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Abstract

We study the nonlinear boundary value problem — ZlN:1 (lux; 1P (x)_2uxl. Yx; = AMul999=2yin 2, u =0 on 352, where 2 C RY
(N > 3) is a bounded domain with smooth boundary, A is a positive real number, and the continuous functions p; and ¢ satisfy
2< pi(x) <N and g(x) > 1 forany x € £2 and any i € {1, ..., N}. By analyzing the growth of the functions p; and ¢ we prove
in this Note several existence results in Sobolev spaces with variable exponents. To cite this article: M. Mihdilescu et al., C. R.
Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Problemes aux limites non homogenes en espaces de Sobolev anisotropiques. On étudie le probléme non linéaire
—ZlNzl(qui Ipi(x)*zuxl.)xl. = A|u|‘1(x)72u dans 2, u = 0 sur 92, ot 2 C RY (N > 3) est un domaine borné et régulier, A est
un nombre réel positif et p; et g sont des fonctions continues telles que 2 < p; (x) < N et g(x) > 1 pour tout x € §2 et chaque
i €{l1,..., N}. En étudiant la croissance des fonctions p; et g on obtient dans cette Note plusieurs résultats d’existence dans des
espaces de Sobolev aux exposants variables. Pour citer cet article : M. Mihdilescu et al., C. R. Acad. Sci. Paris, Ser. 1 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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Version francaise abrégée

Soit 2 c RN (N > 3) un domaine borné et régulier. On considere le probleéme non linéaire

N i (x)—2
9 (] ou "% du
—Z— au — ) = A w9972y, pourx € £2, 1
o1 axi ax,- 8xi ( )
u=0, pour x € 952,
ot A > 0 et p; et g sont des fonctions continues telles que 2 < p; (x) < N et g(x) > 1 pour tout x € £2 et chaque
ie{l,...,N}. Pour tout 1 < j < N, soit pj+ = SUp,eo pj(1), pj = infreg pj(x), Pl :=max{p|,.... p}},
Pt = max{p,,..., py} et P_ :=min{p,..., py}. On suppose que ZlNzl 1/p; > 1 et on définit P* :=

N/(Z;N=1 1/p; — 1) et P_ o :=max{P*, P*}.
Le résultat principal de cette Note est le suivant :

Théoreme 0.1.

(a) On suppose que

Pf <ming(x) < maxq(x) < P*.
xes2 xef

Alors, pour chaque A > 0, le probléme (1) admet une solution faible non triviale.
(b) On suppose que

I <ming(x) < PZ et maxq(x) < P_ .
xesf2 xef

Alors il existe A* > 0 tel que pour chaque X € (0, \*) le probleme (1) admet une solution faible non triviale.
(c) On suppose que

1 <ming(x) <maxg(x) < P_.
xe xe

Alors il existe A* > 0 et A\** > 0 tels que pour chaque ). € (0, \*) et pour chaque ). > A** le probleme (1) admet
une solution faible non triviale.

1. The main result

Let 2 ¢ RN (N > 3) be a bounded domain with smooth boundary. In this Note we study the nonlinear problem

N pi(x)=2
_Zi u u =Alul99 2y, forxe 2,

= ax; 0X; ox; @
u=0, for x € 052,

where A > 0 is a real number and the functions p; and ¢ are continuous on £ and satisfy 2 < pj(x) < N and g(x) > 1
forany x € 2 andanyi € {1,..., N}.

We start with some basic properties of Lebesgue and Sobolev spaces with variable exponents. For any & €
Ci(2) :={h;h € C(2),h(x) > 1 for all x € 2} we define h™ := sup,co h(x) and h~ :=inf,c h(x). For any
p € C4(£2), we define the variable exponent Lebesgue space LP™(2) as the set of all measurable functions
u:£2 — R such that [, [u(x)|?™) dx < co, where

1] p(x) ::inf{u>0;/ ux)
2

An important role is played by the modular of the LPOM () space, which is defined by p,x)(u) = f o [u|PX) dx,
for any u € LP%Y (). If u € LP™Y) (£2) then the following relations hold true

px)

dxgl}.
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- +

|u|p(x) >1 = |u|§(x) < pp(x)(u) < |u|1€(x), 3)
i _

|u|p(x) <l = |M|Z(x) < pp(x)(u) < |”|z(x)- 4)

We define Wol’p(x)(.Q) as the closure of Cgo(.Q) under the norm ||u||1, px) = IVut|l p(x). The space (W(}”M)(Q),
Il - II) is a separable and reflexive Banach space. For more details on function spaces with variable exponent we refer
to the book by Musielak [8] and the papers by Edmunds et al. [1,2], Kova¢ik and Rékosnik [4], Mihdilescu and
Rédulescu [6].

Next, we introduce a natural generalization of the variable exponent Sobolev space Wol’p (x)(.Q) that will en-
able us to study with sufficient accuracy problem (2). Let p(x): 2 - RV be_ the vectorial function p(x) =
(p1(x), ..., py(x)). We define the anisotropic variable exponent Sobolev space Wol’p(x) (§2) as the closure of C;°(£2)
with respect to the norm ||u|| 5(x) := ZlN: 1 [tx; | p; (x)- In the case where p; (x) € C+(§) are constant functions denoted
by p; forany i € {1, ..., N} the resulting anisotropic Sobolev space is denoted by Wol’ﬁ(.Q), where p = (p1,..., PN).
The theory of such spaces was developed in [3,9,11-13]. It was proved that Wé’ﬁ (£2) is a reflexive Banach space for
any p € RN with p; > 1 foralli € {1, ..., N}. This result can be easily extended to Wé’ﬁ(x)(.Q).

Define P := (pi", ey p;), P_:= (py,---»py) and

PI :=max{pf, . ..,p;}, Pr =max{p,,...,py}, P_:=min{p, ..., py}.

Throughout this Note we assume that

N

1
Z — =1 (5)
i=1 Pi
We also define
P N d P {P*, P*}
= ———— an _ oo :=max{P_, P*}.
YL 1/p -1

The main result of this Note is stated in the following theorem:
Theorem 1.1.

(a) Assume that the function q € C(2) verifies the hypothesis

PI < ming(x) < maxqg(x) < P*. (6)
xefR xef2

Then for any A > 0 problem (2) has a nontrivial solution in W(} ) (£2).
(b) Assume that the function q € C(82) verifies the hypothesis

I <ming(x) < PZ and maxq(x) < P_ . @)
xesf xX€eNR

Then there exists \* > 0 such that for any A € (0, \*) problem (2) has a nontrivial solution in Wé ) (£2).
(c) Assume that the function g € C (£2) verifies the hypothesis

1 <ming(x) < maxq(x) < P_. 3)

xes xef

Then there exist \* > 0 and X** > 0 such that for any A € (0, \*) and any A > A** problem (2) has a nontrivial
. 1,p(x)
solution in W, (£2).

2. Proof of Theorem 1.1

The following result extends Theorem 1 in [3]:
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Proposition 2.1. Assume 2 C RN (N = 3) is a bounded domain with smooth boundary. Assun_w relation (5) is ful-

filled. Assume that q € C(£2) verifies 1 < q(x) < P_ «, for all x € 2. Then the embedding Wé’p(x)(.Q) s LIX)(2)
is compact.

Let E denote the anisotropic variable exponent Sobolev space WO1 P (x)(.Q).
For any A > 0 the energy functional J, : E — R corresponding to problem (2) is defined as

pi (x) 1
J dx — A
w) = Z/ i) [[ pTeS)

Proposition 2.1 implies that J; € C!(E, R) and

(J3,(u), v) Z/

for all u, v € E. Thus, the weak solutions of (2) coincide with the critical points of Jj.
The following auxiliary results show that J, has a mountain-pass geometry:

|9 dx.

Bx,

Pi)=2 5, 9y

du
——dx— )»/|u|q(x)72uvdx,
2

ox;

Lemma 2.2. There exist n > 0 and o > 0 such that J, (u) > o > 0 for any u € E with |ull i) =n.
Lemma 2.3. There exists e € E with |e|| 5(x) > n (where n is given in Lemma 2.2) such that J; (e) < 0.

Proof of Theorem 1.1(a). By Lemmas 2.2 and 2.3 and the mountain-pass theorem of Ambrosetti and Rabinowitz we
deduce the existence of a sequence {u,} C E such that
Jp)—E>0 and J,(u,) >0 (in E*) asn— oo. )

We prove that {u,} is bounded in E. Arguing by contradiction, there exists a subsequence (still denoted by {u,}) such
that ||u, | 5(x) — o0o. Thus, we may assume that for n large enough we have |lu, () > 1.

For eachi € {1,..., N} and any positive integer n we define
[ L B
- 0% | s
nn _ . 81/{”
pP—, if > 1.
%i | p; (x)

So, by relations (9), (3) and (4) we deduce that for n large enough we have

1 pl(x)
1 T ) — —(J —
+c+ ”un”p(x) (1) P ( A(un) Mn) (P+ ) 3)6,
N .
1 1 Pin
> (52 ) 2| e
Pl q i=1 dx; pi(x)
>(1 1) Ll N(l 1) (10)
2l ———)—=luulljoy = N| —=—— ).
P g ) nEr P Pt g

Dividing by |ju, || in (10) and passing to the limit as n — co we obtain a contradiction. It follows that {u,} is

p(x)
bounded in E. Since E is reflexive, there exists a subsequence, still denoted by {u,}, and uo € E such that {u,}
converges weakly to ug in E. So, by Proposition 2.1, {u,} converges strongly to ug in LI%®) (£2).

The above considerations and relation (9) imply
N P24, 3 5
. 0 Un uo _
i3 )i
i=lg

PiO=2,
ax,‘

ouy,
3)6,'

oug

8)61‘ 3)6,‘ 3)6,' 3)61‘
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Thus, by (11) and the inequality
1 r
UH“%—WV”W-@—W?(?)E—WC Vr>2, VE, ¥ e RY,

we deduce that {u,} converges strongly to ug in E. Then, by (9), J; (ug) =¢ > 0 and J)i (1) = 0. We conclude that
ug is a nontrivial weak solution for Eq. (2). The proof of Theorem 1.1(a) is complete.

Proof of Theorem 1.1(b). We start with the following auxiliary result.

Lemma 2.4. There exists A* > 0 such that for any A € (0, A*) there exist p, a > 0 such that J,(u) > a > 0 for any
u € E with |lull 5oy = p.

A straightforward computation shows that we can choose

1 1 - - 1 1
W= T - ',OPI_q q__ and a=—+.—+, PI'
2P} NP I 2P} NPE-1

Let A* > 0 be defined as above and fix A € (0, A*). By Lemma 2.4 it follows that on the boundary of the ball
centered at the origin and of radius p in E, denoted by B, (0), we have infjp L, (0) S > 0. Standard arguments show
that there exists ¢ € E, ¢ > 0, such that J5(t¢) < 0 for all # > 0 small enough. Moreover, by (4), for any u € B,(0)
we have

1 1 Pl q- q-
J(u) > P_J_: : ijil : ||u||[‘,(x) - q_, ST ”M“ﬁ(x)'

It follows that —oco < ¢ := infm Jy <0.Fix0<e< infaBp(o) J) — inpr(o) Jy.. Applying Ekeland’s variational
principle to the functional Jj : m — R, we find u. € m such that J; (u¢) < infm Jy + € and for all u # u.,
D(ue) < Jpy(u) + € - |lu — uell jr). Since J; (ue) < infm JL+e< il‘lpr(o) JLte< infagp(()) Jy., we deduce that
ue € B,(0). Define 1, : m — R by Li(u) = J(u) + € - lu — uell jx)- Then u, is a minimum point of I and
thus ¢ ~'[I; (ue + 1 - v) — I, (ue)] > 0 for small £ > 0 and any v € B;(0). Letting r — 0 it follows that (J/{(ué), v) +
€ - |vll sy > 0, hence ||/, (ue)|| < €.

We deduce that there exists a sequence {w,} C B,(0) such that J; (w,) — ¢ and J}i(wn) — 0. Moreover, {w,} is
bounded in E. Thus, there exists w € E such that, up to a subsequence, {w,} converges weakly to w in E. Actually,
with similar arguments as those used in the end of the proof of Theorem 1.1(a) we can show that {w,} converges
strongly to w in E. So, J; (w) = ¢ < 0 and Ji(w) = 0. We conclude that w is a nontrivial weak solution of problem (2).
The proof of Theorem 1.1(b) is complete.

Finally, we show that Theorem 1.1(c) holds true. In order to do that, we first point out that by Theorem 1.1(b) it
follows that there exists A* > 0 such that for any A € (0, A*) problem (2) has a nontrivial weak solution. In order to
show that there exists A** > 0 such that for any A > A** problem (2) has a nontrivial weak solution, we prove that Jj
possesses a nontrivial global minimum point in E. The same arguments as in the proof of Lemma 3.4 in [5] can be
used to show that J, is weakly lower semicontinuous on E. Moreover, J), is coercive on E. So, by Theorem 1.2 in
[10], there exists a global minimizer u; € E of J, and, thus, a weak solution of problem (2). We show that u, is not
trivial for A large enough. Indeed, letting 7y > 1 be a fixed real and §2; be an open subset of 2 with |£2{| > 0, we
deduce that there exists vg € Cgo(.Q) C E such that vo(x) = #p for any x € 21 and 0 < vo(x) <tgin 2 \ £21. We have

al 1
s =3 |
i=1 g

dvo pi(x)

8x,~

1 A R
dx—A/—|vo|q(x)dx<L——/|v0|q(x)dx<L——-tq 1821
pi(x) J aw h q+ ST gt ?
1

where L is a positive constant. Thus, there exists A** > 0 such that J; (ug) < 0 for any A € [A**, 00). It follows that
Jr(uy) < 0 forany A > A** and thus u, is a nontrivial weak solution of problem (2) for A large enough. The proof of
Theorem 1.1(c) is complete.

We refer to [7] for complete proofs and additional results.
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