Jrfg 1211,
§29

= q(x)
e ‘=
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where L is a positive constant. Thus, there exists A** > 0 such that J; (ug) < 0 for any A € [A**, 00). It follows that
Jy.(uy) < 0 for any A > A** and thus u, is a nontrivial weak solution of problem (1) for A large enough. The proof of
Theorem 3 is complete. O

6. Proof of Theorem 4

For any A > 0, let J, be defined as in (13). Applying Ekeland’s variational principle [13], we show that assump-
tion (12) implies that the functional J, has a nontrivial critical point. We start with two auxiliary results.

Lemma 4. There exists \* > 0 such that for any A € (0, A*) there are p, a > 0 such that J, (u) > a > 0 foranyu € E
with ||ull5.) = p-

Proof. Since (12) holds, it follows by Theorem 1 that E is continuously embedded in L9 ) (£2). Thus, there exists a
positive constant ¢ such that

lulgy < cillullpy forallu e E. 24)
We fix p € (0, 1) such that p < 1/c;. Then relation (24) implies
|u|q(.) <1 forallu € E, with ||M||13() =p.

Furthermore, relation (5) yields

/ 7™ dx < |u|g(’,) forallu € E, with ||lu| 5., = p. (25)
2

Relations (24) and (25) imply
/ 9 dx < ||u||‘1§;) for all u € E, with [[ul|5¢) = p. (26)
2

Taking into account relations (17) and (26), we deduce that for any u € E with |[u| 5., = p the following inequalities
hold true:

1 Py A 1 Y A
D) 2 ———lull 3 — — f ul? dx > ———llul ;) — == llull%,

.
=p" <—1 pri-a X4 )
PiNPE q-

Hence if we define

* q_ Pr—g~
=4 P 27)
9~ p+ AT PI—1
2c¢] PIN"+

then for any A € (0, A*) and u € E with [u| 3., = p the number a = pPI/ZPiNPI_I is such that
J(u) >a > 0.
This completes the proof. O

Lemma 5. There exists ¢ € E such that ¢ >0, ¢ %0 and J, (t¢) < 0 for t > 0 small enough.

Proof. Assumption (12) implies that g~ < P_. Let €9 > 0 be such that g~ 4+ €9 < P_. On the other hand, since
q € C(£2), it follows that there exists an open set £2o C £2 such that |g(x) — g~ | < ¢p for all x € £2,. Thus, we
conclude that g(x) < ¢~ 4+ €9 < P_ forall x € §2;.
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Let ¢ € Cgo(.Q) be such that supp(¢) D 25, p(x)=1forall x € 2, and 0 < ¢ < 1 in £2. Then using the above
information and (13), for any ¢ € (0, 1), we have

N pix)

! 9 pi(x) tq(X) q(x) d
S (tp) = E S|P — A ) X
)L(‘P) / i()|x,‘ﬂ| ()| |

i=1

.
I
Z/'a P g — /,q<x>|¢|q<x> dx

_llQ

_Z/|3 P g — _/,q<x>|(p|q<x)dx
T i=lg

N
—_Z/ 00"

Therefore
Ji(tp) <0

for t < 81/ (P=—47—<0) wjith

O<8<mln{1 —/l(p|q(x)dx/2/|8 ¢|P’(x)dx}.

119

This is possible since we claim that Zi:l Jo 19x,01Pi® dx > 0. Indeed, it is clear that

/ 090 dx < f 090 dx < / o7 dx.
fo 2 2

On the other hand, E = WOl P (X)(.Q) is continuously embedded in L4 (£2) and thus, there exists a positive constant ¢,
such that

leoly- < c2llellpe-
The last two inequalities imply that
el >0
and combining this fact with relations (4) or (5) the claim follows at once. The proof of the lemma is now com-

pleted. O

Proof of Theorem 4. Let A* > 0 be defined as in (27) and A € (0, A*). By Lemma 4 it follows that on the boundary
of the ball centered at the origin and of radius p in E, denoted by B,(0), we have

inf J; > 0. (28)
3B, (0)

On the other hand, by Lemma 35, there exists ¢ € E such that J,(t¢) < 0 for all # > 0 small enough. Moreover,
relations (17), (26) and (5) imply that for any u € B, (0) we have

>
J(u) > P_tNPI 1” ”p() g ||M||p()

It follows that

—oo <c:= inf J, <O0.
B, (0)
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We let now 0 < € < infyp L,(0) Jo — infp NORZE Applying Ekeland’s variational principle (see [13]) to the functional
Jy. 1 B,(0) — R, we find u. € B,(0) such that

J(ue) < inf Jy + €,
B,(0)

Jk(ue)<JA(“)+€”’4_M€”;3(»)» U .
Since

Jiue) < inf Jy +e < inf J), +€ < inf J,,
B,(0) B, (0) 9B, (0)

we deduce that ue € B, (0). Now, we define I, : B,(0) — R by I, (1) = Jy(u) + €llu — uell 5. Itis clear that u. is a
minimum point of 7, and thus

L(ue +1v) — L (ue) >0
t
for small # > 0 and any v € B;(0). The above relation yields
Ji(ue +1v) — Ji(ue)
t

+€||U||l3(.) > 0.

Letting t — 0 it follows that (J; (uc), v) + €||v]| 5y > 0 and we infer that || J] (ue)|| < €.
We deduce that there exists a sequence (w,) C B, (0) such that

Ja(wp) > ¢ and  J; (w,) — 0. (29)

It is clear that (w,) is bounded in E. Thus, there exists w € E such that, up to a subsequence, (w,) converges weakly
to w in E. Actually, with similar arguments as those used in the end of Theorem 2 we can show that (w,,) converges
strongly to w in E. Thus, by (29)

SHi(w)y=c<0 and J;(w)=0, (30)

that is, w is a nontrivial weak solution for problem (1). This completes the proof. O
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