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Abstract
We are concerned with the following Kirchhoff equation:

—(a+b [ |Vul?dx) Au+ V(x)u = f(u), in R?,
u e H'(R?),

where a, bare positive constants, V e C(R?, (0, 00)) is a trapping potential, and f has critical
exponential growth of Trudinger—Moser type. By developing some new analytical approaches
and techniques, we prove the existence of nontrivial solutions and least energy solutions.
Without any monotonicity conditions on f, we also give the mountain pass characterization
of the least energy solution by constructing a fine path. In particular, we remove the common
restriction on liminf,_, 4 o %, which is crucial in the literature to overcome the loss of the
compactness caused by the ceritical exponential nonlinearity. Our approach could be extended
to other classes of critical exponential growth problems with trapping potentials.
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1 Introduction

This paper is concerned with the following Kirchhoff equation:

2 _ 2.
{—(a‘f‘bf%gzwbﬂ dx) Au+ V(x)u = f(u), x € R% )

u e H(RY),

where a,b > 0 are two constants, V € C(R?, (0, 00)) is the Rabinowitz type trapping
potential, namely it satisfies

(V1) 0 < Vp < V(x) < liminf|y 00 V(y) = Vo forall x € RZ,
and f € C(R, R) satisfies the basic conditions below:

(F1) there exists ag > 0 such that

i If(t)l_{o, for all & > ao,

(1.1)

t|>+oo e’ +o00, forall @ < ag;

(F2) f(t) =o0(t)ast — Oand F(t):= f(; f(s)ds > O for all r € R\{0}.

As in Adimurthi and Yadava [3] and de Figueiredo et al. [10], we say that f () has critical
exponential growth at # = oo if condition (F1) holds. It was shown by Trudinger [28]
and Moser [22] that this kind of nonlinearity has the maximal growth that can be treated
variationally in H'(R?), which is motivated by the following Trudinger—Moser inequality.

Lemma 1.1 [2,4,5]1) Ifa > 0 and u € H (R?), then

/1%2 (e“”z - 1) dx < oo;

i) ifu € H'(R?), ||Vu||% < 1,|ulla £ M < o0, and a < 4, then there exists a constant
C(M, a), which depends only on M and «, such that

/Rz (e‘“‘2 - 1) dx < C(M, a). (12)

From (F1) and (F2), it follows that
Fit)

}Er(l) 7 = 0 (1.3)
and )
G = e
Then for any ¢ > 0, @ > «p and g > 0, there exists C = C(¢, @, ¢) > 0 such that
F(t) < er> + Clt]9¢%”, V1 eR. (1.5)

Using (1.5), a standard argument can show that the energy functional ® : H'(R*) — R
defined by

2
D) = %/RZ [alVul> + V(x)u?]dx + Z </Rz |Vu|2dx) - /Rz Fudx (1.6
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associated with equation (), is of class C' (H'(R?), R), and
(D' (), v) = / [aVu - Vv + V(x)uv]dx + b/ |Vu|2dx/ Vu - Vodx
R2 R2 RrR2

_/R2 fvdx, Yu,ve H (R?. (1.7)

Hence, the solutions of (K) are the critical points of the functional ®.

Problem (K) has a profound physical meaning, which was proposed firstly by Kirchhoff
[18] in the case where R? is replaced by the bounded domain © C R. Nonlocal equations of
this type model the vibration of elastic strings by considering the effect of the changes in the
length of strings. We also point out that as is customary in quantum mechanics applications,
the unknown u is the probability density function of a particle trapped inside a trapping
potential well, traditionally modeled by V (x).

After the pioneering contributions of Lions [17] and Pohozaev [25], the following
Kirchhoff-type problem

—(a+b [pn |Vu|2dx) Au+V@®u= f), in RN, (18)
ue H'(RY) '
has been studied intensively by many researchers, where constants a,b > 0, N > 2,V ¢
C(RY R) and f e C(R, R). By variational methods, a number of important results of the
existence and multiplicity of solutions for (1.8) were established under various conditions
on V and f, especially when N > 3. As it is known, in the case N > 3, the nonlinearities
are required to have polynomial growth, and the notation of criticality is associated to the
sharp Sobolev embedding H' (RY) < L2 (RY) with 2*:=2N /(N —2). Coming to the case
N = 2, much faster exponential growth is allowed for the nonlinearity and the Trudinger—
Moser inequality replaces the sharp Sobolev inequality used for N > 3. From now on, we
will focus our attention on the dimension N = 2 when the nonlinearity exhibits the critical
exponential growth, which is more complicated than the case N > 3. We refer the reader to
[1,6,8,11,12, 14,20, 21, 24, 30] and the references therein for recent advances on nonlinear
problems with exponential growth. Let us describe some of the relevant works on planar
Kirchhoff equations with exponential growth below.

To the best of our knowledge, the first result on planar Kirchhoff equation with critical
exponential growth is due to Figueiredo and Severo [13]. Precisely, based on the mountain
pass theorem, they proved that the following Kirchhoff equation on the bounded domain
Q C R?

[— (a+b [y |VulPdx) Au = f@), in <,
(1.9)
u=0, on 092

has a positive ground state solution where f € C(R, R) satisfies (F1), (F2) and the following
assumptions:

(FO) f(t) =0forallt <O

i ([2) > % (a + @), where d is the radius of the largest open ball
20! apd ag

(F3") lim; s 400

contained in €2; .
(F4') f(t) > Oforall ¢t > 0, and there exist My > 0 and By > 0 such that

F(t) < Mof(t), Yt=po;

(F5") % is increasing on (0, c0).
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1064 S.Chen et al.

Note that if « = 4, the Trudinger—Moser inequality (1.2) gives rise to the possible failure
of compactness of the associated functional. In order to restore the compactne@s property,

they proved that the Mountain pass level is less than the threshold 2&’—: + 4b” under which

Palais—Smale condition holds with the help of (F3’), following the ideas mtroduced by de
Figueiredo et al. [10] in their pioneering work on the solvability of the elliptic type problem
(1.9) with b = 0. If the monotonicity condition (F5’) is replaced by the following Ambrosetti—
Rabinowitz condition:

(F6') f(t)t > 4F(t) > Oforallt > 0,

Naimen and Tarsi [23] and Chen and Yu [9] obtained the existence of positive solutions
for (1.9). It is well-known that the monotonicity condition (F5") plays an important role
in using a Nehari type argument, and the Ambrosetti—Rabinowitz condition (F6') can help
proving the boundedness of (PS) sequences. Recently, the above results were improved and
generalized by Chen et al. [7], by weakening (F3'), (F5’) and (F6) to the following conditions,
respectively.

(F3") liminf, - yoo 20 > o (a+ 222);

£2012 eagd? )
(F5") w is non-decreasing on (0, co), where A denotes the first eigenvalue of
— A with a Dirichlet boundary condition;
(F6") f(t)t —4F(t) + Aqt> > O forall t > 0.

Kirchhoff equations with more general nonlocal coefficient were also considered in [9,
13], where (a + b||Vu||%) is replaced by more general continuous function m(||Vu||%) in
(1.8). We must point out that (F3”), (F4") and (F5”) (or (F6")) are very crucial in these works,
for example, (F3”) was used to yield the threshold of the Mountain pass level, and by using
(F4) and (F5”) (or (F6")) it can be shown the convergence of (PS). sequences in H(; (R)

. . . . 2
provided that the mountain pass level lies below the threshold, that is ¢ < 25—;7 + 4';—’;.

However, the methods used in [7, 9, 13, 23] seem difficult to apply for Kirchhoff equation
in R? since they depend heavily on the compactness of the embeddings HO1 (Q) — L1(Q)
forg > 2.

To the best of our knowledge, almost all of the works dealing with planar Kirchhoff
equations are set in the bounded domain 2 C R2, and there is no result available on the
existence of nontrivial solutions for Kirchhoff equation () with the critical exponential
growth in R?, which is the focus of the present paper.

More precisely, we first consider the following Kirchhoff equation with constant potential

{ (a +bf%§2 |Vu|2dx) Au + Voou = fu), x € R%;

u e H'(R?) (Koo

when f satisfies (FO), (F1), (F2) and the following condition:
(F3) f(t)t > 2F(¢t) forallt > 0,

which can be derived easily from the conditions (F4') and (F6') used in the previous literature.
Using a suitable minimization method, completely different from those of [7, 9, 13, 23]
relying on the mountain pass theorem, we shall establish the existence of positive least
energy solutions for (). In particular, we also give its mountain pass characterization. For
this, we define the functional ®* : H! (]Rz) — R by

1 b :
d>°°(u)::§/ (alVul* + Voou?) dx + — </ |Vu|2dx> —/ Fudx,  (1.10)
R2 4 R2 R2
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and denote by ¢*° the mountain pass level of @, i.e.

c® = yler%foc rrgrﬂ(z)ui DF(y (1)), (1.11)
where
r:={y ec(o, 11, H'([R%) : y(0) = 0, ®>(y(1)) < 0}. (1.12)

We recall also that a solution u of problem (K)o is a least energy solution if ®*°(u) = m™
with
. inf {q>°°(u) ‘ u € H'(RH\(0}, (%) (u) = 0} . (1.13)

In this direction, we have the following two results.

Theorem 1.2 Assume that f satisfies (FO)—(F3). Then there exists V* € (0, +00] such that
Sfor any Vo € (0, V*), equation (K)o has a positive least energy solution. Moreover, V* is
equal to the Trudinger—Moser ratio:

Cipg (F):=sup % / F(u)dx\ueHl(Rz)\{O}, vl < L
luell3 Jr2 a0

In particular, V* = o0 is equivalent to lim;_, 1 o0 aFol(é) = +4o00.
e

Theorem 1.3 Under the assumptions of Theorem 1.2, the least energy level m®™ is equal to
mountain pass value ¢*°. Moreover, for any least energy solution w of (K)eo, there exists a
path y € T such that w € y ([0, 1]) and

zg%g)i]q) Y1) = % (w).

Next, we study the existence of ground state solutions for the critical exponential growth
Kirchhoff equation () with the trapping potential V satisfying (V1), which is introduced
by Rabinowitz [26]. Though this kind of potential has been studied in the literature, it seems
that there is no paper associated with Kirchhoff equations, dealing with the dimension N = 2
when the nonlinearity has critical exponential growth. Some effective methods, treating the
dimension N > 3, do not carry over to our case due to the simultaneous appearance of the
nonlocal term and the nonlinear term with critical exponential growth. Before stating our
results, we introduce the following assumptions:

(F3') f(t)t > 2F(t) forallt € R, and

& > Vo = f()t —2F(t) > 0;

(F4) there exist Mp > 0 and By > 0 such that F(Bp) > 0 and
F(1) = Mol f I,V [t] = Bo;
(F5) % is non-decreasing on (—oo, 0) and (0, o).
We say that a solution u of (K) is a ground state solution (of Nehari type) if ®(«) = cy with

= inf & 1.14
cy:= inf (u) (1.14)

and
Ni={u e H' ®R)\{0} (' (u), u) = 0} (1.15)

Our result is as follows.
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Theorem 1.4 Assume that V satisfies (V1) with Voo € (0, V*), and f satisfies (F1), (F2),
(F3'), (F4) and (F5). Then (K) has a ground state solution, where V* is given by Theorem
1.2.

Finally, as a by-product of the present paper, we would like to study the existence of
nontrivial solutions for (K) when V is radial, namely it satisfies

(V2) V(x) = V(lx)and 0 < Vo < V(x) < Vi forall x € R%.

As we all know, it is nontrivial to show that the weak limit of Cerami sequences is a weak
solution because of the fact

up—uin H'(R?) = ||wn||§/ Vu, - Vodx — ||Vu||§/ Vu - Vedx, Vg eCPR?.
R2 R2

To address this issue, a classical way is to restrict the energy functional in the subspace of
radially symmetric functions Hr1 (R?%) belonging to H 1(R?) since the limit

/Rz[f(“n) - f@](uy, —u)dx — 0 (1.16)

can be easily deduced from the compactness of the embedding Hr1 (R?) — L4(R?) for
g > 2 if f is superlinear at zero and has polynomial growth. However, when f is of
critical exponential growth, it is still unknown whether the limit (1.16) holds or not since the
embedding of H,1 (R?) into the Orlicz space associated with the function ¢ (s) = exp(4ns2) -
1 is not compact. Thus, a deeper analysis is required for () with the radial potential V in
this direction, which is the focus in the last part of the present paper. For this purpose, we
introduce the following condition:

(F6) f()t —4F(t) + Vot® > Oforall 1 € R,

which is weaker than the Ambrosetti-Rabinowitz condition (F6’) and can be derived from
the monotonicity condition (F5). Our last result is as follow.

Theorem 1.5 Assume that V satisfies (V2) with Voo € (0, V*), and f satisfies (F1), (F2),
(F3"), (F4) and (F6). Then (K) has a nontrivial radial solution, where V* is given by Theorem
1.2.

To complete this section, we sketch our proof as follows.

For the proofs of Theorems 1.2 and 1.3, motivated by the Pohozaev identity for (K)o
proved in Lemma 2.1 below, we introduce the auxiliary functional /> : H'(R?) — R
defined by

J® W) = Voo||u||§ — 2/ F(u)dx, (1.17)
R2
the set
Pooi= [u e H'(R)\(0} ‘ T®) = 0} (1.18)
and the constrained minimization problem
A%= inf (vl + 2pvat) = inf o) (1.19)
’ uePoo \ 2 2 4 2 U€Poo ’ ’

Based on a sufficient and necessary condition for compactness of general nonlinear func-
tionals, we will prove that A® can be attained if V°° is less than the Trudinger—Moser ratio
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Cip(F) depending on the Trudinger-Moser inequality with the exact growth (see Lemmas
2.5 and 2.6 below), and the minimizer, under a suitable change of scale, is a least energy
solution of (IC) 5 using an analytical method. Different from the dimension N > 3, the mini-
mum A has no saddle point structure with respect to the fibres {u(-/t) : t > 0} C H L(R?),
u € HY(R?) since the Pohozaev functional J* () does not have a ||Vu [l2-component, thus
it is more complicated to establish the relation among the minimum A, the least energy m >
and the mountain pass level ¢* in the dimension N = 2. To address this issue, inspired by
the idea of Jeanjean and Tanaka [16], we construct a new path belonging to I'*° (see (2.44)
below) and derive the mountain pass characterization of the least energy solution for (K)o
with more subtle analyses, which is the highlight of the proof of Theorem 1.3.

The proofs of Theorems 1.4 and 1.5 are based on Mountain Pass theorem. For this, a
standard procedure is to prove the boundedness of Cerami sequences, and verify that the
weak limit of Cerami sequences is non-trivial and is also a weak solution. Nevertheless, to do
that, compared with the previous works dealing with Kirchhoff-type equation (1.8) involving
trapping or radial potential V in R¥(N > 3), some new obstacles arise in the proofs, for
example,

i) the lack of the monotonicity condition (F5") and the Ambrosetti—Rabinowitz type con-
dition (F6’) prevent us from using usual methods to prove the boundedness of Cerami
sequences;

ii) itis more difficult to rule out the concentration phenomena and the vanishing phenomena
of Cerami sequences;

iii) it does not work that the BL-splitting property for the energy functional along Cerami
sequences caused by the appearance of the nonlinear term with critical growth, which
is a powerful tool to restore the compactness of Cerami sequences.

To surmount the above obstacles, some new techniques and ideas are expected to be intro-
duced, which is the right issue we intend to address in the proofs of Theorems 1.4 and
1.5.

The paper is organized as follows. In Section 2, we study the existence of least energy
solutions for (K)o, and establish its mountain pass characterization, where Theorems 1.2
and 1.3 are proved. In Section 3, we investigate the existence of ground state solutions for
(KC) with the trapping potential and complete the proof of Theorem 1.4. Section 4 is devoted
to the study of () with the radial potential, where Theorem 1.5 is proved.

Throughout the paper, we make use of the following notations:

o H'(R?) denotes the usual Sobolev space equipped with the inner product and norm
(u,v) = / (Vu - Vo +uv)dx, |lull = (w,w)'?  Yu,ve H R,
R2

H,] (IR?) denotes the space of spherically symmetric functions belonging to H ! (R?):

H!(R?):={u € H'(R*) | u(x) = u(|x]) ae. in R?};

LS (R?)(1 < s < 00) denotes the Lebesgue space with the norm ||u||; = (fRZ |u|sdx)l/s;

Foranyx € Qandr > 0, B, (x):={y € Q: |y — x| < r}and B, = B,(0);
C1, Ca, ... denote positive constants possibly different in different places.
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1068 S.Chen et al.

2 Least energy solutions for (/C)
In this section, we consider the existence of least energy solutions for (K)o, and establish
its mountain pass characterization, which completes the proofs of Theorems 1.2 and 1.4.

First, using a truncation argument due to Kavian (see [29, Appendix B]), we establish the
Pohozaev type identity for (K)o, when f has critical exponential growth.

Lemma 2.1 Assume that f satisfies (F1)—(F3). Let u € H'(R?) be a weak solution of (K)so,
then we have the following Pohozaev type identity

J®W) = Voollull — 2/ F(u)dx = 0.
R2

Proof Let v € C*°([0, +00), [0, 1]) such that ¥(r) = 1 for r € [0, 1] and ¥ (r) = O for
r € [2,400). Define 1//,,(x):=1,b(|x|2/n2) on R? for n € N. Then there exists C; > 0 such
that

0<yn(x) <Ci, x|V <C VxeR: (2.1

By a standard regularity argument, we can show that u € Hl%;c (R?). Leta = (a + b||Vu ||%).
It follows from (K) that, for every n € N,

0=[-aAu+ Voou — f(w)] ¥, (x - Vu). 2.2)
It is clear that, for every n € N,

—Undf)(x - Vu) = —div(x ¥, AF () + 29 A F (u) + AF W) (x - Vigy),  (2.3)

il 5wl
—YnAu(x - Vu) = —div{ [ Vu(x - Vu) — x Y

2
|Vul?
) (x - Vi) + (x - Vu) (Vi - Vu) 24
and ! ! .
Ynu(x - Vu) = div (P Yrnx) — u iy, — Euz(x SVY,) — Euzw. (2.5)

Hence, for every n € N, it follows from (2.2), (2.3), (2.4), (2.5) and the divergence theorem
that

Six - Vil
/ {M _&HIVulz—nVoouz—i-ZnF(u)}wnd"
9B, 2n

= _/ [Voou? = 2F (u)] Yradx — %f {@IVul? + Voou? = 2F ()} (x - Vifr,)dx
Bon

B

+a (x - Vu)(Vy, - Vu)dx, (2.6)
Bon
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which together with the fact that v, [35,, = 0, implies

/ [Voott? — 2F ()] Yudx = —%/ {@IVul* + Voou? = 2F )} (x - Vi, )dx
By,

By
+a (x - Vu)(Vyry, - Vu)dx
Bon

1

= _7/ [@|Vu|* + Vaou® — 2F )] (x - Vifr,)dx
2 JB j5,\8,

+ 5{/ (x - Vu)(Vy, - Vu)dx. 2.7)
Bﬁn\Bn
From (2.1) and (2.7), we have

’/2 [Voot? —2F (u)] dx| =
R

lim/ [Voou? — 2F (u)] ¥ndx
BZn

n—o0
<1 im [3&|Vul® + Voott® + 2F ()] x|V, |dx
—_ o0 n
2 n—o00 B 5 \B
V2n \Pn
c
< =1 lim [3&|Vul? + Voou? +2F )] dx = 0.
2 n—oo Jp \B
V2n \Pn
The proof is complete. o

In the following, we will solve the constrained minimization problem A, given by (1.19).

Lemma 2.2 Assume that f satisfies (F1)—(F3). Then there exists a minimizing sequence
{un} C Pso satisfying |\uyll2 = 1 for A%, In particular,

. a 2 b 4 . a 2, b 4
A% = ug;)fw <5||W||2 + 1||W||2> = uggfoo <§|IWII2 + ZIIVMIIZ , (2.3)
where ~

Poo = Poo N{u € H'(R?) : |lulr =1} (2.9)
and P is given by (1.18).
Proof First, we verify that Ps, # #. Let u € H'(R?)\{0} be fixed and define a function
¢ ():=J%°(tu) on (0, 0o0). Using (F1)—(F3), it is easy to check that £(¢) > O for small r > 0
and ¢(¢) < O for large ¢+ > 0. Then there exists 7, > 0 such that {(z,) = J*(t,u) = 0,

and so Poo # @. Thus we can assume that there exists a minimizing sequence {u,} C P
satisfying

a b
fnwnu% + IV I3 — A%.

Let u, = un(||u,,||2 x) Then a simple Computat10n leads to i1, € Pxo, ||un||2 = 1 and
IViiy |2 = || Vuyll2. This shows that iz, € Poo From this and the fact that Poo C Poo, (2.8)
follows directly. The proof is complete. O

Lemma 2.3 Assume that f satisfies (F1)—(F3).

Q) Ifu € HY(R?) is a critical point of > on the set Pos, then it is a nontrivial solution
of (K)o under a suitable change of scale;

@ Springer



1070

S.Chen et al.

(ii) If the infimum A is attained, then A = m®™.

Proof (i) Let u € H'(R?) be a critical point of &> on the set Pno. Then there is a Lagrange

multiplier A € R such that
—(a+ b Vull}) Au+ Voou — f(u) = 2x[ Voot — f(w)],

namely,
—(a+b|Vuld)Au = 21 — D[Voou — fu)].

Since u # 0, we deduce from (2.11) that
21 —1#0 and Vyou — f(u) #0.

For any T > 0, by (F1)—(F3), there exist 0 < #; < t, < T such that

2F(t) — f(t)t <0, Vtre[0,T], and 2F(t) — f(t)t <0, V¢t € [t1, r].

Hence, it follows from (2.13) and the definition of Py, that
AZ[VOOM — f(W)]udx = AZ[ZF(M) — f(wuldx < 0.
This implies that there exists w € C§° (IR?) such that
(Y. w) = [ V= fhods <o,
By multiplying (2.11) by w and integrating, we have

(a +b||Vu||%)/ Vu - Vwdx = 21 — 1)/ [Voour — f(u)Jwdx.
R2 R2

(2.10)

@2.11)

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Recalling that J*°(u) = 0, we have, it follows from (2.15) that for small enough & > 0,

J®Ww +ew) < J®w) =0.

Let b
a
A(v)::§||Vv||% + leVullg, Vv e H (R?).

Noting that A(u) = A®°, by (2.16) and (2.17), we have
a ) b 4 2
Alu + ew) = Elqullz + leVullz + e(a + b|[Vull3) , Vu - Vwdx
R

2 4
ag be
+ - IVwl3 + -1Vl

2.17)

be? 2
+T||Vu||%||Vw||%+b82(/ Vu-dex> +bs3||Vw||§/ Vu - Vwdx
R2 R2

=A® +e2r—1) /Z[Voou — f)]wdx + O(&?).
R

(2.18)

We claim that 2A — 1 < 0. Otherwise, if 24 — 1 > 0, then there exists &9 > 0 small enough

such that
J®w +gow) <0 and A(u + gow) < A%,
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due to (2.17) and (2.18). Let ug = u + gow. Then J*°(ug) < 0 and J*°(sug) > O for
s > 0 small enough as a consequence of (F2). Therefore, there exists so € (0, 1) such that
J*®(soup) = 0, moreover, by (2.19), we have
4

< s A(ug) < A%, (2.20)
2

asg 2 bsg
A(soup) = - Vuoll; + T”VMO

This shows that soug € Poo and ®*°(squg) < A, which contradicts to the definition of
A®. Hence, we have 2A — 1 < 0 as claimed. Thus,

~ X
u(x)::l/{ <m> fora.e. x € Rz (221)

is a nontrivial solution of (K)qo.

(i1) Suppose the infimum A is attained by u € H 1(R2). From (2.8), we see that u €
H''(R?)isacritical point of @ on the set Pwo. Then (i) of this lemma shows thatit € H L(R?)
defined by (2.21) is a nontrivial solution of (K)o, and so (®*°)'(&1) = 0and A® = &> (i) >
m®. To prove A® = ®®(u) = m®, it is left to show that A < m®°. Note that Lemma
2.1 shows that if (®>°)’(v) = 0 for v € H'(R?), then v satisfies the Pohozaev type identity
J®(v) = 0, namely,

{ue H' @N\O), | @)@ =0} c Px,
This implies that A% < m®°. The proof is complete. O

Before studying the attainability of A®°, we recall necessary and sufficient conditions
for the boundedness and the compactness of general nonlinear functionals in H'(R?), see
Ibrahim et al. [15] and Masmoudi and Sani [19].

Lemma 2.4 Suppose that g : R — [0, 400) is a Borel function and define functional G by
G(u):= fR2 g(w(x))dx. Then for any K > 0 we have the following (B) and (C):

(B) Boundedness: The following (i) and (ii) are equivalent.
(i) lim supy; , 4 o e21tP/K 126 (1) < 00 and lim supy; o 111728 (1) < oc.
(ii) There exists a constant Cg4 g > 0 such that

ue H'R?), |Vul3 <27K = /Rz g(u)dx < Cy x /RQ u|?dx.

(C) Compactness: The following (iii) and (iv) are equivalent.

(iii) lim sup;; |, 1 oo e~ 2P/K 1126 (1) = 0 and lim0 [t|2g(t) = 0.
(iv) For any radially symmetric sequence {u,} C H'(R?) satisfying fRZ |V, |?dx <
2 K and weakly converging to some u € HY(R?), we have G(u,) — G(u).

Now, we establish a relation between the attainability of A°° and the Trudinger—Moser
inequality with the exact growth:

e471|u|2 -1 5 Los
——dx < C|lull5, Yue H (R) with |Vul|, < 1. 2.22
/R2 AT llull3 (R7) Vul2 (2.22)
For this purpose, as in [15], we introduce the Trudinger—Moser ratio
Clag (F):= sup {””2 / F (u)dx \ w e H' RH\{0}, | Vul5 < L} : (2.23)
ull3 Jr2
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the Trudinger—Moser threshold:
R(F):=sup {L >0 ( Chy(F) < +oo} (2.24)

and we denote by C7,,(F) the ratio at the threshold, i.e.

Cin(F) = CRO(F). (2.25)

Using (1.3) and (1.4), and applying Lemma 2.4, we derive that

RF) = ¥* (2.26)
o

If (FO) holds, to apply Schwarz symmetrization, as usual we let

For {f(t), forall 7 > 0, 02
—f(-=t), forallt <O.

Observe that f satisfies the same conditions as f. Furthermore, by the maximum principle,

solutions of (K)so with f are also solutions of (K)o, with f. Hence there is no loss in

generality in replacing f by f , and we will always adopt the convention that f has been

replaced by f ; we keep however the same notation f in the following discussion of this

section.

Lemma 2.5 Assume that f satisfies (FO)—(F3). If

2 4pr?
A o 2m
O[O O[O

then A is attained and A® = ®*°(u), where u € Hr1 (R2) is, under a suitable change of
scale, a positive least energy solution of equation (K)xo.

Proof We may always assume that there exists a sequence {u,} C Poo N H(R?) satisfying
a 2, b 4 00
S IVnlly + 7 IVunll; = A™ and [lup |2 =1 (2.28)
by Schwarz symmetrization and Lemma 2.2. Then there exists some function u € Hr1 R?)

such that u,—u in H'(R?).
Now, we prove that if

Qaxr  4bw?
A® < — ,
ag aé

then A® is attained. Note that

2 2
{(12t+bfl<2an+4b7§

4
@ el & 0<it<R(F)= X (2.29)
>0, 7

Picking up % > «aq satisfying lim,,_, || Vu, ||% < 2m K, then (1.4) yields

[tPF(t)

1m =
t|>o00 @2lt12/K

(2.30)

@ Springer



Planar Kirchhoff equations... 1073

From (1.3), (2.30) and (C) of Lemma 2.4, we derive that

lim F(un)dx=/ F(u)dx. (2.31)
2 R2

n—oo R

Since J®(u,) = 0 and |lu, |2 = 1, by (2.31), we have
0 < Voo = lim Vy ||u,,||% =2 lim / F(uy)dx = 2/ F(u)dx, (2.32)
n—oo n—oo RZ RZ

which implies that u # 0 and J*°(u) < 0. By the weak lower semicontinuity of the norm
and (2.31), we have

T W) = Vaollul3 —2/ Fwdx < lim (Voonu,,n% —2/ F(u,,)dx) =0 (2.33)
R2 n—oo R2

and
a » b 4 . a 2, b 4
0< 5||Vu||2 + ZIIVMHZ = nli)ngo (EHVI’{"”Z + ZIIVunIIZ =A%, (2.34)

In order to prove that the infimum A is attained by u, it remains only to show that u € Py,
namely J°(u) = 0. Set

h(t) = J®(tu) = 1> Voo |13 — 2/ F(tu)dx.
R2

Then A(1) < 0 by (2.33), and from (1.5) one can deduce that () > O for t > 0 small
enough. Consequently, there exists 7y € (0, 1] such that J*(fou) = 0, namely tou € Puo.
This together with (2.34) leads to

a b
A% < SV G5 + Z 1V (o) 3 < 154,

The above inequality and (2.34) show that 5 = 1 and %IIVuII% + gIIVuII‘zt = A%® > 0.
Combining (2.32) with the fact that J°° () = 0, we have |lu|» = 1. Applying Lemma 2.3,
we have that the above u is a least energy solution of (), under a suitable change of scale.
Similarly as in [13, Proof of Theorem 1.3], we can derive that u > 0 in R2. The proof is
complete. O

Lemma 2.6 Assume that f satisfies (FO)—(F3). The constrained minimization problem A
associated to the functional ®*° satisfies

2 4br?
P (2.35)
if Voo < Ciy(F), where C3y (F) is given by (2.25).
Proof We distinguish two cases: Ci(F) < 400 and Cpy(F) = 4oo. In the case

Cim(F) < 400, since Voo < Ciy(F), then Voo < CFy(F) — g for some g9 > 0.
By the definition of C7y(F), there exists some uq € H'(R?)\{0} such that

2
||Vuo||% < R(F) and Voo < CI(F) — 0 < 72/ F(ug)dx. (2.36)
lluolly Jr2

Then
J® o) = Vo ||u()||% — 2/ F(up)dx < 0. (2.37)
RZ
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Let h(t) = J°°(tug) for t > 0. Since (1) < 0 by (2.37), and h(t) > O for t+ > 0 small
enough by (1.5), there exists 7y € (0, 1) suchthat(tp) = J*(touo) = 0, namely fyug € P*°.
Therefore, we have

4% < v + 21w 4 v Vuo|d < 2% 4b”2
< ouo) Iz + — IV (touo)ll; < || uoll3 + ~ || uoll < +—
2 4 o) o(o

which yields (2.35). In the case C(F) = 400, for any Voo > 0, there exists some
up € H'(R*)\{0} such that
IVuoll3 < R(F) and Vaolluoll3 < 2/ F(uo)dx.
R2

Hence we can repeat the same arguments as above to get the desired conclusion. O
Proof of Theorem 1.2 1f Vi, < Cfy(F), then Lemma 2.6 leads to

2 4bm?
A® < car + er .
O[Q O[O

Hence the assumptions of Lemma 2.5 are fulfilled and we obtain the existence of a positive

least energy solution for equation (K)s. Moreover, recalling (1.3) and in light of (B) of

Lemma 2.4, we can easily derive that CTy,(F) = +oo if and only if lim; , 4 ffé) = 4-o00.
e

[m}

Besides the attainability of A°°, Theorem 1.2 also shows that infimum A equals to the
ground state m ™. Proceeding to the proof of Theorem 1.3, we next investigate the interesting
relation between the infimum A and the mountain pass level ¢* defined by (1.11). Before
this, we first verify that ®°°(x) has a mountain pass geometry, in order to show that the
mountain pass level ¢* is well-defined. Indeed it has the following properties:

Lemma 2.7 Assume that Voo < Ci\(F) and f satisfies (FO)—(F3). Then

(i) there exist po > 0 and 8¢ > 0 such that ®>°(u) > 8¢ for all ||u| = po;
(ii) there exists ug € H'(R?) such that |ug| > po and &> (ug) < 0.

Proof (i) By the Rellich embedding theorem, for s € [2, 00), there exists y; > 0 such that
lully < ysllull, VueH' ®R. (2.38)

By (F1) and (F2), one has for some constants « > 0 and C| > 0
IF(1)| < :“ 2ic ( 1) 1P, VieR (2.39)

In view of Lemma 1.1 ii), we have

/ (eZWZ - 1) dx = / (&“”””2(“/""”)2 — 1) dx <CQn), ¥ |lull < 7/a. (2.40)
R2 R2

From (2.39) and (2.40), we obtain

V
/F(u)dxsﬁllullg-i—Cl/ (e“”2—1>|u|3dx
R2 4 R2
Voo 2 20u® 12 3
<P | [ (@ - n)ar] g

Ve
< 22Nl + Calluls ¥ ull < /o, 241)
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Hence, it follows from (1.10) and (2.41) that
a V.
O () = SIVull3 + =l = Callul®, ¥ Jull < V7 /e. (2.42)

Therefore, there exist §o > 0 and 0 < pg < +/7/a such that
D°Ww) > 8y, YueS=uecH ®R:|ul|= 00} (2.43)
(ii) This conclusion will be done in the proof of next lemma, see (2.54) below. O

Lemma 2.8 Assume that Voo < Ci\(F) and f satisfies (FO)—(F3). Then for any least energy
solution w(x) of (K)o, there exists a path y € T'*° such that w(x) € y ([0, 1]) and

max, PPy (1) = 2% (w).

Proof Let w be a given least energy solution of (K)o, obtained in Theorem 1.2. We define a
curve y, constituted of the three pieces given by:

%wn if 6 € [0, 1],
Y (O) = Wi @0—m)+0-0)n1/(—n) T 0 € [11, 1], @44
WWB if 6 € [1p, 13],

where w; (x) = w(x/t)and0 < #; < 1 < 1, < 13 are determined later. It is easy to check that
y € C([0, 11, H'(R?)). Since w is a weak solution of (K)eo, we have (&) (w), w) = 0,
and so

/Rz [f(w) — Veow] wdx = a|Vwl|3 + b||Vw|3 > 0.

Then we can find t, > 1 such that

/Rz [f(Ew) — Vaokw]wdx >0, V& €[l,n]. (2.45)
Set ,
e
Then ¢ € C(R, R) by (F1) and (F2). Moreover, (2.45) and (2.46) give
/chj)(éw)wzdx >0, V&ell nl (2.47)
Note that for any fixed 7 > 0,
%W@w,) = ((®%)' (Ew,). wy)
=t [anw,n% + &%)V |1} — /Rzmslut)w?dx}
—¢ [anwn% + £V} — 2 /R 2 ¢<sw>w2dx] . (2.48)
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Choosing #; € (0, 1), we have
allVwl; + b Vwl — 17 /qus(swmzdx
> al|[Vw|3 — 1 /qub(éw)wzdx >0, VE&elo,1]. (2.49)
By (2.47), we can also choose 3 > 1, such that
alVull + 617wl ~ i [ oGuulex
< allVw|3 +3b| Vw3 — 13 /Rng(sw)wzdx

< —
)
g1

(allVwl3 +blIIVwl3), VE&el[l nl. (2.50)

Thus we can see by (2.49) that the function ®*° (%w,l> is increasing on 6 € [0, #1] and
takes its maximum at 6 = ¢1, namely

0
DX (y(9)) = d* (aw,1> < ®®(w,), YOel[0,n] 2.51)

Since J®(w) = [p2 [Voow? — 2F (w)] dx = 0 by Pohozaev type identity (see Lemma 2.1),
we have

a b 12
d®(w;) = = |[Vw|3 + = |[Vwl + —/ [Voew? — 2F (w)] dx
2 4 2 Jr2
a b
= ZIVwlz + Z1vwl
=d®w) =m™, Vt>O0. (2.52)
By (2.48) and (2.50), we have that ®>°(§wy;) is decreasing on £ € [1, 12]. Noting that

@ —t)+1—0
3—10

el[l,n] & 0 €ln, 1],

we then get that ®> (ng) is decreasing on @ € [t, t3]. Therefore,

PP (y(0)) < ¥ (¥ () = ¥ (wy), VYO €ln, ] (2.53)
Moreover, (2.50) yields

n d
O™ (y (13)) = D (12wy,) = O (wyy) + /1 L oz, )de

dg
a b 22
< SIVwl3 + —IVwll3 —f S (allVwll3 + bl Vw]3) d&
2 4 -1
a 3b
= ——|Vw|} - =|Vw|j <O0. (2.54)
2 4
Combining (2.51), (2.52) and (2.53), we have
PP (y(0) < ¥ (w) =m™, Vo e[0,n]. (2.55)
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Let y(0) = y(130) forall 6 € [0, 1]. Since 7 € '™ due to (2.54), then it follows from (2.55)
that

max ®®(y (1)) = d*(w) = m™, (2.56)
1€[0,13]
where the definition of I'*° is given by (1.12). The proof is completed. O

From the definition of ¢, as a corollary to Lemma 2.8, we have the following result.
Corollary 2.9 Assume that Voo < Chy(F) and f satisfies (FO)~(F3). Then ¢* < m*.
Lemma 2.10 Assume that Voo < Ciy(F) and f satisfies (FO)-(F3). Then ¢ > A®.
Proof To prove ¢® > A® =inf,cp,, P (u), it suffices to show that

v ([0, 1]) N Ps # @ forall y € ™. (2.57)
The proof of (2.57) follows the same line of [16, Lemma 4.1], so we omit it here. O

Proof of Theorem 1.3 In view of Theorem 1.2, we know that A% = m®°. Therefore, Theorem
1.3 follows directly from Lemmas 2.8 and 2.10. O

3 Ground state solutions for (/C) with the trapping potential

In this section, we are concerned with the ground state solutions for (K) with the trapping
potential, that is V satisfies (V1).

Arguing as in the proof of Lemma 2.7, we can verify that ® («) has a mountain pass geom-
etry. Applying the mountain pass theorem, we know that ® possesses a Cerami sequence,
reads as follows.

Lemma 3.1 Assume that V. € C(R?, [V, Vaol) and f satisfies (F1), (F2) and (F4). Then
there exists a sequence {u,} C H' (R2) such that

Dup) = ¢, P )1+ Jlunl) — 0, (3.1
where
c= ;Efr max. D(y (1)) (3.2)
and
I ={y ecqo, 11, H' (R») : y(0) = 0, ®(y(1)) <0} . (3.3)

Lemma 3.2 Assume that V € C(RZ, [V, Vool) With Ve < Cim(F) and f satisfies (F1),
(F2) and (F4). Then

w 2ma 47w?b
c=c” < ——+ —5—,
[61)) (XO

where the definitions of ¢ and ¢ are given by (3.2) and (1.11).

Proof First, we prove that ¢ < ¢®°. Since ®(y (1)) < ®*°(y (1)) < 0 for any y € I'*® due
to V(x) < V forall x € R2, we have ['*® C I'. Then for any y € I'*®, we have

max ®>*(y(¢)) > max ®(y(¢)) > inf max ®(y (1)) =c,
max, (y(®) = max, (y(®) = Inl. max, (¥ (1)
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which, together with the arbitrariness of y, yields

¢® = inf max ®*°(y(@)) > c.
yel'*®tel0,1] ()/( ))

g
case Ciy(F) < +00. Since Voo < Cy(F), then Vo + 289 < Cf M(F) for some gy > 0.
In view of the definition of C}y,(F), there exists it € H 1(R?) with || Vi ||2 < 4—” satisfying

2 . . . .
Next, we prove that ¢® < na 47;—21’. Without loss of generality, we just consider the
0

(Voo + £0) l11]13 < 2/2 F(i1)dx. (3.4)
R
This shows that J*° (&) < 0, where the definition of J*° is given by (1.17). Let h(s):=J *°(si)
for s > 0. Since h(1) < 0 and h(s) > O for s > 0 small enough by (F2), then there exists
so € (0, 1) satisfying h(sg) = 0. Therefore, for ii:=sgii, we have
(Voo + £0) llit]13 = 2/2 F(i)dx. (3.5)
R
By (1.10) and (3.5), we get

- a. . b _. 1? - -
O (i) = SIVal3 + IVl + 2 Vool — 12 /R F(i)dx

2 4 2
2
a . _ .o b __ 4 et° _ 5
= EHVMHQ + ZHVu”z - T”M”z (3.6)
2 4 2
as R bs, R 2amwr 4bw
< 22val + =L vald < — + —-. VY1>0, 3.7)
2 2 oo ap

where the last inequality follows from the fact that IIVIQII% < 1—’; and sg € (0, 1). Using (F1),
(F2) and Lemma 1.1 1), it is easy to check that there exists a constant M; > 0 independent
f(gu) ~2

of & € [0, 1] such that
|15

Let it;(x):=iui(x/t) for t > 0. Then it follows from (3.8) that

dx <M;, VE&el0,1] (3.8)

d
— @iy = (P (iy), i)

dé
=g[a||va||§+§2b||vm|‘2‘+t2 (Voonﬁu% —f f($~u)122dx>:|
R2 ";"Lt

> & [IVal3 + 2 (Veollitl — M1)], V>0, £ €[0,1]. (3.9)

Since i # 0, we can choose 7y € (0, 1) such that
IVilll3 + 1§ (Voolltll3 — My) > 0. (3.10)

Using (3.6), we know that there exists T > 1 such that ®*° (ii7) < 0. Let

1.~

ty tiy,, 0=<t =<1,

yray =190 0 =r=0 (.11
Ugy+(T—10) (1 —t0)/(1—1g)» to <t =< L.
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Then it is easy to see that y* € I'*®, where '™ is defined by (1.12). Note that (3.9) and
(3.10) show that ®° (to_l tﬁ,0> is increasing on ¢ € [0, #p]. Hence it follows from (1.10) and
(3.7) that
2amw  4bm?
_l’_

—1,~ ~
o> (to tu,o) < % (i1fy) < — + —5—
%

VO<t<t. (3.12)

From the definition of ¢*°, (3.7), (3.11) and (3.12), we derive that

2 4br?
¢® < max dX(* (1) < =L L 20 (3.13)
1€[0.1] ag al
This completes the proof. O
Note that (F5) implies the following inequality:
1—r* 1—1%)?
7 fu+ Flau) = Fu) + %vmﬂ
/‘ f@) = Vou  flsu) = Volsw)] 5 4
= - s uds
t u’ (su)?
>0, Yu#0,1t>0. (3.14)
Letting ¢+ = 0 in (3.14), we have
1 1 2
Zf(M)M—F(M)-i‘ZVOM >0, VYuelR. (3.15)

Lemma 3.3 Assume that (V1), (F1), (F2) and (F5) hold. Then

_ 44 _ 4232
=0 oy, uy+ L2 i)a

O () > (tu) + IVul3, YueH'(R?, 1>0. (3.16)

Corollary 3.4 Assume that (V1), (F1), (F2) and (F5) hold. Then

@ (u) Zmaa(dD(tu), YuehN, (3.17)
>
where N is defined by (1.15).

Lemma 3.5 Assume that (V1), (F1), (F2) and (F5) hold. Then foranyu € H' (Rz)\{O}, there
exists t, > 0 such that tyu € N.

Lemma 3.6 Assume that (V1), (F1), (F2) and (F5) hold. Then

¢ =cy = inf max ®(tu). (3.18)

ueN t>0

Lemma 3.7 Assume that (V1) and (F1), (F2), (F4) and (F5) hold. Then any sequence satis-
fring (3.1) is bounded in H' (R?).

Proof Using (F4), it is easy to check that there exists Ry > Bo such that

F(t—8F(@) >0, Yl|t| > Ro. (3.19)
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By (1.6), (1.7), (3.1), (3.15) and (3.19), we have
e o1) = Dlun) +0(1) = D) — ('), 1)
= SIvunl} + 5 /R Ve + /R 2 [%f(un)un - F(un)] & (3.20)
%nw,,nz ; /|u,,|>Ro f(un)ttndx. (3.21)

In view of (3.21), to prove the boundedness of {|ju,]}, it suffices to show the boundedness
of {|luy,l2}. To this end, arguing by contradiction, we assume that ||u,|» — 0o asn — oo.

Let
2(c+1) 1
Ih=|——>3 . (3.22)
Vollunlls

Then t, — 0 as n — oo. Note that (3.15) implies that

F(t) — $Vot® | .
B E— is nondecreasing on t € (—o0, 0) and ¢ € (0, +00). (3.23)

This gives
1 1,
F(tuy) — fVot u <t*| F(uy) — Evou,, , Yte(,1),neN. (3.24)

Noting that Zt‘,‘ < t,f < 1 for large enough n € N, from (F2), (3.20) and (3.24), we deduce
that for large enough n € N,

/ F(tyu,)dx =/ F(tnun)dx—l—/ F(tyu,)dx
R? [un|<Ro |Mn|>RO

5/ F(tyuy)dx + 21 —12) uldx +r,;‘/ F(uy)dx
[un|<Ro [ty |>Ro [ty |>Ro
Vo 2
< — |t,,u,,| dx + (l — tn) u,dx
4 Jiunl=Ro ] > Ro
t4
+ = S (un)u,dx
8 Jlunl>Ro
1% 1%
< ?O ltnttn|2dx + 7°z3(1 — 12 uldx + (¢ + Dt
lun|<Ro [tn|>Ro
V() 2

Vo Vo

2 2 2
= —t Ldx 4+ — / Rdx + — / usdx
4 n/IMn\SRo 2 lin > Ro 2" lun|<Ry

0
tllunl3 + (e + 1)r:}

Vi
< —Ot,%/ 2d)c —|— i / uﬁdx - —t ||u,,||2 + (c+ 1)t
2 7 Jjunl=<Ro 2 lin|> Ro
2(c + 1)?
= 2 upll3 = (c+ D)+ —. (3.25)
2 fntenllz = Vollun 3
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By (1.6), (1.7), (3.1), (3.16), (3.20) and (3.25), we have
c+o(l) = P(uy) +o(l) = &(t,u,) + o(l)

aty 2, by 4 2
= 7||Vl4n||2 + THVMn”z + 2 o V(x)u,dx — - F(tqu,)dx
2 2
t Vo 2(c+1)
> 1 V)uidx — —t2lupl? +(c+ 1) — ——— 4+ o(1
=7 o (xX)u;, 2 2 lunllz + ( ) VO””n”% (D
>c+1+0(1).

This contradiction shows the boundedness of {||u, ||2}. Hence, {u,} is bounded in H'(R?).O
As a direct consequence of [10, Lemma 2.1], we can get the following lemma.

Lemma 3.8 Assume that (F1) and (F2) hold. Let u,—ii in H'(R?) and

/ |f (un)unldx < Ko (3.26)
R2
for some constant Ko > 0. Then for any ¢ € C5°(R?)
lim S (up)pdx :/ f)gpdx. (3.27)
n— oo R2 R2

Similarly to the proof of [27, Lemma 2.13], we can get the following lemma.

Lemma 3.9 Assume that (V1), (F1), (F2) and (F5) hold. If i € N and ® (i) = cy, then it is
a critical point of ®, namely ®'(i1) = 0.

Proof of Theorem 1.4 Applying Lemmas 3.1 and 3.7, we deduce that there exists a sequence
{u,} C H'(R?) satisfying (3.1) and ||u, || < C7. Then (1.7) and (3.1) give

/ Sfup)updx < Cs. (3.28)
RZ

We may thus assume, passing to a subsequence if necessary, that u, —ii in H'(R?), u,, — i
in L (R?) for s € [, 00) and u, — i a.e. in R2. Now, we distinguish the following two
cases: i) u # 0;ii) u = 0.

Casei): u # 0. We assume that/ = lim,,_, o || Vi, ||2 up to a subsequence. Then || V|, <
. Applying Lemma 3.8, we get

lim / fup)pdx = / f@pdx, Vg eCFR?). (3.29)
R2 R2

n—0o0

Note that there exists {,} C C5°(R?) such that [|¢, — i|| = o(1) since C{°(R?) is dense in
H'(R?). This, together with (3.29), (F1) and Lemma 1.1 i), gives

V J @) (gn — u)dx
R2

5/ @) gn — itldx
]R2

< / (1l + Coe0™ ) I, — ialdx
R2
1

_ _ 2 2 _
< llall2llen — ull2 + Co (/R2 et dx) lon — ull2

=o(1). (3.30)
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By (1.7), (3.1) and (3.30), we have
(@' (i), it) + b(1*> — ||Vﬁ||§)/ Vii - Vidx = lim (D' (uy), it) = 0,
R2 n—oo

which, together with 1> — || Vi||3 > 0, implies that (&' (i), i) < 0.
Note that (®’(¢iz), ri) > 0 for small # > 0 by (F1) and (F2). Then there exists 7 € (0, 1]
such that
(®' (i), tit) =0 and D (i) > cy. (3.31)

Using (F5), it is easy to see that
fauwiu < t* fu+ Vo(l — ) (@u)?, YO0<r<1, ueR. (3.32)
Note that (3.14) implies

=1 1 —2¢2 444
S+ F) - %Vouz, Vi>0, uck. (3.33)

Combining (3.32) with (3.33), we have

F(tu) >

1 Vo, o 1 Vo o
Zf(tu)tu—F(tu)—i-I(tu) fzf(u)u—F(u)—i—Tu , VO<t<l1,ueR
(3.34)

Since f € (0, 1], from (3.1), (3.31), lemma 3.6 and Fatou’s lemma, it follows that
_ 1 o
ey < ®(tin) — Z(fb/(tﬁ), an
i -2 ) | - — Vo .__,
= — [a|Vu| + (V(x) = Vo)u ]dx + — f(tu)tu — F(tu) + —(tu)” | dx
4 R2 RrR2 4 4
1 -2 -2 | P Vo o
<— | [alVal* 4+ (V(x) = Vp)a*]dx + —f@u— F@) + —u” | dx
4 Jr2 Rr2 [ 4 4
1
=oW) — Z(Q’(ﬁ), u)
1
< lim [Cb(un) — — (D (up), m] =c=cp.
n—00 4
This implies that 7 = 1 and u,, — @ in H'(R?). Hence, we have &' (i) = 0 and ®(i1) =

CN = C.
Case ii): it = 0. Then u,,—0 in H!(R?). Moreover, by a standard argument, we have

D (up) = ¢, (D) (un)|I(1+ llunll) — 0. (3.35)
We claim that
8:=1lim sup sup / lun|?dx > 0. (3.36)
n—00 yeRr2JBi(y)

Otherwise, if § = 0, then by Lion’s concentration compactness principle [29, Lemma 1.21],
u, — 0in L5(R?) for s > 2. Arguing as in the proof of [8, (4.20)] (or [6, (4.56)]), and
using (F2) and (F4), we can get

/ F(uy)dx = o(1). (3.37)
R2
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In view of Theorem 1.3, Lemma 3.2 and (2.35), we have

2 47b
cxed=a® < T2 0 (3.38)
From (3.1), (3.37) and (3.38), it follows that
a 2, 1 2 b 4 00 00
EIIVun 15 + 5 - V(x)u,dx + Z”VMHHZ +o(l)=c<c*=A
2 4br?
= M1 —4p+ o148
(040} OtO
(3.39)
where 0 < € < i. Using (3.39), it is easy to check that
4
IVunl3 < 2(1 - 48). (3.40)
o
Choosing g € (1, 2) satisfying
1+8)(1 -3¢
M <1, (3.41)
1—¢
by (F1), we have
017 < Cg e D% 1], Vi = 1. (3.42)

From (3.40), (3.41), (3.42) and Lemma 1.1 ii), we deduce that

/ |f (up)|9dx < CS/ [eao(l%)qug . ]] dx
[up]>1 R2
ll%

ao(14+8)g (| Vun |3+47E feg) —— 21—
_ Cgf |:e nli3 (IVun 13 -+47& /o) —1|dx < Co.
]RZ

(3.43)
Letg’:=q/(q — 1) > 2. Then (3.43) and the Holder inequality yield
1/q
/ S un)updx < [/ |f(un)|qu] lunlly = o(1). (3.44)
[un|>1 [un=1
From (1.6), (1.7), (3.1), (3.37) and (3.44), it follows that
[
c+o(l) = P(un) — §(<I> (Un), Un)
19l + [ |3~ P |a
= - n ~ n)n — n X
4 u 2 - 2 Un)u u
<o(1). (3.45)

This contradiction shows that the claim (3.36) holds, namely 6 > 0. Going if necessary to a
subsequence, we may assume the existence of k, € Z? such that

)
/ |un|2dx > — > 0.
Ba (k) 2
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Let v,(x) = u,(x + k). Then
2 8
|vg|“dx > = > 0. (3.46)
B1(0) 2

Moreover, (3.35) gives
D% () = ¢, (@) (W)lI(1 + [[vall) = 0. (3.47)

Passing to a subsequence, we have v,— in H'(R?), v, — © in Lj .(R?) for s > 2 and
v, — ¥ a.e. in R2. Then (3.46) yields v # 0. In view of Theorem 1.2 and Theorem 1.3, one
can prove easily

¢® =m™® =inf {®®u) | u € H' R)\{0}, (@) (u), u) =0}. (3.48)
As in the proof of (3.31), using (3.48), we can derive that there exists 7 € (0, 1] such that
(@) (fv), fv) = 0 and ®®°(fv) > ™. (3.49)
Since 7 € (0, 1], from (4.1), (3.49), lemma 3.2 and Fatou’s lemma, we deduce
¢ < ®X(7v) — %((CD"O)’(?TJ), 1v)

i _ _ 1, - Vo
= Z /Rz [aIVv|2 + (Voo — Vo)vz] dx + /Rz I:Zf([v)[v — F(tv) + ZO(“’)Z] dx

= %/RZ [alViil® + (Voo — Vo) ] dx + fRz [%f(ﬁ)ﬁ — F(0) + ?52] dx
1
=% () - Z<(<I>°°)’(17), v)

< lim [d>°°(vn) - %(@oo)’(vn), Un)] =c=cy =%,

T n—ooo

which implies that 7 = 1, v, — © in HY(R?), (@) (D), ) = 0 and d>°(@D) = ¢ = cy.
As in Corollary 3.4, we have ¢ = cy = ®*°(v) > max;>o ®*°(¢v). Since v # 0, by Lemma
3.5, there exists 7 > 0 such that o € NV, and so ®(fv) > cy = c. Therefore, it follows that

22
c=®% () = ¢ (1v) = D (1v) + t—/ [Voo — V(x)]0%dx
2 R2

> ®(iv) > cy =c,

which yields ®(fv) = cy = c. Applying Lemma 3.9, we get ®'(f) = 0. This completes
the proof of Theorem 1.4. O

4 Nontrivial solutions for (XC) with the radial potential
In this section, we study the existence of nontrivial solutions for () with radial potential
V satisfying (V2), by restricting the working space in H!(R?). It is well-known that the

embedding Hr1 (R?) — LS(R?) is compact for any s > 2. In view of [29, Theorem 1.28],
if u is a critical point of & restricted to Hr1 (R?), then u is a critical point of ® on H L(R?).
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Similarly as in Lemma 3.1, we can deduce that there exists a sequence {u,} C H'(R?)
satisfying

2wra  4n?b ,
Cup) = cr < — + —5—, 1P W)l () w2yy (1 + llunll) = 0, 4.1
= inf D(y(t 4.2
cr ;Qr, max, (y (@), (4.2)
where
T, = {y €C(0, 11, H (R?) : y(0) = 0, d(y(1)) < 0}. 43)

Lemma 4.1 Assume that (V2) and (F1), (F2), (F3"), (F4) and (F6) hold. Then any sequence
satisfying (4.1) is bounded in H L(R?).

Proof Arguing as in (3.19)—(3.21), we know that

F(up)dx < / fup)updx < Cs. 4.4

[tn|>Ro

IVunl2 < C1. 8/

[n|>Ro

In view of (4.4), to prove the boundedness of {||u, |}, it remains to show the boundedness of

{llunl2}. To this end, arguing by contradiction, suppose that ||u,|» — +oo. Let U’ﬁ:n;ﬁ’
t
D= :t € [—Ro, Ro] : Q < V()} , D= {t € [—Ro, Rol : & >V } 4.5)
and 1
F(t): = Ef(t)t —F@), VtelR. (4.6)
Using (F3'), it is easy to get
F(t)>=Csq, VteD;. 4.7)
From (F1), (F2) and (4.7), we have
|f (O < Cslt] < Colt|F(t), Yte D (4.3)
By (4.1), we have
[
¢+ o(l) = (up) +o(l) = ©(up) — 5(49 (un), un)
b
> = IVunllz + / Fun)dx,
|tn|<Ro
which, together with (4.4), yields
/ F(up)dx < C7. 4.9)
[un|<Ro
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Note that {||v, ||} is bounded due to (4.4). Thus it follows from (1.7), (4.1) and (4.9) that

1 b\ Vu,ll;
Vo < lim . / [al Vi + V (ou2] dx + V13
n=00 | flunllz Jr2

lln I3
. 1 1

= lim 5 fup)u,dx + — f(up)undx

n—=00 | |lu, ”2 lun|<Ro ”un”z lun|>Ro

1
< lim sup Mvzdx =+ lim sup EAC |vp, |3/2dx
n 172 172
n—oo Jp, Un n—>00 |uy|ly’" Iy 1Unl

. - 1/2
< Vo +limsup ——2 [/ ]:(un)dx] ||Un||g/2
[un|<Ro

1/2
n=>00 Juy 1y

= W.
This contradiction shows the boundedness of {||u, ||2}. Hence, {u,} is bounded in H'(R?).O

Proof of Theorem 1.4 In view of Lemma 4.1, there exists a sequence {u,} C H,l (R?) satisfy-
ing (4.1) and |lu,|| < Cs. We may thus assume, passing to a subsequence if necessary, that
up—it in H'(R?), u, — i in L*(R?) for s > 2 and u, — i a.e. in R%. Arguing as in the
proof of [8, (4.27)], we have

lim | F(up)dx = / F(i1)dx. (4.10)
RrR2 R2

n—o0
Step 1. First, we prove that up to a subsequence,
. 5 4m 2
L:= lim ||[Vu,ll; < — + [Vill5. (4.11)
n—oo ao

Arguing by contradiction, we assume that L > % + Vi ||%. By (1.7) and (3.1), we get

0= lim (®'(up), up) = aL + bL*> + lim / [VouZ — fun)u,]dx (4.12)
n—00 n—oo Rz
and
0= lim (®'(u,), ¢)
n—0o0
= lim { [aVu, - Vo + V(X)u,eldx —|—bL/ Vu, - Vodx — / f(u,,)godx}
n—o0 R2 ]RZ RZ

= fRZ [aVu - Vo 4+ V(x)up]dx + bL /RZ Viu - Vodx — /RZ f@)epdx, Voe CSO(RZ),

which, together with (3.30), the definition of L and the density of C3°(R?) in H,! (R?), implies

n—o0

0= lim <d>/(un),zz)=a||va||§+/ V(x)azdx+bL||vﬁ||§—/ f@adx. (4.13)
R2 R2
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IfL > i—’; + ||Vﬁ||§, from (3.1), (3.38), (4.12), (4.13) and Fatou’s lemma, we then deduce

2ma  4n’b 00 . Lo m
= 4 5 > ¢ >c= lim CD(Mn) — *(qD (un)a u)
050 ao n—o0o 4

_aL—i-bL2 Fu)d +1 li V(x)ud
== —L" — — lim
3 1 ,Fandx + 2 , V@uydx

"||V‘||2+1/ v ()itd +bL||V‘||2+1/ F(@id
4M24]R2 X + u24R2_uux

a a-+bL
=—-L
4 + 4

+ ! / [f ()it — 4F (it) + V (x)it” ]dx
4 R2

1
~112 . 2 -2
L=l + 5 fim [ Ve (i) ds

2ra  4n?b ( 4711)) b
> —+|a+—

o) ag a(z) 4

which is a contradiction. Hence, we complete the proof of Step 1.
Step 2. We prove that ® (i) = b and ®'(ir) = 0.
From Step 1, we know that there exists £ > 0 satisfying

. _ . _ 4 (1 — 38)
2 2 2
nli)ngo [IIV(un —)5] = nli)ngo [IVunliz — IVill5] = T w (4.14)
Choosing g € (1, 2) satisfying
14821 —38)¢>
d+ed =38 (4.15)

1—¢

by (4.14), the Young’s inequality and Lemma 1.1, we have

/ (ea0(1+é)qu,% _ 1) dx 5/ (ecto(l+é)2§flq,;2€ao(l+§)2q(un—L_t)z B 1) dx
R2 R2

n l/ (e8P =" _ 1) ay
q JR?

< Cy. (4.16)

Using (F1) and (F2), for any ¢ > 0, there exists C; > 0 such that

|£(0)] < &lt] + C. (e“0<1+§>’2 - 1) . VieR. 4.17)
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Let ¢":=q/(q — 1) > 2. Since u,, — u in Lq/(RZ), from (4.16), (4.17) and the Holder
inequality, we deduce that

IA

- - 2 -
ff(unxun—u)dx e||un—u||%+c9f (e = 1) fuy — il
R2 R2

1/q
_ 3 q _
<e(Cr+ llal3) + Co |:/2 (eao(1+s)uﬁ _ 1) dx] ity — @il
R
s el 1/q
<e(Cy + llil3) + Cro [/2 (eao( +E)quE _ 1) dx] ity — il
R
<& (Ci+ il3) + Cutllun —illy
<e(Cy+ llill3) + o(1), (4.18)
which, together with the arbitrariness of ¢, yields
lim f f(uy)(u, —u)dx = 0. (4.19)
n—oo Rz

Therefore, it follows from (1.7), (3.1), (4.19) that
o(l) = (q)/(un)v Up — U)

= fz [aVuy - V(up — i) + V()up (uy — u)]dx
R

+b||wn||%f Vi - V(uy — it)dx —/ () (uy — it)dx
R2 R2

allV(uy — )13 + Vollun — itll3 + bl Vun |31V (uy — i)1|3 + o(1)

min{a, Vo}llu, — itl|* + o(1),

v

\Y

which implies that u, — i in H!(R?). Then the continuity of ® and @' leads to ®(i1) = ¢
and ¢’ (it)| HIR = 0. From [29, Theorem 1.28], we conclude that u is a critical point of ®

on H'(R?). ]
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