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ABSTRACT. — The variational methods are adopted for establishing the existence of at least two
nontrivial solutions for a Dirichlet problem driven by a non-homogeneous differential operator of
p-Laplacian type. A large class of nonlinear terms is considered, covering the concave-convex case.
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1. INTRODUCTION

In the present note we deal with the following problem

pP;
(P3) u=20 on 0Q,

{ —divA(x,Vu) = Af (x,u) inQ,

where Q ¢ RY (N >2) is a bounded domain with a smooth boundary 0Q,
A:Q x RY — R is a function admitting a general enough structure in order to
cover the simple case A4(x,&) = [€[72¢, p > 1, namely (P;) involves the usual
p-Laplacian operator, moreover, A is a positive parameter, while /' : Q x R — R
is a suitable Carathéodory function.

During the last decades a lot of papers have been devoted to the study of sev-
eral differential problems that are included or strictly related with problem (P,),
see, e.g., [15] and [14]. In all these manuscripts the case p > 2 has been investi-
gated, while different asymptotic conditions at zero and/or at infinity of the non-
linear term f(x,-) have been considered. In [13] the more general case p > 1 has
been treated when the reaction term is a suitable perturbation of the nonlinearity
|u[?~%u (see also [6]). More recently, in [8] exploiting the structure of A4 as intro-
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duced in [13], the case when f(x,-) is (p — 1)-superlinear at zero and (p — 1)-
sublinear at infinity has been studied.

Here, we still consider the same general elliptic operator in divergence form as
in [8, 13] and assume that 4 : Q x RY — R" admits a potential .« : Q x RY —
R, with

(A) of = o (x,&) is a continuous function on Q x RY, with a continuous derivative
with respect to & and A = 0zo/. Moreover
(i) (x,0) =0 and o/ (x,&) = oA (x,—¢) for every x € Q and ¢ € RY.
(ii) o(x,) is strictly convex in R" for all x € Q.
(i) There exist two constants a,, ay, with 0 < ay < ay such that

Ax, &) - E>a|d]” and |A(x,E)] < ar|E)P!
for every (x,&) € Q x RY.

We allow the function f to have a (p — 1)-superlinear behaviour at infinity
that, as a special case, gives back the concave-convex structure. We refer to the
seminal papers [1, 3, 4] for existence, multiplicity and non existence results for
differential problems involving the p-Laplacian under the combined effects of
concave and convex nonlinear terms (see also [7, 16, 17, 18, 22, 23, 29, 33] as
well as [25, 26, 27, 28, 31, 32], where a nonhomogeneous operator is considered).

We adopt the variational methods and in the set of assumptions the classical
Ambrosetti-Rabinowitz condition is employed in order to assure the existence
of an interval of parameters A for which problem (P;) admits at least two non-
trivial solutions. In particular, both the solutions are positive when f satisfies a
sign condition. The main tool is a general critical point theorem proved in [7]
(see Theorem 2.1). We wish to emphasize that the proposed approach permits to
consider also more general situations when the multiplicity result can be obtained
without requiring any particular asymptotic condition near at zero of f(x,-) (see
Theorem 3.1, assumption (jj)) so that we can go further the although meaningful
concave-convex case. The autonomous case is also treated (see Corollary 3.1 and
Theorem 3.3).

In Section 2 a quite detailed description of some auxiliary results is given. The
main result is proved in Section 3.

Some of the main abstract tools used in this paper are developed in the recent
monograph [30]. We also refer to [24] for an overview of recent results concerning
elliptic variational problems with nonstandard growth conditions and related to
different kinds of nonuniformly elliptic operators.

2. BASIC NOTATIONS AND AUXILIARY RESULTS

In what follows Q is a bounded domain of RY and W’ (Q), with 1 < p <N,
denotes the usual Sobolev space equipped with the norm

[ul| = [Vl
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while W ~17'(Q) is its dual space. It is well known, see [35], that the best constant
of the embedding of Wol"" (Q) into L” (Q), with p* = NNfP, is explicitly comput-
able by the formula

VY S N G Y (B 7)) {0 MR
21) T=a'AN"V (N—_p) {F(N/p)F(l+N—N/P)} ’

where I' is the gamma function. In particular, the inequality
(2.2) [Jull o < T[Juel],

for every u € WO1 7 (Q), can be exploited, together with the Holder inequality, in
such a way that, for every 7 € [1, p*], one has

(2.3) [ulle < exlfull

for all u € X, where ¢; = T|Q|'? /"9 and |Q| is the Lebesgue measure of Q.
Moreover, the embedding WOI"’ (Q) — L*(Q) is compact provided 7 € [1, p*[.
The condition

(2.4) ar|é|’ < pt(x,&) < a|é)P

for every (x,&) € Q x R, can be derived from assumptions (.A)(i) and (A)(iii);
as well as the following lemma has been proved.

LemMA 2.1 ([13, Lemma 2.5]). Let .o/ satisfy (A)(1)—(A)(iii). Then the functional
®: W, "(Q) — R defined by
(2.5) Dd(u) = / o/ (x, Vu(x)) dx

Q

is convex, weakly lower semicontinuous and of class C' in WO1 P(Q), being

@' (u)(v) = /QA(x, Vu) - Vudx

for every u,v e W, (Q).
Moreover, ®' : W, P (Q) — W~12'(Q) satisfies the (¥.) condition, ie., for
every sequence {uy,} in WOI”’(Q) such that u, — u weakly in Wol””(Q) and

lim sup/ A(x,Vuy) - (Vu, — Vu) dx <0,
Q

n— oo
then u, — u strongly in WOI"”(Q).

Our nonlinear reaction f : Q x R — R will be required to be a Carathéodory
function such that for some function ¢ € L*(Q), that is a.e. positive, with o >

m, and p < ¢ < p*, the following growth condition holds
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(Gt,a,5,4) There exist positive constants s, by and by, with 1 < s < p, such that
£ (x, 0)] < a(x)(bylt]* " +by|t|T")  foraa. xeQand all t € R.

The next lemma will be useful in order to approach problem (P;) in the varia-
tional setting.

LEMMA 2.2. Assume that f satisfies condition (Gy .s4) and put F(x,t) =
fo x,&)d&. Then, the functional ¥y : 1’ P(Q) — R defined by

(2.6) /() = [ Flu(v)ds

- / 16, u(x))o(x) dx
Q

Moreover the operator ‘Pf 1 P(Q) — WIP(Q) is compact and ¥y is sequen-
tially weakly continuous in W (Q)

is of class C' being

PRrOOE. First of all we can observe that from ¢ < p one has that Np — N¢ +
pqg > 0 and, in particular, p < N implies that m > 1. Hence, o > 1. If &'
is the conjugate exponent of «, a direct computation shows that 1 <o’ < a's <
o'p < o'q < p*. Indeed, it is immediate if & = 400, being o' = 1. Otherwise, if
o < +0o0, one has

/ * Np

= — N — p) <aNp — N,
= 1N, © oag(N — p) < aNp — Np

< a(Ng— Np—qp) < —Np
Np

R D e —

Np — Ng+ pq

Thus, since by (Gy,q4,5,4) one has

@7) Flxalo)] < ) (ZluCol + 2 ).

for all u e W P(Q) and a.e. in Q, taking in mind that o’q < p* implies that
lul? e L* the Holder inequality assures that ¥, is well defined.
Classical arguments assure that ¥, is differentiable and

= / S (x u(x))v(x) dx
Q

for every u,v e W ’(Q). For the reader convenience, we explicitly compute
it. Let u,ve W (Q). Fixed x € Q and e |-1,1[\{0} there exists a,(x) €
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[hi(x), k/(x)], with A;(x) = min{u(x), u(x) + tv(x)} and k;(x) = max{u(x), u(x) +
tv(x)}, such that

Flu(x) + to(x)) = Fu(x))

t

= J(x,0:(x))v(x).

In view of (Gy,44), if w(x) = max{|u(x)|, |v(x)|}, there exists a constant B > 0
such that

1% ()] < a(x) (byC0)] + o) + b + o)l
< Ba(x)(w(x)* + w(x))

a.e. in Q and for every 7 € |—1, 1[\{0}. Since w € Wol’p(Q), one has w e L*? and
the dominated convergence theorem assures the announced formula.

For verifying the regularity of ¥, we chiefly argue as in the proof of [13,
Lemma 3.2]. We report all the details showing that ‘P} is weak-to-strong sequen-
tially continuous, namely if {u,}, and u are in W P(Q) with u, — u 1n WOI’P (Q),
then ||} (u,) — ‘I’f( Nw-1q) — 0asn — oo. Indeed fix {un} in W, (Q) with
up — u. The compactness of the embedding W P(Q) — L*(Q) assures that
u, — u in L*(Q). Hence, from [12, Thm. IV.9], there exist a subsequence, still
denoted by {u,},, and a function h e L*(Q) such that

(2.8) wu, —wae inQ and |u,(x)| <h(x)ae. inQ, foreveryne N.

Again from (Gy 4 s 4) one has

1/ (x, un( ) = f (x, u(x))]
< a(x) (b (X) "™+ ()] °7) + byl ()|~ 4 Ju(20)]77)
(Ds

S2a(>€) h(x)* "+ byh(x)47h)
for a.a. x € Q, that in particular implies
(29) |f(x7 un(x)) _ ( ( ))|qa( )1/1 q)
<274(x)1 +1/(1-9) (

/

bh(x)* + byh(x)" >
< 2% 1a(x) (b8 h(x)"C7Y 4 b h(x) 1Y)
be'h

)q
= 22 L) )"+ b A )

a.e. in Q, namely, observing that 1/(1 — ¢) = —¢'/q and being ah?' =1 e L1(Q),
one has

/o)) = fCou(-Dla(-) ™ e L7(Q).

Thus, fixed v e Wol’p(Q) with ||v|| = 1, taking in mind that «'/% e LY(Q) and
exploiting the Holder inequality, one has
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(W (1) (v) = Wf () (v)] =

/Q (s tn(x)) — £ x, (x)))o(x) dx
< / 16 tn(x)) — £ e, () o) dx
Q

= /Q L (6, tn(x)) = f (x,u(x))a(x) ™ a(x))o(x)| dx

1/q'

< ([ 170 = £ o)l ()00 )

x (/Qa(x)|v(x)|q)l/q.

At this point, observe that from the Holder inequality and condition (2.3) one
has

/Q a(x)|o(x)| dx < |al ol %, < %l
In conclusion,

7 (1) (0) =1 -1 ()
. 1/q g oa1/1-g) 5\
< collll*( [ 1) = ()| ) /19 )

and, in view of (2.9), the dominated convergence theorem, condition (2.8) and the
continuity of f(x,-), we can conclude that W/ (u,) — ¥/ () in W~'7(Q), that
completes the proof. ‘ O

In analogy with [13] and [8], if /" is a function of type (Gy 4, s.4), @ Weak solu-
tion of problem (P;) is any u € WOI”'(Q) such that

/ A(x, Vu(x)) - Vo(x) dx — /1/ S (x,u(x))v(x)dx =0
Q Q

for every v e WOI”’ (Q). Thus, thanks to the previous lemmas, if for 1 >0 we
define the functional 7 : Wol”’ (Q) — R by [;(u) = ®(u) — 2¥s(u), the following
claim holds

(2.10)  The critical points of I, are weak solutions of problem (P;).

Next theorem, see [7, Theorem 2.1], will be the main tool in order to apply the
variational methods and establish our multiplicity results. We recall that the the-
orem below is based on a local minimum theorem obtained in [5] and the classical
mountain pass theorem (see [2] and [10]).
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THEOREM 2.1. Let X be a real Banach space and let ®,¥ : X — R be two con-
tinuously Gdteaux differentiable functions such that infy ® = ®(0) = ¥(0) = 0.
Assume that there are r € R and ti € X, with 0 < (1) < r such that

SUPy e ! (]— 0, ) T(u) \P(ﬁ)
r d(u)

D(u) r
\P(u) ’ SUP, cq-1 (J—o0,r[)

(PS)-condition and it is unbounded from below.

and for each 1 € ] ‘P(u)[ the functional I, = ® — A satisfies the

Then, for each A € u) STRP—— L the functional I admits at least two

non-zero critical points u; 1, u; 1 such that I)(u; 1) < 0 < I;(u) 2).

3. MAIN RESULTS

Here we present some theorems that assure the existence of at least two nontrivial
solutions for problem (P;).

A technical constant will be used. In particular, if p : Q — ]0, +o0[ is the func-
tion defined by p(x) = d(x, 0Q) (observe that for each x € Q obviously B(x, p(x))
={yeQ:|y—x| <px)} CQ), then, for a fixed xo € Q and, for a € L*(Q)
(a.e. positive, with, as usual, & > Np/(Np — Ng + pq)), we put

ay 1

2 \N-»
(3_1) K = K(p(X())) :a—2 TP||a||a(2 )|Q| *—a'p)/(a'p*) |B | ( (x())) )

where 7 is the Talenti constant introduced in (2.1), a; and a, are the constants
considered in (A)(iii), o’ is the conjugate exponent of o and |B;| denotes the
Lebesgue measure of the N-dimensional unit ball.

We are in the position to state our first main result.

THEOREM 3.1. Assume that f satisfies condition (Gy s 4) and that there exist
u>Z—fp,R>0such that

(AR) 0 < uF(x,t) <tf(x,1)

for a.a. x € Q and for all |t| > R. Moreover, suppose that there exist ¢,d > 0 with
¢ < d and xy € Q such that

(J) F(x,t) =0 a.e. in B(xo,p(xo)) and for all t € |0, c];

F(x,c)dx
() L D gur < g Iasta FO0 O
s q c?

Put
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(32) Ao =22 )Bd(()fﬁ c?
p 2 fB(-\'m/’(Xo)/z) F(x,c) dx

_ ai 1 cP
Jall,p TP IR P ITTT K Ty Pl ) d

and

1
(3)  r=rd= I
lall,pTP|Q """ bidsr +2der

Then, for every A € )A.,A"| problem (P,) admits at least two nontrivial weak
solutions.

ProOOF. We wish to apply Theorem 2.1, with X = Wol”’ (Q) and the func-
tionals @ and ¥, as defined in (2.5) and (2.6) respectively, so that, as seen in

Lemma 2.1 and Lemma 2.2, they are of class C', moreover infy ® = ®(0) =
¥,(0) =0.

Step 1. For every 4 > 0 the functional I, = ® — A, is unbounded from below.
Indeed, integrating condition (AR) one has that

F(x,t) > |R_|: min{F(x, R), F(x,—R)}

for a.a. x € Q and for every |¢f| > R. On the other hand, from (Gy 4, 4) one has
that

by Rq)

|FUJHSauK%Rt%q

for a.a. x € Q and for every |7 < R Hence, if we put f(x) =
F(x,~R)} and 6(x) = a(x) (5 R* + % R),

Fx,0) = B)ld" = po)l]" = d(x)
= B(0)l" = R*B(x) = 6(x)

for a.a. x € Q and for every || < R. Thus,

(3-4) F(x,1) = p(x)|t]" = R*B(x) — o(x)

2 min{F(x, R),

for a.a. x € Q and for every ¢ € R. Moreover, observe that, in view of (AR),
p(x) >0 for a.a. x € Q. In addition, it is clear that f € L*(Q2). Then, for every
>0, fixed u € W P(Q) with u # 0, exploiting (2.4) and (3.4) one has that for
every n > 0
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L (nu) = ®(nu) — 2¥r (nu)
<t 2| - x(nﬂ / B ()| dx — R / B(x) dx — / 3(x) dx).
p Q Q Q

Passing to the limit as # — + o0 in the previous inequality and taking in mind that
1 > p one can conclude the 7, is unbounded from below.

Step 2. For every A > 0 the functional I, = ® — A\, satisfies the (PS)-condition.

Indeed, let {u,}, C WOI’P(Q) be such that {;(u,)}, is bounded and I](u,) — 0
in W=12(Q). A classical argument assures the existence of some M > 0 such that
for n € N large enough

1 1
M+ = funl| = L) + =12 ) |10y [0

Iz Iz

> I/i(un) - lI/f(un)(u”)
u

1

:/&/(x, Vu,(x)) ——/A(x,Vun)~Vundx
Q HJo

- /1/Q<F(x, uy) — /if(x, u,,(x))u,,(x)) dx.

Hence, if we put £, (x) = F(x, ) — 3/ (x, un(x) )un (x), thanks to (A)(iii) and (2.4)
one achieves

1
Ml > (%= )l - 2 () di
u P K {xeQ:u(x)|<R}

-2 / Ny (x) dx.
{xeQ:|u(x)|>=R}

Observe that condition (AR) implies that the third term in the right hand side
is positive, while, in view of (G 4 s 4), the second term is bounded by a constant
independent from #n. Thus, from ‘;—)‘—‘L—z > 0 it follows that {u,}, is bounded.
At this point, the reflexivity of WO1 7 (Q), the compactness of ‘P}» Lemma 2.1 and
some standard techniques, see for example [8], lead to the existence of a subse-
quence of {u,}, that strongly converges, namely the (PS)-condition holds.

Step 3. There exist r > 0 and & € W, (Q) such that
SUPQ(u) < Fr (1) - Yy ()

(3.5) @)
Put
p/p*
(3.6) LS. W

pT?
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and define the function z € WO1 7 (Q) as follows

0 if x € Q\B(xo, p(x0))
(3.7)  a(x) = { ;25 (p(x0) — |x = xol) if x € B(xo, p(x0))\B(x0, p(x0)/2)
c if x € B(x0,p(x0)/2).

Condition (2.4) implies

aj ar
3.8 ull? < du) < = |ul|?
(3:8) pllH (u) p|||\

for every u € W,”(Q). Hence,

ay

1/p
(39)  fue WP(Q): du) <r}C {u e WI(Q): |lu] < (1”) }
Condition (2.7) and the Holder inequality lead to
(3.10)  W¥r(u) < E/ a(x)|u(x)|sdx+ﬁ/ a(x)|u(x)|?dx
S Ja q Ja

b, . b
< —lallllul; +;”IIaH“HMII§rq

by R -
< fIIaIIaT“‘IQI Ny + qllall Te|Q| Ny ¢

for every u € W,*". Thus, in view of (3.9), condition (3.10) implies
0

e s/
sup W, (u) < ], Tl 70 (2
Ou)<r aj

.t q/
‘f||a|r e (O
ai

from which we deduce that

¥ iy
a1 sup 2 g, TP|Q| Pt
ow<r T

bs( T?pr )(Sfﬂ)/l’ bq( T?pr )(‘I*l’)/l’
XN\ —\ =
a1|Q|P/P a1|Q|P/p

— |lall, £ 17|77/ (27 (5 4+ @dw)
“ay N q

1
i
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A direct computation shows that

- 2 \? p(xo)\NV-»
r_ P — N _ P
Jall” = (- 55) 1B, p)\Bxo, plxo)/2) = (557) 72V = DIByle”
Hence, in view of (3.8)
o a (p(o\NVP oy p
(3.12) (@) < ( : JRRCARAS
Moreover, assumption (j) assures that, one has
(3.13) W (il) = / Flx,i(x)) dx > / F(x, ¢) dx.
Q B(xo,p(x0)/2)

The previous (3.12) and (3.13) permit to emphasize that

(3.14) @) P (p(2 ))N_pfB(xo,p(xo)/z)F<x’C)dx 1

(D(fl) o a2(2N — 1)|Bl‘ X0 cP A

The proof of Step 3 is concluded in view of (3.11) and (3.14) once observed
that assumption (jj) implies that /i < ;l

Step 4. For r and # as in (3.6) and (3.7) one has 0 < ®(z) < r.
Indeed, put
1 *
/I7|Q| 1/p
T )

~ aj oN-p
k=4 -
["2 [p(x0)] "7 (2N = 1)| By

and observe that

K’ > K/ a(x) dx.
B(xo,p(x0)/2)

In fact, a direct computation shows that
KP

— = llall. )2l

and clearly

1/a’
/ a(x) dx < llal, < 12" [la],.
B(xo,p(x0)/2)

Now we claim that

(3.15) ¢ < Kd.
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Suppose (3.15) false. Then, since from (Gy,,,5,4) We have already observed that
|F(x,c)| <a(x )( ¢’ +b" cq) for a.a. x € Q, recalling that ¢ < d, end exploiting
assumption (jj), one has

b ¢ b[ § bt
%ds+_qdq ~ %d%h—’d‘] ~ %cs+_rcq
q > K? g SKpP2L 4
dr cP ch

= bs s 4 by g
KP Sc+qc

a(x) ————dx
fB (x0.p(x0)/2) ()dx/ B(x0,p(x0)/2) ch

fB(xU,p(xU)/2) F(X, C) dx
cP

>K

bs § b
§ bed® 422 d1
dr ’

and we obtain a contradiction. Finally, from (3.12) and (3.15) one has

(i) < % (p(—;m))pr(zN —D[BI|RPd? =

and the proof of Step 4 is complete.
Putting together Step 1-Step 4 we can apply Theorem 2.1. In particular, from

g : Uk ) r
(3.11) and (3.14) it is obvious that |4, A*[ C }‘I’/»(uﬁ) ST ) [ Hence, for every
. € )4, A"[ the functional I, = ® — /¥, admits at least two non-zero critical

points, namely, in view of (2.10), our proof is complete. O

REMARK 3.1. Condition (AR) is crucial in the proof of Step 1 and Step 2.
Namely, as usual, it is the main tool in order to assure that the energy functional
associated to the problem is unbounded and satisfies the (P.S)-condition.

REMARK 3.2. When f is a non zero function such that f(x,7) > 0 fora.a. x € Q
and every ¢ > 0 the solutions established in Theorem 3.1 are positive. Indeed, we
make use of classical truncation arguments and consider the functions

[ f(x,1) if (x,1) e Qx [0, +00]
f+(x’l)_{f'(x,0) if (x,1) € Q x |- 0, 0]

and F, (x,1) fo Sfi(x, &) dE for every (x, 1) € Q x R. At this point, we can apply
Theorem 3. 1 to the function f' (x, 7). Hence, problem

(3.16) { —div A(x,Vu) = Jf.(x,u) inQ,

u=>0 on 0Q

admits at least two nontrivial weak solutions. But, since f is non negative, it is
simple to verify that every weak solution of (3.16) is non negative. Thus the solu-
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tions of (3.16) solve also (P;). Finally, the classical regularity theory assures that
the weak solutions of (P;) are continuous (see [20]) and by the strong maximum
principle, [34, Theorem 11.1], we achieve the announced positivity.

REMARK 3.3. Taking into account Remark 3.1, condition (AR) can be required
only for positive ¢ provided f, as considered in Remark 3.2, is such that
f(x,1) >0 for a.a. x e Q and every ¢ > 0. Indeed, also in this case, because
of the definitions of f. and F,, coming back to the proof of Theorem 3.1, the
energy functional ® — AW, is unbounded from below and satisfies the (PS)-
condition.

REMARK 3.4. A direct computation shows that if 1 <g¢ < p* and N > p,
then

Np

N
—————>— ifandonlyif p <gq.
Np—Ng+pg p

Indeed,

Np N 2
—————>—%& p° > Np—Nqg+ pqg< q(N —p)> p(N —p).
Np—Nqg+pg p

Hence, Theorem 3.1 represents a kind of counterpart of [8, Theorem 3.1] where
the nonlinear term f(x,-) is assumed to satisfy a global growth condition that,
compared with our (Gy 4 4), looks at the complementary case ¢ < p under the
condition o« > N /p.

A simple autonomous version of Theorem 3.1 can be stated as follows.

COROLLARY 3.1. Let f: R — R be a continuous and nonnegative function such
that

(3.17) £ ()] < byle] ™" + byt

Sor every t € R, with by, by > 0,1 <s<pand p < q < p* Put F(t) = fotf(f) dé
for every t € R, and assume that there exist ¢,d > 0 with ¢ < d such that

by b F
(3.18) (stfp + —qu) ~ufl
N q c?
where H = ! W (@)p and p(xg) = maxycq p(x). In addition sup-

pose that there exist jt > (az/a))p and R > 0 such that
(AR") 0 < uF(1) < (1)

forallt > R
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R B a 1
Then, for every A € ]pT”QI(”*”W HF@ p1ia 7 By i the problem

—divA(x,Vu) = Af (u) inQ,
u=>~0 on 0Q,

admits at least two positive weak solutions.

PRrOOF. Simply apply Theorem 3.1 with a = 1, o = o0, &’ = 1 (see also Remark
3.2 and Remark 3.3). O

As a particular case of Theorem 3.1 a multiplicity result can be derived when-
ever F(x,-) is p-sublinear at zero.

THEOREM 3.2. Assume that [ :Q x R — R satisfies both conditions (G, a5 4)
and (AR). Moreover suppose that there exists xy € Q such that

(j') there exists 6 >0 such that F(x,t) >0 a.e. in B(xo,p(x0)) and for all
t €10,0[;
(j13) limsup,_o+ M = 400 uniformly a.e. in B(xy,p(xo)/2).

Put

. a (S )‘f,%” q—17p ( q p-— S)(I’*S)/(‘I*S)
g P 7 7 .
all,p7rf @ b =5 \by g = p

Then, for every A€ )0,6* problem (P,) admits at least two non trivial weak
solutions.

PRrOOF. First observe that c* = maxy-o 4" (d), where 1*(d) is defined in (3.3).
Indeed, if we put h(d) = *ds P+ b2 d?7? for every d > 0, a direct computation
shows that

- (b\P/a=) q—s by q— p\P=9)/la=s)
na) =) G S i@

with d = (4 b(p S)))l/ =) Hence, in conclusion,

ay 1 IET ") 1%
: — — = 1"(d) = max A" (d).
~falprer g O TR

Fix 4 € ]0,¢*[, and choose d > 0 such that 1 < 1*(d). From assumption (jjj) one
has

F(x,1)dx
lim sup fB(XO)’p(XO)/Z ( = 400,

K 4
||a||a(pr|Q| —p)/(pe) t—0+ tr
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with K as introduced in (3.1). Hence, there is ¢ € |0, min{J, d}| such that

1
id)’

K @ fB(x0>7P(Xo)/2 F(xv C) dx
la|l, pTr|Q| P =P (2" 7

> ! >
A
that is

Ale) < A< A*(d).

Thus, taking also in mind (j’) and the choice of ¢, all the assumptions of Theorem
3.1 are satisfied and the conclusion follows at once. O

REMARK 3.5. I we assume
(1ji") Timy o+ 220 = +o0
then (j’) and (jjj) hold. So, condition (jjj’) ensures the conclusion of Theorem 3.2.

In the same spirit of Corollary 3.1 we now present an autonomous version of
Theorem 3.2.

THEOREM 3.3. Let f:[0,+0w[— R be a continuous function satisfying the
growth condition (3.17), as well as (AR'). Put F(t) = fotf(s) ds for every te
[0, +00[ and assume that

. F(r)
3.19) T
Then, if
. a ( s )i’,%” qg—p ( qg p— S)(I’*S)/(‘I*S)
Th = = ks
pr|Q|<p*—p)/(p*) b, q—s\b,q—p ’

for every L € 10,7*] the problem

(3.20) { —divA(x,Vu) = Mf (u) inQ,

u=>0 on 0QQ,
admits at least two positive solutions.

PRrROOF. Apply Theorem 3.2 with a(x) = 1, « = o0 and o’ = 1 (see also Remarks
3.2 and 3.5). O

In [13], the problem

{ —div A(x, Vu) = A(a(x)|ul”*u+ f(x,u)) inQ,
u=20 on 09,
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has been studied when f satisfies condition (Gy 4, 1,4), With 1 < g < p in addition
to a (p — 1)-superlinear behaviour at zero, so that the whole nonlinear reaction
term is asymptotically (p — 1)-linear both at zero and at infinity. More recently,
in [8] the same problem has been considered under different conditions on f
which are compatible with a (p — 1)-superlinearity at zero and still require its
(p — 1)-sublinearity at infinity. Here, we wish to point out that the complemen-
tary case when the nonlinear term is of concave-convex type can be addressed.
THEOREM 3.4. Lety e L*(Q) and { € L*(Q) be two functions with o. > %
and 1 <s<p< Z—?p < ¢ < q* and min{essinf,cq y(x),essinf co {(x)} > 0. Put
a = max{1,(} and let
. a S \Nexqg—p/ p—s\(p=9)/la-9)
S =
lall, pT|Q| " ~*P/ @I \yll./ g—s\"g—p

Then, for every A € )0, y*[ problem

{ —div A(x, Vu) = A(p(x)|ul* 2u+ () |u|u)  in Q,
u=20 on 09,

admits at least two positive weak solutions.

PrOOF. Let f: Q x R — R be the function defined by

P2+ ()T if 1> 0,

f(x’t)_{o if 1 <0,

for every x € Q. Clearly, f satisfies (Gy 4,54) With by = ||7||., by = 1. Indeed

e )] < Il e+ )12 "™ < max {1, L0 (Il + 1 77)

for every ¢ € R and a.a. x € Q. Moreover, since

t

o0

q
0 ifr<0

a direct computation shows that if u e }Z—; D, q [,

D ST — () (1 )7 =230 4209

(%) 145 4 ) .
Fmﬂz{%ﬂﬂ+—ﬁﬁlﬁzq

> essinfoca (1= 2) 107 = £yl
q s
a.e. in Q and for every ¢ > 0. Thus, condition (AR) holds for 7 > 0 large enough.
Observe that

Fx,0 _ y)r
tr T st?

1
> (essinfq p(x)) ; 7
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a.e. in Q and for every ¢ > 0, namely

F(x,1)
t—0+  tP a

uniformly a.e. in Q. Finally, since y* = ¢* (recall the choice of b, and b,), for
all A € ]0, y*[, arguing as in the proof of Theorem 3.2, taking also into account
Remarks 3.2 and 3.3, the problem under consideration has at least two nontrivial
solutions that, in view of the structure of f and the strong maximum principle are
positive. O

We conclude by showing a consequence of the previous result when a concave
and convex nonlinearity is still considered.

COROLLARY 3.2. Assume that the assumptions of Theorem 3.4 are satisfied. Put

q—s p—s

’]* _ ( aj )t/*p (q _ p)qﬁ(( — S) ‘
lall,pTr|Q PP @)l (g—9""

)1/ (4-p) .

Then, for every 0 € |0,n*[ the problem

(3.21) { —div A(x, Va) = 0p(x)[ul*2u+ L(x)ulPu in Q,

u=20 on 0€),
admits at least two positive weak solutions.

ProoOF. Fix 6 €]0,7*[. We apply Theorem 3.4 considering the function 6y
L™ (Q). Therefore, the problem

{ —div A(x, Vi) = 2(0(x)|u]* 2u + {(xX)|u]*u)  inQ,
u=>0 on 0Q,

admits at least two positive weak solutions for each 4 € |0,¢*[, where

. a ( s )‘;%’f q—7p ( p— S)(I’*S)/(G*S)
o = * ’ P .
lall,pTrQ) =P\l g —s\Tg—p

Taking into account that from 6 < n* one has that 1 € |0, ¢*[, the conclusion is
achieved. O

REMARK 3.6. Starting from [1, 3, 4] a great interest has been devoted to the
study of the existence of at least two solutions for differential problems involv-
ing the p-Laplacian both for semilinear equations, namely p = 2, and nonlinear
equations, that is p # 2 (see also [7, 16, 18, 22, 23] as well as [25, 32], where a
non-homogeneous operator is considered). In comparison with the present litera-
ture, the previous Theorem 3.2 covers the case when a more general operator
than the p-Laplacian is considered. However, we explicitly point out that in
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presenting Theorem 3.2 our investigation does not consider the best interval for
which the problem under examination admits at least to positive solutions. We
simply emphasized that the existence of multiple positive solutions can be easily
derived from the more general theorems previously proved.
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