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We consider a nonlinear, nonhomogeneous Dirichlet problem driven by the sum of a
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1. Introduction

Let © € RN be a bounded domain with a C%-boundary 9§ and let p > 2 be a real
number.

In this paper we study the following nonlinear nonhomogeneous elliptic equation
((p, 2)-equation):

—Apu(z) — Au(z) = f(z,u(z)) in Q,uloq = 0. (1.1)
Here A, denotes the p-Laplacian differential operator defined by
Apu = div(||Dul[P~2Du)  for all u € Wy (Q).

Also f: QxR — R is a Carathéodory reaction (that is, for all z € R, the mapping

z — f(z,z) is measurable and for a.a. z € Q, x — f(z,x) is continuous). The aim
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of this work is to prove a multiplicity theorem (in particular, a three solutions the-
orem), when the reaction f(z,-) is (p — 1)-linear near +00, but exhibits asymmetric
behavior at 400 and at —oo. More precisely, we assume that the quotient él(j—_a;)m
crosses the principal eigenvalue A;(p) > 0 of (=A,, Wy ?(Q)) as 2 € R moves from
—00 to +00. Another interesting feature of our framework is that we allow for reso-
nance to occur at both 400 and —oo. At 400 the resonance can occur with respect
to the principal eigenvalue 5\1(p) > 0, while at —oo with respect to the second
eigenvalue Ay (p) > A1 (p).

Problems with an asymmetric nonlinearity were studied by Chabrowski and
Yang [5], Chang [6], de Paiva and Massa [11], de Paiva and Presoto [12], Motreanu,
Motreanu and Papageorgiou [18], Perera [25] (for semilinear Dirichlet problems), by
Motreanu, Motreanu and the first author [19] (for nonlinear equations driven by the
Dirichlet p-Laplacian) and by the authors [21] (for semilinear Neumann problems
with an indefinite and unbounded potential). None of the aforementioned works
permits resonance.

We mention that (p,2)-equations (that is, equations driven by the sum of a
p-Laplacian and a Laplacian, with 2 < p < o0) arise in mathematical physics
(see [4] (quantum physics) and [7] (plasma physics)). Recently some existence and
multiplicity results for such equations were proved by Cingolani and Degiovanni
[9], Cingolani and Vannella [10], the authors [22, 23], and Sun [28]. However, none
of the aforementioned works treats the asymmetric resonant case. We also refer to
the recent book by Ciarlet [8] for the rigorous qualitative analysis of many models
described by nonlinear partial differential equations.

Our approach combines variational methods based on the critical point theory
with Morse theoretic arguments (critical groups). In the next section, for the con-
venience of the reader, we recall the main mathematical tools that will be used in
the sequel.

2. Mathematical Background

Let X be a Banach space and X* be its topological dual. By (-, -) we denote the
duality brackets for the pair (X*, X). Given ¢ € C1(X), we say that ¢ satisfies the
“Cerami condition” (the “C-condition” for short) if the following property holds:

“Every sequence {2, }n,>1 € X such that {¢(z,)}n>1 C R is bounded and
(1+ [|zn])¢' (xn) — 0 in X* as n — oo,
admits a strongly convergent subsequence.”

This is a compactness-type condition on the functional ¢, which is more general
than the usual Palais—Smale condition. Both conditions compensate for the fact
that the ambient space X need not be locally compact. Using the C-condition, we
can have the following minimax characterization of certain critical values of ¢. The
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result is know in the literature as the “mountain pass theorem” (see, for example,
(13, 27]).

Theorem 2.1. Let X be a Banach space. Assume that ¢ € C*(X) satisfies the
C-condition, xo,x1 € X with ||z1 — zo|| > p > 0,

max{p(zo), p(21)} < inf{p(z) : ||z = zol = p} = np,

and ¢ = inf cr maxo<i<1 @(y(t)), where T' = {y € C(0, 1],W01’p((2)) :v(0) =
x0,v(1) = z1}. Then ¢ > n, and ¢ is a critical value of .

In the analysis of problem (1.1), in addition to the Sobolev space W, (), we
will also use the Banach space C3(Q) defined by

CA(Q) = {u € CH(Q) : ulon = 0}.
This is an ordered Banach space with positive cone
Cy ={ueC}Q):u(z) >0forall z€ N}
This cone has a nonempty interior given by

au

int Cy = {UEC+:U(Z) >0 for all z € Q, o

(z) <0 for all z 689}.

Here n(-) denotes the outward unit normal on 9€2.
Suppose that fy: QxR — Ris a Carathéodory function with subcritical growth
in the x € R variable, that is,

lfo(z,2)| < a(z)(1+|2]""') foraa. z€Q, all z € R,
with

Np
a€L>®Q)y, 1<r<p'={N-p

+00 if p> N.

ifp< N,

We set Fy(z,2) = [y fo(z,s)ds and consider the C'-functional ¢y : W, P(Q) — R
defined by

1 1
wo(u) = ]3||DuH§ + §HDU||§ — /QFo(z,u(z))dz for all u € Wol’p(Q).

The next proposition is a special case of a more general result due to Aizicovici,
the first author and Staicu [2] and it relates local C&(Q) and W,?(Q)-minimizers
of pg. The result is essentially a consequence of the nonlinear regularity theory (see
15, 17)).
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Proposition 2.2. Let i € W, ?(Q) be a local C}(Q)-minimizer of o, that is, there
exists po > 0 such that

(@) < go(@+h) forall h € C5(Q), |hllciq) < po-

Then o € C’é’ﬁ((l) with 3 € (0,1) and it is also a local Wy (Q)-minimizer of o,
that is, there exists p1 > 0 such that

wo(@) < o(ii+h) for all h € WyP(Q), ||h]| < p1.

In the above result and in the sequel we denote by || - || the norm of Wy*(Q).
Using Poincaré’s inequality, we have

|lull = |Dul|, forall u e Wol’p(Q).

Note that by || - || we also denote the norm in RY. However, no confusion is possible
since it will always be clear from the context which norm is used.

For every z € R, we set % = max{0, £z}. Then for u € W, *(Q) we can define
ut(-) = u(-)*. We know that

uteWyP(Q), uwu=ut—u" and |ul=ut+u".

Given a measurable function h : QxR — R (for example, a Carathéodory function),
we set

Np(u)(-) = h(-,u(-)) for all u € WyP(Q).
This is the Nemytskii map corresponding to h.

For every r € (1,00), let A, : Wol’T(Q) — WLr(Q) = W&T(Q)*(% +L=1)
be the nonlinear map defined by

(Ar(u),v) = / | Du||"~2(Du, Dv)gndz  for all u,v € Wy (). (2.1)
Q

If » = 2, then we write Ay = A € L(H}(Q), H1(Q)). The next proposition sum-
marizes the basic properties of this map (see, for example, [13]).

Proposition 2.3. The nonlinear map A, : Wy () — W17 (Q) defined by (2.1)
is bounded (that is, maps bounded sets to bounded sets), continuous, strictly mono-
tone (strongly monotone if r > 2) hence mazimal monotone too and of type (S)+,
that is, if w, — u in Wy'*(Q) and limsup,, _, (A (un), tn —u) <0, then u, — u
in W, P(Q).

Next we recall some basic facts about the spectrum of the Dirichlet r-Laplace
operator. So, let m € L*°(Q2), m > 0, m # 0 and consider the following nonlinear
weighted eigenvalue problem:

—Ayu(z) = dm(2)|u(z)]""2u(z) in Q,ulaq = 0. (2.2)

A number A € R is an eigenvalue if problem (2.2) admits a nontrivial solution
@, which is an eigenfunction corresponding to A. Problem (2.2) admits a small-
est eigenvalue denoted by Aq(r,m). The following facts are known about this first



Resonant (p, 2)-equations with asymmetric reaction 485

eigenvalue:
o A\ (r,m) > 0;
e A\ (r,m) is isolated, that is, we can find ¢ > 0 such that the interval

1
1
(A1 (r,m), A (r,m) + €) contains no eigenvalues;
° 5\1(7‘, m) is simple, that is, if 4y, iy are eigenfunctions corresponding to 5\1(7‘, m)
then 41 = &ug for some £ # 0;
e A1 (r,m) > 0 admits the following variational characterization:

[Dul;

A1(r,m) = inf P € Wy (Q),u 0

m(z)|u|"dz (2.3)

The infimum in (2.3) is attained on the one-dimensional eigenspace corre-
sponding to A (r,m) > 0. It is clear from (2.3) that the elements of this one-
dimensional eigenspace do not change sign. In what follows by 1 (r,m) we denote
the positive L"-normalized (that is, ||@q(r,m)||, = 1) eigenfunction corresponding
to A1(r,m) > 0. The nonlinear regularity theory and the nonlinear maximum prin-
ciple (see, for example, [13, pp. 737-738]) imply that iy (r,m) € int C;. The first
cigenvalue A; (r,m) > 0, as a function of the weight m, exhibits the following strict
monotonicity property.

Proposition 2.4. Assume that m,m € L>(Q)+\{0}, m(z) < m(z) a.e. in Q,m #
m. Then Ay (r,m) < Ai(r,m).

If o(r,m) denotes the set of eigenvalues of (2.2), then o(r,m) is closed. This
fact and since Aq(r,m) > 0 is isolated, imply that the second eigenvalue is well-
defined by

As(r,m) = inf{\: X € o(r,m), A > A (r,m)}.

The Ljusternik—Schnirelmann minimax scheme produces a whole strictly increasing
sequence {Ay(r,m)}x>1 of eigenvalues such that A (r,m) — +o00. We know that
A3(r,m) = Ao(r,m), that is, the second eigenvalue and the second Ljusternik—
Schnirelmann eigenvalue coincide. However, we do not know if the Ljusternik—
Schnirelmann sequence exhausts the spectral set o(r, m). This is the case if r = 2
(linear eigenvalue problem) or if N = 1 (ordinary differential equation). We point
out that 5\1(7", m) > 0 is the only eigenvalue with eigenfunctions of constant sign.
All the other eigenvalues have nodal (that is, sign changing) eigenfunctions.
When r = 2, the eigenvalue problem is linear and so we can define the eigenspace
for every eigenvalue. By E(\x(2,m)) (for all k& > 1) we denote the eigenspace
corresponding to the eigenvalue 5\k(2, m). The elements of this eigenspace have the
“unique continuation property”, namely if u € E(j\k(2,m)) and w vanishes on a
set of positive Lebesgue measure, then v = 0. The regularity theory implies that
E(M\(2,m)) C CL(Q),k > 1. Also, we have the following orthogonal direct sum
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decomposition

Hy(Q) = D EG(2,m)).

k>1

If m = 1, then we write A (r,m) = A (r), Xa(r,m) = Aao(r), and @y (r, m) = @y (r).
As a straightforward consequence of (2.3) and of the fact that 4 (r) € int Cy,
we have the following easy lemma (see [20, p. 356]).

Lemma 2.5. If 9 € L=(Q),9(z) < A\ (p) a.e. in Q and ¥ # A\ (p), then there
exists cog > 0 such that

|Dul? — /919(z)|u|pdz > collull? for all u € WEP(Q).

We conclude this section by recalling some basic facts from Morse theory (critical
groups) which we will use in the sequel. So, let (Y7,Y2) be a topological pair such
that Yo C Y7 C X. For every integer k > 0 we denote by Hy(Y7,Y>2) the kth relative
singular homology group with integer coefficients for the pair (Y7, Y2).

Given p € C*(X) and ¢ € R, we introduce the following sets:

={reX px)<c}, K,={xeX:¢(z)=0}
K ={re€ K,:p(x)=c}.

Let x € X be an isolated critical point of ¢ with p(z) = ¢ (that is, € K¢). Then
the critical groups of ¢ at x are defined by

Ci(p,z) = Hp (¢ NU, o NU\{x}) forall k>0,

where U is a neighborhood of = such that K,Ne°NU = {z}. The excision property
of singular homology theory implies that the above definition of critical groups is
independent of the particular choice of the neighborhood U'.

Suppose that ¢ € C'(X) satisfies the C-condition and inf p(K,) > —oo. Let
¢ < inf (K ). The critical groups of ¢ at infinity are defined by

Ci(p,00) = Hp (X, ¢°%) for all k > 0.

The second deformation theorem (see, for example, [13, p. 628]) implies that the
above definition of critical groups at infinity is independent of the particular choice
of the level ¢ < inf p(K,).

Suppose that K, is finite. We set

M(t,x) = Zrank Cr(p,x)t* forallt € R, allx € K,
k>0

P(t,00) = Zrank Cr(p,00)t"  for all t € R.
k>0
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The Morse relation says that
> Mt x) = P(t,00) + (1 + 1)Q(t), (2.4)

zeEK,

where Q(t) = Y ,5,Bkt" is a formal series in ¢ € R with nonnegative integer
coefficients. -

The next proposition is a useful tool in the computation of critical groups at
infinity and it extends an earlier result for Hilbert spaces by Liang and Su [16].

Proposition 2.6. Let X be a Banach space and assume that (t,x) — he(z) is a
CL([0,1] x X)-function which maps bounded sets to bounded sets, the maps x
(he) (z) and t — Oihi(x) are both locally Lipschitz, ho and hy satisfy the C-condition

|0che ()] < ex([lullk + llullk)  for allz € X
with ¢ >0, 1 < ¢ <p < o0, and there exist y9 € R and 6y > 0 such that
he(x) <70 = (L+ [zl x)ll(he)" (@)l x+ = do(l|2l% + l2]%)  for all t € [0,1].
Then Cy(ho, 00) = Ci(h1,00) for all k > 0.
Proof. Since h € C1([0,1] x X), we know that it admits a pseudo-gradient vector

field 04(x) (see, for example, [13, p. 616]). From the construction of the pseudo-
gradient vector field we deduce that

’lA)t(.’L') = (8tht(x)7 vt(x))7

with (¢, 2) — vy (x) locally Lipschitz and for all ¢ € [0, 1], v(+) is the pseudo-gradient
vector field corresponding to h(-). So, for all ¢ € [0,1] and all x € X, we have

I(he)' (@)% < ((he) (@), 0e(2))  and  Jve(2)[[x < 2[|(he)' ()] x-.  (2.5)
Given t € [0, 1], we consider the map w; : X — X defined by
|0 (2)]
() ()%

Evidently, [t, 2] — w;i(x) is well-defined and locally Lipschitz. Let v < g be such
that

wy(x) = ve(x) for all z € X.

W #0 or h] 40,

If we cannot find such a v < 7, then Cy(h,0) = Cj(h,0) = dk,0Z for all k > 0.
Assume that b} # 0 and let y € hj. We consider the following abstract Cauchy
problem
do
I wy(o) on [0,1], o(0) =y. (2.6)
Problem (2.6) admits a local flow o(t,y) (see, for example, [13, p. 618]). In what
follows, for notational simplicity, we drop y from the description of ¢. Using the
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chain rule, we have
d d
(@) = () (). 5 ) + defo)

= <(ht)’(a), %vda& + O¢hi(0)
—|0chi(0)| + Othi(o)  (see (2.5))
<0
= ¢ +— hy(0) is nonincreasing.
Hence for ¢t > 0 small, we have
hi(o(t)) < ho(a(0)) = holy) <7 <0

= (L + [lo@lx)[(he) ()l x+ = do(llo @)% + [lo(®)]%)- (2.7)
Then

k(o)
Ty . 1 e®lix

(
Cille®N + llo (%)
1(he)" (o ()15~

< Culle@Ilx + llo(®)I%)
= So(le@®I% + llo@ll%)

- (;1(1+ lo(®)lx) for all £ € [0,1] small.

This means that the flow in (2.6) is global on [0, 1].

Then o(t,-) is a homeomorphism of k] onto a subset Dy of h. Also, reversing
the time ¢ — 1 — ¢ and using the corresponding global flow o.(-,v) (here v € h]),
we deduce that h] is homeomorphic to a subset Dy of hj.

Let

|wi(a(t))]

2)|(he) (@) l|x- (see (2.5))

(I +lle@lx)  (see (2.7))

n(t,y) = o.(t,o(1l,y)) for all (t,y) € [0,1] x h{.
Then we have
7(0,-) is homotopy equivalent to id|p, (-) and n(1,-) = ()1 0 o1 (). (2.8)
Similarly, if
N« (t,v) = o(t,0.(1,v)) for all (t,v) € [0,1] x h],
then
7.(0,-) is homotopy equivalent to id|p, (-) and 7.(1,-) = o1 0 (04)1(:). (2.9)

Recall that Dy and H{ are homeomorphic. Similarly Dy and h] are homeomorphic.
Combining these facts with (2.8) and (2.9), we infer that the level sets h and h]
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are homotopy equivalent. Therefore

Hi(X,h]) = Hi(X,h]) forall k>0 (sece [14, p. 387))
= Cy(ho,00) = C(h,00) forall k> 0.

This completes the proof. O

3. Two Nontrivial Solutions

In this section we establish the existence of two nontrivial solutions for problem
(1.1) without imposing any differentiability condition on f(z, ).

First we produce a positive solution. To this end, we impose the following con-
ditions on the reaction f(z,x):

Hy: f: QxR —Ris a Carathéodory function such that f(z,0) =0 for a.a. z €
and

Q) |f(z,2)] < a(z)(1+|z|P7!) for a.a. 2 € Q, all x € R with a € L>®(Q);

f(z.x)

(i) Imsup, i Soor < Ai(p) uniformly for a.a. z € Q and if F(z,2) =
Jo f(z,s)ds, then

lim [f(z,2)x — pF(z,x)] = 400 uniformly for a.a. z € Q;

r——+00

(iii) there exists a function n € L*°(€2)4 such that

A1(p) < n(z) for a.a. z € Q, 5\1(10) #n and

n(z) < liminf M < lim sup [(z,x)

lminf =, < limsup oo < Az2(p) uniformly for a.a. z € §;

(iv) there exist functions 3,3 € L>(Q), such that
AM(2) < B(2) foraa. z€Q, M(2)#3 and

8(2) < timinf L9 < fimsup L)

z—0 x z—0 T

< B(z) uniformly for a.a. z € Q;

(v) f(z,x)x —pF(z,2) > 0 for a.a. z € Q, all © < 0, and f(z,-) is lower locally
Lipschitz on [0, +00).

Let ¢ : Wy "(€2) — R be the energy functional for problem (1.1) defined by
1 p o 1 9 1p
o(u) = ]3||Dqu + §HDUH2 - 5 F(z,u(z))dz for all u € W,"P(Q).

Proposition 3.1. Assume that hypotheses Hy hold. Then the functional ¢ satisfies
the C-condition.
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Proof. Let {u,}n>1 C W, "P(92) be such that
lp(un)] < My for all n > 1, some M; > 0 (3.1)
(1 + [[un])¢ () — 0 in W12 (Q) as n — oo. (3.2)

From (3.2) we have

‘<Ap(un),h> —/Qf(z,un)hdz

en ]
T L |

In (3.3) we choose h = u;r € Wy?(Q). Then

for all h € Wy?() with e, — 0%. (3.3)

’||Du;[§ + || Dut||3 - /Qf(z,u:[)utdz <e€, foralln>1. (3.4)

Using (3.4) we will show that the sequence {u;} },>1 € W, ?(Q) is bounded. Arguing
indirectly, suppose that the sequence is not bounded in VVO1 "P(Q). Then by passing to

a subsequence if necessary, we may assume that ||u; || — co. Let y, = %7 n> 1.
Then |ly,|| = 1 and y,, > 0 for all n > 1. We may assume that
Yn —= 1 in Wol’p(Q) and y, —y in LP(). (3.5)
From (3.4), we have
€n f(zuy)
Dy |2 < " ry,dz  for all n > 1. (3.6)
P kP Ja flu P

From hypothesis H; (i) it is clear that

Ny(ub /
{ii")l} C LP () is bounded.
Jun|[P=1 ) 51

So, we may assume that

Ne(u) w. oy
st |[P=1 — g in L? (Q) as n — oo. (3.7)
Using hypothesis H;(ii), as in [1], we show that
g(z) =9(2)y(z)P~ for a.a. 2 € Q, with 9 € L>=(Q),
) (3.8)
9(z) < A1(p) a.e.in .

Hence, if in (3.6) we pass to the limit as n — oo and use (3.5), (3.7), (3.8) we obtain
1Dy — / I(z)yPdz < 0. (3.9)
Q

If 9 # A1 (p), then from (3.9) and Lemma 2.5, we have

colly]|? <0, hence y =0.



Resonant (p, 2)-equations with asymmetric reaction 491

Then from (3.6) it follows that Dy, — 0 in L?(Q,RY) and so y, — 0 in W, *(Q),
a contradiction to the fact that ||y, || =1 for all n > 1.
Next suppose that 9(z) = A1 (p) a.e. in 2. Then from (3.9) and (2.3) we have

1Dyl = A () lylly

=y =Eay(p) for some £ >0 (see (2.3)).

Since y € int Cy, we have u,} (2) — +o0 for a.a. z € Q and so by virtue of hypothesis
H,(ii) we have

fzut(2)ul(2) — pF(z,ul(2)) — 0o for a.a. z€Q
= /Q[f(z,u;t)u;t —pF(z,u})]dz — +o00  (by Fatou’s lemma).  (3.10)
On the other hand, from (3.1) we have
| Dun |5 + gHDuan - /QpF(z,un)dz <pM; foralln>1. (3.11)
Also from (3.3) with h = u,, € W, ?(Q), we obtain
—||Dun||? — | Dun |3 + /Q f(z,up)undz <e€, foralln>1. (3.12)

Adding (3.11) and (3.12) we have

(g - 1) | D3 +/Q[f(z7un>un — PF(z, un)ldz

< My for some My >0, alln>1

= / [f(z, up)un — pF(z,un)]dz < My for alln > 1 (recall p > 2)
Q

= / et — pF(z,ul)ldz + / (o —uz)(—ug) — pF(z, —up ldz

Q
<My foralln>1

= / [f(z,ul)ul — pF(z,uf)]dz < My for all n > 1 (see Hp(v)). (3.13)
Q

Comparing (3.10) and (3.13), we reach a contradiction which proves that
{uf Yns1 € WyP(Q) is bounded. (3.14)

Next we show that {u,, }n>1 C WO1 "P(Q) is bounded. Again we argue by contradic-

tion. So, assume that ||u, || — oo and let v,, = n > 1. Then ||v,|| =1, v, >0

un
flen |l
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for all n > 1 and so we may assume that
v, v in Wy P(Q) and v, — v in LP(), v > 0. (3.15)
From (3.3) and (3.14), we have
(A (=), b) + (A ) ) = [ (= b
Q

< Msl||h|| for some M3 >0, alln>1

1 f(zv_ui)
= Ay (=v), B) + ————(A(=vp), h) — | L Un) g,
< p( ) > Hun||p_2< ( ) > o Hun”p_l
< M for all n > 1. (3.16)
[ [P~

Hypothesis H;(i) implies that

{M} - LPI(Q) is bounded.
n>1

[Jun [P B
Passing to a subsequence if necessary and using hypothesis H; (iii) we have

N _u; w ~ _ . / . N N
) gt i 1) it () < 12) < M)

for a.a. z € Q. (3.17)

In (3.16) we choose h = v — v, € W, P(Q), pass to the limit as n — oo and use
(3.15) and (3.17). Since p > 2, we obtain
lim (A,(—v,),v —v,) =0

= v, — v in Wy?(Q) (see Proposition 2.3), hence ||v]| =1, v > 0. (3.18)

Therefore, if in (3.16) we pass to the limit as n — oo and use (3.17) and (3.18) and
the fact that p > 2, we deduce that

(Ap(=v), h) = /Q —iP " hdz  for all h € Wy P(Q)

= Ap(v) = P!
= —A,u(z) = H(2)v(2)P" ae. in Q, v|sg = 0. (3.19)
From Proposition 2.4, we have
M(p,h) < Mp, M(p) = 1.

So, from (3.19) it follows that v must be nodal, which contradicts (3.18). This
proves that

{u; Yn>1 € Wy P(Q) is bounded
= {Un}n>1 € WyP(Q) is bounded (see (3.14)).
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Hence, we may assume that
Up —w in Wy () and  w, — u in LP(Q). (3.20)

In (3.3) we choose h = u, —u € Wy"*(Q), pass to the limit as n — oo and use
(3.20). Then
lim [(Ap(un), un — u) + (A(un), un —u)] =0

= lim sup[(A,(un), un — u) + (A(u),up, —u)] <0 (since A is monotone)

n—oo

= limsup(A,(up), up —u) <0

= u, —u in WyP(Q) (see Proposition 2.3).

This proves that ¢ satisfies the C-condition. |

We consider the positive truncation of f(z,-) defined by

f+(Z,ZL') = f(zvar)'

This is a Carathéodory function. We set Fy(z,z) = [ f+(z,s)ds and consider the
C'-functional py : Wy *(€2) — R defined by

1 1
o (u) = ]3||DUH£ + §HDU||§ - /Q Fy(z,u(z))dz for all u € Wol’p(Q).

Proposition 3.2. Assume that hypotheses Hy hold. Then the functional o, is
coercive.

Proof. We argue indirectly. So, suppose that ¢ is not coercive. Then we can find
{tn}n>1 € WyP(Q) and My > 0 such that

lun|| — o0 asn — oo and @y (u,) < My for all n > 1.
Let yn = 2, > 1. Then lyn]] = 1 for all n > 1 and so we may assume that
Yn —y in Wy P(Q) and g, —y in LP(Q). (3.21)
We have
1 1 )
EHDuan + §||DunH2 — | Fi(z,up)dz < My foralln>1
Q

F+(Z7un)
o lual® 7 fuaf?

1 1
:>Z_7||Dyn||£+m”Dyn”g_ for all n > 1.

[tn ]

(3.22)
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Hypothesis H;(ii) implies that given € > 0, we can find Ms = Ms(e) > 0 such that
f(z,x) < (Ai(p) + €)zP~! for a.a. z € Q, all z > Ms

M\ (p) +e)z? foraa.xzeQ, allz > Ms

< 5\1(p) +e€ fora.a. ze€Q, all z > Ms

F
= lim sup M

r——+00 X

<M (p) + ¢ uniformly for a.a. z € .

Since € > 0, is arbitrary, we let € | 0 to conclude that

ya .

lim sup % < Ai(p) uniformly for a.a. z € . (3.23)
r— 400

Hypothesis H; (i) implies that

- {Elosat)

} C L'(Q) uniformly integrable.
[[wn [P n>1

Then from the Dunford—Pettis theorem and using (3.23), at least for a subsequence,
we have

7&(;“’;(')) v %ﬁ(yﬂp in L*(Q) with 9 € L®(9Q),
9(z) < Ai(p) a.a. in Q. (3.24)

We return to (3.22), pass to the limit as n — oo and use (3.21) and (3.24). Since
2 < p, we obtain

1 1
LDyl < = / Iy")Pdz (3.25)
p pJa

= ||Dy+||§ < / I(yT)Pdz. (3.26)
Q

If 9 # A1 (p), then from (3.26) and Lemma 2.5, we have
collyT|IP <0, hence y <0.
Then from (3.25) it follows that y = 0 and this from (3.22) implies that
Dy, — 0 in LP(Q,RY)
=yp— 0 in WP (Q).

This contradicts the fact that ||y,| = 1 for all n > 1.
Next we assume that 9(z) = A;(p) a.e. in Q. In this case from (3.26), we have
yt = iy (p) with € > 0. If £ = 0, then as above we reach a contradiction. So, we
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assume that & > 0. We have
uf(z) — +oo for a.a. z € . (3.27)
By virtue of hypothesis H;(ii), given £ > 0, we can find Mg = Mg(€) > 0 such that
f(z,x)x —pF(z,2) > & foraa. ze€Q, all x > M. (3.28)
For a.a. z € Q and all x > Mg, we have

d F(z,2) _ f(z 2)2” — pF(z,z)zP~t

dx  aP x?p
o f(Z7£L'){IT _pF(va)
= pras
> 5 (see (3.28))
- pptl :
F F 1 1
= (z,2) — (2,2) > —§ [— — —] for a.a. 2 € Q, allv >z > M.
VP xP D VP xP
(3.29)
So, if in (3.29) we let v — +oo and use (3.23), we obtain
M) Pl 8 e alle > M,
p P p P
A
= 1;17) ¥ — F(z,x) > % for a.a. z € Q, all z > Ms
A
= lim Mxp —F(z,z)| > g uniformly for a.a. z € Q.
T—+00 p p
But £ > 0 is arbitrary. So, we conclude that
A
lir+n [Mxp — F(z,2)| =400 uniformly for a.a. z € Q.
r—T00 p
Thus, using (3.27), we have
A
1) ul(2)P — F(z,ul(2)) — +oc  for a.a. z € Q
. (3.30)
Al (p) + D + ’
= ) u, (2)P — Fy(z,u, ()| dz — +oo (by Fatou’s Lemma).
Q
Recall that
1 1
~|| Dy |5 + §HDun||§ - / Fi(z,uf)dz < My foralln > 1,
p Q
(3.31)

Mu(p)
p

J

(uf)P — F+(z,u,f)] dz < My foralln>1 (see (2.3)).
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Comparing (3.30) and (3.31), we have a contradiction which proves that ¢y is
coercive. 0

Now we can produce a first solution for problem (1.1) which is positive.

Proposition 3.3. Assume that hypotheses Hy hold. Then problem (1.1) admits a
positive solution ug € int Cy. which is a local minimizer of the energy functional ¢.

Proof. From Proposition 3.2, we know that ¢ is coercive. Also, using the Sobolev
embedding theorem, we see that ¢ is sequentially weakly lower semicontinuous.
So, by the Weierstrass theorem, we can find ug € Wy () such that

o1 (o) = inf{ips (u) - u € WP (Q)). (3.32)
Hypothesis H;(iv) implies that given € > 0, we can find § = d(e) > 0 such that
1
F(z,x) > §(ﬁ(z) —€e)z? foraa.zeQ, all|z| <4. (3.33)

Since 1(2) € int Cy, for A € (0,1) small, we have \i1(2)(z) € [0,6] for all z € Q.
Then

D 2,
e (N (2) = TP @I+ Fh () — [ File i (2)ds

< %npal@)\\g
_ % [ /Q (B(2) = M(2))in (2)%dz + 65\1(2)] (see (3.33)).

The hypothesis on 3(-) (see Hy(iv)) and since 41(2) € int C, imply that
& = [ (36) - M@)in(2dz > 0.
Q

So, if we choose € € (0,£,/A1(2)), then

P+ (M1 (2)) <0

= ¢4 (up) < 0=py(0) (see (3.32)), hence ug # 0.
From (3.32) we have
¢’y (uo) =0
= Ap(un) + A(un) = Ny (uo). (3.34)

On (3.34) we act with —u;,, € W, *(). We obtain

| Dy, (|5 + |[Du, ||2 =0, henceug>0, ug#D0.

Then from (3.34) we have
—Apup(z) — Aug(z) = f(z,up(2)) ae. in Q, wuglag =0.
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From [15, p. 286], we know that ug € L>°(Q2). Then Theorem 2.1 of [17] implies
that ug € C+\{O}

Evidently hypotheses H; (i), (iv) imply that for every p > 0, we can find ép >0
such that f(z,x)x + &p|zP > 0 for a.a. z € Q, all || < p. Let p = |Jupl|oo and let
ép > 0 as just mentioned. We have

—Apuo(z) — Aug(2) 4 Epuo(2)P L = f(2, u0(2)) +€pu0(z)p_1 >0 foraa zeQ
= Apuo(2) + Aug(2) < Euo(2)P~! for aa. 2 € Q.
(3.35)
Let a : RY — RN be the C'-map defined by
a(y) = ylIPy +y (recall p > 2).

We have diva(Du) = Ayu + Au for all u € WyP(Q) and

Va(y) = ||y||p2<l+(p )Z|J|@|>|2y) + I for allyeRN

= (Va(y)&, pn > [[€]* for all y, & € RN,

Then the tangency principle of [26, p. 35] implies that
uo(z) >0 for all z € (.

So, from (3.35) and the boundary point theorem of [26, p. 120], we conclude that
ug € int C..
Note that ¢|c, = ¢4|c,. So, up € intCy is a local Co(f) minimizer of .
Invoking Proposition 2.2, we conclude that ug is a local I/V0 P(Q))-minimizer of .
O

To produce a second nontrivial solution, we need to restrict the behavior of
f(z,-) near zero. More precisely, the new hypotheses on the reaction f(z,z) are the
following.

Hj: f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a. z € Q,
hypotheses Ha(i), (ii), (iii), (v) are the same as the corresponding hypotheses H (i),
(i), (iii), (v) and

(iv) there exist an integer m > 2 and functions 3, § € L>°(2)4 such that
Am(2) < B(2) < B(2) < Ams1(2) ace. in Q,
5\771(2) 7é ﬂ7 5‘W’L+l(2) 7é B and

B(z) < liminf f(z2) < Tim sup f(z,2)

z—0 X —0 X

< f(z) uniformly for a.a. z € Q.
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Theorem 3.4. Assume that hypotheses Hy hold. Then problem (1.1) admits at
least two nontrivial solutions
up €int Cy  and 4 € CYH), wug # 0.
Proof. From Proposition 3.3 we already have one nontrivial solution ug € int C'y,

which is a local minimizer of . Hence as in [1] (see the proof of Proposition 29),
we can find p € (0, 1) small such that

o) < int{p(u) : u— uoll = p} = m,. (3.36)
Hypothesis Hs(iii) implies that
p(tiy(p)) — —oc0  ast — —oo. (3.37)

Recall that ¢ satisfies the C-condition (see Proposition 3.1). This fact, together with
(3.36) and (3.37), permits the use of Theorem 2.1 (the mountain pass theorem).
So, we can find @ € W, () such that

e K, and o¢(ug) <m, < (). (3.38)

From (3.38) it is clear that & # wo and it is a solution of problem (1.1). We need
to show that @ # 0.
Since @ is a critical point of ¢ of mountain pass type, we have

Ci(p, @) # 0. (3.39)
Claim 1. Ci(p,0) = 84.4,,Z for all k > 0, with d,, = dim @7, E(\;(2)).

Let i1 € (Am, Amy1) and consider the C2-functional ¢ : W, ?(Q) — R defined
by

1 1 I
Y(u) = ];HDuHZ + §||DuH§ — §||DuH§ for all u € W, *(5).

Evidently # is coercive (recall that p > 2) and so it satisfies the C-condition.
We consider the homotopy h : [0,1] x W, (€2) — R defined by
ht,u) = (1 —t)o(u) + tp(u)  for all (t,u) € [0,1] x W, P().
Suppose that we can find {¢,},>1 C [0,1] and {uy,}n>1 C Wol’p(Q) such that

tn —t in [0,1], w, — 0 in WyP(Q) and

(3.40)
h(tn,u,) =0 foralln > 1.
We have
Ap(un) + A(un) = (1 — tn) Ny (un) + tppu, for all n > 1. (3.41)
Let y,, = mn > 1. Then |ly,|| =1 for all n > 1 and so we may assume that

Yn —y in Wy P(Q) and y, —y in L3(). (3.42)
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From (3.41) we have

Ny (uy,
Hun||p_2Ap(yn) + A(yn) = (1 —ty) quu ) + oy, forallm >1. (3.43)

[

Evidently {A"i’;(:ﬁl)}nzl C L*(Q) is bounded (see Hs(i), (iv)) and by virtue of

hypothesis Hs(iv) and (3.40), we have (at least for a subsequence)

N||fu(“|f|L) —% gy in L*(Q)  with B(2) < g(2) < B(2) ae.in Q. (3.44)

Since A, is bounded (see Proposition 2.3) and A € L(H(Q), H=1(Q)), if in (3.43)
we pass to the limit as n — oo and use (3.42) and (3.44), we obtain

Ay) =1 =t)g +tuly
= —Ay(z) = [(1 = t)g(2) + tply(z) a.e. in Q,ylsq = 0. (3.45)

Note that
Am(2) < (1= 1)g(2) +tp = gi(2) < Am41(2) ace. in Q,

Am(2) # g6, Am11(2) # g
By virtue of the unique continuation property, we have
Am(2,00) < Am(2,Am(2) =1 and 1= Ani1(2, Anp1(2)) < At (2, 90).

Then from (3.45) it follows that y = 0.
From (3.43), we have

_||un||p_2Apyn(Z) — Ayn(2)
f(z,un(2))

[[un]|

From [15], we know that we can find M7 > 0 such that

=(1—t,) + thpyn(2) a.e. in Q yplog = 0.

[Ynlloo < Mz

Then the regularity result of [17] implies that we can find v € (0,1) and Mg > 0
such that

Yn € Cy7(Q) and lynllro gy < Ms foralln > 1.

Exploiting the compact embedding of C;? () into CZ(£2), we have
yn — 0 in C3(Q) (see (3.42) and recall y = 0)
= yp — 0 in WyP(Q)
which contradicts the fact that ||y, = 1 for all n > 1. This implies that (3.40)

cannot happen. Then the homotopy invariance property of critical groups implies
that

Ci(p,0) = Cr(v,0) forall k> 0.
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But since g € (An(2), Am11(2)), by Theorem 1 of [10] we deduce that
Ck(¢,0) = 5k,dmZ for all £ > 0.

This proves the claim.

From (3.39) and the claim, we conclude that & # 0. Then @ is the second
nontrivial solution of (1.1) and by the nonlinear regularity theory (see [15, 17]), we
have @ € C}(Q). |

4. Three Solutions Theorem

In this section, we produce a third nontrivial solution for problem (1.1) (three
solutions theorem). To do this we need to improve the regularity of f(z,-) and also
avoid complete resonance at +oo. So, the new hypotheses on the reaction f(z,x)
are the following;:

Hs: f: QxR — R is a measurable function such that for a.a. z € Q, f(2,0) =
0, f(z,+) € CY(R) and

(1) [fi(z,2)] < a(2)(1 + |2[P~2) for a.a. z € Q, all z € R, with a € L>®(Q)4;
(ii) there exists a function ¥ € L ()4 such that 9(z) < A (p) a.e. in Q,9 # A\ (p)
and

f(z )

p—1

lim sup < 9Y(z) uniformly for a.a. z € ;

z—+4oo T

(iii) there exists a function n € L ()4 such that

M(p) <n(z) foraa. z€Q, M(p)#n and

n(z) < liminf |f(|j’_32c) < lim sup |f(|§’_:§) < Xo(p) uniformly for a.a. z € Q;
z——oco |x[P2x T ;L_o |T|P 22

(iv) there exists integer m > 2 such that

f;(z,O) € [)‘m(2)7)‘m+1(2)] a.e. in 2,
Fo(0) # A (2), f1(40) # Mg (2);
(v) f(z,x)x —pF(z,2) >0 for a.a. z € Q, all x <0.

Remark 4.1. Now at +o0o we allow only nonuniform nonresonance with respect
to the principal eigenvalue A;(p) > 0 (see hypothesis Hs(ii)). The reason for this
is the computation of the critical groups of ¢ at infinity based on Proposition 2.6
(see Proposition 4.2 below).

Proposition 4.2. Assume that hypotheses Hs hold. Then Ci(p,00) = 0 for all
k> 0.
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Proof. Let € L®(Q),,5 # 0 and p € (A (p), \2(p)). We consider the following
one-parameter family of C''-functionals defined by

1 1
) = ~IDulf + F1Dulf ~t | Fle.uz)iz

— u/1||1FH§ +(1- t)/ B(z)u(z)dz for all (t,u) € [0,1] x W, P().
p Q
We have
ho(w) = 0w = S1Dullp - B+ [ Beueds for all w e Wi (@),
p p Q
hi(u) = @(u) for all u € W, (Q).

Since 1 € (A1(p), A2(p)), we can easily check that ¢ satisfies the C-condition. Also,
from Proposition 3.1 we know that ¢ satisfies the C'-condition.

Claim 2. There exist vy € R and §g > 0 such that
he(w) <0 = (14 [lul)[[(he) (w)[|+ > So(llull® + [[u]|?)  for all t € [0,1).

We proceed by contradiction. So, suppose that the claim is not true. Since the
function (¢, u) — hy(u) maps bounded sets to bounded sets, we can find {¢,,},>1 C
[0,1] and {up}n>1 € WoP(€) such that

tn, —t, |unl| — oo, hy,(un) — —oco and

<

(4.1)

(L + lunlD(he,) (wn) s < = (llunll® + Jun|”) ~ for all n > 1.

1
n

Let yn = p2pn = 1. Then llyn|| = 1 for all n > 1 and so we may assume that

Yo —y in Wy P(Q) and y, — yin LP(Q). (4.2)

From (4.1) we have

f(z un)vdz 4+ (1 — tn)u/ (u,; )P~ tvdz
Q

S~

\<Ap<un>,v> (A, o) —
ol

T o]

| £z )

T3 (An) v) =t | =t
[[un P2 o llualP~

1
< = a2 AP
<- (lunll” + lunll”)

+ (1 —tn) /Q B(z)vdz

- \<Ap<yn>,v> ; vds

<ol o a1

n

1- n
—|—(1—tn)u/ﬂ(y;)p_1vdz—|— W/ﬂﬁ(z)vdz

(4.3)
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In (4.3) we choose v = y, —y € Wy (2), pass to the limit as n — oo and use (4.2).
Since p > 2, we obtain

Jim (A (yn), yn —y) =0
= yp —y in WyP(Q) and so |jy|| = 1. (4.4)
Hypotheses Hs(i), (iv) imply that
|f(z,2)] < ] + [P~
<co(1+|z|P™h) foraa. ze€Q, allzeR
and some cg > 0 (recall p > 2)

= {M} - Lp/(Q) is bounded.
n>1

Junl[P=1 ] 51 —
Hence we may assume that

Nf(un)

Sl g i LP(Q). (4.5)

[[un [P~

Hypotheses Hs(ii), (iil) imply that
9(z) =0(2)yt (2)P" L —£(2)y (2)P7! for a.a. z € Q. (4.6)

So, if we return to (4.3), pass to the limit as n — co and use (4.4), (4.5), (4.6), we
obtain

(Ap(y),v) =t / I ()P Lz

Q

—/Q[té(z) + (1 =ty )P tudz  for all v € Wy P(Q)
= Ap(y) =ty )P~ =&y )P where § =t£+ (1 —t)p, (4.7)
= —Ay(2) = t0(2)yT ()P = &(2)y~ (2)P71 ae. in Q,ylan = 0. (4.8)

On (4.7) first we act with y* € W, "*(€2). Then
1Dyl =t [ I rde < [ 0ty
Q Q
= col|Dy*|? <0 (see Lemma 2.5), hence y* =0.

From (4.8) and since & (2) € [(2), \2(p)] a.e. in €, it follows that y~ must be nodal,
a contradiction. This proves the claim.
Invoking Proposition 2.6, we infer that

Ci(p,00) = Cr(1,00) for all k > 0. (4.9)
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Now let u € Ky. Then
Ay(u) = ()~ 5. (4.10)
On (4.10) we act with ™ € W, "*(92) and obtain
IDu =~ [ Baputdz <o
Q

= u" =0, henceu<0
Equation (4.10) becomes
Ap(u) = plulP"u— g
= —Ayu(2) = plu(2) [P 2u(z) — B(2) ae. in Q, wulpg = 0.

The nonlinear regularity theory implies that v € (—C4+)\{0}. Moreover, as before
from the tangency principle and the boundary point theorem of [26, pp. 35 and
120], we have

u € —int Cy.
Let v € int C;. and consider the function

Rl ~0)(2) = Do = ID(-0@IP (D)), D o) <Z))RN .

From the nonlinear Picone’s identity of [3], we have

0< / R(v —u)dz

= || Dvlfp - / —A,( ) dz (by Green’s theorem)
P
Dol [t ot [ e (see (4
< | Dollz — plloll, (4.11)

Choose v = @1 (p) € int Cy, to reach a contradiction (recall that p € (A1 (p), A2(p))).
Hence Ky = () and so we have

Cr(tp,00) =0 forallk >0
= Ci(p,00) =0 forall k>0 (see (4.9)).

This completes the proof. O

Now we are ready for the three solutions theorem.

Theorem 4.3. Assume that hypotheses Hs hold. Then problem (1.1) has at least
three nontrivial solutions

up €intCy  and 4,7 € Cp(Q)\{0}.
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Proof. From Theorem 3.4, we already have two nontrivial solutions
up € intCy  and @ € C3(Q)\{0}.

From Proposition 3.3 we know that ug is a local minimizer of the energy func-
tional ¢. Therefore

Cr(p,uo) = 0k,0Z for all k> 0. (4.12)

From the proof of Theorem 3.4, we know that u is a critical point ¢ of mountain
pass type. Then from [22, 24], we have

Ci(p, 1) = 61 Z for all k> 0. (4.13)
From the proof of the Theorem 3.4 (see the claim), we have
Ci(9,0) = dk.q,,Z for all k> 0. (4.14)
Finally, Proposition 4.2 implies that
Ci(p,00) =0 for all k> 0. (4.15)

Suppose that K, = {0, uo, @¢}. Then from (4.12)-(4.15) and the Morse relation (see
(2.4)) with t = —1, we have

(D) + (-1)°+ (-1)' =0
= (—1)% =0, a contradiction.

So, we can find @ € K, @ ¢ {0,uo,%}. Then 4 is the third nontrivial solution of
(1.1) and @ € C}(£2) (nonlinear regularity). O

Remark 4.4. It is an interesting open problem if this three solutions theorem
remains valid when we allow complete resonance at +oo.
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