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Abstract. — We consider the nonlinear Robin problem driven by a nonhomogeneous di¤erential

operator plus an indefinite potential. The reaction term is a Carathéodory function satisfying certain
conditions only near zero. Using suitable truncation, comparison, and cut-o¤ techniques, we show

that the problem has a sequence of nodal solutions converging to zero in the C 1ðWÞ-norm.
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1. Introduction

Let W � RN be a bounded domain with a C2-boundary qW. We study the follow-
ing nonlinear nonhomogeneous Robin problem:

�div aðDuðzÞÞ þ xðzÞjuðzÞjp�2
uðzÞ ¼ f ðz; uðzÞÞ in W;

qu

qna
þ bðzÞjujp�2

u ¼ 0 on qW:

8<
:

9=
;ð1Þ

In this problem, a : RN ! RN is a continuous and strictly monotone map
(thus also maximal monotone), which satisfies certain regularity and growth con-
ditions listed in hypotheses HðaÞ below. These conditions are general and they
incorporate in our framework many di¤erential operators of interest, such as
the p-Laplacian and the ðp; qÞ-Laplacian. We stress that að�Þ is not homogeneous
and this is a source of di‰culties in the study of problem (1). The potential func-
tion x a LlðWÞ is indefinite (that is, sign changing). The reaction term (the right-
hand side of (1)) is a Carathéodory function (that is, for all x a R, the function
z 7! f ðz; xÞ is measurable, and for almost all z a W, the function x 7! f ðz; xÞ) is
continuous. We impose conditions on f ðz; �Þ only near zero. In the boundary con-

dition,
qu

qna
denotes the conormal derivative corresponding to the di¤erential oper-

ator u 7! div aðDuÞ and is defined by extension of the map

C1ðWÞ C u 7! ðaðDuÞ; nÞRN ;

with nð�Þ being the outward unit normal on qW.



We are looking for nodal (that is, sign-changing) solutions for problem (1).
Employing a symmetry condition on f ðz; �Þ near zero and using truncation, per-
turbation, comparison, and cut-o¤ techniques, and a result of Kajikiya [7], we
generate a whole sequence fungnb1 � C1ðWÞ of distinct nodal solutions such
that un ! 0 in C1ðWÞ.

The first result in this direction was produced by Wang [27], who used cut-o¤
techniques to produce an infinity of solutions converging to zero in H 1

0 ðWÞ. In
Wang [27] the problem is semilinear driven by the Dirichlet Laplacian. There is
no potential term (that is, xC 0). The sequence produced by Wang [27] does not
consist of nodal solutions. More recently, Li & Wang [8] produced a sequence of
nodal solutions for semilinear Schrödinger equations. For nonlinear equations we
mention the recent works of He, Huang, Liang & Lei [5], and Papageorgiou &
Rădulescu [19]. In He et al. [5], the problem is Neumann (that is, bC 0) and the
di¤erential operator is the p-Laplacian (that is, aðyÞ ¼ jyjp�2

y for all y a RN ,
with 1 < p < l). In Papageorgiou & Rădulescu [19], the di¤erential operator is
the same as in the present paper, but xC 0. Also, the hypotheses on f ðz; �Þ near
zero are more restrictive. In the present paper we extend the results of all afore-
mentioned works.

2. Preliminaries and Hypotheses

In the study of problem (1) we will use the following spaces: the Sobolev space
W 1;pðWÞ, the Banach space C1ðWÞ, and the boundary Lebesgue spaces LrðqWÞ,
1a ral.

We denote by k � k the norm on the Sobolev space W 1;pðWÞ defined by

kuk ¼ ½kukp
p þ kDukp

p �
1
p for all u a W 1;pðWÞ:

The Banach space C1ðWÞ is an ordered Banach space, with positive (order)
cone

Cþ ¼ fu a C1ðWÞ : uðzÞb 0 for all z a Wg:

This cone has a nonempty interior which is the set

Dþ ¼ fu a Cþ : uðzÞ > 0 for all z a Wg:

In fact, Dþ is also the interior of Cþ when furnished with the relative CðWÞ-
norm topology.

On qW we consider the ðN � 1Þ-dimensional Hausdor¤ (surface) measure sð�Þ.
Using this measure, we can define in the usual way the Lebesgue spaces LrðqWÞ,
1a ral. From the theory of Sobolev spaces we know that there exists a unique
continuous linear map g0 : W

1;pðWÞ ! LpðqWÞ, known as the ‘‘trace map’’, such
that

g0ðuÞ ¼ ujqW for all u a W 1;pðWÞBCðWÞ:
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So, the trace map assigns ‘‘boundary values’’ to all Sobolev functions. We

know that the trace map is compact into LrðqWÞ for all 1a r <
ðN � 1Þp
N � p

if

p < N, and into LrðqWÞ for all 1a r < l if pbN. Furthermore, we have that

ker g0 ¼ W
1;p
0 ðWÞ and im g0 ¼ W

1
p 0;pðqWÞ

�1
p
þ 1

p 0 ¼ 1
�
:

In what follows, for the sake of notational simplicity, we will drop the use of
the trace map g0ð�Þ. All restrictions of Sobolev functions on qW, are understood
in the sense of traces.

Let X be a Banach space and j a C1ðX ;RÞ. We say that j satisfies the
‘‘Palais-Smale condition’’ (the ‘‘PS-condition’’ for short), if the following prop-
erty holds:

‘‘Every sequence fungnb1 � X such that

fjðunÞgnb1 � R is bounded and j 0ðunÞ ! 0 in X � as n ! l,

admits a strongly convergent subsequence.’’

We shall need the following result of Kajikya [7].

Theorem 1. Assume that X is a Banach space, j a C1ðX ;RÞ satisfies the PS-
condition, j is even and bounded below, jð0Þ ¼ 0, and for every n a N, there exists
an n-dimensional subspace Vn of X and rn > 0 such that

supfjðuÞ : u a VnB qBrng < 0;

where qBrn ¼ fu a X : kukX ¼ rng. Then there exists a sequence fungnb1 �
Xnf0g such that

(i) j 0ðunÞ ¼ 0 for all n a N (that is, each un is a critical point of j);
(ii) jðunÞa 0 for all n a N; and
(iii) un ! 0 in X as n ! l:

In the sequel, for any j a C1ðX ;RÞ, we denote by Kj the critical set of j, that
is,

Kj ¼ fu a X : j 0ðuÞ ¼ 0g:

For X a R, we set xe¼ maxfex; 0g. Then for any u a W 1;pðWÞ, we define
ueð�Þ ¼ uð�Þe. We know that

ue a W 1;pðWÞ; u ¼ uþ � u�; juj ¼ uþ þ u�:

Let Q a C1ð0;lÞ be such that QðtÞ > 0 for all t > 0 and
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0 < ĉca
Q 0ðtÞt
QðtÞ a c0 and c1t

p�1
a QðtÞa c2ðtt�1 þ t p�1Þð2Þ

for all t > 0; with c1; c2 > 0; 1a t < p:

Then the hypotheses on the map að�Þ are the following:
HðaÞ : aðyÞ ¼ a0ðjyjÞy for all y a RN with a0ðtÞ > 0 for all t > 0 and

(i) a0 a C1ð0;lÞ, t 7! a0ðtÞt is strictly increasing on ð0;lÞ, a0ðtÞt ! 0þ as
t ! 0þ and

lim
t!0þ

a 0
0ðtÞt
a0ðtÞ

> �1;

(ii) j‘aðyÞja c3
QðjyjÞ
jyj for all y a RNnf0g, and some c3 > 0;

(iii) ð‘aðyÞx; xÞRN b
QðjyjÞ
jyj jxj2 for all y a RNnf0g, x a RN ; and

(iv) If G0ðtÞ ¼
Z t

0

a0ðsÞs ds for all t > 0, then there exists q a ð1; p� such that

t 7! G0ðt1=qÞ is convex and lim sup
t!0þ

qG0ðtÞ
tq

< þl:

Remark 1. Hypotheses HðaÞðiÞ; ðiiÞ; ðiiiÞ are dictated by the nonlinear global
regularity theory of Lieberman [10] and the nonlinear maximum principle of
Pucci & Serrin [24]. Hypothesis HðaÞðivÞ reflects the particular requirements
of our problem. However, HðaÞðivÞ is not restrictive as the examples below
illustrate.

Hypotheses HðaÞ imply that G0ð�Þ is strictly convex and strictly increasing.

We set GðyÞ ¼ G0ðjyjÞ for all y a RN . Evidently, Gð�Þ is convex and Gð0Þ ¼ 0.
Also, we have

‘GðyÞ ¼ G 0
0ðjyjÞ

y

jyj ¼ a0ðjyjÞy ¼ aðyÞ for all y a RNnf0g; ‘Gð0Þ ¼ 0:

So, Gð�Þ is the primitive of að�Þ. Moreover, the convexity of Gð�Þ implies that

GðyÞa ðaðyÞ; yÞRN for all y a RN :ð3Þ

The next lemma summarizes the main properties of the map að�Þ and it is an
easy consequence of hypotheses HðaÞ and condition (2) above.

Lemma 2. If hypotheses HðaÞðiÞ; ðiiÞ; ðiiiÞ hold, then

(a) að�Þ is continuous, strictly monotone, hence maximal monotone, too;
(b) jaðyÞja c4ð1þ jyjp�1Þ for all y a RN, and some c4 > 0; and

(c) ðaðyÞ; yÞRN
b

c1

p� 1
jyjp for all y a RN.
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This lemma and (3) lead to the following growth conditions on Gð�Þ.

Corollary 3. If hypotheses HðaÞðiÞ; ðiiÞ; ðiiiÞ hold, then
c1

pðp� 1Þ jyj
p
a

GðyÞa c5ð1þ jyjpÞ for all y a RN, and some c5 > 0.

Example 1. The following maps aðyÞ satisfy hypotheses HðaÞ:

(a) aðyÞ ¼ jyjp�2
y, 1 < p < l.

This map corresponds to the p-Laplace di¤erential operator defined by

Dpu ¼ divðjDujp�2
DuÞ for all u a W 1;pðWÞ:

(b) aðyÞ ¼ jyjp�2
yþ jyjq�2

y, 1 < q < p < l. This map corresponds to the ðp; qÞ-
Laplace di¤erential operator defined by

Dpuþ Dqu for all u a W 1;pðWÞ:

Such operators arise in problems of mathematical physics. Recently ðp; qÞ-
equations have been studied by Bobkov & Tanaka [1], Li & Zhang [9], Marano
& Mosconi [11], Marano, Mosconi & Papageorgiou [12, 13], Mugnai &
Papageorgiou [16], Papageorgiou & Rădulescu [17], Sun, Zhang & Su [25],
and Tanaka [26].

(c) aðyÞ ¼ ð1þ jyj2Þ
p�2
2 y, 1 < p < l. This map corresponds to the generalized

p-mean curvature di¤erential operator defined by

divðð1þ jDuj2Þ
p�2
2 DuÞ for all u a W 1;pðWÞ:

(d) aðyÞ ¼ jyjp�2
y
�
1þ 1

1þ jyjp
�
, 1 < p < l.

We denote by 3� ; �4 the duality brackets for the pair

ðW 1;pðWÞ�;W 1;pðWÞÞ:

Let A : W 1;pðWÞ ! W 1;pðWÞ� be the nonlinear map defined by

3AðuÞ; h4 ¼
Z
W

ðaðDuÞ;DhÞRN dz for all u; h a W 1;pðWÞ:

From Gasinski & Papageorgiou [3], we have:

Proposition 4. The map A : W 1;pðWÞ ! W 1;pðWÞ� is bounded (maps bounded
sets to bounded sets), continuous, monotone (hence maximal monotone, too), and
of type ðSÞþ, that is,

“un !
w

u in W 1;pðWÞ and lim sup
n!l

3AðunÞ; un � u4 ) un ! u”:
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The hypotheses on the potential function xð�Þ and on the boundary coe‰cient
bð�Þ are the following:

HðxÞ : x a LlðWÞ.
HðbÞ : b a C0;aðqWÞ for some a a ð0; 1Þ and bðzÞb 0 for all z a qW:

Remark 2. If bC 0, then we recover the Neumann problem.

Finally, we introduce our conditions on the reaction term f ðz; xÞ:
Hð f Þ: f : W� R ! R is a Carathéodory function such that f ðz; 0Þ ¼ 0 for

almost all z a W and

(i) there exists h > 0 such that for almost all z a W, f ðz; �Þj½�h;h� is odd;
(ii) j f ðz; xÞja ahðzÞ for almost all z a W, x a ½�h; h�, with ah a LlðWÞ;
(iii) with q a ð1; p� as in hypothesis HðaÞðivÞ, we have

lim
x!0

f ðz; xÞ
jxjq�2

x
¼ þl uniformly for almost all z a W; and

(iv) there exists x̂x > 0 such that for almost all z a W

x ! f ðz; xÞ þ x̂xjxjp�2
x

is nondecreasing on ½�h; h�

Remark 3. We point out that all the above hypotheses concern the behaviour
of f ðz; �Þ only near zero.

Finally, we mention that nonlinear problems with an indefinite potential
have recently been studied in the context of equations driven by the Neumann
p-Laplacian by Gasinski & Papageorgiou [4] (resonant problems) and Fragnelli,
Mugnai & Papageorgiou [2] (superlinear problems). Also, nodal solutions for non-
linear Robin problems with no potential term, were obtained by Papageorgiou &
Rădulescu [21].

3. Nodal solutions

Let e a ð0; hÞ and consider an even function g a C1ðRÞ such that 0a ga 1,
gj½�e; e� ¼ 1 and supp g � ½�h; h�.

We set

f̂f ðz; xÞ ¼ gðxÞ f ðz; xÞ þ ð1� gðxÞÞxðzÞjxjp�2
x:

Evidently, f̂f ðz; xÞ is a Carathéodory function which is odd in x a R and has
the following two additional properties:

f̂f ðz; �Þj½�e; e� ¼ f ðz; �Þj½�e; e� for all z a W;ð4Þ
f̂f ðz; xÞ ¼ xðzÞjxjp�2

x for all z a W; jxjb h:ð5Þ
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It follows from (5) that

f̂f ðz; hÞ � xðzÞh p�1 ¼ 0 for almost all z a W:ð6Þ

Since f̂f ðz; �Þ is odd, we have

f̂f ðz;�hÞ þ xðzÞh p�1 ¼ 0 for almost all z a W:ð7Þ

On account of hypothesis Hð f ÞðiiiÞ, given any m > 0, we can find d ¼ dðmÞ a
ð0; eÞ such that

f ðz; xÞx ¼ f̂f ðz; xÞb mjxjq for almost all z a W; and all jxja d ðsee ð4ÞÞ:ð8Þ

Then (8) combined with hypothesis Hð f ÞðiiÞ implies that given r > p we can
find c6 > 0 such that

f̂f ðz; xÞxb mjxjq � c6jxjr for almost all z a W; and all x a R:ð9Þ

We introduce the following function

kðz; xÞ ¼ mjxjq�2
x� c6jxjr�2

x:ð10Þ

This is a Carathéodory function which is odd in x a R.
We consider the following auxiliary nonlinear Robin problem:

�div aðDuðzÞÞ þ jxðzÞj juðzÞjp�2
uðzÞ ¼ kðz; uðzÞÞ in W;

qu

qna
þ bðzÞjujp�2

u ¼ 0 on qW:

8<
:

9=
;ð11Þ

Proposition 5. If hypotheses HðaÞ, HðxÞ, HðbÞ hold, then problem (11) admits
a unique positive solution

u� a Dþ

and since kðz; �Þ is odd, v� ¼ �u� a Dþ is the unique negative solution of (11).

Proof. We consider the Carathéodory function k̂kðz; xÞ defined by

k̂kðz; xÞ ¼
kðz;�hÞ � h p�1 if x < �h

kðz; xÞ þ jxjp�2
x if �ha xa h

kðz; hÞ þ h p�1 if h < x:

8><
>:ð12Þ

We set K̂Kðz; xÞ ¼
Z x

0

k̂kðz; sÞ ds and consider the C1-functional ĵjþ : W 1;pðWÞ
! R defined by

ĵjþðuÞ ¼
Z
W

GðDuÞ dzþ 1

p

Z
W

½jxðzÞj þ 1�jujp dzþ 1

p

Z
qW

bðzÞjujp ds

�
Z
W

K̂Kðz; uþÞ dz for all u a W 1;pðWÞ:

727nonlinear nonhomogeneous robin problems



From (12) and Corollary 3 it is clear that

ĵjþð�Þ is coercive:

Also, from the Sobolev embedding theorem and the compactness of the trace
map, we deduce that

ĵjþð�Þ is sequentially weakly lower semicontinuous:

So, by the Weierstrass–Tonelli theorem, we can find u� a W 1;pðWÞ such that

ĵjþðu�Þ ¼ inffĵjþðuÞ : u a W 1;pðWÞg:ð13Þ

On account of hypothesis HðaÞðivÞ, we can find c7 > 0 such that

GðyÞa c7

q
jyjq for all jyja d;ð14Þ

with d > 0 as in (8). Let u a Dþ. Then we can find t a ð0; 1Þ small such that

tuðzÞ a ð0; d� and jDðtuÞðzÞja d for all z a W:ð15Þ

Using (10), (12), (14) and (15), we obtain

ĵjþðtuÞa
tqc7

q
kDukq

q þ
tq

q

Z
W

jxðzÞj jujq dzþ tq

q

Z
qW

bðzÞjujq ds

þ tr

r
kukr

r �
tq

q
mkukq

q

ðsince t a ð0; 1Þ; qa p < rÞ
a ½c8 � mc9�tq for some c8; c9 > 0 depending on u:

Choosing m >
c8

c9
, we infer that

ĵjþðtuÞ < 0;

) ĵjþðu�Þ < 0 ¼ ĵjþð0Þ ðsee ð13ÞÞ;
) u�A 0:

From (13) we have

ĵj 0
þðu�Þ ¼ 0;ð16Þ

) 3Aðu�Þ; h4þ
Z
W

½jxðzÞj þ 1�ju�jp�2
u�h dzþ

Z
qW

bðzÞju�jp�2
u�h ds

¼
Z
W

k̂kðz; ðu�ÞþÞh dz for all h a W 1;pðWÞ:
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In (16) we choose h ¼ �ðu�Þ� a W 1;pðWÞ. Using Lemma 2(c), we obtain

c1

p� 1
kDðu�Þ�kp

p þ kðu�Þ�kp
p a 0 ðsee hypothesis HðBÞÞ;

) u�
b 0; u�A 0:

In (16) we choose h ¼ ðu� � hÞþ a W 1;pðWÞ. Then

3Aðu�Þ; ðu� � hÞþ4þ
Z
W

½jxðzÞj þ 1�ðu�Þ p�1ðu� � hÞþ dz

þ
Z
qW

bðzÞðu�Þ p�1ðu� � hÞþ ds

¼
Z
W

½mhq�1 � c6h
r�1 þ h p�1�ðu� � hÞþ dz ðsee ð12Þ and ð10ÞÞ

a

Z
W

½ f̂f ðz; hÞ þ h p�1�ðu� � hÞþ dz ðsee ð9ÞÞ

¼
Z
W

½xðzÞ þ 1�h p�1ðu� � hÞþ dz ðsee ð6ÞÞ

a 3AðhÞ; ðu� � hÞþ4þ
Z
W

½jxðzÞj þ 1�h p�1ðu� � hÞþ dz

þ
Z
qW

bðzÞh p�1ðu� � hÞþ ds

ðnote that AðhÞ ¼ 0 and see hypothesis HðbÞÞ;

) 3Aðu�Þ � AðhÞ; ðu� � hÞþ4

þ
Z
W

½jxðzÞj þ 1�ððu�Þ p�1 � h p�1Þðu� � hÞþ dza 0

ðsee hypotesis HðbÞÞ;
) u�

a h:

So, we have proved that

u� a ½0; h� ¼ fu a W 1;pðWÞ : 0a uðzÞa h for almost all z a Wg:ð17Þ

From (10), (12), (16) and (17), we infer that u� is a positive solution of prob-
lem (11). From Papageorgiou & Rădulescu [20], we have

u� a LlðWÞ:

Now the nonlinear regularity theory of Lieberman [10] implies that

u� a Cþnf0g:
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From (16) and (17), we have

�div aðDu�ðzÞÞ þ jxðzÞju�ðzÞ p�1 ¼ kðz; u�ðzÞÞ for almost all z a W;

qu�

qna
þ bðzÞu� ¼ 0 on qW

8<
:

9=
;

ðsee Papageorgiou & Rădulescu ½18�Þ
) �div aðDu�ðzÞÞ þ jxðzÞju�ðzÞ p�1

b�c6u
�ðzÞr�1 for almost all z a W ðsee ð10ÞÞ;

) div aðDu�ðzÞÞa ½c6ku�kr�p
l þ kxkl�u�ðzÞ p�1 for almost all z a W

ðsee hypothesis HðxÞÞ;
) u� a Dþ ðsee Pucci & Serrin ½24; p: 120�Þ:

Next, we show the uniqueness of this solution. To this end, let îi : L1ðWÞ ! R
¼ RA fþlg be the integral functional defined by

îiðuÞ ¼

Z
W

GðDu
1
qÞ dzþ 1

p

Z
W

jxðzÞju
p
q dz

þ 1

p

Z
qW

bðzÞu
p

q ds if ub 0; u
1
q a W 1;pðWÞ

þl otherwise:

8>>>>><
>>>>>:

From Papageorgiou & Winkert [23] (see the proof of Proposition 3.3), we
know that îið�Þ is convex and if u�; v� a Dþ are two positive solutions of (11),
then

îi 0ððu�ÞqÞðhÞ ¼ 1

q

Z
W

�div aðDu�Þ þ jxðzÞjðu�Þ p�1

ðu�Þq�1
h dz

îi 0ððv�ÞqÞðhÞ ¼ 1

q

Z
W

�div aðDv�Þ þ jxðzÞjðv�Þ p�1

ðv�Þq�1
h dz for h ¼ ðu�Þq � ðv�Þq:

The convexity of îið�Þ implies the monotonicity of îi 0ð�Þ. Hence

0a

Z
W

"
�div aðDu�Þ þ jxðzÞjðu�Þ p�1

ðu�Þq�1

� div aðDv�Þ þ jxðzÞjðv�Þ p�1

ðv�Þq�1

#
ððu�Þq � ðv�ÞqÞ dz

¼
Z
W

c6½ðv�Þr�q � ðv�Þr�q�ððu�Þq � ðv�ÞqÞ dz ðsee ð10ÞÞ;

) u� ¼ v� ðsince qa p < rÞ:
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This proves the uniqueness of the positive solution u� a Dþ of (11). Since
problem (11) is odd, it follows that v� ¼ �u� a �Dþ is the unique negative solu-
tion of problem (11). r

Consider the following Robin problem:

�div aðDuðzÞÞ þ xðzÞjuðzÞjp�2
uðzÞ ¼ f̂f ðz; uðzÞÞ in W;

qu

qna
þ bðzÞjujp�2

u ¼ 0 on qW:

8<
:

9=
;ð18Þ

We denote by Sþ (respectively S�) the set of positive (respectively negative)
solutions of problem (18) which are in the order interval ½0; h� ¼ fu a W 1;pðWÞ :
0a uðzÞa h for almost all z a Wg (respectively in ½�h; 0� ¼ fv a W 1;pðWÞ : �ha
vðzÞa 0 for almost all z a Wg). From Papageorgiou, Rădulescu & Repovš [22],
we know that

• Sþ is downward directed (that is, if u1; u2 a Sþ, then we can find u a Sþ such
that ua u1; ua u2).

• S� is upward directed (that is, if v1; v2 a S�, then we can find v a S� such that
v1 a v; v2 a v).

Moreover, reasoning as in the proof of Proposition 5 (with kðz; xÞ replaced by
f̂f ðz; xÞ), we show that

jASþ � Dþ and jAS� � �Dþ:

Proposition 6. If hypotheses HðaÞ, HðxÞ, HðbÞ, Hð f Þ hold, then u� a u for all
u a Sþ and va v� for all v a S�.

Proof. Let u a Sþ and let k̂kðz; xÞ be given by (12). We introduce the following
truncation of k̂kðz; �Þ:

eþðz; xÞ ¼
0 if x < 0

k̂kðz; xÞ if 0a xa uðzÞ
k̂kðz; uðzÞÞ if uðzÞ < x:

8<
:ð19Þ

This is a Carathéodory function. We set Eþðz; xÞ ¼
Z x

0

eþðz; sÞ ds and con-
sider the C1-functional Cþ : W 1;pðWÞ ! R defined by

CþðuÞ ¼
Z
W

GðDuÞ dzþ 1

p

Z
W

½jxðzÞj þ 1�jujp dzþ 1

p

Z
qW

bðzÞjujp ds

�
Z
W

Eþðz; uÞ dz for all u a W 1;pðWÞ:

Evidently, Cþð�Þ is coercive (see (19)) and sequentially weakly lower semi-
continuous. So, we can find ûu� a W 1;pðWÞ such that

Cþðûu�Þ ¼ inffCþðuÞ : u a W 1;pðWÞg:ð20Þ
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As in the proof of Proposition 5, using hypotheses HðaÞðivÞ and Hð f ÞðiiiÞ, we
show that

Cþðûu�Þ < 0 ¼ Cþð0Þ;
) ûu�A 0:

From (20) we have

C 0
þðûu�Þ ¼ 0;ð21Þ

) 3Aðûu�Þ; h4þ
Z
W

½jxðzÞj þ 1�jûu�jp�2
ûu�h dzþ

Z
qW

bðzÞjûu�jp�2
ûu�h ds

¼
Z
W

eþðz; ûu�Þh dz for all h a W 1;pðWÞ:

In (21), we choose h ¼ �ðu�Þ� a W 1;pðWÞ. Then using Lemma 2(c), we have

c1

p� 1
kDðûu�Þ�kp

p þ
Z
W

½jxðzÞ þ 1j�ððûu�Þ�Þ p dz

a 0 ðsee hypothesis HðbÞ and ð19ÞÞ
) ûu�

b 0; ûu�A 0:

Next, in (21) we choose h ¼ ðûu� � uÞþ a W 1;pðWÞ. We have

3Aðûu�Þ; ðûu� � uÞþ4þ
Z
W

½jxðzÞ þ 1j�ðûu�Þ p�1ðûu� � uÞþ dz

þ
Z
qW

bðzÞðu�Þ p�1ðûu� � uÞþ ds

¼
Z
W

½muq�1 � c6u
r�1 þ u p�1�ðûu� � uÞþ dz

ðsee ð19Þ; ð12Þ; ð10Þ and recall that u a SþÞ

a

Z
W

½ f̂f ðz; uÞ þ u p�1�ðûu� � uÞþ dz ðsee ð9ÞÞ

¼ 3AðuÞ; ðûu� � uÞþ4þ
Z
W

½jxðzÞ þ 1j�u p�1ðûu� � uÞþ dz

þ
Z
qW

bðzÞu p�1ðûu� � uÞþ ds ðsince u a SþÞ

) ûu�
a u:

So, we have proved that

ûu� a ½0; u� ¼ fy a W 1;pðWÞ : 0a yðzÞa uðzÞ for almost all z a Wg:
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This fact, together with (10), (12), (19), (21), imply that

�div aðDûu�zÞ þ jxðzÞjûu�ðzÞ p�1 ¼ kðz; ûu�ðzÞÞ for almost all z a W;

qûu�

qna
þ bðzÞðûu�Þ p�1 ¼ 0 on qW ðsee Papageorgiou & Rădulescu ½18�Þ;

) ûu� ¼ u� ðsee Proposition 5Þ;
) u�

a u for all u a Sþ:

Similarly, we show that

va v� for all v a S�:

This completes the proof. r

Now we can establish the existence of extremal constant sign solutions for
problem (18), that is, we show that problem (18) has a smallest positive solution
and a biggest negative solution.

Proposition 7. If hypotheses HðaÞ, HðbÞ, HðxÞ, Hð f Þ hold, then there exists a
smallest positive solution uþ a Sþ � Dþ and a biggest negative solution vþ a S� �
�Dþ.

Proof. Invoking Lemma 3.10 of Hu & Papageorgiou [6, p. 178], we can find a
decreasing sequence fungnb1 � Sþ such that

inf Sþ ¼ inf
nb1

un:

Evidently, fungnb1 � W 1;pðWÞ is bounded. So, we may assume that

un !
w

uþ in W 1;pðWÞ and un ! uþ in LpðWÞ and LpðqWÞ:ð22Þ

We have

3AðunÞ; h4þ
Z
W

xðzÞu p�1
n h dzþ

Z
qW

bðzÞu p�1
n h dsð23Þ

¼
Z
W

f̂f ðz; unÞh dx for all h a W 1;pðWÞ; n a N:

In (23) we choose h ¼ un � uþ a W 1;pðWÞ, pass to the limit as n ! l and use
(22). Then

lim
n!l

3AðunÞ; un � uþ4 ¼ 0;ð24Þ

) un ! uþ in W 1;pðWÞ ðsee Proposition 4Þ:
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In (23) we pass to the limit as n ! l and use (24). Then

3AðuþÞ; h4þ
Z
W

xðzÞu p�1
þ h dzþ

Z
qW

bðzÞu p�1
þ h dsð25Þ

¼
Z
W

f̂f ðz; uþÞh dz for all h a W 1;pðWÞ:

From Proposition 6, we have

u�
a un for all n a N;ð26Þ

) u�
a uþ ðsee ð24ÞÞ; hence uþA 0:

It follows from (25) and (26) that

uþ a Sþ � Dþ; uþ ¼ inf Sþ:

Similarly, we produce

v� a S� � �Dþ; v� ¼ supS�: r

Let t > kxkl and consider the following truncation-perturbation of f̂f ðz; �Þ:

f0ðz; xÞ ¼
f̂f ðz; v�ðzÞÞ þ tjv�ðzÞjp�2

v�ðzÞ if x < v�ðzÞ
f̂f ðz; xÞ þ tjxjp�2

x if v�ðzÞa xa uþðzÞ
f̂f ðz; uþðzÞÞ þ tuþðzÞ p�1 if uþðzÞ < x:

8><
>:ð27Þ

We set F0ðz; xÞ ¼
Z x

0

f0ðz; sÞ ds and consider the C1-functional j0 : W
1;pðWÞ

! R defined by

j0ðuÞ ¼
Z
W

GðDuÞ dzþ 1

p

Z
W

½xðzÞ þ t�jujp dzþ 1

p

Z
W

bðzÞjujp ds

�
Z
W

F0ðz; uÞ dz for all u a W 1;pðWÞ:

Evidently, j0ð�Þ is coercive (see (27) and recall that t > kxkl). So, j0ð�Þ is
bounded below and satisfies the PS-condition (see Marano & Papageorgiou
[14, 15]).

Proposition 8. If hypotheses HðaÞ, HðxÞ, HðbÞ, Hð f Þ hold and V � W 1;pðWÞ
is a finite dimensional linear subspace, then there exists rV > 0 such that

supfj0ðuÞ : u a V ; kuk ¼ rVg < 0:

Proof. Recall that uþ a Dþ and v� a �Dþ. So, m0 ¼ min min
W

uþ;�max
W

v�

� �
> 0. We set �0 ¼ minf�;m0g (where � > 0 is from (4)). On account of hypothesis
Hð f ÞðiiiÞ, given any m > 0, we can find d ¼ dðmÞ > 0 a ð0; �0Þ such that
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F0ðz; xÞ ¼ F̂Fðz; xÞ þ t

p
jxjp ¼ F ðz; xÞ þ t

p
jxjpð28Þ

b
m

q
jxjq þ t

p
jxjp

ðfor almost all z a W; and all jxja d; see ð4Þ and ð27ÞÞ:

Moreover, on account of hypothesis HðaÞðivÞ and Corollary 3, we have

GðyÞa c10½jyjq þ jyjp� for some c10 > 0; and all y a RN :ð29Þ

Since the subspace V � W 1;pðWÞ is finite dimensional, all norms are equiva-
lent. So, we can find rV a ð0; 1� such that

u a V ; kuka rV ) juðzÞja d for all z a W:ð30Þ

Then for every u a V with kuka rV , we have

j0ðuÞa c11kukq � mc12kukq for some c11; c12 > 0

ðsee ð27Þ; ð28Þ; ð29Þ; ð30Þ and recall that rV a 1; qa pÞ

Since m > 0 is arbitrary, we choose m >
c11

c12
and conclude that

j0ðuÞ < 0 for all u a V with kuk ¼ rV :

The proof is now complete. r

We now obtain the following multiplicity theorem for the nodal solutions of
problem (1).

Theorem 9. Assume that hypotheses HðaÞ, HðxÞ, HðbÞ, Hð f Þ hold. Then there
exists a sequence fungnb1 � C1ðWÞ of nodal solutions of problem (1) such that

un ! 0 in C1ðWÞ:

Proof. We know that j0ð�Þ is even, bounded below, satisfies the PS-condition,
and j0ð0Þ ¼ 0. Moreover, using (27) as before, we can check that

Kj0 � ½v�; uþ�BC1ðWÞ:ð31Þ

The aforementioned properties of j0ð�Þ and Proposition 8 permit us to apply
Theorem 1. So, we can find a sequence fungnb1 � W 1;pðWÞ such that

un a Kj0 � ½v�; uþ�BC1ðWÞ ðsee ð31ÞÞ and un ! 0 in W 1;pðWÞ:ð32Þ

The nonlinear regularity theory of Lieberman [10] implies that we can find
g a ð0; 1Þ and c13 > 0 such that

un a C1; gðWÞ; kunkC 1; gðWÞ a c13 for all n a N:ð33Þ
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We know that C1; gðWÞ is compactly embedded in C1ðWÞ. So, it follows from
(32) and (33) that

un ! 0 in C1ðWÞ;
) ��0 a unðzÞa �0 for all z a W; and all nb n0

ðrecall that �0 ¼ minf�;m0g > 0; see the proof of Proposition 8Þ:

From (4), (32) and the extremality of uþ, v�, we get that fungnb1 � C1ðWÞ are
nodal solutions of (1) and we have un ! 0 in C1ðWÞ. r
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[13] S. A. Marano - S. J. N. Mosconi - N. S. Papageorgiou, On a ðp; qÞ-Laplacian
problem with concave and asymmetric perturbation, Atti Accad. Naz. Lincei Rend.
Lincei Mat. Appl. 29 (2018), no. 1, 109–125.

[14] S. A. Marano - N. S. Papageorgiou, Constant sign and nodal solutions for coercive

ðp; qÞ-Laplacian equations, Nonlinear Anal. 77 (2013), 118–129.

[15] S. A. Marano - N. S. Papageorgiou, On a Dirichlet problem with p-Laplacian and

asymmetric nonlinearity, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 26 (2015),
no. 1, 57–74.

[16] D. Mugnai - N. S. Papageorgiou, Wang’s multiplicity result for superlinear ðp; qÞ-
equations without the Ambrosetti-Rabinowitz condition, Trans. Amer. Math. Soc. 366
(2014), 4919–4937.
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