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Abstract. We consider a superlinear perturbation of the eigenvalue prob-
lem for the Robin Laplacian plus an indefinite and unbounded potential.
Using variational tools and critical groups, we show that when \ is close
to a nonprincipal eigenvalue, then the problem has seven nontrivial solu-
tions. We provide sign information for six of them.
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1. Introduction

Let @ C RY (N > 2) be a bounded domain with a C2-boundary 95). In this
paper, we study the following parametric semilinear Robin problem

{ —Au(z) + £€(2)u(z) = Mu(z) + f(z,u(z)) in Q,

g% + B(z)u=00n 0, Xe€R. (P3)

In this problem, & € L*(Q2) with s > N and it is indefinite (that is, sign-
changing). We assume that £(+) is bounded from above (that is, T € L>(Q)).
So, the differential operator (the left-hand side) of problem (P)) is not co-
ercive. In the reaction (the right-hand side) of (Py), we have the parametric
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linear term uw — Au and a perturbation f(z,x) which is a measurable func-
tion such that f(z,-) is continuously differentiable. We assume that f(z,-)
exhibits superlinear growth near +oo, but without satisfying the usual in such
cases Ambrosetti-Rabinowitz condition (the AR-condition for short). Instead
we employ a less restrictive condition that incorporates in our framework su-
perlinear nonlinearities with slower growth near +o0o which fail to satisfy the
AR-condition. So, problem (Py) can be viewed as a perturbation of the classi-
cal eigenvalue problem for the operator u — —Au+£(z)u with Robin boundary
condition.

In the past, such problems were studied primarily in the context of Dirich-
let equations with no potential term. The first work is that of Mugnai [5],
who used a general linking theorem of Marino & Saccon [4] to produce three
nontrivial solutions. The work of Mugnai was extended by Rabinowitz, Su &
Wang [18] who based their method of proof on bifurcation theory, variational
techniques and critical groups in order to produce three nontrivial solutions.
Analogous results for scalar periodic equations were proved by Su & Zeng
[20]. All the aforementioned works use the AR-condition to express the super-
linearity of the perturbation f(z,:). A more general superlinearity condition
was employed by Ou & Li [7] who also produced three nontrivial solutions for
A > 0 near a nonprincipal eigenvalue. As we already mentioned earlier, in all
the aforementioned works, there is no potential term and so the differential
operator is coercive. This facilitates the analysis of the problem. Papageorgiou,
Rédulescu & Repovs [13] went beyond Dirichlet problems and studied Robin
problems with an indefinite potential. In [13] the emphasis is on the existence
and multiplicity of positive solutions. So, the conditions on the perturbation
f(z,-) are different, leading to a bifurcation-type result describing the change

in the set of positive solutions as the parameter A moves in Ry = (0, +00). We
also mention the works of Castro, Cassio & Velez [1], Papageorgiou & Papalini
[8] (Dirichlet problems), and Hu & Papageorgiou [3] (Robin problems) who
also produce seven nontrivial solutions. In Castro, Cassio & Velez [1] there is
no potential term, while Papageorgiou & Papalini [8] and Hu & Papageorgiou
[3] have an indefinite potential term and moreover, provide sign information
for all solution they produce. For related results we refer to Papageorgiou &
Rédulescu [10], Papageorgiou & Winkert [16], Papageorgiou & Zhang [17], and
Rolando [19]. Finally, we mention the work of Papageorgiou & Radulescu [12]
who proved multiplicity results for nearly resonant Robin problems.

In the present paper, using variational tools from the critical point theory
together with suitable truncation, perturbation and comparison techniques and
using also critical groups (Morse theory), we show that when the parameter
A > 0 is close to an eigenvalue of (—Au + &u, H'(Q)) with Robin bound-
ary condition, then the problem has seven nontrivial smooth solutions, also
providing sign information for six of them.
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2. Mathematical Background and Hypotheses

The main spaces in the analysis of problem (Py) are the Sobolev space H!(£2),
the Banach space C'(Q) and the “boundary” Lebesgue spaces LP(9), 1 <
p < oo.

The Sobolev space H'(f2) is a Hilbert space with the following inner
product

(u,h) = / uhdz + / (Du, Dh)g~dz for all u,h € H' ().
Q Q
By || - || we denote the norm corresponding to this inner product. So
1/2

ull = [|[ull3 + |Dul|3] " for all u € H'(2).

The Banach space C''(Q) is ordered by the positive (order) cone
C, ={uecC'Q): ulz) >0forall z € Q}.

This cone has a nonempty interior given by

int C, = {uecCy: ulz) >0 for all z € Q}.

On 09 we consider the (N — 1)-dimensional Hausdorff measure (surface
measure) o(-). Using this measure, we can define in the usual way the boundary
value spaces LP(09), where 1 < p < co. From the theory of Sobolev spaces we
know that there exists a unique continuous linear map o : H(Q) — L?(0Q),
known as the “trace map”, such that

Y0(u) = ulaq for all u € HY(Q) N C(Q).

So, the trace map extends the notion of boundary values to all Sobolev
functions. We know that
im~y = HY/22(99) and ker~y = Hg ().
The linear map vo(+) is compact from H!(Q) into LP(99) for all p €
{1, %) if N > 3 and into LP(99) for all 1 < p < oo, if N = 2.
In the sequel, for the sake of notational simplicity, we drop the use of the
map o(-). All restrictions of Sobolev functions on 9 are understood in the

sense of traces.
Let z € R. We set % = max{+x,0} and for any given u € H'(Q) we
define u®(2) = u(2)* for all z € Q. We know that

utF e HY(Q), u=u" —u™, [ul =ut +u".
Given u,v € HY(Q) with u < v, we set
[u,v] = {h € H'(Q) : u(z) < h(z) < v(z) for a.a. z € Q}.

By intci (g [u,v] we denote the interior in the C'(Q)-norm topology of
[u,v] N CH(Q).
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Let us introduce our hypotheses on the potential function £(-) and the
boundary coefficient 3(-).

Hy: €€ L5(Q) withs > Nif N >2and s > 1if N =2, &0 € Lo(Q)
and 3 € W (9Q) with 3(z) > 0 for all z € 9.

As we mentioned in the introduction, our analysis of problem (Py) relies
on the spectrum of u — —Au + £(z)u with Robin boundary condition. So, we
consider the following linear eigenvalue problem

—Au(z) + £(2)u(z) = Au(z) in Q,

g% + B(2)u = 0 on 90. S
We say that A € R is an “eigenvalue”, if problem (1) admits a nontrivial
solution @ € H'(Q) known as an “eigenfunction” corresponding to the eigen-
value \. From hypotheses Hy and the regularity theory of Wang [21], we know
that @ € C*(Q).
Let v : H'(Q) — R be the C%-functional defined by

v(u) = || Dull; ‘*‘/Qf(z)quz + - B(z)udo for all u € H'(Q).

From D’Agui, Marano & Papageorgiou [2] (see also Papageorgiou &
Rédulescu [11]), we know that there exists p > 0 such that

y(u) + pllul|? = Clul|? for some C > 0, all u € H* (). (2)

Using (2) and the spectral theorem for compact, self-adjoint operators
on a Hilbert space, we show (see [2,11]) that the spectrum of (1) consists of
a sequence {S\k}keN of distinct eigenvalues such that 5\1C — 400 as k — oo.
There is also a corresponding sequence {ix}reny € H*(2) of eigenfunctions
which form an orthogonal basis for H1(2) and an orthonormal basis for L?((2).
As we already mentioned, i, € C'(Q) for all k € N. By E(\) we denote the
eigenspace corresponding to the eigenvalue A,. We have E(j\k) C CHQ) for
all k € N, this subspace is finite dimensional and

HY(Q) = kGQlE(/\k).

Moreover, each eigenspace E (;\k) has the “unique continuation property”
(the UCP for short) which says that

“if u € E(\;) and u(-) vanishes on a set of positive measure, then u = 0",

The first (principal) eigenvalue A; is simple, that is, dim E(A;) = 1. All
the eigenvalues admit variational characterizations in terms of the Rayleigh
quotient 2w € HY(Q), u # 0. We have

llull3°
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&:inf{mg : ueHl(Q),u#O}, (3)
Uiz
S\ksup{V(Ug cuw€ Hy = é E(;\7n),u7é()}
[[ullz m=1
:inf{@:ueﬁk: @E(j\m),u#O},k>2. (4)
[[ull3 m>k

In (3) the infimum is realized on E(\;), while in (4) both the supremum
and the infimum are realized on E(\y).

From (3) it follows that the elements of E(}\;) have fixed sign, while from
(4) and the orthogonality of the eigenspaces, we see that the elements of E (S\k)
(for k > 2) are nodal (that is, sign-changing). By @; we denote the positive,
L2-normalized (that is, ||ills = 1) eigenfunction corresponding to A;. The
regularity theory and the Hopf maximum principle imply that 4, € int C..

Let X be a Banach space, ¢ € R and ¢ € C!'(X,R). We introduce the
following sets

K, ={ue X : ¢'(u) = 0}( the critical set of ¢),
¢ ={ueX: ¢o(u) <c}

We say that ¢(-) satisfies the “C-condition”, if the following property
holds:

“Every sequence {uy},>1 such that
{¢(un)}n>1 € R is bounded
and (1 + [Jun | x)¢' (un) — 0 in X* as n — oo,

admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional ¢(+). Since the am-
bient space is not in general locally compact (being infinite dimensional), the
burden of compactness is passed to the functional ¢(-). Using the C-condition
one can prove a deformation theorem from which follows the minimax theory
of the critical values of ¢(-) (see, for example, Papageorgiou, Radulescu &
Repovs [14, Chapter 5]).

Let (Y1,Y3) be a topological pair such that Y2 C Yy C X. Given k € Ny,
we denote by Hy(Y7,Ys) the kth-relative singular homology group for the pair
(Y1,Ys) with Z-coefficients. If ¢ € C'(X,R), u € K, is isolated and ¢ = ¢(u),
then the critical groups of ¢ at u are defined by

Cr(p,u) = H (e NU, o NU \ {u}) for all k € Ny,

with U being a neighborhood of u such that K, N¢°®NU = {u}. The excision
property of singular homology implies that the above definition of critical
groups is independent of the choice of the isolating neighborhood U'.
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We say that a Banach X has the “Kadec-Klee property” if the following
is true

“up 5w in X and ||un|lx — |lullx = tp — uin X",

A uniformly convex space has the Kadec-Klee property. In particular,
Hilbert spaces have the Kadec-Klee property.

We denote by A € L(H(Q), H'(Q)*) the operator defined by
(A(u), h)y = /(Du, Dh)gndz for all u,h € H'(Q).
Q
Also, by 0y,m we denote the Kronecker symbol defined by
e 1, ifk=m
B0, if k#m.
Finally, let 2* denote the Sobolev critical exponent corresponding to 2,
that is,
400, if N =2.

Now we introduce the hypotheses on the perturbation f(z,x).
Hi: f: QxR — Ris a measurable function such that for a.a. z € §,

f(2,0) =0, f(z,-) € CYR) and

(i) |fi(z,2)| < a(2)[1 + |z|"72] for a.a. z € Q, all x € R, with a € L>®(Q),
2 <r<2%

v F
(1) if F(z,x) = / f(z,8)ds, then lirin (;x) = +oo uniformly for a.a.
0 Tr— 00
z €€

(ii) there exists 7 € ((r —2)max {1, 4}, 2*) such that

0< [30 < limiinf fle,m)z — 2F (2 x)

T—34o00 |x|"'

uniformly for a.a. z € Q;
(iv) fi(z,0) = liI% fzo) = 0 uniformly for a.a. z € Q;
xTr— €T
(v) there exist C*,6 > 0 and ¢ > 2 such that F(z,2) > —C*|x|? for a.a.

z€Q,allz € Rand 0 < f(z,z)x for a.a. z € Q, all 0 < |z| < do;
(vi) there exist constants C_ < 0 < C4 and m € N, m > 2 such that

st — €I+ F(2,C1) <0< gt — €O + F(2,C) for aa. 2 € O;
(vii) for every p > 0, there exists ép > 0 such that for a.a. z € Q, the function
x— f(z,2)+ épa: is nondecreasing on [—p, p].
Remark. Hypotheses Hy (i), (4i7) imply that
)

= +oo uniformly for a.a. z € Q.
r—+o0 x
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Hence for a.a. z € Q, the function f(z,-) is superlinear. However, this su-
perlinearity of the perturbation term is not expressed using the A R-condition,
which is common in the literature when dealing with superlinear problems.
Recall that the AR-condition says that there exist ¢ > 2 and M > 0 such
that

0<qF(z,2) < f(z,z)x for a.a. z € Q, all |[x| > M (5a)

0< essénf F(-,£M) (5b)

(see Mugnai [6]). Integrating (5a) and using (5b), we obtain the weaker con-
dition
Colz|? < F(z,z) for a.a. z € Q, all |z| > M,
= Colz]? < f(z,x)x for a.a. z € Q, all |z| > M (see (5a)).

So we see that the AR-condition implies that f(z,-) has at least (¢ — 1)-
polynomial growth. In this paper, instead of the A R-condition, we employ the
less restrictive condition Hj(ii4), which allows the consideration of superlinear
nonlinearities with “slower” growth near 4oo, which fail to satisfy the AR-
condition. The following example illustrates this fact. For the sake of simplicity,
we drop the z-dependence of f and assume that & € L°°(2). Suppose that for
some m € N, we have C > |A12| + |€]lcc, C > 0. Then the function

flay=3"" (C+Dz[1%2, iffz|<1(2<q)
| zlnl|z| — Cu, ifl <z
satisfies hypotheses H; but fails to satisfy the AR-condition.

For all A > 0, let ¢y : H'(2) — R denote the energy functional associated

to problem (Py), which is defined by
1
oa(u) = 57(11) - g||u||§ - / F(z,u)dz for all u € H' ().
Q

We have ) € C2(H'(Q)).

3. Constant Sign Solutions

In this section we prove the existence of four nontrivial smooth constant sign
solutions when A € (A, Appy1)-

Proposition 1. If hypotheses Hy, Hy hold and A, < A < ;\m+1 (see Hq(vi)),
then problem (Py) has at least four nontrivial solutions of constant sign
ug, € int Cy, ug # 4,
v, 0 € —int C'y, vg # 0.
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Proof. Let pu > 0 be as in (2) and consider the Carathéodory function gy (2, x)
defined by

_ [+t + fzat),  ifz<C
9 (z2) = {()\+/L)C++f(zuc+)7 if C++<x. ©)

T
We set GY (z,2) = / gy (2,8)ds and consider the Cl-functional ¥ :

H'(Q2) — R defined by

1
Ui (u) = Qv(u) + g||u||§ - /Q G (z,u)dz for all u € H' ().

From (2) and (5), we see that W (-) is coercive. Also, using the Sobolev
embedding theorem and the compactness of the trace map, we see that \Ilj\r()
is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli
theorem, we can find ug € H'(Q) such that

U (ug) = inf { ¥ (u): we H'(Q)}. (6)

Let ¢ > 0 be small so that iy (2) < min{C,, &} for all z € Q (recall that
@1 € int C4). Using (5) and hypothesis H;(v) we have

2 ¢ N
q’j(t’l]ﬁ < 5[)\1 — )\] <0 (since A > )\17 ||’&1||2 = 1),

= W3 (1) < 0= W (0) (see (6)),
= U 7é 0.

From (6) we have

(W) (uo) =0,

= (A(up), h) + /Q[§(z) + plughdz + /asz B(z)uphdo = /ng\r(z,uo)hdz

for all h € H*(Q). (7)
In (7) first we choose h = —ug € H'(2). Then

Y(ug) + pllug |13 = 0 see (5),
= Cllug |I* <0 (see (2)),
=uy =0, ug 7é 0.
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Next, in (7) we choose h = (ug — Cy)*t € H*(2). We have

(Aluo), (o — C)™) + /

[ 16) - oo = C1) et [ Be)uo(uo — 1) o

- /Q [+ 1)Cs + F(2,C1)] (w0 — Cy)*dz (see (5))
< / [Conss + W)C + f(2,C2)] (w0 = C4) d (since A < Ama)
Q

< [ 1662+ HCun — C4)*d (see bypotheses Hi(vi)),
= ui < Ch.
So, we have proved that
up € [0,C4], ug # 0. (8)

From (8), (5) and (7) it follows that ug is a positive solution of problem
(Py) and we have

{ —Aug(2) + &(2)up(2) = Aug(2) + f(z,u0(2)) for a.a. z € Q,

0 9
%—ﬁ-ﬁ(z)uO:OonaQ ©)

(see Papageorgiou & Radulescu [9]).
We consider the following functions
3 B 0, if0<up(z) <1
MEZ VA=) + LB i1 < ()

and

oy — § A= E(2)uo(z) + f(z,u0(2)), if0 <uplz) <1
W) = {0, if 1 < ug(z).
On account of hypotheses Hy, we have
Dy € L¥() (s > N) and [9x(2)] < |\ = £(2)| + C1[1 + uo(2)" "]
for a.a. z € Q, some C7 > 0.
If N > 3 (the case N = 2 is clear since then 2* = 400), then
Since ug € H*(Q), by the Sobolev embedding theorem we have
u(()r—Q)N/Z € L'(Q)
=y € L7 (Q).
From (9) we have

—Aug(z) = Dx(2)up(2) + 9 (2) for a.a. z € Q,
% + B(2)up = 0 on 0N.
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By Lemma 5.1 of Wang [21], we obtain that
Ug € LOC(Q)

Then the Calderon-Zygmund estimates (see Lemma 5.2 of Wang [21]) imply
that ug € W25(Q). By the Sobolev embedding theorem we have W2#(Q) —
C1(Q) with a =1 — £ > 0. So, ug € C1(Q).
Let p = ||luljeo and let ép > 0 be as postulated by hypothesis Hj(vii).
From (9) we have
Aug(2) < (|61 oo + ép)uo(z) for a.a. z € Q
(see hypotheses Hy),
= up € int C; (by the maximum principle).

Evidently, choosing f,, > 0 even bigger if necessary, we deduce that for
a.a. z € (1, the function

= N+ &+ fz,x)

is nondecreasing on [—p, p| (p = ||uo]|eo). We have

—Aug(z) + [£(2) + Eluo(2)
= A+ Epluo(2) + £z, u0())

M+ EICH + [(5C4) (see (8))

[€(2) + &,]C for a.a. z € Q (see hypothesis Hy(vi)),

= A(C} —u0)(2) < [[€¥ oo + 4] (C1 —uo(2)) for aa. z €02

= Cy —ug €int Cy

= Ug € inth(ﬁ) [O, CJ,_} (10)

<
<

Let ¢ : H(Q) — R be the C*-functional defined by

1 W, A
P10 = 5700 + 13 = 5113 - [ Flaut)ds for all e 1),

From (5) it is clear that

ex 10,01 = X lo,04]
= g is a local C*(Q) — minimizer of ¢ (see(10)),
= ug is a local H'(Q) — minimizer of ¢
(see Papageorgiou &R a dulescu [9]).
It is easy to see that
K+ €Oy (regularity theory),
= K, CintCy U {0} (maximum principle).
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So, we may assume that K ot is finite. Otherwise we already have an
infinity of positive smooth solutions and so we are done. Then on account of
Theorem 5.7.6 of Papageorgiou, Radulescu & Repovs [14, p. 449], we can find
po € (0,1) small such that

X (uo) < inf {o} (u) : |lu—wuol = po} =my. (11)
Hypothesis H; (i) implies that
@1 (tiy) — —00 as t — +oo. (12)

Claim. The functional ¢ satisfies the C-condition.
Consider a sequence {uy, },>1 € H'(Q) such that

loX (uy)| < Oy for some Cy > 0, all n € N, (13)
(1 + [Jun]) (1) (un) — 0 in H'(2)* as n — oo. (14)

From (14) we have

‘(A(un),h> +/Q§(z)unhdz+ /89 ﬁ(z)unhda—/Q pu, hdz — /Q[)\ufl + f(z,ui)]hdz‘

enllh]
L uall
for all h € H'(Q), with &, — 0. (15)

In (15) we choose h = —u,, € H'(Q). Then
Y(uy) 4 pllu, |3 < &, for all n € N,

= Cllu; ||> < e, for all n € N (see (2)),

= u, — 0in H(Q) as n — oo. (16)
Next, we choose h = u,} € H'(Q) in (15). We obtain

—y(uh) + / M)+ f(z,u)u]dz < &, for all n € N. (17)
Q
On the other hand from (13) and (16), we have
y(ut) — / Awh)? + 2F(z,u))]dz < Cs for some Cs >0, allm € N, (18)
Q

We add (17) and (18) and obtain

n

/[f(z,ui)u+ —2F(z,u))]dz < Oy for some Cy > 0, all n € N. (19)
Q

Hypotheses H; (i), (i¢4) imply that we can find By € (O,Bo) and C5 > 0
such that

Bilz|” — Cs < f(z,x)x — 2F(z,z) for a.a. z € Q, all z € R. (20)
We use (20) in (19) and obtain that
{u} =1 € L7(2) is bounded. (21)
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First assume that N > 3. From hypothesis H; (iii) we see that without
any loss of generality, we may assume that 7 < r < 2*. So, we can find t € (0, 1)

such that
11—t ¢
rooT 2%
From the interpolation inequality (see Proposition 2.3.17 of Papageorgiou
& Winkert [15, p. 116]), we have

[ag P (a4 (VA4 9
= |luf |7 < Cgllu) || for some Cg > 0, alln € N
(see (21) and use the Sobolev embedding theorem). (23)

(22)

From hypothesis Hj (i) we have
flzyx)x < C7[1 +2"] for a.a. z € Q, all x > 0, some C7 > 0. (24)
In (15) we choose h = u,} € H'(Q2). Then
y(u) + ullug |5 < I+l 13 + / fzupuidz +en
Q
< A+ p g 113 + Cs[L + [l (7]
for some Cg > 0 (see(24) and (23))
< Co [T+ [luy [I"]
for some Cg > 0 (recall that 2 < 7 and see (21)),
= Clluf|I> < Co [1+ |Jut||"] for all n € N. (25)
Using (22) and the fact that 7 > (r — 2)& (see hypothesis H (iii) and
recall that N > 3), we see that tr < 2. So, from (25) it follows that
{u Yns1 € HY(Q) is bounded,

= {un}tns1 € HY(Q) is bounded (see (16)). (26)
We may assume that
U, = uin H(Q) as n — oo. (27)

In (15) we choose h = u,, —u € H' (), pass tot the limit as n — oo and
use (23), the Sobolev embedding theorem and the compactness of the trace
map. We obtain

lim (A(up), un, —u) =0,

= [|Dunll2 — [[Dull2. (28)
From (27), (28) and the Kadec-Klee property of H!(Q2), we infer that
U, — u in H'(Q) as n — oo. (29)

This proves that cpf\ satisfies the C-condition when N > 3.
If N = 2, then 2* = +00 and by the Sobolev embedding theorem, we
have H'(Q) — L7(Q) compactly for all 1 < n < oo. Then for the previous
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argument to work, we replace 2*(= +o0) with n > r > 7. We choose t € (0, 1)
such that
11—t

1 t
roT n
—t
:>tr:7n(r ),
n—T
=tr—r—T7asn— 4ooand r — 7 < 2 (see Hy(#i1)).

So, we choose 17 > r big enough so that ¢r < 2 and reasoning as above, we
obtain (26) and then from that and the Kadec-Klee property, we reach again
(29). We conclude that ¢ satisfies the C-condition. This proves the Claim.

Then (11), (12) and the Claim, permit the use of the mountain pass
theorem. So, we can find 4 € H'(Q2) such that

i€ K+ Cint Cy U {0} and my < ¢f(a) (see(11)). (30)

From (11) and (30) it follows that 4 # ug. If we show that & # 0, then
this will be the second positive solution of (Py).
On account of hypotheses Hy (i), (iv), we have

|f(z,2)| < Cyollz| + |z|""Y] for a.a. z € , all x € R, some Cio > 0. (31)
We have

+ A
foa(u) — g} ()] < LA

o 13 + | 1P =)z
< Cuy [Jlul]* + [Jul|"] for some C11 > 0 (see (31)). (32)
Also for h € Hl(Q) we have
(P (u) = (¢X) (), k)| < Crz [[lu]l + Ju "] [|A]| for some Ci2 > 0,
= lleh(u) — ( N Wlle ) < Cua [Jlull + [ul "] - (33)

From (32), (33) and the C'-continuity of critical groups (see Theorem
6.3.4 of Papageorgiou, Radulescu & Repovs [14, p. 503]), we have

Ck(QO)\,O) = C}C(QO;\L,O) for all k£ € Ny. (34)

By hypothesis, A € ()\m, )\m+1) and m > 2. So, u = 0 is a nondegenerate
critical point of ¢y with Morse index d,, = dim H,, > 2 (since m > 2). Then
by Proposition 6.2.6 of [14, p. 479], we have

Ck((p)\, )—6kd Z for all k € Ny,

m

= Ck(gak, 0) = 0k,q4,,Z for all k € Ny (see (34)). (35)

On the other hand, from the previous part of the proof we know that
U e K, + is of mountain pass type. Therefore Theorem 6.5.8 of Papageorgiou,

Radulescu & Repovs [14, p. 527) 1mphes that



116 Page 14 of 22 N. S. Papageorgiou et al. Results Math

From (36), (35) and since d,, > 2, we conclude that 4 # 0 and so 4 €
int C is the second positive solution of (Py) distinct from ug.

For the negative solutions, we consider the Carathéodory function g, (2
,x) defined by

e x):{()\—&—u)C—l—f(z,C), ifx <C_
In 1% A+ u)(—27)+ f(z,—z7), ifC_<ux.

We set Gy (z,2) = [ g5 (2, s)ds and consider the C''-functionals U} , ¢
H'(Q) — R defined by

_ 1 _
¥ () = 5700+ Sl - [ G (s

_ 1 I A _
and ¢ (u) = 57(0) + B = Sl - [ Fle—u)d:
2 2 2 Q

for all u € HY(Q).
Working with these two functionals as above, we produce two negative
solutions vy, 0 € —int C., vy # 0. O

4. Nodal Solutions

In this section we show that when A is close to 5\m+1 (near resonance) we can
generate two nodal (sign-changing) solutions.

Proposition 2. If hypotheses Hy, Hy hold and X\ € (A, Am1) (see Hy(vi)),
then we can find § > 0 such that for all X\ € (A1 — 0, A1) problem (Py)
has at least two nodal solutions yo,§ € C*(Q).

Proof. From Proposition 2.3 of Rabinowitz, Su & Wang [18], we know that
there exists 0; > 0 such that for all \ € (5\m+1 — 41, 5\m+1) problem (Py) has
at least two nontrivial solutions 3o, 9 € H'(Q). As before, using the regularity
theory of Wang [21], we obtain that yo,§ € C*(Q). Note that the result of
Rabinowitz, Su & Wang [18] is for Dirichlet problems with ¢ = 0. However,
their proof is based on the abstract bifurcation theorem of Rabinowitz (see
Theorem 2.1 in [18]) and so it applies verbatim in our case, too.

We will show that we can have these two solutions yg,7 € C*(Q) to be
nodal. From the proof of Proposition 2.3 of Rabinowitz, Su & Wang [18] and

using hypothesis Hj (iv), we see that given € € (0, )‘725‘1) (recall that A > 5\1),

we can find 0 < & < 47 such that

A€ it — 0, Amp1) = |f(z,w(2))| < ew(z) for a.a. z € Q, (37)
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with w = yg or w = ¢. Suppose that w € int C; (the reasoning is similar if
w € —int C}). We have

5\1/ wﬁldz
Q

= (Ai)w) + [ &Ganwds+ [ p)inwdo

Q 19)
) ow . .
:/(—Aw)uldz—i—/ —ulda—l—/f(z)ulwdz—l— B(z)twdo
Q o0 On Q o0
(using Green'’s identity)

= /[)\w — f(z,w)]t1dz (since w is a solution of (Py))
Q

A=A\

A=A
> / [)\w - 1w] @i1dz (see (37) and recall that 0 < & < )
Q
NS
_ / A6y
a 2

> 5\1/ wuidz, a contradiction.
Q

So, w = yp or w = § cannot be constant sign and so yo,§ € C1(Q) are
nodal solutions of (Py) for A € (A1 — 0, Amt1)- O

5. The Seventh Nontrivial Solution

In this section we prove the existence of a seventh nontrivial solution for prob-
lem (Py) when A € (A, A1) However, we are unable to provide sign infor-
mation for this seventh solution.

Proposition 3. If hypotheses Hy, Hi(i), (iv) hold and X < Ao, then there
exists p > 0 such that

90)\|I§Tm+2ﬂ63,, > CO > 0

with Hpn = & E(\), B, ={ue H'(Q): |lul < p}.

k>m+2

Proof. Hypotheses Hy (i), (iv) imply that given € > 0, we can find C. > 0 such
that

|F(z,2)] < %xz + Celz|" for a.a. z € Q, all z € R. (38)
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Let u € H’m+2. We have

1 A A
eaw) > 3v(w) = Slull3 = Sl = Ccljull”

for some C. > 0 (see (38))

S C’132* 5||uH2 — Cc|lul|” for some Ci3 > 0 (recall that A < Apyi2).

Choose € € (0,C13). Then we obtain
oa(u) = Ciyllul> = Celul|” for some Cyy > 0, all u € Hyyyo.
Since 2 < r, we can find p € (0, 1) small such that
ox(u) = Cy>0forall u e HyioN 0B,.
The proof is now complete. U

Let Gmyz € E(Amgz) with ||dmao| = 1 and let V = Hppyq @ Riipgo,
_ m—+1 ~
with Hyp1 = @ E(Mg). For p; > 0, we introduce the set
k=1

C={u=u+ Y2 TE Hypy1,9 > 0,]ul| < p1}
Evidently we have
0C =Co={u=1u+ Yyt (WE Hpmy1,9 =0, |lul| =p1) or
(@€ Hpngr, [[a] < p1,9=0)}.

Proposition 4. If hypotheses Ho, Hi(i), (ii), (iv), (v) hold and A € Aoy A1),
then there exist p1 > 0 and 6 > 0 such that

ealc, < C1 < Gy
with Cy > 0 as in Proposition 3.

Proof. From hypotheses H;(i), (i), (v) given n > 0, we can find C’; > 0 such
that

F(z,x) > gxz - C’;Mq for a.a. z € Q, all x € R. (39)

The space V' is finite dimensional and so all norms are equivalent. Let
u € V. We have

1 A n Cr
pa(u) < 5y(u) - §IIUII§ - §HUII§ + fIIUIIZ (see (39))

< Cis P\m“ - A= ||u||2 + Ci6)|u)|? for some Cy5,Cr6 = Ci6(n) > 0.
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Since n > 0 arbitrary, choosing 1 > 0 big, we have
ox(u) < Cugllul|? — Crr|lul)* for some Ci7 > 0.
Recall that ¢ > 2. Then we can find p; € (0,1) small such that
oxlvnas, <0< Cy (see Proposition 3).

I£ 7 € Hypyr, [[Tll < pr, then

_ A i
oa(@) < 57(@) — S lEls + C7lfallg

VAN
i A

5 [Pt = 2] 1l + Clallg (see £ ()
< Cisp? (since ¢ > 2, A < Apma1 and py € (0,1)).
Choosing p; € (0,1) even smaller if necessary, we have

ealw,, o8, < C1<Co

for all A € (A, A1) and with Cy > 0 (as in Proposition 3).
Therefore we conclude that

QD)\|CO < él < é() for \ € (5\m75\m+1).
The proof is now complete. O

Now we are ready to produce the seventh nontrivial smooth solution of
problem (Py).

Proposition 5. If hypotheses Hy, Hy hold and X € (S\erl -4, 5\m+1) (see Propo-
sition 2), then problem (Py) has a seventh nontrivial solution § € C1(€).

Proof. Let D = H,,41 N 0B,,. From Proposition 6.6.5 of Papageorgiou,
Rédulescu & Repovs [14, p. 532], we know that

{C,Cy} and D homologically link in dimension d,,11 + 1

with d,,,y1 = dim H,, ;. Then Propositions 3 and 4 and Corollary 6.6.8 of
[14], imply that there exists § € K,, C C'(Q) (see Wang [21]) such that

Cdm,+1+1(<,0,\,§) 7é 0. (40)
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From the proof of Proposition 1, we know that uy € intC; and vy €
—int C'; are local minimizers of go;\r and of ¢, respectively. Note that

orle, = ¢lle, and pal_c, = ¢i|-c,- (41)

So, it follows that ug € int Cy and vy € —int C'; are also local minimizers
of ¢y (see [9]). Therefore we have

C’k(gm\,uo) = C’k.(cp)\,vo) = 5]{70Z for all k € No. (42)

Also, again from the proof of Proposition 1, we know that the solutions
@ € int Cy and © € —int Cy are critical points of mountain pass type of the
functionals <p‘; and @) respectively. Therefore we have

Ci(}. ) # 0 and Cy (5, 8) # 0 (see (36)). (43)

From (41) and since @ € int Cy, ¢ € —int C4, we have
Ck (Wiqcl(ﬁ),@) = Ck (@A\cl(ﬁ)ﬂ) and Cj (@ﬂcl(ﬁ)a@) =Ck (<P>\|Cl(§)aﬁ)

(44)
for all k € Ny.
But on account of Theorem 6.6.26 of Papageorgiou, Radulescu, Repovs
[14, p. 545], we have

Cr(@y, ) = Crlpx, @) and Cy(py,0) = Ci(ex, 1) (45)

for all £ € Ny.
Since ¢y € C?(HY()), from (42), (43), (45) and Proposition 6.5.9 of
Papageorgiou, Radulescu & Repovs [14, p. 529], we infer that

C’k(go,\,ﬁ) = Ck((pk,ﬁ) = 117 for all k € Ny. (46)

Recall that
Cr(px,0) = 0k.a,,Z (see (35)). (47)

Moreover, from Corollary 6.2.40 of Papageorgiou, Radulescu & Repovs
[14, p. 449], we have

Cr(ox,y0) = Cr(pa,4) =0 for k & [dp, dmy1] (recall that d,,, > 2). (48)
From (40), (42), (46), (47), (48), we infer that

g g {’LL(), Vo, 'LALa f}v 0, Yo, g]}a
= § € C'(Q) is the seventh nontrivial solution of (Py)

(A € A1 = 0, A1)
The proof is now complete. O

So, summarizing our findings for problem (P)), we can state the following
multiplicity theorem.
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TheoremAﬁ. If hypotheses Hy, Hy hold, then there exists 6 > 0 such that for
all X\ € (Ams1 — 0, Apnr1) problem (Py) has at least seven distinct nontrivial
smooth solutions

ug, i € int Cy, vy, o € —int Cy, 4o,y € C1(Q) nodal
§€Ccl(Q).
Remark. TIs it possible to show that ¢ is nodal (see [3,8])? Also, it seems that

we cannot generate more than seven solutions without symmetry hypotheses
(see [1]).
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