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Abstract We consider the following nonlinear Schrédinger equation
—Au+V@u=ax) ul? " u+ fx), xeRV,

where V is a non-symmetric bounded potential, a is an indefinite weight, 0 < ¢ < 1 and

2N
f # 01is a nonnegative perturbation such that f € L>(RY) N L¥+2 (RV). Using variational
methods, we prove the existence of two solutions with negative and positive energies, one of
these solutions being nonnegative.
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1 Introduction

The Schrodinger equation is central in quantum mechanics and it plays the role of Newton’s
laws and conservation of energy in classical mechanics, that is, it predicts the future behaviour
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of a dynamical system. It is striking to point out that talking about his celebrating equation,
Erwin Schrodinger said: “I don’t like it, and I'm sorry I ever had anything to do with it”.
The linear Schrodinger equation is a central tool of quantum mechanics, which provides a
thorough description of a particle in a non-relativistic setting. Schrodinger’s linear equation
is

872m

hZ
where v is the Schrodinger wave function, m is the mass of the particle, 7 denotes Planck’s
renormalized constant, E is the energy, and V stands for the potential energy.

Schrodinger also established the classical derivation of his equation, based upon the
analogy between mechanics and optics, and closer to de Broglie’s ideas. He developed a per-
turbation method, inspired by the work of Lord Rayleigh in acoustics, proved the equivalence
between his wave mechanics and Heisenberg’s matrix, and introduced the time dependent
Schrodinger’s equation

Ay + (E=V@)y =0,

2
ihlﬂzz—% AY+ VY —ylylP Ty xeRY(N 2 2), (LD

where p < 2N/(N —2)if N >3 and p < +o0if N = 2.

In physical problems, a cubic nonlinearity corresponding to p = 3 in equation (1.1) is
common,; in this case problem (1.1) is called the Gross—Pitaevskii equation. In the study of
equation (1.1), Floer and Weinstein [26] and Oh [36] supposed that the potential V' is bounded
and possesses a non-degenerate critical point at x = 0. More precisely, it is assumed that V
belongs to the class (V,) (for some real number @) introduced in Kato [31]. Taking y > 0
and /2 > 0 sufficiently small and using a Lyapunov—Schmidt type reduction, Oh [36] proved
the existence of bound state solutions of problem (1.1), that is, a solution of the form

Uix, 1) = e Ey(x). (1.2)

Using the Ansatz (1.2), we reduce the nonlinear Schrédinger equation (1.1) to the semilinear
elliptic equation

hZ
—— Au+(Vx)— E)u = |ul”u.
2m

The change of variable y = %~ 'x (and replacing y by x) yields
—Au+2m (Va(x) —E)u = |ulP'u  x eRV, (1.3)

where Vi (x) = V (hix).

Let us also recall that in his 1928 pioneering paper, Gamow [27] proved the tunneling
effect, which lead to the construction of the electronic microscope and the correct study of
the alpha radioactivity. The notion of “solution” used by him was not explicitly mentioned in
the paper but it is coherent with the notion of weak solution introduced several years later by
other authors such as Leray, Sobolev and Schwartz. Most of the study developed by Gamow
was concerned with the bound states ¥ (x, t) defined in (1.2), where u solves the stationary
equation

—Au+V@)u =>iu in ]RN,

for a given potential V (x). Gamow was particularly interested in the Coulomb potential but
he also proposed to replace the resulting potential by a simple potential that keeps the main
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properties of the original one. In this way, if € is a subdomain of R"Y, Gamow proposed to
use the finite well potential

Vix)ifx € Q

q if x € RM\Q for some g € R.

Vq,Q(x) = {

It seems that the first reference dealing with the limit case, the so-called infinite well potential,

Vo ifxeQ

+ooifxeRN\Q for some Ve R,

Voo (x5 R, Vo) = {
was the book by the 1977 Nobel Prize Mott [35]. The more singular case in which Vj is
the Dirac mass §y is related with the so-called Quantum Dots, see Joglekar [29]. In contrast
with classical mechanics, in quantum mechanics the incertitude appears (the Heisenberg
principle). For instance, for a free particle (i.e. with V(x) = 0), in nonrelativistic quantum
mechanics, if the wave function v (-, ¢) at time # = 0 vanishes outside some compact region
Q then at an arbitrarily short time later the wave function is nonzero arbitrarily far away from
the original region Q. Thus, the wave function instantaneously spreads to infinity and the
probability of finding the particle arbitrarily far away from the initial region is nonzero for
all r > 0. We refer to Diaz [25] for more details.

2 The main results

In this paper, we consider Schrodinger equations with sublinear nonlinearity and non-
symmetric potentials, which are affected by a nonnegative perturbation. We are interested in
the multiplicity of solutions and we establish several sufficient conditions for the existence
of two solutions.

We point out that sublinear problems on the whole space do not have necessarily a solution.
In fact, the existence of solutions is in relationship not only with the nonlinearity but also
with the behaviour of a certain potential. Brezis and Kamin [18] pointed out a striking
phenomenon, which asserts that a sublinear problem on the whole space has a solution if and
only if a linear equation depending only on the potential has a solution. They considered the
nonlinear problem

—Au=px)ul, xeR"(n=>3), 2.1)

with0 < p < 1, p € L. (R")\{0}, p > 0. Brezis and Kamin [18] proved that the nonlinear

loc
problem (2.1) has a bounded positive solution if and only if the linear equation

—Au=pk), xeR"

has a bounded solution. Their analysis showed that such a solution exists for potentials like

1 1
PO e O PO T D g + DI

while no solution exists if

(a > 2),

1 .

Consider the following class of sublinear Schrodinger equations

—Au4+V@u=a@) ul? " u+ fx), xeRY, (2.2)
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where

N=3,0<qg<l1, f>0, f#0and f € L2®Y) N L~z RY). (F)

Equation (2.2) arises in the study of solitary waves in nonlinear equations of the Klein-
Gordon or Schrodinger type.

We look for the existence of two solutions for problem (2.2), where the potential V (x) and
the weight a (x) are indefinite, that is, they are sign-changing functions in R" . Such problems,
with indefinite linear and nonlinear terms, present challenging mathematical difficulties.

Equation (2.2) can be considered as a perturbation of the homogeneous problem

AU+ V@u=a() T u,  ue H'®V)n LIt (RN> . 2.3)

Equation (2.3) has been extensively studied in the last few decades, see [6-8,18,20,21,38].
In 2008, using the Nehari manifold method, Chabrowski and Costa [21] proved the existence
of two solutions of problem (2.3), where both a(x) and V (x) change sign in RV. In [7],
Bahrouni et al. improved this result and established the existence of infinitely many solutions
of problem (2.3) when V (x) and a(x) change sign.

In the case of bounded domains and under Dirichlet boundary conditions, there is a large
literature on existence and a multiplicity of solutions for (2.2), see [3,5,17,19,28,30,32,34]
and the references therein. In a pioneering paper, Ahmad, Lazer and Paul [3] considered the
resonant problem

{—Au — My =g(x,u) in Q 2.4)

u=20 on 092,

where 1 denotes the kth eigenvalue of the Laplace operator. They proved that a sufficient
condition for the existence of a solution is

lim / G (x,u(x))dx = Foo,
lull—>+oco,ucEy Jo
where G(x, s) = [y g(x, )dr and Eg = Ker (—A — ).

Brown [19] proved the existence of two solutions of problem (2.2) when V = f = 0 and
a(x) changes sign.

In the case of unbounded domains, many authors have studied the existence of solutions of
problem (2.2) with superlinear subcritical nonlinearity (1 < g < 2* = %), see[1,2,4,33].
For instance, Li and Wu [33] treated problem (2.2) where f = uh, V = Aanda(x) € (0, 1).
The authors proved the existence of positive numbers € > 0 and Ao, i > 0 such that for any

A > Ao and ;M%_% < €, problem (2.2) admits multiple positive solutions.

For the sublinear case and especially for the whole space RY, to our best knowledge, few
results are known. We can for example quote the papers [5, 14—16]. For instance, Benrhouma
[14] proved the existence of at least three solutions of problem (2.2), provided that a(x) < 0
and V changes sign. As far as we know, the only existence result for problem (2.2) where
both a and V change sign in RY, is obtained by Tehrani [37]. He considered the equation

—Au+V@u =a(x)g) + f,
under the following assumptions:
(G1) ge C(R,R), g(s)s >0foralls € R;

(G2) limg 400 |;?4(i)1; =1,forsome0 < g < 1;
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(G3) JA >0, |g@s)| < Als|?foralls € R;

(V2) V € L®°(RN) and lim inf |y | 400 V (X) = Voo > 0;

(H) [gn [IVOI* + V(x)$?] dx < 0 for some ¢ € CX(RVY);

(V3) 0o (—A+V);

(Ap) a€ L®@®Y) and limsup |, a(x) =ax <0;

(F1) f € L*(RY);

(N%) fav a(@) 199 >0 (or <0) Vo eKer (—A+V), ¢ #0.

Under these assumptions, by using bounded domain approximation techniques, Tehrani
[37] proved the existence of at least one solution.

In this paper, we prove the existence of two solutions for problem (2.2), provided that both
a(x) and V (x) change sign in RN . We consider two classes of assumptions on the indefinite
non-symmetric potentials a(x) and V (x).

First class: We suppose that V satisfies (H;) and the following hypotheses:

(H3) V € L®(R") and there exist Ry, 8 > 0 such that
Vx) > B, V |x| = Ro.
(Hy4) the linear problem
—Au+Vx)u =0,
ue H' (RY)
has not a nontrivial solution.
We suppose that a satisfies:

(A1) a e L®®R")
and there exist o, R; > 0 such that
a(x) < —a, Vx| >R

Second class: We assume that a and V satisfy (Hi), (H3), (N jE) and the following
conditions:
2
(T]) aeL™@RY), 0<qg<1.
(H2) O0€oq(—A+V),
where oy is the discrete spectrum of L = —A + V(x).
We consider the functional / : ¥ — R, where Y = H!(RN) n LiF! (RN ) orY =

H'(RY). The critical points of I are weak solutions of problem (2.2).
The main results in this paper are the following.

Theorem 2.1 Assume that hypotheses (F), (A1), (Hy), (H3) and (Hy) hold. Then there
exists mo > 0 such that if
2
1A15 + Ja* + xso.ro | 5 < mo,
¥ _g—

then problem (2.2) has two solutions Uy, Uy € E with I(Uy) < 0 and I1(Up) > 0. One of
these solutions is nonnegative.

Theorem 2.2 Assume that (F), (Tl), (Hy), (Hp), (H3) and (Ni) hold. Then there exists
m1 > 0 such that if

‘ ~

I£13 + la* + xBo.r) | 57 < m1,

—q
2
I—q
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then problem (2.2) admits two solutions Vi, Vo € H'(RN) with I (V1) < 0 and 1(V») > 0.
One of these solutions is nonnegative.

Remark 2.3 In fact, the assumptions

2
IF13 + [a™ + xso.rp | 5 <mo

2% —g—1

and

‘N \‘N

IF13+ a® + xBo.r0 |

T < m
q

are necessary only to guarantee that 7 (#) > ¢ > 0 on the sphere in ¥ (see Lemmas 3.3 and
3.4). Thus these hypotheses can be removed if there are other ways to get I (1) > ¢ > 0 on
the sphere in Y.

We divide our paper into four sections. In Sect. 2, we give some notations and preliminary
results. In Sects. 3 and 4, we prove Theorems 2.1 and 2.2.

The main difficulties that arise in treating this class of nonhomogeneous Schrédinger
equations (2.2) are the following: (i) the lack of compactness due to the unboundedness of
the domain; (ii) the sign-changing of potentials a(x) and V (x). To avoid the first difficulty, we
employ the Del Pino and Felmer method [23]. To overcome the second difficulty, we control
the positive mass in relation to the negative mass of the potentials a(x) and V (x). The key
tool for obtaining the multiplicity of solutions is a suitable recurrent variational method.

3 Notations and preliminaries

We will use the following notations:

1
lully = (fgn lul™dx)™, V1 <m < oo;
B (0, R) denotes the ball centered in zero of radius R > 0 and B¢ (0, R) = RN\ B (0, R);
Cg is the best Sobolev constant:

Vu e H'RY), |luly < CslIVully;

F’: the Fréchet derivative of F at u.
Let

E = H'RY)n LI+ (RN) .
If we equip E with the norm
lull = 1IVully + llullg11

then E becomes a reflexive Banach space. On the Sobolev space H!(R") we consider the
usual norm

lullg = Nully + 1Vully .
Define the following energy functionalon Y (Y = E or H L@RN)):

1 1
I(u) = EAN (|VM|2 + V(X)Mz) dx — qﬁ /H;Na(X) |I4|q—H dx

—/ f(x)udx. 3.1
RN
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Under suitable assumptions on @, V and f (to be fixed later), the functional 7 is well
defined, of class C! on Y and any critical point of I is a weak solution of problem (2.2).

We recall that a Palais—Smale sequence for the functional 7, for short we write (PS)-
sequence, is a sequence (u,), € Y such that

(I (un)), isbounded and |I'(u,)|

y,—>0.

The functional [ is said to satisfy the Palais—Smale condition if any (PS)-sequence has a
convergent subsequence in Y.
In the sequel we need the following auxiliary results.

Lemma 3.1 Let x and y be arbitrary real numbers. Then there exists ¢ > 0 such that
[be + 3197 — 1|7 — 17 < e x|y, (3.2)
for0<q < 1.

Proof 1If x = 0, the inequality (3.2) is trivial.
Suppose that x # 0. Let f : R\ {0} — R defined by
L9 — e+ — 1

f@) = ]

Then lim;|— o0 f(#) = 0 and lim,_, o+ f(r) = £ (g + 1), so there exists constant ¢ > 0
such that | f(1)] < ¢, Vt € R\ {0}. In particular |f (%)} <c, S0

q+1 q+1
(B - M
X X X
Multiplying by |x |9+1, we obtain the desired result. O

Lemma 3.2 Assume that (Tl) holds. If u, — u weakly in H LRN), then there exists a
subsequence of (u,) € H LRNY, also denoted (uy,), such that

lim a(x) luy —ul? M dx = 0.
n——400o RN

2
Proof Since a € LT (RV), then for every € > 0 there exists R» > 0 such that

1—q

2 2
</ la(x)]| =4 dx) < €.
|x|>Ry

Since u,, — u weakly in H'®Y), u, > u strongly in LfOC(RN), 2 <s < 2* then

g+l

5 2
f luy, —ul”dx < €.
[x|<Ry

Observe that by Holder’s inequality we have

/ a(x) |u, —ul?dx = / a(x) |up, —ul? ™ dx
RN

[x|<R>

+/ a(x) |u, —ul? M dx < ce,
[x|> Ry

hence limy,— 400 [y a(x) [uy — ul?tldx = 0. O
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Lemma 3.3 Assume that hypotheses (A1), (H3) and (F) hold. Then there exist py, o,
mo > 0 such that I(uw) > oy > 0 forall u € E, ul| = po and ||f||§ +

lat + xBo.r) | 73* < mo.
—q—1

Proof Letu € E. By Holder and Sobolev inequalities, we have

2(1—
leell3 < el Nul3 " < €37 el 2y 1Vul3 " 33)
| :
< rpmes w2 + e IVulld
with
2% -2 1 2(1— 1
- —(2 o AL +1)) €l0.1f and p= 217D+ D +”1) (q; )
—q- q+1-2r
Then from (F), (H3) and (A1) we infer that
1 1
I(u) = > /]RN (|Vu|2 + V(x)uz) dx — m - (a+ + XB(O,RI)) (x) |ul?t dx
4+ — a” + X uq+ldx—/ Xudx
oy RN( XBO.Rp) () [ul @
1 mm(a 1) 1
> E(||W||%—<||V||oo+1> luel3) + [
1
-l o] ||u||‘f+ —Ellfllé
+1
2. min(c, 1) g+l P M q+1
zinwn2 Taan Ml —elvulz - 2 IVully
1 2
—5 1713
1 min(c, 1) 1
> J Va3 + o — Tq+D ™ Py — e Ivull}
N Noran =
- Q@+ | (—) la* + xzo, m)ll ] *||f||2

Since p > 2, for ||Vu|l, < s (small enough) we have
1 1
7 IVul3 = IVullf = I vul.
Next, using the inequality
1 2 2 q+1
§(X+y) <x“+y Vx>0, 0<y<l,

we obtain that for [|Vull, < s and |lull,4; < 1, we have

Vull3 i 1
Iy > Bl intel) ) -3 I/13
Cq+| T—q q
—e@+t T (T) |la* +XB(0R1)||

2
> colull® = 3 1£13 ,

g+l +1°\ T4
—ear i (57) (45) o + ol L

¥_g—1

3.4)
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where co = min (ﬁ, pTpER))

Set po = min (s, 1). Then by (3.4) and for

1 min(a.l))

1115+ fla* +xB<0R.)|| o< = 1} = mo,

fig— ] Cq+1 1—q
max | I, (1 —¢q) 2(g + 1)) 5 <q+l>

we infer that

o2
1) > 6070 =, for |ull = po.

The proof is completed. O

Lemma 3.4 Suppose that hypotheses (F), (Tl) and (H3) are satisfied. Then there exist
o1, ai, my > 0suchthat I(w) > oy > 0forallu € H'@RY), |ully = p1 and

2

||f||221v + lat + xB0.0 | 12 <mj.

I—

Proof Combining hypothesis (H3) with Holder and Sobolev inequalities, we obtain

or
Jev V- @u?dx < |Vl fev (a7 + xB0.Ry) (1)) 77T u?dx

2r _
< WVllso (Jan (@ + xB0.R)) @) 7T dx) T fu 37

(3.5)
2 1— 2(1—
< ||V||oo ) (fon (@ + X30.Roy) () el dx) 7T 70 20
< @D fRN (@™ + xBO.R)) () T+ dx + ¢ | Vully
and
Jan (IVul* +u?)dx = [on |Vul? + [ uldx + [ uldx
R RN B(0,Ro) B<(0,Ro)
2 2 2 2
< [pn IVul* dx + C; (meas (B (0, R))V [pn [Vul*dx
1 2
+5 Jpeo.ry VT Dudx (3.6)

< max {max (1, C? (meas (B (0, RO)))%> ) %}

X (i 1VUP + fego.py) VF 002 )
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Using (3.5), we have
1 1
I(u) = f/ (IVul* + v (@)u?) dx — 7/ V™ (x)uldx
2 RN 2 RN

1
- - q+1d
+ 71 Jan (a™ + xBO.Ry)) (x) ul x

1
- 1 Jan (@™ + xB©.Ry)) ) lu|9t ! dx — /RN f@)udx

1 1
> 2 IVulg — ¢ [ Vullf + 5/6 V+(ouldx
Blo.ry)

1
+— a” + x) Ju]? T dx
2(q+1)f (@™ + xBO.Ry)) () ul

—[la* + xp0m0 | 2 I|u||q+‘ C2IIflPw
N+2

1 1
> Va2 - c||wu§+f / v+ ulda
2 JBe(0,Ro)

~

1
= lla* + xso.ro | 2 Ml = CHIF I -
1—q N+2
Using (3.6) and for || Vul|l, < p1 (p1 small enough), we infer that

HOES: (fRN Virdx + [ge0.r,) V+(x)u2dx)

= [l + xm0.m0 | 2 Nl c? 1 1P

N+2
s}
= el - 54 (2) (‘%1) "ot + xa0.50 I e 112y
c
where
1
cl1 = 3 N
8 max (max (1, C? (meas (B (0, RO)))N) , 3)
Set
Cl
my = T o
2 max <2CS2, (1—-¢q) (%) =g (qzil) = q)
=1
If ||f||22N + |a* + xB.Ry) ||i < my, we have
—-q
ci
1) > S pf =ar, for Jlully = p1.
This completes the proof. O

4 Proof of Theorem 2.1

We split the proof into several steps. We first establish the existence of first solution with
negative energy. Next, we show that problem (2.2) has a weak solution with positive energy.
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4.1 Existence of a nonnegative solution

Consider the minimization problem

My = inf I(u), 4.1
u€eB(0,p0)

where pg is defined in Lemma 3.3.
Lemma 4.1 Assume that hypotheses (A1) , (H3) and (F) hold. Then —oco < M| < 0.

Proof By Lemma 3.3 we have M| > —oo.
Using hypothesis (F), there is a function ¢ € E such that [y f(x)¥dx > 0.Fort > 0,
we have

[a¥) = 5 fon (VY2 + V(x)p?) dx
— L Jaw @) W17 dx — ¢ fon f(0)pdx (4.2)

< 0 for t > 0 small enough.

Hence M < 0. Thus we conclude the proof. O

Theorem 4.2 Assume that hypotheses (F), (A1) and (H3z) hold. Then there exists a weak
nonnegative solution Uy € E of problem (2.2), I (U1) = M.

Proof Let (u,), be a minimizing sequence of problem (4.1). Since (u,) € B(0, pp), we can
extract a subsequence, also denoted by (u,,), such thatu, — Uy in E,u, — Upin L. (RM)
forall 1 <m < 2*and u,, — U ae.in RV,
Setting v, = u,, — Uy — 0in E, we have
L) = % fon (IVo > + VO2) dx + 5 fon (IVUL? + V(x)UE) dx

+.[RN Vv, VU + V(x)v,Uy) dx

4.3)
— 41 Jey @) (Jun 17 = [T doe = g fp a0 U119 dx
— Jgn [ vadx — [pn f(x)Urdx.
Since v, — 0 in E, we obtain
/RN (Vv, VU + V(x)v,U1)dx — 0 and /RN f(x)v,dx — 0. “4.4)

By Lemma 3.1 we have

/RN la o) [lun 17770 = (10117 + v, 1971 | dx < chN la()| U117 vy — 0. (4.5)
From (H3) and (A1), we deduce that

/N V= (x)v2dx — 0 and /N (at () + xB@,R) lUalfT dx — 0. (4.6)
R R

Using relations (4.4), (4.5), (4.6) and passing to the limit in (4.3), we get

: 1 + g+l
My =1+ lim (35 [ Vo + V()2 . (@™ @) + xBo.R)) lval?™! ) dx

1
. in q+1
> 1(U) +ngggm< V03 + T n||q+1>
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It follows that v, — 0in E, M; = I(Uy) < 0, Uy € B(0, py), I'(Uy) = 0. Thus U,
is a weak solution of problem (2.2). Since M| < I(lu,|) < I(u,), then (lu,]) is also a
minimizing sequence of problem (4.1). We deduce that we can suppose that U; > 0 a.e. in
RV, O

4.2 Existence of a second solution with positive energy solution

We start this subsection by showing that the functional / satisfies the Palais—Smale condition.
For this purpose, we need the following auxiliary properties.

Lemma 4.3 Assume that hypotheses (A1), (H3), (Hy) and (F) hold. Then any (PS)-sequence
of 1 is bounded in E.

Proof Let (u,) € E be a (PS)-sequence of /. We argue by contradiction, assuming that
lu,ll = t, — +oo. Re-normalizing, we set v, = % Thus up to a subsequence, v, — v in
E.

We claim that v = 0. For this purpose, we take ¢ € C° (RM). Since (u,) is a (PS)-
sequence of /, we have

(I'(un), @) = Jan (Vg Vo + V@)unp) dx — [pn a(x) luy |97 uypdx
— Jan FOpdx = o(1) [l .

Dividing relation (4.7) by t,, we obtain

4.7

-1
/ Vo, Vo + V(x)v,p)dx — / a(x) unl® "t odx — / f(x)(pdx =o(1).
RN RN RN In

th 1,
4.8)
Using (A1) and Holder’s inequality, we deduce that
Jutn |97 0 e 15+ llaen 114
[ a0 g < alo Pl < cllallog P il
RN In n g " g
Thus since 0 < g < 1, we have
lun |97 "
a(x)——odx — 0. 4.9)
RN In
As a consequence of hypothesis (F), we have
f(x)¢dx — 0 as n — 4o00. (4.10)
RN ty

From (4.9), (4.10) and passing to the limit in relation (4.8), we infer that
/ (VuVe + V(x)vp)dx = 0.
RN

Using now (Hy), we conclude that v = 0 a.e. in RY. This proves our claim.
Substituting ¢ = vy, in relation (4.8), we obtain

/ |an|2dx +/ (V+ + XB(O,R())) (x)v%dx — / (V_(x) + )(B(Q,Ro)(x)) Uzdx
RN RN RN

+ +1 — +1
e R e A )
RV RY R

2 2
12 1] I
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It follows that
IVoall3 — fan (V™) + xB0.Ry (X)) v2dx

— o a*(x)lwétm“ dx — fon L% < (1), (4.11)
Using now (A1), (H3) and (F), we obtain
fRN 7a+(x)tllzl"|q+ldx -0
Jev (V™ + xB0.Ry)) (X)v2dx — 0 (4.12)
fRN f(;cn)vn — 0.
Combining (4.11) and (4.12), we conclude that
lim |[[Vu,ll, =0. (4.13)
n—+o0o
On the other hand, since (u,) is a (PS)-sequence of /, we have
q
Jan (IVunl> + V@ud) dx — fon a@o) lua ¥ dx - fon fO0Ou,
R _ JR R 1
q+1 B q+1 + q+1 +o(D).
In In In
Therefore
o() = 1) = (1 = 21y} faw () [oal#* 1 dx = Ly o F0Iv,
= (41 = 4) i (0 + x0.00) (O Pl
(4.14)
- (qﬁ - %) Jen (@™ + xB@.R)) () [0, 9T dx
—ﬁ Jry f(X)v,.
From (A1), (F) and (4.14), we infer that
nEI«Poo lvallg41 = 0. (4.15)

Combining (4.13) and (4.15), we conclude that v, — Oin E as n — 400, which contradicts
[lvall = 1. The proof is completed. ]

Lemma 4.4 Assume that hypotheses (A1), (Hy), (H3), (Hs) and (F) hold. Then I satisfies
the (P S) condition.

Proof Let (u,) € E be a (PS) sequence such that
I(up) > My and I'(u,) — 0 in E.

Using Lemma 4.3, (u,) is bounded in E. Then up to a subsequence, u;, — U in E, u,, — U

in L} (RN forall 1 <m < 2* and u,, — Us a.e. in RY. According to [23], it is sufficient

to prove that for any € > 0, there exist R, > 0 and no € N* such that

/ (|Vun|2 + |un|q+1)dx <e¢, forall R> Ry and n > ny.
[x[>Ra

Let R > 1 and ¢ be a smooth cut-off function such that ¢z = 0 on B (0, g), ¢r = 1 on
B¢ (0, R), 0 < ¢ < 1 and there exists ¢ > 0 such that

\Vorl < %, forall x € RY. (4.16)
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We remark that for any u € E,
l¢rull < cllull. 4.17)

Since I'(u,) — 0in E’ then for any € > 0 there exists ng > 0 such that

(1" (un), prun)| < |1 (un)]

, Vn > ng.

W m

E lu, |l <
Thus for n > ny,
Jan (IVun > + (a= + xBo.r1)) @) lun 1) prdx

< Jan fOupdrdx + [pn V™ (x)uiprdx

(4.18)
— Jgn unVup,Vordx
+ fgv (™) + xB0.R)) |t |97 prdx + -
By the Holder inequality and (4.16), there exists R3 > 0 such that
c €
/ u,Vu,Vordx < — < —, forall R > R3. (4.19)
RN R 3

From (F), (H3) and (A1), there exists R4 > 0 such that

Jan Funprdx + [on V- (uldrdx + [pn (™ + xpo.8)) @) 4|9 dx

< e (1ot + [v=only + | a* + xuon) ol =) .20

2% —g—1

Set R, = max (R3, R4). Then by (4.18), (4.19) and (4.20) we deduce that
min (1, min (o, 1))[ (IVun|* + |un?"") prdx < €, ¥n >ng and VR > Rs.
RN
This ends the proof. O

By (4.2) and (H)), there exists ¢g = t¢ € B (0, po), with ¢ large enough, such that
I(po) < 0 (po is fixed by Lemma 3.3).
Consider the problem

My = inf max I(y(t)),
0= Inf max (y (@)

where
F={yeC(0,1],E), y(0) =0 and y(1) = ¢go}.

We observe that My > 0. Indeed for y € I', we have y(0) = 0 and y (1) ¢ B (0, pg). Then
there exists ro € [0, 1] such that ||y (ro)|l = po. By Lemma 3.3 we have I (y (rg)) > ao and
so My > 0. Then, by Mountain-Pass theorem [5] and Lemma 4.4, we prove the existence of
Uy € E such that I (Uy) = My > 0. Uy is a weak solution of problem (2.2).
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5 Proof of Theorem 2.2

We first observe that (H>) and (H3) imply that the Schrodinger operator L = —A 4 V (x) is
defined on H2(R") and 0 is an isolated eigenvalue of finite multiplicity.

Let H—, H® and H™ denote the negative, null and positive spaces of the quadratic form
associated to the operator L. More precisely,

H™ =@, oKer (L — 1), H®=Ker(L), H" = &, -oKer(L — A;1).

We have the orthogonal decomposition H'(R¥) = H- @ HO@ H+.
Foru € E, we denote by u¥, u the orthogonal projections of u on HT, HY respectively.
Thenu = u~ 4+ u® +u™t. Moreover, there is an equivalent norm || - || x on H L(RN) such that

1 _ 1
1) =5 (I = o 13) = = [ el e = [ feuds.

For more details, we refer the reader to Costa and Tehrani [22].
5.1 Existence of a nonnegative solution of problem (2.2)

Consider the problem

My= inf 1), (5.1)
ueB(0.p1)

where pj is defined in Lemma 3.4.

Remark 5.1 By the same arguments used in the proof of Lemma 4.1, we conclude that
—o00 < M|, < 0.

Theorem 5.2 Assume that hypotheses (A71) (Hy), (H3) and (F) hold. Then there exists
Vo € H'RN) such that I (V) = M(’) Vo is a weak solution of problem 2.2.

Proof 1t is sufficient to replace Lemma 3.1 by Lemma 3.2 in the proof of Theorem 4.2. 0O

5.2 Existence of a second solution of problem (2.2)

Lemma 5.3 Suppose that hypotheses (T] ), (H), (H3), (F) and (N jF) hold. Then any
(P-S)-sequence of I is bounded in HY(RM).

Proof Let (u,) be a (PS)-sequence of /.
Case 1. We suppose that a satisfies (N +). Arguing by contradiction, suppose that
llunllx — +o00. Then there exist ¢ > 0 and d > 0 such that for n large enough we have

lud ] < elluald +d. (5.2)
Indeed, from (Tl) and for n large enough we obtain
o5y = (1 oy ) = o [ = clall 2 el iy = e A0z o
hence

iy < e llall = lunll + €171z
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Similarly, from (T]), we have

o e = (1 ) ) < = g 5+ Nl 2 Ml g [+ 70 o
for n sufficiently large. Therefore
||y =< e lunll + 4.
Using (5.2) we deduce
Jun = = i+ [ < cllunll§ +4 (5.3)
and

40 _
n—+00 |lup || x

(5.4)

On the other hand, combining relations (5.2), (5.3), (5.4), (A1) with the mean value theorem
and the Holder inequality, we obtain
2 2 +1
1) = 3 15 = 3 o [ = 7 Jrw @0 [luat?" = ud] 7+ | e
1
—q—_lH Jrw a(x) }ug |qu dx — [on f(X)updx
2 +1
< clunly +d = 25 fuwa) [|u,,|‘1+l — [ul* ]dx

+1
— 1 Jan a@) [ud | dx e Nl lunllx

(5.5)

and
‘fRN a(x) [Iunl”’+1 97" | ax
< cllall 2 (lually + Jud] )" Jun = u2]
< c(llunllx + [u] )7 (luall + 1) (5.6)
< ((allx + [ud] )7 + ual + (lanlly + ] )*7)
<c (IIun II? + ||un||§() +c ||u2 ||§(q , for n sufficiently large.
Using (5.5) and (5.6) we deduce that

1) < ¢ (Il + b [+ leal )

‘q-ﬁ-l

a() fup| " dx + e 1 £l lunllx +d. (5.7

_q+1 RN

As a consequence of (N1) and Lemma 3.2, we obtain forall 0 <d < g + 1

09+1 o] \4t1
1 a (o) [ud| " dx = A ato) (1 dx — +00. (5.8)
d d 0
iy /2 July /=¥ 2l x

Let us first assume that % < g < 1. Relations (5.4) and (5.8) yield

e < | ouzq[ (nunni‘f L el +1>
Uy < llu c
R BTN T

1 /‘ 019+1 llunllx
- a@) |uy " dx +cl fly :| >
02 Jr " 2
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Therefore we reach contradiction and we conclude that the sequence (u,) is bounded in
HY(RM).
Next, we assume that 0 < g < % For1 < d < g+ 1 and using (5.4) and (5.8), we obtain

2q 024 q

d A llu [ud] llun I

I (u §c||u0|| X 4 LrlX | X
(#n) o \ e e e

— faw @) [ dx £l [ul L ”Zg'ﬁf},{ oo,
n

This yields to a contradiction and we conclude that the sequence (u,,) is bounded in H LRM).
Case 2. We suppose that a satisfies (N_). We have

1
1 (Lln) > = HM; ”i — qﬁ /I%N a(x) [lun|q+l _ |u2|q+1:|dx

1 +1
_ m ox a(x) |u2|q dx _/]RN f(x)udx

2 —clunlly —c—cllall 2 (lunllx + ] )" Jun = ull
8" a

——— | a@)|u x —cllflly lunllx

and

1
lim —— dx =—00, Y 0<d + 1. 5.9
n—:r-ir—]oo Hugni AN o e =¢=q (5:9)

Using the above inequalities and similar to Case 1, we conclude that (u,) is bounded in
H'(RY). o

Theorem 5.4 We suppose that hypotheses (A)), (Hp), (H3) and (F) hold. Then I satisfies
the (P S) condition.

Proof Let (u,) C H' (]RN ) be a (PS)-sequence such that
I
1) > Mi and 1'uy) — 0 in (H! (]RN)) .

ByLemma5.3, (u,) is bounded in H! (RN). Thusupto asubsequence, u,, — Vi in H! (RN),
u, — Vyin L' (RN) forall 1 <m < 2*and u,, — V; ae. in RV,

By Del Pino’s argument [23], it is sufficient to prove that for any € > 0, there exist Ry > 0
and ng > 0 such that

/ (IVun|* + |unl*) dx <€, forall R > Ry and n > ny.
xI=R

Let ¢ be the cut-off function defined in (4.16). Since I’ (u,) — Oasn — +ooin H! (RN)/,
for € > 0, there exists ng > 0 such that
€

(1" un). prun)| < c || 1" n) | Nunlly < 3 Ynzno

It follows that
Jev (IVunl®* + (VF + xo.r)) (¥)u2) prdx

< fan (V™ + xB0.Ro)) ()pruZdx + [gn a(x)pr luy |91 dx (5.10)
+ Jgv f )R undx — [pn unVu, Vordx + 5.
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Therefore

min (8, 1) [ (|Vu,1|2 + uZ) prdx
< Jan (V7 4 xB0.Ry) ()PrUZdX + [ a(x)Pr lun |9t dx (5.11)
+ fan FOGR@undx — [py un Vi, Vordx + §,

From (F), (H3), (A1) and (4.16), there exists R3 > 0 such that

_ 1 €
c(lforlla+||(V™ + xBo.R0)) PR ||% + llagr ”ﬁ + E) =3 for |x| > Ry.
The rest of the proof is similar to the second step of the proof of Lemma 4.4. O

Using (4.2) in combination with hypothesis (H}), we construct ¢, = t¢ € B¢ (0, p;) for
t large enough, such that 7(g2) < 0 (p; is fixed by Lemma 3.4). Consider the mini-max
problem

M, = inf max I(y(1)),
0 yery telo1] 4

where
1"8 ={y € ([0, 1], H'(R")), y(0) = 0 and y (1) = ¢2}.

Combining the mountain pass theorem [5] and Lemma 5.4, we deduce the existence of
Wo e H 1(]RN ) such that M, = I (Wp), I (Wp) > 0 and Wy is a weak solution of problem
(2.2).

5.3 Concluding remarks

The content of this paper is in relationship with the recent contributions of Bégout and Diaz
[9-13] for the understanding of the nonlinear stationary Schrodinger equation. We expect
that the methods developed by Diaz [24,25] in the case of an unbounded potential V (x) of
Hardy type can be applied to show that the nonnegative solutions of problem (2.2) established
in Theorems 2.1 and 2.2 have a compact support (if f(x) is also with compact support). This
case corresponds to the abstract setting of infinite well type potentials.
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