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1. Introduction and main results

In recent years, a great deal of attention has been paid to the study of problems involving fractional and nonlocal
operators, both in the pure mathematical research and in the concrete real-world applications, such as, optimization,
finance, continuum mechanics, phase transition phenomena, population dynamics, and game theory, as they are the typical
outcome of stochastically stabilization of Lévy processes, see [ 1,2] and references therein. Especially, the fractional Laplacian
operators of the form (—A)* can be viewed as the infinitesimal generators of stable Lévy processes, see for instance [3]. Some
interesting topics concerning the fractional Laplacian, such as, the nonlinear fractional Schrédinger equation (see [2,4,5]),
the fractional porous medium equation (see [6,7]) and so on, have attracted considerable attention. There is no doubt that
the literature on fractional and nonlocal operators is quite large, here we would like to mention a few, see for example
[8,1,9]. For the basic properties of fractional Sobolev spaces, we refer the reader to [10] and references therein.
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In this paper we are interested in the existence of solutions for the following problem

M (x, [ul}, «) Lxu =f (x,u, [ul}, ) in, (1.1)
u=0 inRY\ 2,
where N > ps withs € (0, 1), [u]f.p,,( = [foon [u(x) — u(y)PK(x — y)dxdy, 2 C R" is an open bounded set with Lipschitz

boundary 32, M : 2 x Rj — R is a continuous function, f : 2 x R x R{ — R is a Carathéodory function and £% is a
nonlocal operator defined as

£o(x) = lim 2 / 1 [P0 O 00— IRy, 3B
RN\B (x)

e—0t

along any ¢ € C°(RN), where 1 < p < oo, B.(x) denotes the ball in RV of radius ¢ > 0 at the center x € R" and
K : RV \ {0} — R™ is a measurable function with the following property

yK € LY(RN), where y(x) = min{|x|, 1}; (12)
there exists Ko > 0 such that K(x) > Ko |x|~ "7 foranyx € R \ {0} . ’
A typical example for K is given by singular kernel K (x) = |x|~™*P9_ In this case, problem (1.1) becomes
P Sy — p i
M (x, [ul?,) (=A)u = f (x,u, [ul?) in .QI\; (1.3)
u=2~0 inR" \ £,

where [u]f,p = ffRZN [u(x) —u@)|P |x — y|~ N+ dx dy, (—A); is the fractional p-Laplace operator, for example, see [11-13]
for more details. When p = 2, M = 1 and f depend only on x and u, problem (1.3) reduces to the fractional Laplacian
problem

{(—A)Su =f(x,u) ing2,

u=0 inRV\ 2. (1.4)

A distinguished characterization of the fractional operator (—A)® in (1.4) is the nonlocality, in the sense that this operator
takes care of the behavior of the solution in the whole space. This is in contrast with the usual elliptic partial differential
equations, which are governed by local differential operators like the Laplace operator. Of course, there are the other
explanations for this feature, see for example [14,15]. The functional space that takes into account this boundary condition
was introduced in [16]. In [17], the authors get the existence of nontrivial weak solutions of problem (1.4) by using the
Mountain Pass Theorem. See also [15,16] for the related discussions.

Recently, Fiscella and Valdinoci in [18] first provided a detailed discussion about the physical meaning underlying the
fractional Kirchhoff model. Under some suitable conditions, the authors obtained the existence of nontrivial solutions by
using the Mountain Pass Theorem and a truncation argument on M. In this paper, the conditions imposed on the Kirchhoff
function M : Rg — Rg are that M is an increasing and continuous function and there exists my > 0 such that M(t) >
my = M(0) for any t > O, see also [19] and references therein. However, the increasing condition rules out the non-
monotone case, for example,

M) =14+ + 1+t~ witho <k < 1forallt > 0. (1.5)

For this purpose, Xiang et al. in [13] studied the existence of solutions to a class of fractional p-Kirchhoff equations, where
the Kirchhoff function M is positive and continuous and satisfies the condition: there exists & > 0 such that0.#(t) > M(t)t
forallt > 0, where .Z(t) = fot M (t)dt. Obviously, the Kirchhoff function M satisfies (1.5). See also [20-22,11,12,23-25]
for some recent results in this direction.

In the present paper, motivated by the above papers, we study the existence of weak solutions for a Kirchhoff type
problem (1.1) involving nonlocal fractional operator. It is worth noticing that there are a few of authors dedicated to studying
the Kirchhoff problems in which kirchhoff function M depends on x € 2. Especially, Corréa and Figueiredo in [26] first
considered a problem whose equation is of the form

—M (x/ |Vu|2dx) Au=f(x,u) in$2,
I?)

u=~0 onos2,
u>20 in 2.

(1.6)

They proved the existence of positive solutions by using an iterative device introduced in De Figueiredo et al. [27]. Note that
for M nonhomogeneous we lose the variational structure and hence variational techniques cannot be used, at least in a
direct way. Very recently, Chung [28] studied the existence of positive solutions for a nonlocal problem with dependence
on the gradient in the Laplacian setting, in which the Kirchhoff function M depends on x € £2. To our best knowledge, there
is no result exploring the Kirchhoff problems, in which the Kirchhoff function may depend on x € £2 and the nonlinearity
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may depend on the energy of solutions, in the setting of fractional Laplacian. It is worthy pointing out that problem like
(1.6) arises in various situations. For example, u could describe the density of a population (bacteria, for instance) subject to
spreading. In addition, the diffusion coefficient M is supposed to depend on the entire population in the domain 2, instead
of the local density.

In this spirit, we suppose that M : £2 x Rg — R7 is a continuous function satisfying the following conditions:

(M) There exist my, m; > 0such thatmg < M(x,t) < m; forallx € 2 andt ¢ Ra“;
(My) There exist constants Ry > 0 and L; = L{(Ry) > 0 such that

IM(x, ) = M(x, )| < Lilt; — t|%, Vx e 2 andty, t; € [0, Ry],
where
-1 if max{1,2N/(N 4+ 2s)} <p < 2.
As p = 2, a typical example for M is given by
_Ja) +bx)t™ ift € [0, 1],
Mx. t) = {a(x) Fb(x)  ift e[1,00),

withm > 0,a, b € C(2), infye a(x) > 0 and b(x) > Oforallx € 2.
Also, we assume thatf : 2 x R x Rg — R is a continuous function satisfying:

(fi) f(x,&,m) > 0forallé >0,n € R andx € 2;f(x,&,n) =0forallé <0,n € R} andx € £2.
(f) limg_o f‘(g‘f_"?) = 0 uniformly for all » € R} and x € £2.

(f3) There exists q € (p, Np/(N — sp)) such that
fx,&,m)

eioo [E]7]

=0 uniformly foralln € R} and x € 2.

(f4) There exists i > p such thatforall &, 75 € R(T and ae.x € 2,

£
0 < uF(x,&,1m) 1=M/0 fx, v, mdr < &f(x, &, n).

(fs) There exist positive constants Ay, A, such that
F(x,&,1) > A" — A, forallé, n e Ry andx € £2.

A simple example of f is given by f(x, &, n) = g(n)éﬂr’1 forall (x,£,n) € 2 x R x R, where p < | < q, £, := max{£, 0},
and g € L*°(£2) such that 0 < ¢ < g(n) for some constant c.

In order to perform the Mountain Pass Theorem, here we take advantage of the well-known Ambrosetti-Rabinowitz type
condition (fs). Because of the dependence of the function M on x, we have to add the condition (fs) in order to justify the
geometrical conditions of the Mountain Pass Theorem. Moreover, we have to “freeze” the term containing the energy of
solutions in the Kirchhoff function M and also in the nonlinearity f, then an iterative scheme where any “approximated”
problem has a nontrivial nonnegative Mountain Pass solution is applied to obtain the desired solution after the verification
of boundedness. Indeed, the idea is borrowed from [27], we also refer to the subsequent literature, for example, [29-32] for
its applications to semilinear and quasilinear elliptic problems in the Laplacian setting. More precisely, we first consider the
following problem:

Fooulollly,)
Lyl = —————— in2,
M(x, llwliy,) (1.7)
u=0 inRY \ 2,
for each @ € Wj. Obviously, problem (1.7) is variational and can be treated by variational methods. Here we say that a
function u € Wy is called to be a (weak) solution of problem (1.7) if

Fu@). ol )o@
M(x, lly,)

for any ¢ € Wy, where the space Wy will be introduced in Section 2. Now we are ready to give the preliminary result of our
paper:

/f [u) — u@) P> W) — u@) (@) — e¥)K (x — y)dxdy = / dx, (1.8)
R2N 2

Theorem 1.1. Let € Wy and K : RN\{0} — R* be a function satisfying (1.2). Assume that the hypotheses (M;)-(M.) and
(f1)-(fs) are satisfied. Then there exist positive constants Ky, K>, K3, K4 independent of w such that problem (1.7) has a solution
u,, satisfying Ky < |luyllw, < Ko, luwlliae) < Kz and ||uylleo < K4, which is positive a.e. in £2 and u,, = 0 a.e. in RN\ 2.
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Remark 1.1. For each w € Wjy, by (f2), (f3) and ||t |lcc < K4 there exists a constant C* > 0 independent of @ such that
p/(p— 1) (p-1/p
/ ‘f(x Uy, ]Iy, ‘ <C" (1.9)

The main result will be established by an iterative method which depends on the solvability of problem (1.7). Especially,
the main result involves the positive number Cp, which appears in the following well-known vector inequalities: there exists
C, > Osuch that

_ _ —nlP ifp > 2,
G UEPE =) - 6 =) = “2 T ORGEP + P it 2 p <2 (110)

forall £, n € RN. To get the main result, we also need the following technical assumption:
(fé) There exist constants R, > 0,L, = L,(Ry,Ry) > 0and Ly = L3(Rq, Ry) > 0 such that
If %, &1, 1°) — F (X, &2, 1P)| < LaJ&1 — &7,
forallx € 2,n € [0,R;],& € [0,R:], & € [0, R,], and
If ¢, &, n) — F(x, & )| < Lslmy — mal,

forallx € 2,1, € [0, R1], n2 € [0, R1], € € [0, R;], where d comes from assumption (M,).

Now we are in a position to state the main result as follows:

Theorem 1.2. Let K : RN\ {0} — R™ be a function satisfying (1.2). Suppose that M satisfies (M,)-(M,) and f satisfies (f;)-(fs).
If one of the following conditions holds:
Cmg22/PK2PC CymoC

0< <1, fl<p<2:0<—2"— <1, ifp>2,
mo — LyGKy P (2C, )P mo — LG,C.

where C, > 0 is the number given in Lemma 2.1, C = (L3|Q|(P‘meod/p +L,C* l/”) /m3, then problem (1.1) has a solution
u € Wo [ L®($2), which is positive a.e. in 2 and u = 0 a.e. in RN\ £2.

This paper is organized as follows. In Section 2, we give some related definitions and results in fractional Sobolev space
Wj. In Section 3, using the Mountain Pass Theorem and an iterative scheme, we give the proof of the main result.

2. Preliminaries

In this section, we first recall some basic results, which will be used in the next section. Let0 < s < 1 < p < oo be real
numbers and the fractional critical exponent p} be defined as

Np
pi=1N—sp
00 ifsp > N.

ifsp <N,

In the following, we denote Q = R?N\©, where
0 = C(R) x C(2) C R,

and C(£2) = RN\ Q. W is a linear space of Lebesgue measurable functions from RN to R such that the restriction to £ of
any function u in W belongs to [P (§2) and

/ lu(x) — u()|PK (x — y)dxdy < oo.
Q
The space W is equipped with the norm
1/p
lullw = llullwe) + (/ lu®) —u@)IPK (x —Y)dxdy) .
Q

It is easy to prove that || - ||w is a norm on W. We shall work in the closed linear subspace

Wo={ueW:u®x =0ae inR"\2},
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endowed with the norm

1/p
Il = [ilopic = ( J[ e = workes —y)dxdy) .
Q
Then (Wo, || - llw,) is a uniformly convex Banach space, see [13]. Moreover, C5°(£2) is dense in Wy, see [33] for more details.
Lemma 2.1 (See [13, Lemma 2.3]). Let K : R¥\{0} — R™ satisfy assumption (1.2). Then there exists a positive constant
Co = Co(N, p, s) such that forany v € Wy and 1 < q < p;
p lv(x) — vy
00y = o [ [ O

<o f / v(x) — v ) PK (x — y)dxdy
Ko Q

=G, // lv(x) — v(¥)|PK (x — y)dxdy.
Q

Lemma 2.2 (See [13, Lemma 2.5]). Let K : RN\ {0} — R* satisfy (1.2) and let vj be a bounded sequence in Wy. Then, there exists
v € L' (RV) with v = 0 a.e. in RN\ £2 such that up to a subsequence,

vj — vstrongly inL”(£2) asj — oo,
foranyv € [1, p}).

The following strong maximum principle will be used to obtain the positivity of solutions in the proof of our results:

Lemma 2.3 (See [14, Proposition 2.2]). If u € Wy\{0} is such that u(x) > 0 a.e. in £2 and
(L), ) = // u(x) — u) P~ ) — u@)) (@) — ¥)K X — y)dxdy > 0
Q
foreach ¢ € Wy, p(x) > 0 a.e. in 2, then u(x) > 0 a.e. in £2.

3. Proof of Theorems 1.1 and 1.2

As usual, a weak solution of problem (1.7) is obtained as a critical point of the associated functional I, : Wy — R given
by

Fx, u, [lollyy,)

dx, (3.1)
o M@ [olb,)

o) = » f / () — uO)PK (x — y)dxdy —
b JJo

where F(x, u, ||w||€vo) = fouf(x, £, ||w||€v0)d§ and u € Wj. Obviously, the energy functional I : Wy — R associated with
problem (1.7) is well defined. A similar discussion as in [13] gives that I, is of class C' on W, and its derivative is given by

fou, ol

i dx, YveW,.
o M ol

(L), v) = / / () — uP2WE) — U@ E) — VK (x — y)dxdy —
Q

The proof of Theorem 1.1 is divided into several lemmas. We show that the functional I, has the geometry of the mountain
pass theorem, that it satisfies the Palais-Smale condition and finally that the obtained solutions have the uniform bounds.

Lemma 3.1. Fix w € W. Let K : RN\{0} — R™ be a function satisfying (1.2) and suppose that M satisfies (M;) and (M,) and
f satisfies (f1)-(f3). Then there exist p > 0 and o > 0 such that

I,(u) > o > 0,
forany u € Wy with |lullw, = p.
Proof. By (f;) and (f3), for any ¢ > O there exists C(e) > 0 such that forany £ € R and a.e. x € £2, we have

If (%, &, lollfy,)| < pel&lP~" + qC(e) |57 (3.2)
It follows from (3.2) that

IF(x, &, llolly,)| < el&” + C(e)I§]1. (3.3)
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Let u € Wy. By (3.3), (M7) and Lemma 2.1, we obtain
Fx,u, o]y,

2 M [olll,)

uw>=%/7|ww—u@WKu—yMMy—
Q
> 1// lu(x) — u®)|PK (x — y)dxdy — i/ elu(x)|P + C(e)|u(x)|%dx
p Q mo Jgo

1 Coe C(e) (Cy arp
> —|u [A——— u b2 (= u 4 . 34
= P” ”WO o ” ”Wo 0 ko ” ”W0 ( )

Choosing ¢ = my/(2pCo), we have by (3.4) that

1 1
p q p q—p
uwzimm—ww%zwm(i—mm%)

where C is a constant only depending on N, s, p, mg, ko. Now, let [ulw, = p > 0.Since q > p, we can choose p sufficiently
small such that mgy/(2p) — Cp?? > 0, so that

1
I,(u) > pf (— — C,oq_”> =a>0.
2p
Thus, the proof is complete. O

Lemma 3.2. Fix v € Wy. Let K : R¥N\{0} — R™ be a function satisfying (1.2) and suppose that M satisfies (M) and (M,) and
f satisfies (f1)-(f3). Then there exists e € C;°(£2) such that |le|lw, > p and I, (e) < o, where p and o are given in Lemma 3.1.

Proof. From (f5) and (M), we have

1
umw=yw&%—/memmwmwx
2
1 Attt A
sfﬁ—i—/meww—gﬁm,
p m Jo my

where uy € Wy satisfying ||lugllw, = 1, [§2| is the Lebesgue measure of £2 in RN, Since . > p by assumption (f;), passing
to the limit as t — oo, we obtain that I(tug) — —o0. Thus, the assertion follows by taking e = Tug with T sufficiently
large. O

Definition 3.1. We say that I satisfies (PS) condition in Wy, if for any sequence {u,}, C Wy such that I(u,) is bounded and
I'(u,) — 0asn — oo, there exists a convergent subsequence of {u,},.

Lemma 3.3. Fix w € Wy. Let K : RN\{0} — R™ be a function satisfying (1.2) and suppose that M satisfies (M;) and (M) and
f satisfies (f1)-(f7). Then the functional I, satisfies (PS) condition.

Proof. For any sequence {u,}, C W, such that I,(u,) is bounded and I/, (u,) — 0asn — oo, there exists C > 0 such that
{1, (tn), tn)| < Clltnllwy and |1, (up)| < C. Thus, by (M1), (M2) and (f2), we get

1
C+ C”un”Wg > Iy (up) — ;(I;)(un)a Up)

1 p 1 p 1 p p
= Ml =l = | GeF Gt ) =1, ol

1 1 »
= I; - ; ||un||wo,

where C denotes various positive constants. Hence, {u,}, is bounded in W,
For simplicity, we first introduce a notation. Let ¢ € Wy be fixed and denote by B, the linear functional on W, defined
by

B, (v) = // lo() — e P*(0(x) — e(¥)) ((x) — vY)K (x — y)dxdy
Q
for all v € W. Clearly, by the Hélder inequality, B,, is also continuous, being

—1
B, ()] < ll¢lliy, Ilvlw, forallve W.
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Since W, is a reflexive Banach space, up to a subsequence, still denoted by {u,}, such that u, — u, weakly in Wy as

n — oo. Then (I (up), uy, — u,) — 0, thatis,

f(X, Up, ||w||€V0)(un - uw)
M(x, llolly,)

(I;,(un)a Uy — Uy) = By, (up — uy) — /
2

—> 0 asn — oo.
Moreover, by Lemma 2.2, up to a subsequence,
u, — ustrongly in L%(£2) and a.e. in £2.
Using (f3) and the Holder inequality, we obtain
/ FOx, n, llollfy,) (Un — 1) i
e M@ |olh,)

C
—_— [ 1+ |un|q_])|un — Uy |dx
Mo Jo

IA

m% (1219779 + o, ) 1t = oo
—> 0 asn— o0,
where C > 0 is a constant. Inserting (3.6) into (3.5), we get
nlerolo By, (u, —u,) = 0.
Furthermore, by the weak convergence of {u,}, in W, we get
By, (up — u,) — By, (up —u,) — 0 asn — oo.
Using the well-known vector inequalities (1.10), we obtain for p > 2
lltn — i |1y, < Cp [Buy (Un — ) — By, (tn — 1)1 = 0(1),
andfor1 <p <2
llun — 1o, 1}y, < C2/% [Bu, (tn — U) — Bu,, (un — 1) P/ (Ilunllfy, + N1t lfy,)
< CP2 [By, (ty — 1) — By, (un — )P (luallfyy ™% + lluollfyz %)

< C[By, (Un — Uy,) — By, (tn — u,) P> = 0(1),

(2-p)/2

(3.5)

(3.7)

(3.8)

where C > 0 is a constant. Combining (3.7) with (3.8), we get that u,, — u strongly in Wy as n — oo. Therefore, I satisfies

(PS) condition. O

Since Lemmas 3.1-3.2 hold, the Mountain Pass Theorem [34, Theorem 6.1] gives that problem (3.1) has a nonnegative

solution u,, satisfying

I (u,) =0, c, =I,(u,) = inf L,(y(t 1(0) = 0,
»(Uo) c (o) Jnf_ max (y(®) > 1(0)

(3.9)

where I' = {y € C([0, 1], W) : ¥(0) = 0, y(1) = e} and e from Lemma 3.2. Thus, u,, # 0. Moreover, u,, > 0 a.e. in R".

Indeed,
Fx, g, lolliy,u, _
o M@ [oll,)

where u, = max{—u,, 0} € Wy. Combining this with (f;), we have

’

(I,(uy), uy) = By, (uy) —

// |ty (%) — o )P~ (U6 (X) — U (1)) (1, (%) — u, (1)K (x — y)dxdy = 0.
Q
From which together with the following fact:

(o (%) — U () (U, () — u, () < — |ug (%) — u ()

2
, ae.x,yeRN,

we get that (u,,)~ () = (u,)~(y) fora.e. (x,y) € RV x R, Since (u,)~(x) = 0 a.e. in R¥\£2, we obtain that (u,)~(x) =0

a.e.inRY, thatis, u, > 0 a.e.in R, Notice that (f;) implies
F, o, loll5y,)

Ly (Uy), V) =
(L (Uy), V) o M(x, ||a)||&,0)

>0,

for each v € Wy, v(x) > 0 a.e. in £2. Then Lemma 2.3 means the positivity of u,, a.e. in £ withu = 0in RN\ £2.
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Lemma 3.4. Let o € Wy. There exists K; > 0 independent of w such that ||u,|lw, > Ki.
Proof. Using u,, as a test function in (1.8), we obtain by (f;) and (f3) that

F&, Uy, llolly,)
o MK ol

& C
s—fwm+ifmw
mo Jgo mo Jo

eC, p Ce
q/p q
o i, + 2 CEP ol

f/mw—meMrwmw=
Q

IA

for any ¢ > 0. Then

C
_ p =& ca/p q
O )wm%smgnw%.

From this and q > p, by taking ¢ > 0 small enough, we get

m &C 1/(a-p)
lullw > | —C¥% (1 — —> =K, > 0.
Cg moKo

eC,
mop

So the assertion follows. O

Lemma 3.5. Let w € Wy. Then there exists K, > 0 independent of w such that ||u,|lw, < K».
Proof. Taking a special pass ¥ (t) = te and using the definition of c,, in (3.9), we obtain

Co = lp(Uy) < max Loy () < maoxlw(tE), (3.10)
<t< t>

where e chosen in Lemma 3.2. By (fs), we have

A As| 02
I,(te) < — — —%ﬂf le|"dx + 212l h(t),
p my 2 my

whose maximum is achieved at some ty > 0 and the value h(ty) can be taken as C > 0. Clearly it is independent of w. Using
(f4), we have

1, 11 »
C > Cp = Iw(uw) - *Uw(uw)v uw) Z|l-—— ||uw||wo~ (3'11)
2z p n
Then (3.10) together with (3.11) implies that there exists K, = (upC/(u — p))'P > 0 independent of w such that

luollw, <Kz O

By Lemmas 3.5 and 2.2, there exists K3 > 0 independent of w such that |lul|; < K5. Without loss of generality, we assume
that K3 > 1.

Lemma 3.6. There exists K4 > 0 independent of w such that for every weak solution u,, € Wy of problem (1.7), there holds

”uw”oo = K4-

To prove Lemma 3.6, we need the following lemma (see [35, Lemma 4.1]):

Lemma 3.7. Let {Y,}, n =0, 1, 2, ..., be a sequence of positive numbers satisfying the recursive inequalities
Yor1 < CH"YHE,

whereb > 1and C, « > 0 are given numbers. If
Yo < Cq/abq/az’

then {Y,} converges to zero as n — oo.

Proof of Lemma 3.6. Fix a nonnegative solution u,, € Wy of (1.7) and set v = K u,. Then v is a non-negative solution of
the following problem

@memwm)mg
M(x, [lll},) ’ (3.12)
v=0 inRV\ £2.

DCKU =
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Foralln € N, we set v, = (v — 4+ 127", where | > 1is a constant to be determined later. So v, € Wy, |lugllq < 1,
vo = vT = vandforalln € Nwe have 0 < v, 1(x) < v,(x) and v,(x) = (v(x) — )t a.e.in £2 asn — oo. Moreover, the
following inclusion holds (up to a Lebesgue null set)

XeR: v >0 C {xeR:0<v® <@ = Do} [ {xe2:umx =27}, (3.13)

Foralln € NwesetR, = ||vn||g, then Ry = ||v||g and {R,}, is a non-increasing sequence on [0, 1]. Next we prove that
R, — 0asn — oo.By the Holder inequality, the fractional Sobolev inequality (see [ 10, Theorem 6.5]), (3.13) and Chebyshev
inequality (see [36, p. 52]), we have foralln € N

. 1-q/p§
Ros1 < (X € 2 vnr > O} Jlugaq |7,

1—q/p}

<Clixe 2:v, >27 "y lvns1 1,

~a*/p¥ L1-a/p}
< C@"D)TT RV v 1y, - (3.14)
It follows from (f>) and (f3) that there exists a constant C > 0 such that fora.e.x € 2 and all (§,7) € R x RBL

fxE,m) < COEPT + 16177, (3.15)

Then using the following inequality

g —n* P <1 —nlP?E —mET —n") forallg, neR,
and testing (3.12) with v, 1, together with (3.13), (M;) and the Hélder inequality, we have

1
p p
v <B,(v = ——f(x, K3, |0 v X)dx
” n+1||Wo — v( n+1) /QM(X, ”w”pwo)f( 3 ” ”Wo) n+1( )
< Cf (@ P™" + @) varr (X)dx
{xeR:vp1>0}

< c/ [@™! — 1P b+ @™ — )T d] dx
{xe2:vp41>0}

< Cz(n+1)(¢1—1)(RP/q +Ry)
— n
+1)(g—1
< C2m D )Rg/q,
where C denotes various positive constants independent of n, w. Hence we deduce from (3.14) that
Rusr < Clqz/p§—qz(q—qz/P§+qz/p—q/p)(n+1)Ri—EI/Pé‘ — C[T/Pi—apinpl+p (3.16)
=< : L .

where C = 2*C > 0is a constant independent of n and , » == q — ¢*/p} +¢*/p —q/p > 0and 0 < B := 1—q/p} < 1.
Now we choose [ > 1 such that

Ro = / v(x)dx < (CI° /%0y =116~/
2

By Lemma 3.7, we obtain that R, — Oasn — o0, sothatv(x) < la.e.in £2. Hence, we have u,, € L*°(£2) and ||u,|co < K3l It
follows from the choice of | and Lemma 3.5 that there exists K, > 0 independent of w such that ||u,||s < Ks.This completes
the proof. O

Proof of Theorem 1.2. By Theorem 1.1, we can construct a sequence {u,}, of nonnegative solutions as
£, tns [[un1llhy,)

M (X, [|tn-11lfy,) (&n)
U, =0 inRV\ £,

Lyup =

obtained by the Mountain Pass Theorem, starting with an arbitrary ug € Wy () L*°(£2). By Lemmas 3.5 and 3.6, we obtain
that [[unllw, < Kz and ||upllec < K. Using (&,) and (En41), we get

F & up (), Nlun—1llfy, ) @ns1 — p)
By, (un —up(x)) = 2 3.17
(U 1(x) — up(x)) /Q M(x. luni ) (3.17)
and
F &, un 1 (0, Nttnllfyy) (a1 — tn)
Bun+1 (un+1 (X) - un(x)) - _/_Q M(X, ||Lln||€v0) (3-18)
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It follows from (3.17) and (3.18) that
Bunﬂ (U1 () — Up (%)) — By, (Upg1 (%) — uy(x))

FOG g, unllfy) nr — ) F QX g, [un—ally,) (Ungr — tn)

@ M(x, [tnllfy,) M (x, lltn—1]l}y,)
p
W/f(x Une1s [lttnlliyg) = F @ tny Nttn—113y,) Wt — Un)dx
+/f(x Un, lun—1lly,) ! - ! (U1 — uy)dx (3.19)
o O MG ) M Tl J T '

We first consider the case p > 2. Applying the Holder inequality, the fractional Sobolev embedding, (M) and (f;), we obtain

W /f(x tnt, ||u,1|| — f &, tn, [[un—1ll7, o) (Un1 — Un)dx

= mo

1

p p
o [l e, bty = By
mo Jo

Itnllfy,) = f G tn, l[n—allfy,)| [tnsr — tnldx

IA

|dx

[Uny1 — Unldx

1
+— / ‘f(x, Un, l[tnlllyy) = F & tin, lluna Iy,

7,/ [tn —Un|pdx+*/ lup — up— 1|| |Un+1 up|dx

L,C, b, Ls|@|®Diec)P
< = ltng1 = tallfy, + ——————ltn — tn_1 Iy, ||un+1 Unllwg (3.20)
mop mop

where L, = [,(K;, K4) > 0and L3 = L3(K>, K4) > 0. Furthermore, we deduce from (M), (f;) and (1.9) that

1 1
f(xv Up, |Iu -1 ”P ) - (u 1—u )dX
/g TN MK wllh) MO unallly) )"

1
<— / Gttt | (MG Tty ) = MG Tty Tt 1 — gl
my Je
L p—1 p
=< ﬁ”un — Up— ”Wo f(xv Up, ||un71 ”Wo - un|dx
mo Q
Ly
=< mfénun Up— l” ”f(x Up, [|tup—1 || )”p/(p Dlltunrr — unllp
L C* 1/p
= T”un Un—1lly, ||Un+1 Un llwg» (3.21)

0
where L; = L1(K3) > 0. Inserting (3.20) and (3.21) into (3.19), we get
B,y (Un+1(x) — un(x)) — By, (Unp1(X) — up(x))
L3|2|®-V/pc)/P

24 x% p
= 2 s =l = — g s — g

L]C*Cl/P .
7”11“ Up—1 ”5\/0 It — un||WO~ (3.22)
0

Since p > 2, we deduce from (1.10) that

1 P L,C, p—1
F||un+l — un”wo =< m7||un+1 un” + C”un un—l”wO ltpyq — un”WO’ (3.23)
p 0
where
'E B L3|.Q|(p 1)/pm0C 1/p +L,C*C} 1/p

mg
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It follows from (3.23) that
||un+1 - uTl”WO =< K”un — Up—1 ||W07 (3'24)

where k = (CmeE/ (mo — LZC*Cp))l/(p_l). Since 0 < k¥ < 1, we conclude from (3.24) that the sequence {u,}, converges
strongly in Wy to some u € W, which is the solution of problem (1.1). By u, is positive a.e. in £ and ||u,|lw, > K; and
lunlloo < K3 foralln € N, we getthatu > O a.e.in §2 and u € L*°(£2).

It remains to consider the case 1 < p < 2. By (1.10), we have

2 2 (2-p)/2
g1 — tnlly, < C2% [Buy,, (Uns1 — tn) = Buy (uni1 — )P (uniallfy, + lunllly, )

2—p)/2 2—p)/2
< €02 [Buyy (s — Un) = By (s — u) P> (s Iy "7 + llualifys ")
2—-p)/2
< 2C0PKEC TP [By,  (tn1 — Un) — Buy (g1 — un) /2 (325)

A similar discussion as (3.20) and (3.21) gives that

Bunﬂ (Unt1(X) — Uy (X)) — By, (Unp1(X) — up(x))

2 _ 1
L,cP , Ly||eVec)P
< lunt1 — tnlliy, + —————lltn — Un—1llw, llUnt1 — Unllwg
Mo Mo
L]C*Cl/p
72”1% — Un—1llwp lttns1 — Unllwg- (3.26)

0

It follows from (3.25) and (3.26) that

L,C2P

2 2 2— 2 =
ltnyq — Un”W0 <G2 /pKz b ( lupgr — un”wo + Cllu, — un—l”Wo”qu—l - un”Wo) )

which implies that

chf/p

P ~
||un+1 - un”WO = szz/pKz P ( ||un+1 - un”WO + C”un - un—]“Wo) . (327)

Therefore, we get
ltn1 — tnllwy < Klltn — tn_1llwy.
where
C,22/PKPC
1- (CpKz%p(zC*)z/pLz) /mo.

XK=

Since 0 < k¥ < 1, we obtain that {u,}, is a Cauchy sequence in Wy. Hence the sequence {u,}, converges strongly in W to
some u € Wy, which is a nonnegative solution of problem (1.1). O

Remark 3.1. (a) It is easy to see from the proof of Theorem 1.1 that the nonnegativity of solutions in §2 to problem (1.7)
can be obtained immediately if (f;) is replaced with weaker assumption (f;): f(x, &, 1) = Oforall§ < 0,7 € [0, co0)
and a.e.x € £2.

(b) Evidently, Theorems 1.1-1.2 still hold if f (x, &, n) is independent of . Furthermore, we can remove condition (f5) since
(f4) implies (fs) if f(x, &) € C(£2 x R).
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