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Qualitative Analysis of Gradient-Type Systems with
Oscillatory Nonlinearities on the Sierpinski Gasket*
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Abstract Under an appropriate oscillating behavior either at zero or at infinity of the
nonlinear data, the existence of a sequence of weak solutions for parametric quasilinear
systems of the gradient-type on the Sierpinski gasket is proved. Moreover, by adopting
the same hypotheses on the potential and in presence of suitable small perturbations, the
same conclusion is achieved. The approach is based on variational methods and on certain
analytic and geometrical properties of the Sierpinski fractal as, for instance, a compact
embedding result due to Fukushima and Shima.
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1 Introduction

A particular interest has been given in the last few decays to the study of various nonlinear
partial differential equations on fractal domains. For instance, many physical problems lead
to nonlinear models involving reaction-diffusion equations, problems on elastic fractal media or
fluid flow through fractal regions. We also point out relevant applications of the fractal theory
to topology, differential geometry, functional and harmonic analysis, and probability theory.
For recent advances in the theory of nonlinear elliptic equations on fractals we refer to Barlow
and Kigami [2], Bockelman and Strichartz [6], Falconer [24], Falconer and Hu [26], Hu [30], Hua
and Zhenya [31], and Strichartz [44-45]. The main tools used in some of these papers to prove
the existence of nontrivial solutions or multiple solutions to nonlinear elliptic equations with
zero Dirichlet boundary conditions defined on fractals are certain minimax results (mountain
pass or saddle point type theorems), results from genus theory, and minimization procedures.
A particular concern has been devoted to PDEs on the Sierpinski gasket.
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In the present paper, we are interested in Dirichlet gradient-type systems of the form

Auq(x) + a1 (z)ur(x) = Ag(z) Fy, (ur(z),ue(x)), =z €V \ Vo,
Alltz(a?) + Tz(ﬂ?)uz(a?) = Mg(@) Fu, (u1(2),u2(z)), €V \W, (Sx)
uily, = uzlv, =0,

where V' stands for the Sierpiriski gasket, V{ is its intrinsic boundary, A denotes the weak
Laplacian on V' and A is a positive real parameter.

We assume that F' : R? — R is a C'-function such that F(0,0) = 0, and F,, denotes the
partial derivative of F with respect to u;. Finally, the variable potentials a1,a2,9 : V — R
satisfy the following conditions:

(h1) a; € LY(V, ) and a; <0 (i = 1,2) almost everywhere in V;

(he) g € C(V) with g < 0 such that the restriction of g to every open subset of V' is not
identically zero.

Here 1 denotes the restriction to V' of the normalized lﬁi ];] -dimensional Hausdorff measure
on V, so that u(V) = 1; see, for more details, the recent work [18].

The nonlinear problem (S)) is closely related to physical phenomena such as reaction-
diffusion problems and elastic properties of fractal media and flow through fractal regions.
There is an extensive theory for the study of nonlinear elliptic equations (Sy) on classical
domains, that is, on open sets of R using Sobolev spaces and Sobolev embedding theorems
etc. (see [3-5, 20, 23, 29]). Many solvability conditions are given, such as the conditions in the
fibering method introduced by Pohozaev and the study of the Nehari manifold for some classes
of quasilinear elliptic systems involving a pair of Laplacian operators (see [16, 47]).

A natural question arises of how to establish an appropriate framework to cope with (Sy) on
fractal domains. Here we work on a specific fractal, the Sierpiniski gasket V in RN =1 (N > 2),
which is typical one of the more general class of post-critically finite fractals.

Over the years, the Sierpinski gasket showed to be extraordinarily useful in representing
roughness in nature and man’s works. We refer to [44] for an elementary introduction to this
subject and to [46] for important applications to differential equations on fractals. We also
refer to the excellent monograph [19] for a thorough introduction to relevant applications of the
nonlinear analysis.

Moreover, this geometrical object represents one of the most familiar examples of fractal
domains and it gives insight into the turbulence of fluids. According to [33], this notion was
introduced by Mandelbrot [37] in 1977 to design a class of mathematical objects which are not
collections of smooth components.

The importance of fractals is given by their utility in physics, chemistry or biology. Moreover,
the study of the Laplacian on fractals originated in physics literature, where the so-called
spectral decimation method was developed in [1, 40-41]. For completeness we recall that the
Laplacian on the Sierpinski gasket was first constructed as the generator of a diffusion process
(see [28, 35)).

Here we are interested in the existence of infinitely many solutions for a system of gradient-
type (Sx) by using variational methods. In our main results, just requiring an oscillating
behavior of the term F' either at zero or at infinity, we prove, without symmetry assumptions,
that the problem (S)) admits a sequence of pairwise distinct weak solutions, see Theorems
3.1-3.2 below. Our method strongly relies on the following critical points theorem, which is a
more precise version of [42, Theorem 2.5].

Theorem 1.1 (see [9, Theorem 2.1]) Let E be a reflexive real Banach space, and let
OV : E — R be two Gateaux differentiable functionals such that ® is strongly continuous,
sequentially weakly lower semi-continuous and coercive, and WV is sequentially weakly upper
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semi-continuous. For every r > infgy ®, put

o(r) == in vEP—1(]—o00,r[)
w€d—1(]—o00,r[) r—®(u)

and
~ = liminf ¢(7), 0:= liminf o(r).

r—-+o0 r—(infg ®)*

Then, one has

(a) If v < 400 then, for each A € ]O, Al/ [, the following alternative holds:
FEither
(a1) Jx:=® — AU possesses a global minimum,
or
(ag) there exists a sequence {wyn} of critical points (local minima) of Jx such that
lim ®(w,) = +o0.

n—oo

(b) If § < 400 then, for each \ € }O, (15 [, the following alternative holds:
Either
(by) there exists a global minimum of ® which is a local minimum of Jy,
or
(ba) there exists a sequence {w,} of pairwise distinct critical points (local minima) of Jy
which weakly converges to a global minimum of ®, with nlln;o D(wy,) = qjlele D(w).

The above theorem assures the existence of a sequence of pairwise distinct critical points
for Gateaux differentiable functionals under the assumptions that, when we consider the energy
functional associated to (Sy), are satisfied just assuming an appropriate oscillating behavior on
the potential of the nonlinearity either at infinity or at zero (see Theorems 3.1-3.2).

This method has been used successfully to prove, in the context of certain Sobolev spaces,
the existence of infinitely many solutions for Dirichlet and Neumann equations (see [7-8, 10,
12-13, 21-22]). In the present paper, we are able to show that the methods used in [11] can be
successfully adapted to prove the existence of infinitely many (weak) solutions also for nonlinear
elliptic systems of the gradient-type on fractal domains.

Many technical difficulties are overcome in our approach by using suitable analytic properties
arising from the geometry of the Sierpiriski gasket (see Remark 3.1). For instance, a careful
analysis of the normalized measure p, proved by Breckner, Radulescu and Varga in [17], will be
essential to proving that, under certain hypotheses, the energy functional associated to (Sy) is
unbounded from below (see the proof of Theorem 3.1).

In Corollaries 3.1-3.2, we discuss the case of a two-parametric Dirichlet system (Sx ),
showing the existence of well-determined open interval of parameters A and u for which problem
(Sx..) admits infinitely many solutions (see [22] for related topics).

Further, existence results, analogous of Theorems 3.1-3.2, for sign-changing potential, can
be obtained requiring an additional hypothesis on the nonlinearity either at infinity or at zero
(see Remarks 3.2-3.3).

Finally, we observe that if the data of our problems are sufficiently regular, every weak
solution is a strong solution (see Remark 2.2 and Lemma 2.16 of Falconer and Hu [26]).

The plan of the paper is as follows. In Section 2 we recall some basic facts on suitable
Sobolev spaces associated to the Sierpinski gasket. Successively, Section 3 is devoted to the
main theorems. A direct application is presented in the final section of this paper.
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We cite the very recent monograph [34] as a general reference for the basic notions used
in the paper. Finally, we denote by N the set of natural numbers {0,1,2,---} and by |- | the
Euclidian norm on the space RY.

2 Preliminaries

The Sierpiriski gasket has the origin in a paper by Sierpiriski [43] and in a very simple manner
can be described as a subset of the plane obtained from an equilateral triangle by removing the
open middle inscribed equilateral triangle of }1 of the area, removing the corresponding open
triangle from each of the three constituent triangles and continuing in this way. This fractal
can also be obtained as the closure of the set of vertices arising in this construction.

Let V be the Sierpiriski gasket in RV~ (N > 2) of an intrinsic boundary V;. For a direct
construction and more details on this topics, see the paper [18].

Denote by C(V') the space of real-valued continuous functions on V' and

Co(V) :={ue CV); uly, =0}.

The spaces C'(V') and Cy(V) are endowed with the usual supremum norm || - ||». For a function
u:V — R and for m € N, let

W) = (V55" Y () —u))® (21)

T,YyEVm

le—yl=2—m
We have W, (u) < Wy,41(u) for very natural m. So we can put

W(u) = W}linoo W (u). (2.2)
Define
H (V) :={u e Co(V); W(u) < oo}

It turns out that H}(V) is a dense linear subset of L*(V, 1) equipped with the || - ||2 norm. We
now endow Hg (V) with the norm

lull = /W (w).

In fact, there is an inner product defining this norm: for u,v € H}(V) and m € N, let

W) = (V5" ) - uw) @) v,

z,y€Vim

lo—y|=2—m

Kigami’s idea (see [32-33]) is to approximate the fractal from within by a sequence of finite
graphs. The Laplace operator on the fractal is then the renormalized limit of graph Laplacians.
This construction is described in what follows. We first define

W(u,v) = lim Wy, (u,v).
Then W(u,v) € R and the space H}(V'), equipped with the inner product W, which induces

the norm || - ||, becomes a real Hilbert space.
Moreover,

lulloo < (2N + 3)||u|| for every u € H&(V), (2.3)
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and the embedding
(Ho (W), 1) = (Co(V), |- ll) (2.4)
is compact. We refer to [27] for further details.

Remark 2.1 As pointed out by Falconer and Hu [26], we just observe that if a € LY(V)
and a < 0 in V, then from (2.3), the norm

llull« := (W(u,u) —/Va(x)zﬂdu)é

is equivalent to /W (u) in Hg (V).

We now state a useful property of the space Hg (V) which shows, together with the facts
that (H(V), |- ||) is a Hilbert space and Hg (V) is dense in L?(V, ), that W is a Dirichlet form
on L(V, ).

Lemma 2.1 Let h: R — R be a Lipschitz mapping with the Lipschitz constant L > 0 such
that h(0) = 0. Then, for every u € H}(V), we have hou € HE(V) and ||hou| < L|ul.

Proof It is clear that hou € Cy(V). For every m € N, by (2.1) and the Lipschitz property
of h, we have that
Wi (hou) < LW, (u).

Hence W (h o u) < L?*W (u), according to (2.2). Thus howu € H}(V) and ||hou| < Liul.

Following Falconer and Hu [26], a standard way we can define in a linear self-adjoint operator
A: Z — L?(V, ), where Z is a linear subset of H(V), which is dense in L?(V, i) (and dense
also in (H3(V), |- ]])), such that

-W(u,v) = / Au-vdy  for every (u,v) € Z x Hy(V).
1%
The operator A is called a weak Laplacian on V.
Precisely, let H=1(V') be the closure of L?(V, u) with respect to the pre-norm

[ul -1 =" sup [(u,h),
heHL(V)
Inll=1
where
(w.h) = [ whan
%
ve L2(V,p) and h € H (V). Then H~(V) is a Hilbert space, and the relation
“W(u,v) = (Au,v), Yo e Hy(V)

uniquely defines a function Au € H=(V) for every u € H}(V).
Fix A > 0. We say that a function (ui,us) € H}(V) x HE(V) is called a weak solution of
(Sx) if

Z {(W(Uz;vz) — /Vai(x)ui(x)vi(x)dﬂ) + )\/

9(@) Py, (1 (2), uz (@) oi (2)dpe| =0
i=1 \%4

for every (v1,v2) € HY (V) x HL(V).
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While we mainly work with the weak Laplacian, there is also a directly defined version. We
say that A; is the standard Laplacian of w if Asu: V — R is continuous and

lim  sup [(N+42)"(Hyu)(z) — Agu(x)] =0,

m=0 zcV\Vo

where
(Hpu)() == Y (uly) —u(x))
YEVm
le—y|=2—m
for x € V,,.

We say that (ug,us) € Co(V) x Cp(V) is a strong solution of (Sy) if Agu; and Agus exist
and are continuous for all x € V'\ Vp, in addition to

Asu(z) + ar(z)ur (x) = Ag(x) Fy, (ur (), ua(x)), =€V \ W,
Asuz(x) 4+ az(z)uz(z) = Ag(x) Fu, (ur(x),uz(x)), x€V\V,
u1|\/0 = ’U,2|V0 =0.
The existence of the standard Laplacian of a function u € H{ (V) implies the existence of
the weak Laplacian A, see, for completeness, Falconer and Hu [26].

Remark 2.2 If ay,a2 € C(V), arguing as in Lemma 2.16 of [26], it follows that every weak
solution of the problem (S)) is also a strong solution.

3 Main Results

In this section, we assume that F : R? — R is a C'-function such that F(0,0) = 0 and
F,, denotes the partial derivative of F' with respect to w;. Moreover, the variable potentials
ai,az,g:V — R satisfy the following conditions:

(h1) a; € LY(V, ) and a; <0 (i = 1,2) almost everywhere in V;

(he) g € C(V) with g < 0 such that the restriction of g to every open subset of V' is not
identically zero.

For every & > 0, set

and
RY ={(t1,t2) eR?: ¢; > 0, Vi = 1,2}.

With the above notations, we have the following existence result in the case of nonlinearities
oscillating at infinity.

Theorem 3.1 Let F' be nonnegative on Ri. Further, assume that

B ) )
Ao = lglgig e < 400 (F3.)
and
lim sup ity t2) = +00. (F2)

2

(t1,t2) — o0 2

(t1,t2) € RY Dt
i=1
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Then, for every
1
NS }0, — {,
82N +3)2( [ gladn)An
1%
there exists an unbounded sequence of weak solutions of the problem (S)).

Proof Let us define the functionals ®, ¥ : E — R by

2

Buria) = 5 3 (Il = [ esloyua(oran)

i=1

and

W) = = [ g@)F(un(o), wa(o)dp,
1%
respectively, where the product space E := Hg(V) x H}(V) is endowed by the norm

1

2
)l o= 32 (W) = [ as(opus(oan)

for every (uq,u2) € E. Now, in order to achieved our goal, fix A as in the conclusion. Clearly,
with the above notations, set Jy := ® — AU. First of all, we observe that the functional
Jy € ct (E, R).

Further, fixing (u1,u2) € E, one has

2

Ji (u1,u2)(v1,v2) = Z (W(ui,vi) — /v ai(x)ui(x)vi(x)du)

i=1

for each (v1,v2) € E. In particular, (u1,us) € E is a weak solution of the problem (S)) if and
only if (u1,us2) is a critical point of Jy. Clearly, ® is obviously coercive. Moreover, standard
computations ensure that the functionals ® and ¥ are sequentially weakly lower semi-continuous
on E. Hence, we seek for weak solutions of problem (Sy) by applying part (a) of Theorem 1.1.

Now let us verify that 7 < 4o00. For our purpose, let {c,} be a sequence (of positive
numbers), such that lim ¢, = 400 and

n—00

max  F(t1,t2)
(t1,t2)€Q(cn)

lim ) = A.

n—oo C?’L
Put r, = 8(21\0,2_3)2 for every n € N. Due to the compact embedding of H{ (V) into Co(V), we
have

{(v1,v2) € E: ®(v1,v2) <71} C { v1,v2) € E: Zm )| < ep, Ve V}

Indeed, taking into account (2.3), for every v; € H3(V) (i = 1,2), one has

max [v;(2)[* < (2N + 3)?||vil|*.
zeV
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Consequently,
2
vi()[? 2 a2 2
max Y N < (2N +3) (;:1: , ):(2N+3) B(vy,v2).

At this point, from the above inequality, if ®(vq,v2) < 75, a direct computation ensures that
fj lvi(x)] < ¢y, for every x € V.
- Therefore, taking into account that 0 € ®~1(] — o0, r,,[) for every n € N, since F(0,0) = 0,
one has

sup  U(v1,v2) — U(uq,usz)
;:2:1 hvsll® oo

o(ry) = inf

2 2 2 2
il B |||
§e (G
sup / — (@) F(v1(2), va())da
1%

22: Hv"’“z <Trn
< =t Pi
< .
max F(t17t2)
< —8(2N+ 3)2(/ g(l‘)du) (thtz)EQ(c,;)
14 ct
Thus, bearing in mind that
max  F(t1,t2)
lim inf (t1,12)€Q(E) o,
&—+oo £2

we deduce

max F(tl,tg)

im inf (b1,£2)€Q(E) < 4o00.

v < liminf ¢(r,) < —8(2N + 3)2(/‘/9(x)dﬂ) 1§H+oo €2

Let us verify that the functional Jy is unbounded from below. For our goal, fix a function
u € H} (V) such that there is an element 2o € V with u(zg) > 1. It follows that

D :={zxeV; u(zx) > 1}

is a non-empty open (from the continuity of u) subset of V. Moreover, from relation (2.1)
in [18], one has (D) > 0. Define h: R — R as follows

B(t) = | min{t, 1}|

for every t € R.

Then h(0) = 0, and h is a Lipschitz function whose Lipschitz constant L is equal to 1.
Hence, by using Lemma 2.1, it follows that v := hou € H(V). Moreover, v(z) = 1 for every
x € D,and 0 < v(z) < 1 for every z € V. As the condition (FL) holds, there exist two positive
real sequences {{1 ,} and {&2 ,,} such that

2
lim | Y €2, = +o0
i=1

n—00
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and

lim
n—oo

F(%ma&m) = +o0. (3.1)

> &
i=1
Consider the sequence of functions {(£1,,v,&2,,v)} C E. Thus

& n & n

J 10l =5 [ et

gg,n fg,n

5 5 /Vag(a:)v(a:)Qdu
—1-)\/ g(x)F(&1,.0v(2), E2.n0(x))dp. (3.2)
v

J)\(fl,nva gQ,nv) =

+ 75 ol -

Now, since F and g are respectively nonnegative (on R?) and nonpositive (on V), it follows
that

/V 9(2)F (€1 w0(2), Exmo(a))du

— FErm o) Dsﬂx)du—r]/ 9(&) F(E1no(2), Eanv(@))dp

/ V\D
< Fleiniban) [ gla)dn (3.3)
D
Further, putting

9(v) 2= mas { o] - /V ar(@)o(e)2dp, o] - /V as(xyo(a)’dy},

from (3.2)—(3.3) one has

I (fl,nvv §2,nv)

IN

(; Zfi")ﬁ@) + )‘F(fl,mfz,n)/ g(z)dp,

D

which means

n, sT F N3 sT
JA(§1,2 v,&2,1,0) < 79(27)) £ (5; &2, )/Dg(x)du- (3.4)
i=1 i=1
At this point, since from (3.1) one has
F s n
lim (% &, )/ g(z)dpu = —oo0,
n—oo D

> &
i=1
(note that [, g(x)du < 0) inequality (3.4) implies that
J)\ (gl,nvv 52,711})

lim = —00.

2

n— 00
> &
i=1
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In conclusion
lim Jx(&1,00, &2.n0) = —00,
n—0o0

and the functional Jy is unbounded from below. Applying Theorem 1.1 we deduce that the
functional J, admits a sequence of critical points which is unbounded in E. Hence, our claim
is proved, and the conclusion is achieved.

Remark 3.1 It is worth noting that the above statements and the proof of our method
are related to the corresponding ones in [11]. Clearly, the abstract framework introduced in
the above mentioned paper is adaptable to our context by using the geometric and analytic
properties of the Sierpinski fractal as the Sobolev-type inequality

sup ful@) = uly)l < (2N +3)\/W (u), (3.5)
z,yeVi |.13 - y|a
where
_ log (3?)
- 2log2

(see, for more details in [26, Lemma 2.4]).

We note that the estimate (3.5) allows all u : Vi, — R of finite energy to have a continuous
extension to V. Moreover, through (3.5) and by using the Ascoli-Arzéla theorem, the compact
embedding (2.4) is achieved.

Remark 3.2 We explicitly observe that, exploiting the proof of Theorem 3.1, one can see
that the statements of our result are still true also for sign-changing functions F' : R? — R that
satisfy assumptions (FL) and (F2)) in addition to

F(tits)

2
>t
i=1

lim inf
(tl,tz)—)OO

Indeed, if
max  F(t1,t2)
. (B1t2)€Q(E)
lim inf

E—+o0 52
one has that v < +00. On the other hand, consider the sequence of functions {(&1 v, &2.,v)} C
E as in the proof of Theorem 3.1. From

< 400,

F(tits)

2
>t
i=1

lim inf
(tl,tg)—M)O

there exist p, k > 0 such that

F(ty,to

Uob) s b 3 2> (3.6)
2 i=1

2t

i=1

Moreover, one has
a1, anv) = 75" ol* =7 / ar(@yo(e)Pdp+ 75T ol =7 / as(x)v(z)*dp

\4 \4

+>‘F(£1,n;£2,n)/Dg(x)dM+>‘/ g(x)F(gl,nv(x)a52,nv(x))dﬂ

V\D
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for every n € N.
Moreover

/ 9(2) F(€10(), Eamv(a))dpt = / (@) F(€rmo(a), Eamv(a))dp
V\D GQQ(V\D)
+ / 9(2)F (E2,00(x), E2,00(x))dpt,
Gen(V\D)

where

G, = {x eV:0< (ifgn)v(x)Q < g}

and
2
G? = {x eV: (;fzn)v(x)Q > g}.

Now, by using the mean value theorem, it follows that
| @F () @) < C, (37)
G,N(V\D)

where
C:=2 00 max VF(t1,t .
||9|| (t1,t2)€[0.1/a]2 | ( 1 2)|Q

Then, relations (3.6) and (3.7) yield

(flnv EQnU ( Zfzn) +/\F§1n7§2n /g

+ 29| 0 max VF(t,t
loll , o [VF(t e

_k‘)\(ZE )/V\Dg x)UQ(x)d,u

o)

for every n € N.
Thus, it is easy to see that the above inequality and our assumptions imply
i J/\(El,nvvglnv) o
im 5 = —00.

n— o0 9
E Ei,n
i=1

Then Jy is unbounded from below. The proof is attained from part (a) of Theorem 1.1.

Now, as a direct consequence of Theorem 3.1, we show that an appropriate oscillating
behavior of the nonlinear term F, even under certain small perturbations, ensures again the
existence of infinitely many solutions.

Denote by §v the set of functions G : R? — R such that:

(g1) G is a C'-function such that G(0,0) = 0 and G,, denotes the partial derivative of G
with respect to u;;

(gg) G(tl,tg) > (0 for every (f,l,tg) S R?i—

We have the following existence result.
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Corollary 3.1 Under assumptions of Theorem 3.1, for each

xe o~ |

1
8(2N+3)2(/Vg(x)du)Aoo

for every G € §y satisfying
max  G(t1,1t2)
(t1,t2)€Q(€)

(goo) Goo = fgrfoo 2 < +00,
and for every p € [0, pa [, where
1
UGy = — (1 + 8A\(2N + 3)2</ g(x)du) Aoo),
8(2N + 3)2(/ g(:c)du) Goo v
1%

the problem (namely (Sx,,.)) given by

Auy(z) + a1 (2)ur (z) = g(@) (A, (w1 (2), u2(2)) + pGu, (u1(2), u2(x))), =€V \ Vo,
Alrz(x) + C|L2($)U2($) = g(x)(AFy, (u1 (), uz(v)) + pGy, (u1(z),u2(x))), =€V \V,
utly, = uzly, =0,

admits a sequence of weak solutions which is unbounded in H}(V') x HE(V).
Proof Fix A €]0, A2[, where
1

Ag = —
i 8(2N+3)2(/Vg(x)du)Aoo

)

and let G € §y be a function satisfying hypothesis (g~,). In the non-perturbed case, that is
=0, the assertion is trivial. Otherwise, one has

(1 T 8A(2N + 3)2 (/

y g(x)du) Aoo) > 0.

o 1
ran 8(2N +3)2 /V 9(x)dpr) e

Take 0 < p < pg;  and put
1

" ean s 3)2(/Vg(x)du) (4 + 4 G) '

If Goo = 0, clearly one has 7o = Ao and
A€ A" =0, na].

Otherwise, if Goo # 0, from p < Fig n» it follows that

—8(2N + 3)2</Vg(x)du) (AOO)\ + Goou) <1,

which means

1
A< — =1)2.

8(2N + 3)2(/V g(x)du) (Aoo + /;Goo>
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Hence, also in this case, one has
e A 2:]0, 7}2[.

Now, put
H(ty,t2) == F(t1,12) + ‘;G(tl,tg)

for every t1,ts € R.
Taking into account that the potential G is a nonnegative function, we obtain

H(tq,t F(ty,t
lim sup ( 1t2) > lim sup (21’ 2) = 400,
(tl,tg — 00 2 (tl,tg)ﬂoo 2
(tl,tg)ERQ Zt (151,152)€IR%r th
and then i
t1,1
lim sup (1, t2) = +o00
(tl,tg) — 00 2
(t1,t2) €RY Zti
i=1
Moreover, since
max  H(ty,19) max  F(t1,t2) max  G(t1,t2)
(t1,t2)€Q(E) < (t1,t2)€Q(E) e (t1,t2)€Q(E)
& - & A & ’
taking into account hypothesis (g ), it follows that
max  H(ty,t2) max  F(t1,t2)
lim inf (t1,t2)EQ(§)2 < lim inf (t1,t2)€Q(§)2 + MGOO < 4o0.
E——+oo f £—+o0 f A
Hence, owing to
1
AeA* C }0, - [
8(2N + 3)2(/ g(x)du) H..
1%
where
max H(tl, tg)
Ho =l (11,42)€Q(€) 7

£—+o0 §2
from Theorem 3.1, there exists an unbounded sequence of infinitely many solutions for problem
(S, ). The proof is complete.

By the same method, applying part (b) instead of part (a) of Theorem 1.1, one can prove
the analogue of Theorem 3.1 in presence of a smooth nonlinear term F': R? — R with a suitable
oscillating behavior at zero.

Theorem 3.2 Let F' be nonnegative on Ri. Further, assume that

(0 (e T 2)
c. t1,t2)€
Ag = hgrg(l)rlf ’ e < 400 (Fy)
and [
hmsup ( 1 t2) = +00. (F3)

(t17t2 2
(t1,t2) € RQ Z
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Then, for every
xe o~ ! |
8(2N + 3)2(/‘/g(x)du) Aso

there exists a sequence {(u1 n,u2n)} C HY(V) x HF(V) of pairwise distinct weak solutions of
problem (Sy) such that lim ||(u1,n,usn)| = 0.
n—oo

Proof The strategy of the proof is very similar to the previous one. Hence, in the sequel,
we omit the details and we use the notations adopted in Theorem 3.1. Then, from hypothesis
max  F(t1,t2)
e (B122)€Q(E)
lim inf

< 400,
£-0+ &2

by direct computations, it follows that ¢ := lim hlf ©(r) < +00. On the other hand, by
r—0

F(ti,t
hmsup ( 1,t2) = +o00,

(t17t2 2
(t1,t2) € R2 Z

there exist two positive real sequences, namely {&; ,} and {&2,,}, such that

2
lim E 2 =0
n—oo Ez,n ’
i=1

and

F(fl,n; gQ,n)

lim = 400.
n—oo 2
52
i,m
i=1

Now, consider the sequence of functions {(&1,,v,82,,v)} C E. Arguing as in Theorem 3.1, we

obtain
. Ia(&1,n0,82,00)
im 2 = —00.

n— 00
52
i,mn
i=1

Thus Jx(&1,n0,&2.0,v) < 0 for every n sufficiently large. Since Jx\(0g) = ®(0g) — A¥(0g) = 0,
the last inequality means that Og is not a local minimum of Jy. Moreover, since ® has O as
the unique global minimum, Theorem 1.1 ensures the existence of a sequence {(u pn,u2,)} C E
of pairwise distinct critical points of the functional Jy, such that

2
lim (||um|\2 —/ ai(x)ui,n(x)Qdu) =0.
Jm, 2 :
Hence, one has that lim |[|(u1 p,u2,)| = 0. The proof is complete.

Remark 3.3 Theorem 3.2 also holds for sign-changing functions F : R? — R that satisfy
assumptions (Fi) and (F?) in addition to
F(tq,t
hmmf ( 1t2) > —
(t1,t2) —

(t1,t2) GRQ ZtQ
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The next result can be viewed as an analogue of Corollary 3.1.

Corollary 3.2 Under assumptions of Theorem 3.2, for each

1
A [ )
=IF 8(2N—|—3)2</vg(x)du)Ao [

for every G € Fy satisfying
max  G(t1,t2)

(g()) GO - hm (t17t2)eQ(§)

Jm, ¢ < 400, and for every p € [0, g \[, where

1

*x 2 " :
1y 8(2N+3)2</Vg(x)du)Go <1+8>\(2N+3) (/Vg( )du)Ao)

the problem (namely (Sx,,.)) given by

Auy(z) + ar(z)ur () = g()(AFy, (u1 (), uz 2(2)), x€V\W,
Alrz(fc) + cltz(w) 0( z) = g(@)(AFu, (u1(2), u2(2)) + pGu, (ur(z), u2(2))), =€V \W,
ULV, = U2|v, =

admits a sequence {(u1n,u2,)} C H3(V)x HY (V) of pairwise distinct weak solutions such that
Tim | (11, 2,) | = 0

We want to conclude with this explicative application.

Example 3.1 Consider the increasing sequence of positive real numbers given by
a1 =2, Qpy1 = n!ai +2

for every n > 1. Define the C*-function F : R? — R as follows

_ 1 1
at, e -l ey D e 0 T (1) € U B(ans1, ans1), 1),
F(ty,t2) := n>1

0, otherwise,

where B((an+1,an+1),1) denotes the open unit ball of center (@n41,an41)-

By definition F is non-negative and F(0,0) = 0. We will denote by F,, and F,, the partial
derivative of F' with respect to u; and wus, respectively. Now, for every n € N, the restriction
F(t1,t2)|B((ani1,ans1),1) attains its maximum at (@ny1,an41), and one has F(anq1,an41) =
ay, - Clearly

F(ti,t
lim sup ( 1t2) = 400,
(tlytz) — 00 2
(t1,t2) € ]R2 Z 13

owing to
lim F(an+1, ant1) _ +00

On the other hand, by setting v, = an+1 — 1 for every n € N, one has

max  F(ty,ta) = af“ Vn € N.
(t1,t2)€Q(yn)
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Then
max  F(ty,ta)
1. (t17t2)eQ(yn) _
im =0
n— 00 (an+1 - 1)2
and
max F(tl, tg)
lim inf (t1,t2)€Q(E) —0.

E—+o0 52
The previous computations ensure that all the hypotheses of Theorem 3.1 are satisfied. Then,
for every A €]0, +o0], the following problem

—Auq () = AFy, (u1(z),us2(x)), =€V \W,
—Auz(z) = AFy, (w1 (2), u2(x)), =€V \W, (SS\)
uilyy = uzlv, =0

admits a sequence of (strong) solutions which is unbounded in HJ (V) x H} (V).

Remark 3.4 Fix an integer m > 1. Moreover, let F': R™ — R be a C''-function such that
F(0,---,0) =0, and F,, denotes the partial derivative of F with respect to u;. We explicitly
observe that our results hold also for Dirichlet systems of the form

Aug(z) + ap(x)ur(r) = Ag(x) Fy,, (u1(z), - um(x)), €V \V, 1 <k<m,
u1|V0 = e . = uk}|V0 = 07
assuming that the functions ay, g satisfy conditions like (hy) and (hs). For instance, for every
&> 0, set
m
Qul€) = {(tr, -+ ) €R™ 3 |1l < €}
i=1
and
R ={(t1, -+ ,tm) ER™ :; >0, Vi=1,--- ,m}.
Requiring that

max F(ty, - tm)
(t1,7 5 tm ) €EQm (€)

Ay = liminf <
A ¢ e
and F(t t
lim sup ( 1’77;” »tm) = 400,
(t1,- s tm) — 00 2
(t1,-  tm) ERT Z;ti
1=
for every
1
A€ |0, — [7
2m2(2N+3)2(/ g(x)d,u)Aoo
v

m

there exists an unbounded sequence of weak solutions (in 11 H&(V)) of the above problem.
k=1

From the above remark one clearly has that Theorem 3.1 extends [15, Theorem 3.2] in the

gradient type setting.

Finally, for completeness, among the contributions to the theory of nonlinear elliptic equa-
tions on fractals we mention in [18, 24, 26, 30-31, 45]. The main tools used in these papers to
prove the existence of at least one nontrivial solution or multiple solutions for nonlinear elliptic
equations with zero Dirichlet boundary conditions are certain minimax results (mountain pass
theorems, saddle-point theorems), respectively, and minimization procedures.
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