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EXISTENCE OF INFINITELY MANY SOLUTIONS FOR
DEGENERATE KIRCHHOFF-TYPE
SCHRODINGER-CHOQUARD EQUATIONS
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ABSTRACT. In this article we study a class of Kirchhoff-type Schrodinger-
Choquard equations involving the fractional p-Laplacian. By means of Ka-
jikiya’s new version of the symmetric mountain pass lemma, we obtain the
existence of infinitely many solutions which tend to zero under a suitable value
of A\. The main feature and difficulty of our equations arise in the fact that the
Kirchhoff term M could vanish at zero, that is, the problem is degenerate. To
our best knowledge, our result is new even in the framework of Schrédinger-
Choquard problems.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

In this article, we consider a class of Kirchhoff-type Schrodinger-Choquard equa-
tions involving the fractional p-Laplacian of the form

M([[ull?)[(—=A)5u + V(@) ulP"u] = A (2, ) + (K * [ufPn)

in RY, where hereafter K, (z) = |z| 74,

Julle = (1l + / V) ulrar) ),

Ju(@) —u(@)P , U
// |x— S dady)

M : R§ — R{ is a Kirchhoff function, V : RN — R* is a scalar potential, pf, , =
(pN — pu/2)/(N — ps) is the critical exponent in the sense of Hardy-Littlewood-
Sobolev inequality, f : RV x R — R is a Carathéodory function, and (—=A); is the
associated fractional operator which, up to a normalization constant, is defined as

lp(x) — e(y) P2 (e(x) — p(y))

|z —y|Nes

wPes"2u,  (1.1)

(1.2)

(=A)pp(z) =2 lim dy, =€RY,

e=0% JRN\ B, (2)
along functions ¢ € C§°(RY). Henceforward B () denotes the ball of RY centered
at x € RY and radius € > 0.
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Nonlocal operators can be seen as the infinitesimal generators of Lévy stable
diffusion processes [2]. Moreover, they allow us to develop a generalization of
quantum mechanics and also to describe the motion of a chain or an array of
particles that are connected by elastic springs as well as unusual diffusion processes
in turbulent fluid motions and material transports in fractured media (for more
details see for example [2, 8, 9] and the references therein). Indeed, the literature
on nonlocal fractional operators and on their applications is quite large, see for
example the recent monograph [27], the extensive paper [I5] and the references
cited there. The literature on non-local operators and their applications is quite
large, here we just quote a few, see [3], [T}, 12}, 26} 28] 29] 35 36l B7, B8], 42 [43].

This paper is motivated by some works appeared in recent years. On the one
hand, the following Choquard or nonlinear Schrédinger-Newton equation

—Au+V(z)u= (K, *u*)u+ Af(z,u) inRY, (1.3)

was elaborated by Pekar [33] in the framework of quantum mechanics. Subse-
quently, it was adopted as an approximation of the Hartree-Fock theorey, see [7].
Recently, Penrose [34] settled it as a model of self-gravitational collapse of a quan-
tum mechanical wave function. The first investigations for existence and symmetry
of the solutions to go back to the works of Lieb [21] and Lions [23]. Equations
of type have been extensively studied, see e.g. [ 30, [3T], 46]. For the critical
case in the sense of Hardy-Littlewood-Sobolev inequality, we refer the interested
reader to [I8] for recent existence results in a smooth bounded domain of RY. In
the setting of the fractional Laplacian, Wu [45] investigated existence and stability
of solutions for the equations

(=A)u+wu = (K, * |u|?)|u|T 2w+ Af(r,u) in RY, (1.4)

where ¢ =2, A =0 and u € (N — 2s, N). Subsequently, D’Avenia and Squassina
in [I3] studied some properties of solutions for with A\ = 0, such as regularity,
existence, multiplicity, nonexistence, symmetry as well as decays properties. In
particular, they claimed the nonexistence of solutions as ¢ € (2 — /N, 2j, ;). In the
critical case that corresponds to ¢ = 27, ;, Mukherjee and Sreenadh [32] obtained
existence and multiplicity results for solutions of asw =0 and f(z,u) = u in
a smooth bounded domain of RV (N > 3).

On the other hand, Lii [24] studied the following Kirchhoff-type equation
— (a + b/ |Vu|2dx> Au+ Vi(z)u = (K, *u?)|u|?u  in R3 (1.5)
R3

where @ € R*, b € Ry are given numbers, Vy(z) = 1+ A\g(z), A € Rt is a
parameter and g(z) is a continuous potential function on R3, ¢ € (2,6 — ). By
using the Nehari manifold and the concentration compactness principle, the author
obtained the existence of ground state solutions for if the parameter \ is
large enough. Indeed, the study of Kirchhoff-type problems, which arise in various
models of physical and biological systems, have received more and more attention
in recent years. More precisely, Kirchhoff established a model given by the equation
2

%
ox

P or

0%u (po E [E
n oL,

0%u
d:z:) o5 =0, (1.6)
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where p, pg, h, E, L are constants which represent some physical meanings respec-
tively. Equation extends the classical D’Alembert wave equation by consid-
ering the effects of the changes in the length of the strings during the vibrations.
Recently, Fiscella and Valdinoci [I7] proposed a steady-state Kirchhoff model in-
volving the fractional Laplacian by taking into account the nonlocal aspect of the
tension arising from nonlocal measurements of the fractional length of the string,
see [I7, Appendix A] for more details. Very recently, by using the mountain pass
theorem and the Ekeland variational principle, Pucci et al. [39] studied the exis-
tence of solutions for problem under some appropriate assumptions.

Motivated by the above works, we are interested in the existence of infinitely
many solutions for problem in a possibly degenerate Kirchhoff setting. It is
worth mentioning that the method exploited in this paper, is Kajikiya’s new version
of the symmetric mountain pass lemma, which was first used to study Kirchhoff-
type fractional p-Laplacian problems in [0 [44]. As far as we know, there is no result
to investigate multiplicity of solutions for in the literature.

Throughout the paper, without explicit mention, we assume

(A1) V : RN — Rt is a continuous function and there exists V5 > 0 such that
infpy V > V4.

M : R — R{ is assumed to be continuous and to satisfy

(A2) For any 7 > 0 there exists m = m(7) > 0 such that M(t) > m for all t > 7.

(A3) There exists 6 € [1,p;/p) if p > 2 and 0 € [1, min{p}/p,p;, ;}) if 1 <p <2,
where p* = Np/(N — sp), such that tM(t) < 0.#(t) for all t € R, where
AM(t) = [} M(r)dr.

(A4) There exists mg > 0 such that M(t) > mot?~! for all ¢ € [0, 1].

A prototype for M, due to Kirchhoff, is given by

M@t)=a+b0t""1 forteR{, a,b>0, a+b>0. (1.7)

When M(t) > ¢ > 0 for all t € RY, Kirchhoff equations like are said to be
non-degenerate and this happens for example if ¢ > 0 in the model case (1.7).
While, if M(0) = 0 but M(t) > 0 for all ¢ € R, Kirchhoff equations as e
called degenerate. Of course, for this occurs when mgy = 0.
Concerning the function f : R x R — R, we suppose that
(A5) There exist ¢ € (1,0p) and a nonnegative function w € LY(RY) such that
|f(z,t)] < w(z)td! for all (z,t) € RY x RY, where ¥ = pZ/(p — q).
(A6) There exist £ € (1,p), 6 > 0, agp > 0 and a nonempty open subset Q of RV
such that

F(x,t) > agt® for all (z,t) € Q x (0,0).

A simple example of f, verifying (A5)-(A6), is f(z,t) = (1 + |z|?)E=2/2(¢F)i1
with 1 <1 < p, where ¢tT = max{t, 0}.

The natural solution space for is W7P(RY), which is the completion of
Cg°(RY) with respect to the norm || - || introduced in (L.2).

Equation has a variational structure and its associated energy functional
is T : WP (RY) — R, defined by

_1 ul|?) — z,u)dr — 1 |u(gg)‘PZ,s‘u(y)|p;,s .
Tn(w) = A (Jull) )\/RNF( u)d //RN sy,

2p;,s |$ - y‘/l«
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Under the assumption (A5), Jy is of class C’l( VP(RY),R). We say that u €
WP (RN) is a (weak) solution of problem (L1, if

Ml (e + [ VIl upda)

:)\/ f(x,u)wdﬂc—i—/ (KCp * Ju

A /ﬂwu ) )P le) —uw)] - [ple) )] ,

o =y

Piuss ) [ufPrs 2w di,

for all ¢ € WiP(RY). From now on, (-,-) denotes the duality pairing between
(W‘S/p(RN)) and W‘S,p(RN). Clearly, the critical points of 7y are exactly the weak
solutions of problem (|1.1)).

The main result of our article is the following.

Theorem 1.1. Let M(0) =0, N € (ps,00) with s € (0,1) andp € (1,00). Assume
that M and V satisfy assumptions (A1)—(A6). Then, there exists X > 0 such that
for any X € (0,)) equation admits a sequence of solutions {un}n, in E with
Ia(un) <0, Ix(un) — 0 and {up}n converges to zero as n — oo.

Remark 1.2. With the help of the Ekeland variational principle, Pucci et al. [39]
just obtained the existence of a nontrivial nonnegative solution for problem
under the same hypotheses as Theorem see [39, Theorem 1.3] for more details.
Therefore, our result and approach are completely different from those developed
by Pucci et al. in [39)].

The proof of Theorem is mainly based on the application of the symmetric
mountain pass lemma, introduced by Kajikiya in [I9]. For this, we need a truncation
argument which allow us to control from below functional J,. Furthermore, as
usual in elliptic problems involving critical nonlinearities, we must pay attention
to the lack of compactness at critical level corresponding to the space LPs (RM).
To overcome this difficulty, we fix parameter A under a suitable threshold strongly
depending on assumptions (A3) and (A4).

The paper is organized as follows. In Section [2] we discuss the variational formu-
lation of the equation and introduce some topological notions. In Section we
prove the Palais-Smale condition for the functional 7. In Section [4] we introduce
a truncation argument for our functional. In Section [5| we prove Theorem

2. PRELIMINARIES

We first provide some basic functional setting that will be used in the next
sections. The critical exponent p* is defined as Np/(N —ps). Let LP(RY, V) denote
the Lebesgue space of real valued functions, with V (z)|ul? € L*(RY), equipped with
norm

1/
lallpy = (/ V(a)lul? dz) " for all u € LP(RV, V).
RN
The embedding WP (RY) — L¥(RY) is continuous for any v € [p,p:] by [14

Theorem 6.7], namely there exists a positive constant C,, such that
lullr@yy < Cyllulls  for all u € WP (RY).

Next, we recall the Hardy-Littlewood-Sobolev inequality, see [22, Theorem 4.3].
Hereafter we denote by || - ||, the norm of Lebesgue space LI(RY).
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Theorem 2.1. Assume that 1 <r,t <o00, 0 < pu< N and
1 1 pu

-+ -+ ==2.
7‘+ +N

Then there exists C'(N, u, r t) > 0 such that

S P e dy < vl ol
R2N |£C -
for allu € L"(RY) and v € Lt(RN).

Note that, by the Hardy-Littlewood-Sobolev inequality, the integral

a
[t ,
ren |z —y[H

is finite, whenever |u|? € LY(RY) for some ¢ > 1 satisfying
2 u 2N
-+ —==2, thatist= .
Ty T e thatst=ogT

Hence, by the fractional Sobolev embedding theorem, if v € WP (RY) this occurs
provided that tg € [p, p%]. Thus, ¢ has to satisfy

- N —p/2 N —p/2
pw:( u/)pgqg( 1/ 2)p

N N —sp
Hence, py,s is called the lower critical exponent and pj, ; is said to be the upper
critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality.

By the Hardy-Littlewood-Sobolev inequality, there exists C (N, u) > 0 such that
) P ) P . o
dzdy < C(N Plu.s
/ﬁw g <O wlhul,,

for all u € WP (RN). In other words, there exists C(N, u) = C(N, M)CQPZ'*S >0

P3
such that
)[Piss Pps
/ (K [ufPos ) |u|Pisda = // )P july) ™ dx dy
RN R2N |z — y|~ (2.1)
for all u € W;P(RY). Let us define

ok
- p,u,,s‘

2 s
< C(N, o) Ju

P
g% — i [Jull?
weWy P ®NN0} ([on (KCp * |ufPhes)|u

2.2
pﬂsdx) /2pMS ( )

Clearly, S* > 0.

Theorem 2.2 (see [39, Theorem 2.3)). Let {uy }, be a bounded sequence in LPs (RN)
such that u,, — u a.e. in R as n — oo. Then

// |un |pps|u ( )|p;,s dl’dy
R2N |z —y|»
un(y) — uly)[Pr:

— Phs "
NCCEC O
R2N |z —y|~

N P,
H// |M u()[™ drdy asn — oo.
R2N |z —y|~
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To handle the degenerate Kirchhoff coefficient we need appropriate lower and
upper bounds for M, given by (A2) and (A3). Indeed, condition (A3) implies
that M(t) > 0 for any ¢ > 0 and consequently by (A2) for all ¢ € (0,1] we have
M(t)/.#(t) < 6/t. Thus, integrating on [t, 1], with 0 < ¢ < 1, we get

M) > (DY, (2.3)

and holds for all ¢ € [0,1] by continuity. Hence, (A4) is a stronger request.
Furthermore is compatible with (A4), since integrating (A4) we have .Z (t) >
mot? /6 for any t € [0,1], from which . (1) > m/6.

Similarly, for any ¢ > 0 there exists 6. = .#(¢)/e? > 0 such that

M(t) < 6.t for any t > e. (2.4)

To prove the multiplicity result stated in Theorem [1.1] we will use some topolog-
ical results introduced by Krasnoselskii in [20]. For the sake of completeness and
for reader’s convenience, we recall here some basic notions on the Krasnoselskii’s
genus. Let X be a Banach space and let us denote by X the class of all closed
subsets A C X \ {0} that are symmetric with respect to the origin, that is, u € A
implies —u € A.

Let A € ¥. The Krasnoselskii’s genus y(A) of A is defined as being the least
positive integer n such that there is an odd mapping ¢ € C(A,R™) such that
¢(x) # 0 for any x € A. If n does not exist, we set v(A) = oo. Furthermore, we set
v(0) = 0.

In the sequel we recall only the properties of the genus that will be used through-
out this work. More information on this subject may be found in the references
[19, 20], 40].

Proposition 2.3. Let A and B be closed symmetric subsets of X which do not
contain the origin. Then the following hold.

(1) If there exists an odd continuous mapping from A to B, then v(A) < ~(B).

(2) If there is an odd homeomorphism from A to B, then v(A) = v(B).

(3) If v(B) < o0, then y(A\ B) = v(A) —~(B).

(4) Then n-dimensional sphere S™ has a genus of n + 1 by the Borsuk-Ulam
theorem.

(5) If A is compact, then v(A) < 400 and there exists 6 > 0 such that Ns(A) C

Y and v(Ns(A)) = v(A), with N5(A) = {z € X : dist(z, A) < 6}.

We conclude this section by recalling the symmetric mountain-pass lemma in-
troduced by Kajikiya in [I9]. The proof of Theorem is based on the application
of the following result.

Lemma 2.4. Let E be an infinite-dimensional space and J € C*(E,R) and suppose
that the following conditions hold.
(1) J(u) is even, bounded from below, J(0) = 0 and J(u) satisfies the local
Palais-Smale condition, i.e. for some ¢ > 0, in the case when every sequence
{un}tn in E satisfying lim, oo J(upn) = ¢ < ¢ and lim,_,o ||J' (un )|z = 0
has a convergent subsequence;
(2) For each n € N, there exists A,, € ¥y, such that sup, ¢ 4 J(u) <0.
Then either (i) or (ii) below holds.

(i) There exists a sequence {un}y such that J' (u,) =0, J(u,) <0 and {un}n
converges to zero.
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(ii) There exist two sequences {un}n and {vy,}n such that J' (u,) =0, J(uy,) =
0, unp # 0, lim, 00 up, = 0; J'(v,) =0, J(v,) <0, limy, .00 J(v,) =0, and
{vn}n converges to a non-zero limit.

3. THE PALAIS-SMALE CONDITION

Throughout this paper, we consider N > ps with s € (0,1) and p € (1,00),
M(0) = 0 and we assume M and V satisfy (A1)-(A4), without further mentioning.

To apply Lemma[2.4] we discuss now the compactness property for the functional
Jx, given by the Palais-Smale condition. We recall that {u,}, C WP (RY) is a
Palais-Smale sequence for J) at level ¢ € R if

Ia(up) — ¢ and  Jy(u,) — 0 in (WP(RY)) as n — oco. (3.1)

We say that J) satisfies the Palais-Smale condition at level ¢ if any Palais-Smale
sequence {uy,}, at level ¢ admits a convergent subsequence in W;*(RY).
Before going to prove Theorem we first give some auxiliary lemmas.

Lemma 3.1 (see [39, Lemma 4.1]). If (A5) holds, then there exist p € (0,1] and
Ao = Ao(p) > 0, £ = L(p), such that T\(u) > € > 0 for any u € WP (RN), with
lulls = p, and for all X < Ag.
Set
ex =inf{J\(u) : u € B,},
where B, = {u € W;*(R"Y) : |Julls < p} and p € (0,1] is the number determined
in Lemma 31

Lemma 3.2 (see [39, Lemma 4.2]). If (A5) and (A6) hold, then ¢y < 0 for each
A€ (0, ]

Lemma 3.3. If (A5) and (A6) hold, then there exists \* > 0 such that, up to a
subsequence, {un }n, strongly converges to some uy in Wi;¥(RN) for all X € (0,\*] .

Proof. Because of the degenerate nature of (|1.1)), two situations must be considered:
either inf, ey ||un|ls = dx > 0 or infen ||un|ls = 0. For this, we divide the proof in
two cases.

(i) Caseinfyen [[unls = dx > 0. By Lemmas[3.1]and[3.2]and the Ekeland variational
principle, applied in B, there exists a sequence (u,), C B, such that

ex < In(up) <ex+1/n and  Jy(v) > Tn(un) — Jun — vHs/n (3.2)

for all n € N and for any v € Ep. Fixed n € N, for all v € Sy, where Sy = {u €
WP (RY) : ||u||s = 1}, and for all ¢ > 0 so small that u, 4+ ov € B,, we have

In(un +00) = T () = =2

by (8.2). Since J, is Gateaux differentiable in W;”(RY), we get

‘ i J nt - n 1
<\7)\('U/n),’U> = ;LHJO ,\(U UZ) )x(u ) > _;

for all v € Sy. Hence

[{(TX (un), v)] <

)

1
n
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since v € Sy is arbitrary. Consequently, J3(u,) — 0 in (W{P(RY)) as n — oo
and clearly, up to a subsequence, the bounded sequence (u,,), weakly converges to
some uy € B, and has the following properties

w, — uy weakly in WP(RY),  [ju,|ls — an,

/ (K # | — unlP)
RN

.
Up — up|Prede — Ky,

2 (33)
Pis weakly in L7 (RY),

Ps
Pis~2uy  weakly in L7he"" (RN),

U, — uy a.e. in RY, |un\1’2,s — |uy

p;l,,sizun [N |U)\

|,

as n — 00, by [10, Lemma 2.1]. Clearly a;, > 0 since we are in the case in which
dx > 0. Therefore M (||u,||2) — M(ak) > 0 as n — oo, by continuity of M and the
fact that 0 is the unique zero of M.

By the Hardy-Littlewood-Sobolev inequality and that p;/p;, , = 2N /(2N — p),

Ps
the Riesz potential defines a linear continuous map K, x () : L7s (RN) —
L%(RN). Since |ty |[Prs — |uy|Prs weakly in L7 (RY), then as n — oo
Ky [t [Pie — IC,y # [up|Pis weakly in L% (RV). (3.4)

Note that for any subset U C RY, it holds

o
/||un|P:5*2unuA‘%d$§/ |un|(p’j’s_1)?ﬁﬁ
v U

"
Pu,s %

" (/U\UA

Pl

SC’(/ |ux|Ps da) Pros .
U

This and uy € LPs(RY) imply that the sequence {||un|p:»s_2unu>\|%}n is equi-
integrable in L'(R). Moreover, |u,|Pus"2
0o. Hence the Vitali convergence theorem yields that |un|p:,5_
strongly in Lovs (RN). Thus,

pg
Ps
Ppss dx

Ux

R
< |un, Ps da) Prs

* .
upuy — |uy|Prs ae. in RN as n —

2upuy — |uy|Phes

lim (ICy * |t |Pries ) Pus|uy|Prosdr (3.5)

n—oo [pN

by (3.4). Similarly,

lim Ky # Jua|Pios) [u [Pos ~2upu, do = / Ky # Jua|Pis) [us|[Posda. (3.6)
RN

n—oo [pN

P Puunde = [ (K, s
RN

For any subset U C RY, by (A5) we have

W)

Ps

/ |f (@, un) (un — un)|de < Jlwl] - p: flun —usllpr < Cllwl]
U LPi—9(U) LP5

It follows from w € L7 (R™) that sequence { f(x, uy, ) (un—uy) }», is equi-integrable
in L1(RN). Clearly, f(x,u,)(un, —uy) — 0 a.e. in RY as n — co. Hence the Vitali
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convergence theorem implies that

lim flx,up)(uy — uy)dz = 0. (3.7)

n—oo [pN

A similar argument shows that

lim fz,up)(un — uy)de =0, (3.8)
n—oo RN
lim f(z,up)uyde = lim flz,up)uy de. (3.9
n—oo RN n—oo RN

Furthermore, by (A6) for equi-integrability, we get

lim F(z,up)dz = lim F(z,uy)dx. (3.10)

n—oo JpN n—oo JpN

Let us now introduce, for simplicity, for all v € W?(RY) the linear functional
L(v) on W?P(RY) defined by

(o) = [ o) ) 0l) ) g,

T — y|N+2s

+ / V(z)|vP2vwdz
RN

= (v,w>s)p—|—/ V(z)|vP2vwdx
RN

for all w € WiP(RY). The Hélder inequality gives
_ 1 _
(L), w)| < ™ [w]s + [ollpy lwllp,y < [olF~ wlls.
Thus, for each v € WP (RY), the linear functional L(v) is continuous on Wy? (RY).
Hence, the weak convergence of {u,}, in WP (RY) gives that

lim (L(uy), un —ux) = 0. (3.11)

n—oo

Since {uy}, in bounded in WP (RY), then {L(uy)}, is bounded in (WP (RY))".
Hence there exist some functional £ € (W;P(RY))" and a subsequence of {uy, }n,
still denoted by {u, }», such that

lim (L(uy,),v) = (£, v) (3.12)

n—oo

for any v € WP (RY). Then, (J5(us),ur) — 0, (3-11)) and (3.12)) give
M(a?)(€,1uy) :)\/ @, un)un dm—i—/ (K # Jua oY un [Pl dz. (3.13)
RN RN

By (3.13) and (A6), we have (£, uy) > 0.
Since {uy, }y, is a (PS) sequence, we deduce from Theorem [2.2] (3.4)-(3.13) that
o(1) = (Jx(un) = Tx(unr), un — ux)
= M([Junl[)[unl[§ = M (unl[E) (L un), ux) = M([ull$) (L ur), un — ux)

- )\/RN[f(x,un) — f(z,ux)](uy — up)da

= [ [ i)
RN

X
-2
un|pu,s U,
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= (Gyx a5 s P s (1 = )
= M@)o — (€] = [ (s = ua P = s P+ o(1)
= M (2L ) — L(us) v — )

- / Ky |upn — uy Pusdz + o(1). (3.14)
RN

Hence the above inequality yields

Jim M ([Jun[[2)(L(un) = L), up — ux)

p,‘j,,s)

Up — UM

. 3.15
Phsda. (3.15)

= lim (K [ty — un|Pies )|y — ux
n—oo RN
Now, since {u,}n is a minimizing (PS)., sequence, by (3.15) we also get as
n— oo

1 1 .
ox = et (unl) =\ [ Flaude = e [ (0 funlrie)
P RN 2]9#78 RN

Uy [P da + o(1)

1
= 2= M([[un|I€)luall? —A/ F(z,up)dx
Op RN
1 / «
— K, [ty |Pros
i o Vo # len)

- %M(I\un\l’s’)(L(un) — L(uy), un — uy) + %M(Hun”g)@(un)’w\)

1
— /\/ F(z,up)dr — — / Ky * |up,
RN 2pl»‘y5 RN

1 . 1
= Pusd " n WL n)s
il g M ) )02

1 .
— )\/ F(x,u,)dx — / (ICu * |t [Preos ) [,
on 2% Jan

1,8

U [Prs daz + o(1) (3.16)

Piss )ty [P daz + 0(1)

Un,

(K * e — wr P, —

Pisda + o(1).

Note that M (||, ||2)(L(un), ur) = M(ak)(&, ur) + o(1). Then by (3.16) we get

ux|Pis da + o(1).

M(Hunl|§)<L(un)vu>\> =A f($7U>\)'LL)\ dx +/ (]CIL * |u)\|p;a)
RN RN

Inserting this equality in (3.16)) and using Theorem we deduce

1 * .
ex 2 */ (I * Jup — ux|Pr2)|uy, — ux|Prsdx
Hp RN

1 / *
_ IC., % |u,, |Pu.s
o U 1nPE)

]. * * )\
+ % /RN(IC# N N L % /RN flz,uy)uy dz
— )\/ F(z,up)dz + o(1)
RN

1 .
_ Pu,s
o = sl

U |Pros da

> Uy, — up|Proeda
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1
_ K n
o (el
+A/ f(:r,u,\)ukdsz/ F(:E,un)dx+0(1)
9]9 RN RN

1 1 / .
> (— — K, * |y — uy|Pros
(3p = ) o U i = ualP5)

+i/ f(m,uA)uAdxf)\/ F(x,up)dz + o(1),
0p RN RN

thanks to 6p < 2pj, . Hence

1 1 /
— — (K * |un — uy
Op 2p;’s) N

+i/ f(@, un)ux dwf)\/ F(z,ux)dz + o(1).
ep RN RN

Clearly, |F(z,uy)| < w(z)|uy]? for all x € RY and for all A € (0, o] thanks to
(A5). In view of the choice of p in Lemma we know that p is independent
of . Thus, {ux}re(o,r,] is uniformly bounded in WP (RY). Furthermore, there
exists C' > 0, which does not depend on A, such that [,y F(z,uy)dz < C and

|fRN flz,uy)uy dm| < C. Hence by , we deduce

p,’i,,s) p,i,,s)

U [Prosda — / (KCp * |ux U pl«ﬁd:r:)
RN

Up, — up|Prosda

e > ( Piss) [ty — wy|Preos da

(3.17)

1 1 . .
(= ) [ (G ft = e Y — wnlPied < e + 207+ o(1).
Op  2p7 RN
1,8
This and Lemma [3.2] imply that
lim iy = lim lim N(icﬂ s |ty — wx[Poes )|t — up|Prosda = 0. (3.18)
— —0 n—0oo R

Let us now recall the well-known Simon inequalities. We refer to [41l Formula
2.2] (see also [I6, p. 713]). There exist positive numbers C, and C), depending
only on p, such that

Cp([E[P~2 — InfP—2n)(€—n)  forp>2
€ =P < Gy [(IE]P=2¢ — [nP~=2n) (3.19)
x (€= m]"2(EP + InP)@=P/2 for 1< p<2,

for all £,7 € RV, According to the Simon inequality, we divide the discussion into
two cases.

Case p > 2. By (2.1) and (3.19)), we have
<L(un) - L(UA),Un - UA)

1
> = llun = uallg
Cp (3.20)
C s N . . p/2p}, o
> M(/ (ICh * |wn, — un|Prs) |ty — ux pwda:) .
Cp RN

Combining (3.20) with (3.18)), we have
O (N, M (@5) tm ([ 0y — )
RN

n—oo

= P )P P
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« .
Phs) Pisdy = k.

< lim [ (K |up — ux tn U
n—oo Jpn
Hence,
C‘ﬁ(i\h M)CEIM(ai)ni/QpZ'S < K. (3.21)
Define

Ao inf{)\ S (0, )\0] TR > 0}, if k) £ 0,
B )\Q, if Ry = 0.

If Ky # 0, then A* = inf{\ € (0, )] : kx > 0} > 0. Otherwise, there exists a
sequence (A,)k, with kx, > 0, such that A\, — 0 as k — oo. Thus, (3.21]) implies
that

1— 55— __p
Ky, > CT RS (N, ) Cy M (aR),
which means that ay, — 0 as k — co. Without loss of generality, we assume that
ayx, € (0,1] for all k> 1. Then
M(ef,)ay, = M(ay )[ay, — (& ux,)]

g 1 » 1/(1=p/2p}, )
=6y, =[O (V)G M(%)} .

Hence, (A4) gives

P p2(0-1)

2
—_P__
N > O T (N, ) Cy g o
ay, = O T (N )Gy g g T

that is,

Op
P—gp*
s

__p_ T
a > C s (N, M)Cglmgp“’s .

k
This is impossible, since § < p;/p < 2p;, ;. Therefore, kx = 0 for all A € (0,*],
that is,

lim (Kpu # |t — un|Pis )|y — up|Prsdz = 0 (3.22)
n—oo N

for all A € (0, A*]. This, and inequality , give that u,, — wu) strongly
in WP (RY) as n — oc.

Also for the case 1 < p < 2, we can argue as above, to obtain the existence of
a threshold A\* > 0 such that u, — uy strongly in W{;*(RY) as n — oo for all
A€ (0, A"].
(ii) Case inf, ey ||un|ls = 0. If 0 is an isolated point for the real sequence {||un||s}n,
then there is a subsequence {uy, } such that

égg [t [|s = d >0,

and we can proceed as before. Otherwise, 0 is an accumulation point of the sequence
{||un]|s}n and so there exists a subsequence {up, }x of {u,}n such that u,, — 0
strongly in WP (RY) as n — oo.

In conclusion, J satisfies the (PS) condition in Wi (RY) at the level ¢, in all
the possible cases. (I
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4. A TRUNCATION ARGUMENT

We note that our functional 7y is not bounded from below in WP (RY). Indeed,
if e = 1, it follows from (2.4]) that

M) < AP forall t > 1. (4.1)

Furthermore, F(z,t) > 0 for all (z,t) € RN xR by (A5) and (A6). Let u € C§°(RY),
with u > 0 a.e. in R such that ||ul|s = 1. Then for all ¢+ > 1, we have

1 t2Piis P
Ta(tu) < = (1)t ]|u) % — : / (I, uPrwss YuPnos da
p 2py.,s RN
1 t2Piuss . 2p*
< Z_ (D || — Z——(§*) Pu.s woo 4.2
< AWl = T (5 el (42)
1 7] 1 *\—2p" _,2p*
= — M (1)t"P — 2—*(S )" PustPus,
p pu,s

Hence, J\(tu) — —o00 as t — oo, since 0 < p;/p < pj, ;-
For this in the sequel we introduce a truncation like in [4], to get a special lower
bound which will be worth to construct critical values for 7. Let us denote
A (1 C(N, «
Ga(t) = Jtpa —\C9 9 — Mt%w
p 2P},s
where
Cy = C§;||w|| X )
LP5S—9(RN)
while C(N, p1) is defined in (2.1). Denoting m = m(1) the constant given by (A3)
with 7 = 1, we can take Ry € (0, 1) sufficiently small such that
A (1) C(N, 1) 1,2p;
Pl

RP > TR’;" > S R (4.3)

m

pl
since p < pf < p;, ;, and we define

_ 20; = (///(1)R,1)9 B 02(119\];75) pr;,s)
so that Gy, (Ry) > 0. From this, we consider
Ry =max{t € (0,Ry): G, (t) <0}.

Since by ¢ < p we have G»(t) < 0 for ¢t near to 0 and since also Gy, (R1) > 0, it
easily follows that Gy, (Rgy) = 0.
We can choose ¢ € C5°([0,00),[0,1]) such that ¢(t) = 1 if t € [0, Ro] and
P(t) =01if t € [Ry,00). Thus, we consider the truncated functional
1 1 x .
T = () = A [ Flaoude = vl [ 06, < fulhe)ulied.
p RN Pp,s JRN
It immediately follows that Zy(u) — oo as |ju|ls — oo, by (A2) and (A3). Hence,
T, is coercive and bounded from below.

Now, we prove a local Palais-Smale and a topological result for the truncated
functional 7).

A

(4.4)

Lemma 4.1. There exists A > 0 such that, for any X € (0, \)
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(i) if Za(u) <0 then ||u|ls < Ro and Jx(v) = Ix(v) for any v in a sufficiently
small neighborhood of u;
(ii) Zx satisfies the (PS)., condition on WP (RY).

Proof. Considering A\g, A* and A, given respectively by Lemma and ,
we choose A sufficiently small such that A < min {\g, \*, \,}. Let A < \.

For proving (i) we assume that Zy(u) < 0. When [Ju||s > 1, by using (A2), (A3)
with 7 =1 and A < A, we see that

m Ax
In(u) > —|u||? — —=CL||u||2 > 0,
Al )_pell | . [l

where the last inequality follows by ¢ < p and because by Gy, (R;) > 0 and (4.3)
we have

m
pl
Thus, we get the contradiction 0 > Z,(u) > 0. Similarly, when Ry < ||ul|s < 1, by

using (2.3, (4.3) and A < \., we obtain
A (1)
p

A
R = ZCLRY > 0.

I)\(u) >

A
lull2” ~ ;*CZ)IIUIIE >0,

where the last inequality follows by ¢ < p < pf and because by G, (R1) > 0 we
have y
1 A
A g0 Aecapa s,
p q
We get again the contradiction 0 > Zy(u) > 0. When ||lul|s < Ry, since ¢(t) < 1 for

any t € [0,00) and A < A, we have

0> Zx(u) = Galllulls) = Ga.(lulls),

and this yields ||u|ls < Rg, by definition of Ry. Furthermore, for any u € B(0, Ry/2)
we have Ty (u) = Jx(u).

Arguing exactly as Lemma we know that Z, satisfies the (PS),, condition
on WP (RY) for A < A*. This completes the proof of Lemma O

Lemma 4.2. For any A > 0 and n € N, there exists € = ¢(A\,n) > 0 such that
(Zy°) =z n,
where I, ° = {u € WyP(RY) : Iy(u) < —¢}.

Proof. Fix A > 0, n € N. Let Y, be a n-dimensional subspace of Wy”(R"). For
any u € Yy, u # 0 write u = r,¢ with ¢ € Yy, [[¢[ls =1 and ¢ = [, 9] dz > 0.
Then, by (A6) and continuity of M, for all r,,, with 0 < r, < min{1, §}, we have

Iy(u) = %%(HUH;?) _ )\/QF(x,u)dx _ /RN (K 5 P YuPos

Pli,s
1
< swp M@)ot~ Aao [ felda)et
P No<s<rr B(z0,2R)
— o (87 el
2P},
1 » < e 1 —2p* 2Pl
= §M17°n — gy — W(S )T Pusr, Tt =g,

w,s
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where M* = max,¢[o,r,) M(7T) < oo, here we use all the norms are equivalent for
finite dimensional Y;,. Hence, we can choose r,, so small that Ty (u) < e, < 0. Let
S$,p(mdV Y. —
Srn = {u € WV (R )7 ||U|| - Tn} .

Then S,.,NY,, C Z3". Then, by Proposition[2.3)(2), we have y(Z5") > (S, NY;) >
n. Therefore, we can denote I';, = {A € ¥;v(A) > n} and let

— T, 4.
Cm Aleanm 21613 I (u), (4.5)
then
—oo<e, <ep, <0, neN, (4.6)
because f;an e I',, and ﬁ is bounded from below. O

5. PROOF OF THEOREM [I]]
Here we define for any n € N the sets
Y, ={ACc WyP(RY)\ {0} : Ais closed, A = —A and v(A) > n},
K.={ue WP (RY) : T4 (u) = 0 and T, (u) = c},

and the number

, = inf Iy (w). 5.1
R S o

Before proving our main result, we state some crucial properties of the family of
numbers {c¢;, }nen.

Lemma 5.1. For any A > 0 and n € N, the number c, is negative.

Proof. Let A > 0 and n € N. By Lemma there exists € > 0 such that y(Z, ) >
n. Since also Ty is continuous and even, 7, € ¥,. From Z,(0) = 0 we have
0 ¢ Z, °. Furthermore SUP,c7-< Zx(u) < —e. In conclusion, remembering also that
7y is bounded from below, we get

—00 < ¢, = inf supZy(u) < sup Zy(u) < —e <0.
Aex, ueA uel—;s

As desired. O

Lemma 5.2. Let A € (0,)\), with X\ given in Lemma . Then, all ¢, given by
(3.2) are critical values for Ty and ¢, — 0 as n — oo.

The proof of the above lemma is similar to that of [44, Lemma 4.7], so we omit
it.

Proof of Theorem[I.1 By Lemma Ih(u) = JIxa(u) if Zy(u) < 0. Then, by
Lemmas and one can see that all the assumptions of the new
version of symmetric mountain pass lemma due to Kajikiya in [I9] are satisfied.
Hence, the proof is complete. [
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