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Abstract
In this paper, we establish concentration and multiplicity properties of ground state solutions
to the following perturbed double phase problem with competing potentials:

—e?Apu — €l Aqu + V() (ulP~2u + ul97%u) = K(x) f(u), inRY,
ueWhP@M Nnwha@®RN), u > 0, inRY,

where | < p < g < N, Aqu = div(]Vul*~?>Vu), with s € {p, q}, is the s-Laplacian
operator, and € is a small positive parameter. We assume that the potentials V, K and
the nonlinearity f are continuous but are not necessarily of class C!. Under some natu-
ral hypotheses, using topological and variational tools from Nehari manifold analysis and
Ljusternik—Schnirelmann category theory, we study the existence of positive ground state
solutions and the relation between the number of positive solutions and the topology of the
set where V attains its global minimum and K attains its global maximum. Moreover, we
determine two concrete sets related to the potentials V and K as the concentration posi-
tions and we describe the concentration of ground state solutions as € — 0. The asymptotic
convergence and the exponential decay of positive solutions are also explored. Finally, we
establish a sufficient condition for the non-existence of ground state solutions.
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1 Introduction

In this paper, we are concerned with the following perturbed double phase problem with
competing potentials

{ —€e?Apu — €9 Aqu+ V) (ulP"u + ulf"%u) = K(x) f(u) inRY, an

ue WPMNHnwha@®RM), u>0 inRY,

where | < p < g < N, Aqu = div(|Vu|*~2Vu), with s € {p, g}, is the usual s-Laplace
operator, € is small positive parameter, V and K are potential functions and f is the reaction
term with subcritical growth. We are interested in the qualitative and asymptotic analysis
of solutions to problem (1.1) and we are mainly concerned with existence and multiplicity
properties of solutions, as well as with concentration phenomena as € — 0.

The features of this paper are the following:

(1) the presence of several differential operators with different growth, which generates a
double phase associated energy;

(2) the problem combines the multiple effects generated by rwo variable potentials;

(3) there exists a competition effect between the absorption potential and the reaction poten-
tial, which implies more complex phenomena to locate the concentration positions;

(4) the main concentration phenomenon creates a bridge between the global maximum point
of the solution versus the global maximum of the reaction potential and the global mini-
mum of the absorption potential;

(5) due to the unboundedness of the domain, the Palais—Smale sequences do not have the
compactness property;

(6) the proofs combine refined analysis techniques, including topological and variational
tools.

Problems like (1.1) arise when one looks for the stationary solutions of reaction-diffusion
systems of the form

u, = diviDW)Vul + c(x,u), x € RN andt > 0,

where D (1) = |Vu|P~2 4 |Vu|?~2. This system has a wide range of applications in physics
and related sciences, such as biophysics, plasma physics, and chemical reaction design (see
[12]). In such applications, the function u is a state variable and describes density or con-
centration of multi-component substances, div[ D (1) Vu] corresponds to the diffusion with a
diffusion coefficient D (), and c(x, u) is the reaction and relates to source and loss processes.
Typically, in chemical and biological applications, the reaction term c(x, u#) has a polynomial
form with respect to the unknown concentration denoted by u.

Since the content of the paper is closely concerned with double phase problems, we start
with a short description on the background and applications. An interesting phenomenon
is that the operator involved in (1.1) is the so-called double phase operator whose behavior
switches between two different elliptic situations. Originally, the idea to treat such opera-
tors comes from Zhikov [43] who introduced such classes to provide models of strongly
anisotropic materials; see also the monograph of Zhikov, Kozlov and Oleinik [44].

Moreover, the double phase problem (1.1) is also motivated by numerous models arising
in mathematical physics. For example, we can refer to the following Born—Infeld equation
[11] that appears in electromagnetism, electrostatics and electrodynamics as a model based
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on a modification of Maxwell’s Lagrangian density:
—div (L> =h(u) in Q.
(1 =2|Vu>)1/2
Indeed, by the Taylor formula, we have

30, s1 2n — 3
R TR S 1 T

(1—x)*1/2=1+%+ n=1 4 for x| < 1.

Taking x = 2|Vu|* and adopting the first order approximation, we can obtain problem (1.1)
for p = 2 and ¢ = 4. Furthermore, the n-th order approximation problem is driven by the

multi-phase differential operator
3 2n —3)!!
—Au — Aqu — A — - - — ——— At
2 (n—1!

We also refer to the following fourth-order relativistic operator

. |Vu|?
ur>div | ———5=7Vu),
(1 = |Vulh)3/4
which describes large classes of phenomena arising in relativistic quantum mechanics. Again,
by Taylor’s formula, we have

3x0 21410

RN

This shows that the fourth-order relativistic operator can be approximated by the following
autonomous double phase operator

21— = 2 g

3
u+— Aqu—+ ZAgu.

For more details in the physical backgrounds and other applications, we refer to Bahrouni,
Radulescu and Repovs [7] (for phenomena associated with transonic flows) and to Benci,
D’ Avenia, Fortunato and Pisani [10] (for models arising in quantum physics).

In the past few decades, problem (1.1) has been the subject of extensive mathematical
studies. For the case ¢ = 1, using various variational and topological arguments, many
authors studied the existence and multiplicity results of nontrivial solutions, ground state
solutions, nodal solutions and some qualitative properties of solutions, respectively. See for
example [19, 28, 30-32] for the case of bounded domains. In this classical setting we recall
here the seminal papers by Ni and Wei [29], Li and Nirenberg [23], del Pino and Felmer
[15], del Pino, Kowalczyk and Wei [16], and we refer to Ambrosetti and Malchiodi [4] for
detailed discussions.

We point out that the problem settled on the whole space has been considered recently
by several authors. In [21], He and Li established some regularity results for problem (1.1).
By combining the concentration-compactness principle with the mountain pass arguments,
an existence result has been established by He and Li [22] when the nonlinearity has an
asymptotic (p — 1)-linear growth at infinity. Figueiredo [18] proved the existence of positive
ground state solutions for the critical growth case. We also point out that the existence of
infinitely many solutions was obtained in [8] by using linking theory and the symmetric
mountain pass theorem.

For the case when € > O sufficiently small, the solutions of problem (1.1) are often
referred to as semiclassical states, which possess many significant physical insights for €
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small. More precisely, the concentration phenomenon of semiclassical states, as € — 0,
reflects the transformation process between quantum mechanics and classical mechanics.
For such problem, some asymptotic behaviors of semiclassical states, such as concentration,
convergence and exponential decay, are very interesting research topics in mathematics and
physics. In this framework, from a mathematical viewpoint, it is worth to study not only the
existence of semiclassical solutions but also their asymptotic behavior as € — 0. Typically,
solutions tend to concentrate around critical points of the potentials functions: such solutions
are called spikes. To put our result in perspective, we review briefly some related results in
this direction.

In [3], Alves and Figueiredo studied the multiplicity and concentration of solutions for
the following problem with linear potential

—Apu— Agu+ V(ex)(JulP"u + uli"%u) = f(u), inRV,
{ue Whe@®Nyn wha@®N), u > 0, in RV, (2
which is equivalent to the problem under the action of variable substitution
—eP Apu — €1 Agu + V@) (ulP2u + |ul4=2u) = f@), inRY,
{u e WHP@RN) nWHIRN), u > 0, in RV, (49

Here the authors assumed that the potential V satisfies the following global condition intro-
duced by Rabinowitz [33]

0 < inf V(x) <liminf V(x) < oo, (1.4)

xeRN [x]—o00

and the nonlinear term f has C'-smoothness with superlinear and subcritical growth. Using
mountain pass arguments combined with the Ljusternik—Schnirelmann category theory, they
proved the existence and multiplicity of positive solutions which concentrate at global min-
imum points of V for problem (1.2). Subsequently, the multiplicity result in [3] has been
improved in [6] by considering continuous nonlinearities. It should be noted that Ambrosio
and Repovs [6] proved a useful splitting lemma in detail under the continuous condition.
Recall the following local hypothesis introduced by del Pino and Felmer [14]: there exists a
bounded domain €2 such that

0<infV inf V(x). L5
< bV < jnfveo 1)

Under this assumption, Alves and da Silva [2] obtained multiplicity and concentration prop-
erties depending on 2 by penalization method and Lusternik—Schnirelmann theory. We also
mention the recent papers [5] and [42] in which the multiplicity and concentration of posi-
tive solutions for a class of fractional double phase problems with local condition (1.5) are
established.

We would like to emphasize that, in all the works mentioned above, the authors focused
only on the linear potential case for the double phase problem. In other words, the multiplicity
and concentration results depend only on the properties of the linear potential V. Furthermore,
the problem is autonomous in the reaction, in the sense that the nonlinearities on the right-
hand side of the equation do not depend on the variable x. That is why it is quite natural to
ask how the appearance of nonlinear potential and linear potential will affect the existence,
multiplicity and concentration of solutions to problem (1.1)? This is an interesting question
which motivates the present work.

Inspired by the above facts, in the present paper, we are going to study the existence,
multiplicity and concentration phenomena of positive solutions to problem (1.1) with both
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absorption potential (linear potential) V and reaction potential (nonlinear potential) K. To
the best of our knowledge, it seems that such a problem was not considered in the literature
before. Here, it is worth pointing out that the combination of linear potential and nonlinear
potential is called the competing potentials (see [39]), which makes difficulties in determining
the concentration positions of solutions.

More precisely, we first establish the existence result of positive ground state solutions for
small €. Secondly, we investigate the concentration phenomena of ground state solutions as
€ — 0. For this purpose, we determine two concrete sets related to the potentials V and K as
the concentration positions of these solutions. Roughly speaking, the ground state solutions
concentrate at such points xo where V (xo) is small or K (xp) is large. As a special case, we
can show that these ground state solutions concentrate around such points which are both the
minima points of the potential V and the maximum points of the potential K . Furthermore, we
analyze the asymptotic convergence of ground state solutions under scaling and translation
and the exponential decay estimate. Finally, we investigate the relation between the number
of positive solutions and the topology of the set where V attains its global minimum and
K attains its global maximum. To the best of our knowledge, the present paper is the first
work dealing with concentration properties for double phase problems in the presence of two
competing potentials.

1.1 Main results

We start with the following basic notations:

Vmin =minV, ¥ = {x € RV : V(x) = Vinin} and Vo = liminf V (x)
[x|—o00
and
Kmax = max K, # ={x € RY : K(x) = Kmax} and Koo = lim sup K (x).
|x|—>o00

We assume that V and K satisty the following conditions:

(A49) V, K € C(RN,R) are bounded, Viin := inf V > 0 and Kpin := inf K > 0;

(A1) Vmin < Vo and there is x,, € ¥ such that K (x,) > K (x) for all |[x| > R and some
large R > 0;

(A2) Kmax > K and there is x; € # such that V (x;) < V(x) for all |x|] > R and some
large R > O;

(A3) V,K € C(RN,R) are bounded functions such that 0 < V® := limjy»o0o V() <
V(x)and 0 < K(x) < K* :=lim|,|, 0 K(x), and [V| > 0 or || > 0, where

V={xeRY:V® < V(x)} and K={x eRY: K® > K(x)}.

Note that, for the case (A1), we can assume K (x,) = max,cy K (x); and for the case
(A3), we can assume V (xx) = min,c» V(x). To describe some concentration phenomena
of positive ground state solutions, we define two concrete sets related to the potentials V and
K:

Ay ={xe?V Kx)=Kxy)}U{x ¢ 7 :Kx)> K(xy)},
and

d={xedX V) =Va)tU{x ¢ 72 :V(x) < V(xp)}.
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This kind of structure was recently introduced by Ding and Liu [17] which generalized the
condition (1.4) introduced by Rabinowitz [33].

We observe that x, € 7, and x; € <, which shows that <7, and % are non-empty
and bounded sets. Moreover, if (A;) holds and ¥ N % # (), we can set K(x,) =
maxycy Ny K(x)and

Ay ={x eV NH  Kx) =K},

which implies that <7, = ¥’ N.% . Similarly, if (A;) holdsand ¥’ N.J¢ # @, then @ = V' NA .
We assume that the nonlinearity f satisfies the following hypotheses:
(f1) feCR,R)and f(s) =0foralls < O;
(f2) f(s)=o(s|P"")ass — 0
(f3) there existco > Oand r € (g, ¢*), with g* = NN—_qq, such that | £ (s)| < co(1+|s]"™")
for all s;
(f4) there exists 6 € (g, ¢g*) such that

O<9F(s)=0/ f(t)dt <sf(s) foralls > 0O;
0

(fs) f(s)/s97 ! is increasing for all s € (0, 00).

We state in what follows the main results of this paper.

Theorem 1.1 Suppose that (Ao), (A1) and (f1)—(fs5) hold, then for all small € > 0

(i) problem (1.1) has at least a positive ground state solution u;
(i) Z is compact, where £, denotes the set of all positive ground state solutions;
(iii) uc(x) possesses a maximum point x. such that, up to a subsequence, xc — xgase — 0,
and lim¢_, o dist(xe, ) = 0, and ve(x) := uc(ex + x¢) converges to a ground state
solution of

—Apu = Agu+ V(o) (Jul”u + ul"2u) = K (x0) f () in RN
In particular, if v N & # O, then lime_,odist(xe, V N A) = 0, and up to a subse-
quence, v converges to a ground state solution of
—Apu = Agte+ Vanin (1?20 + [u)?7%u) = Kinax f () in RY.

(iv) We have limy| oo tte(x) =0 and u. € Cll(;é7 (RN with o € (0, 1). Furthermore, there
exist positive constants ¢, C such that

ue(x) < Cexp <—§|x —x5|> .

Theorem 1.2 Suppose that (Ag), (Az) and ( f1)—(f5) hold, and we replace <7, by <, then
all the conclusions of Theorem 1.1 remain true.

To obtain the multiplicity result of positive solutions for problem (1.1), we first recall the
definition of Ljusternik—Schnirelmann category. If Y is a given closed subset of a topological
space X, the Ljusternik—Schnirelmann category caty (Y) is the least number of closed and
contractible sets in X which cover Y.

To prove the multiplicity result, in the following we assume ¥ N ¢ # (. Let us denote
by

A=7Nx and As={x eR" :dist(x,A) <8} fors > 0.

Clearly, by (Ap), (A1) and (A2), we know that the set A is compact. We establish the following
multiplicity property of positive solutions.

@ Springer



Double phase problems with competing potentials... 4043

Theorem 1.3 Suppose that (Ao), (A1) (or (Az)) and (f1)—(fs) hold and A # (. Then for
any 8 > 0 there exists €5 > 0 such that, for any € € (0, €s), problem (1.1) has at least
catp5(A) positive solutions.

Finally, we give the non-existence result of ground state solutions as follows.

Theorem 1.4 Assume that (Az) and (f1)—(fs) hold, then for each € > 0, problem (1.1) has
no positive ground state solutions.

Additionally, according to the above observations, we can obtain some consequences of
the above results. More precisely, we consider the double phase problem with nonlinear
potential

—€PApu — €l Aqu + [ulP2u + [ul%u = K(x)f(u), inRY,

1.6
uewWP@®NH N wha@®RN), u > 0, in RV, (1.6)

and assume that the reaction potential K satisfies the following condition:

(K1) 0 < inf g~y K(x) and lim SUP| x| 00 K(x) < max, gy K (x).
(K») K € C(RN,R) is bounded such that 0 < K(x) < K*® := lim|y|— 00 K(x) and
IK| > 0, where K = {x e RV : K*® > K (x)}.

The main results are the following theorems for problem (1.6).
Theorem 1.5 Assume that (K1) and ( f1)—(f5) hold, then for all small € > 0

(i) problem (1.6) has at least a positive ground state solution u;
(i) Z is compact, where £, denotes the set of all positive ground state solutions;
(iii) uc(x) possesses a maximum point x. such that, up to a subsequence, xc — xgase — 0,
and lime o dist(xe, #) = 0, and ve(x) := ue(€x + x¢) converges to a ground state
solution of

—Apu — Agu+ [ul”2u + |u|?u = Kpax f(u)  in RV,

(iv) We have lim|y|— o0 tte(x) = 0 and ue € CII(;f (RN with o € (0, 1). Furthermore, there
exist positive constants ¢, C such that

ue(x) < Cexp <—§|x —x5|) .

Theorem 1.6 Assume that (K1) and ( f1)—(fs5) hold. Then for any § > O there exists €5 > 0
such that, for any € € (0, €s), problem (1.6) has at least cat (') positive solutions.

Theorem 1.7 Assume that (K») and ( f1)—(f5) hold, then for each € > 0, problem (1.6) has
no positive ground state solutions.

Compared with the existing issues in [3, 6] where the authors studied the relationship
between the linear potential and multiplicity and concentration properties of positive solu-
tions, a novelty of the present paper is that we will study how the behavior of competing
potentials will affect the multiplicity and concentration of positive solutions of problem (1.1).
For problem (1.1), there exists competition between the linear potential V and the nonlinear
potential K. This happens because V has the tendency to attract solutions to its minimum
points, while the potential K tends to attract solutions to its maximum points. Furthermore,
the existence, multiplicity and some properties of positive solutions depend not only on the
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linear potential but also on the nonlinear potential. Therefore, the study of problem (1.1) is
much more complicated due to the multiple effects of the competing potentials. That is why
we will discuss carefully in this paper the interactions of the two potentials, and the present
arguments seem to be more delicate. Besides, another novelty of this paper is that we obtain
a non-existence result of positive ground state solutions under suitable conditions. So our
results can apply to more general situations. From the comments above, the results obtained
in this paper cover, improve and extend the relevant results in [3, 6].

On the other hand, our main motivation of this paper also comes from the study of
Schrodinger equations

—EAu+V@u=Kx) fw), ue  H ®RY). (1.7)

Note that, if p = ¢ = 2, problem (1.1) reduces to problem (1.7). Many scholars investigated
the existence, concentration and multiplicity of semiclassical solutions for problem (1.7).
In particular, in the pioneering work by Rabinowitz [33], the author proved the existence
of positive ground state solution of problem (1.7) with K = 1 under the global condition
(1.4) by using mountain pass theorem. Based on the work of [33], Wang [37] studied the
concentration phenomena around the global minimum points of potential V. Using the penal-
ization method, del Pino and Felmer in [14] studied the localized concentration phenomena:
the solutions concentrating around local minima of potential V. Later, Wang and Zeng [39]
first constructed a ground state solutions concentrating at a special set characterized by the
competing potential functions V and K . For related results on coupled nonlinear Schrodinger
system with competing potentials, we refer to [41]. Applying the Ljusternik—Schnirelmann
category theory, a multiplicity result depending on the topology properties of the compet-
ing potentials was obtained by Cingolani and Lazzo [13]. Compared with the semilinear
Schrodinger equations, the lack of homogeneity caused by the (p, g)-Laplacian operator
makes our analysis more delicate and intriguing with respect to the above mentioned works,
and some refined estimates will be carried out to implement our variational machinery.

In order to complete the proofs of main results, we need to use some suitable variational
and topological arguments and refined analysis techniques. More precisely, due to the fact
that f is only continuous, the Nehari manifold .#¢ is not differentiable and some well-known
arguments for C!-Nehari manifolds are not applicable in our situation. To overcome this
obstacle, in the spirit of [6], we intend to make use of the method developed by Szulkin and
Weth [34] to deal with our problem. The main idea of this method is to find a homeomorphism
mapping between the Nehari manifold .#¢ and the unit sphere of working space E.. Then,
one can construct a reduction functional /. on the unit sphere such that critical points of /.
are in one-to-one correspondence with critical points of the original functional ®., where
E., ¢, . and I, will be defined in Sect. 2. On the other hand, due to the interactions of
the competing potentials, we need to characterize the comparison relationships of the ground
state energy value between the original problem and certain auxiliary problems, which will
play a crucial role in our arguments. To obtain the multiplicity result, we use a technique
introduced by Benci and Cerami [9], which consists of making precise comparisons between
the category of some sublevel sets of the energy functional . and the category of the set
A. Since we want to use Ljusternik—Schnirelmann category theory, we need to prove certain
compactness properties for the functional ®.. This will be done by applying suitable energy
comparison methods. In particular, we will see that the levels of compactness are strongly
related to the behaviors of the potentials V and K at infinity.

Finally, it should be noted that we only give the detailed proofs for problem (1.1) because
the arguments for problem (1.6) are similar.
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The structure of the present is the following. In Sect. 2, we establish the variational
framework of problem (1.1) and give some useful preliminary results which will be used
later. In Sect. 3, we present some necessary results for the constant coefficients problem.
In Sect. 4, we analyze the Palais—Smale compactness condition to overcome the lack of
compactness. In Sect. 5, we prove the existence and concentration of positive ground state
solutions and we complete the proofs of Theorems 1.1 and 1.2. In Sect. 6, we are devoted to the
multiplicity result and we give the proof of Theorem 1.3. Finally, we prove the non-existence
result of ground state solutions in Sect. 7.

2 Variational framework and preliminary results

Throughout this paper, for convenience we will use the following notations:

— || - |ls denotes the usual norm of the space L* (RM), 1 <s < o0;

—-c¢, C, ¢;, C; denote some different positive constants.

In what follows, we recall some facts about the Sobolev spaces and introduce some lemmas
which we will use later.

For p € (1,00) and N > p, we define D"P(R") as the closure of Cy° (RN) with respect
to

Vull = / |VulPdx.
RN
Let W12 (R¥) be the usual Sobolev space endowed with the standard norm

= [ Avul + fup?)ds.

According to [1], we have the following embedding theorem for Sobolev spaces.
Lemma2.1 Let N > p, then there exists a constant Sy, > 0 such that, for any u € DVP(RV),

—1
lulls. < S: M IVull.

Furthermore, WP (RYN) is embedded continuously into LS (RN) for any s € [p, p*] and
compactly into LS, (RN) forany s € [1, p*).

loc
We recall the following Lions compactness lemma, see [24].
Lemma2.2 Let N > pandr € [p, p*). If {u,} is a bounded sequence in WP (RN) and if
lim sup / lu|"dx =0,
Br(y)

n— 00 yeRN

where R > 0, then u,, — 0 in LS(RN)for alls € (p, p*).

In order to prove the main results, we do not deal with the problem (1.1) directly, but
instead we study an equivalent problem to problem (1.1). In fact, after the change of variable
X > €x, we can rewrite problem (1.1) as the following equivalent problem

=gt = Ak VO (ul! Pt o) = Ko fw, Y,
ue WhP@®¥)nwhi@®V), u > 0, in RV, '

We observe that if u is a solution of problem (2.1), then v(x) := u(x/e€) is a solution of
problem (1.1). Thus, to study the original problem (1.1), next we will study the equivalent
problem (2.1).

@ Springer



4046 J.Zhang et al.

Now we establish the variational framework of problem (2.1). For any fixed € > 0, we
introduce the following working space

E. = {u e WP@®RY) nwhiRY) - / V(ex)(lul? + ju|?)dx < oo}
RN
endowed with the norm
lulle = llullv,.p + lullv, .4
where

lully, ; = /}%N(Wuls + V(ex)|ul|®)dx foralls > 1.

Since V is a bounded function, then || - || and the norm of WhP(RN) N W4 (RN) are
equivalent. So, E. = E := WLP(RN) n whe(RN).

Now, let us recall the following embedding property proved by Alves and Figueiredo, see
[3] for more details.

Lemma 2.3 The space E. is embedded continuously into L*(RY) for s € [p, ¢*] and com-

pactly into Lj . RN) for s € [1, g*). Moreover, there is a positive constant s such that

msllulls < llulle, foralls € [p,q*]. 22

In order to study problem (2.1), we define the energy functional on E
1 p 1 q 1 1
Dc(u) = —|IVullp + = IVullg + V(ex) | —|ul? + —|u|? ) dx — K (ex)F(u)dx.
p q RN p q RV

Furthermore, using Lemma 2.3 and some standard arguments, we know that ®, € C'(E,, R)
under the conditions (f1), (f2) and (f3), and critical points of ®. are weak solutions of
problem (2.1). Also, for any u, v € E., we have

(c1>;(u),v>:/ |Vu|p_2Vu-Vvdx+/ |Vul?2Vu - Vudx
RN RN

+/ V(ex)(lul”2u + |u|9">u)vdx — / K (ex) f (u)vdx.
RV RV
According to (f1), (f2) and (f3), for any ¢ > 0, there exists C, > 0 such that
|F(s)] < els|P™! + Cels|" " and |F(s)| < &|s|? + Cq|s|” for any s € R. (2.3)
Moreover, from (f4) and (f5) we can infer that
1
F(s) >0 and — f(s)s — F(s) >0, Vs > 0. 2.4
q
To prove the positive ground state solutions of problem (2.1), we consider the Nehari
manifold related to @,
Ne = {u € Ec \ {0} : (D (u), u) = 0},

deeply studied by Szulkin and Weth [34]. Obviously, .#¢ contains all nontrivial critical points
of &..
Let

Ce ;= inf ®.
Wz

e
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If ¢, is attained by u. € A¢, then u, is a critical point of ®.. Since c, is the lowest level for
®,, then u, is called a ground state solution of problem (2.1).

Employing Lemma 2.3 and using some standard arguments [6], one can check easily some
elementary properties of the functional ®..

Lemma 2.4 Assume that (f1)—(fs) hold, then ®. satisfies the following conditions:

(i) ®. maps bounded sets of E¢ into bounded sets of Ec;
(i) D, is weakly sequentially continuous in E.

Lemma 2.5 (mountain pass geometry) Assume that ( f1)—(fs) hold, then

(1) there exist a, 0 > 0 such that ®(u) > o with ||ull = o;
(i1) there exist ug € E¢ and R > 0 with ||uglle > R such that ®.(ug) < 0.

Proof (i) Letu € E., from (2.2) and (2.3), it is easy to obtain

e (u)

1|| Iy, ., + 1I| I / K (ex)F(u)d
— — — €
p Hlvep T 1Ml g = o, Rle) Tl

I V

1 q p r
|| ”Ve ) 5”””\/5’,] - 8Kmax”u”p — Ce Kmax |ull;
1 2.5)
> cillully, , + =lully, , — CeKmaxllull;

Z (] Ve.p q Veq & Amax r

1
= callll, Wl = CoRmawr,

We take o € (0, 1) with |[ulle = o, then |lu|ly,,, < 1. Therefore, ||u||€€.p > ||u||“1/€ , since
1 < p < q. According to (2.5) and the inequality: a® + b* > cs(a + b)® forany a,b > 0
and s > 1, we get

1
q)s(u)ZC1|IMIIC€,,,+5||MII‘(/& — CeKmaxr, " [lull

1 q —r r
= crllll, , + lalf, , = Comar” ul
> ca(lullv,,p + llullv, )7 — Ce Kmaxrr, " llull;
= C2||”||Z - CsKmaxﬂ'r_r ”“”2

Since ¢ < r, then there exist «, 0 > 0 such that ®.(u) > « > 0 for |u|l = 0.
(i1) Let e € E\{0}, using (fs4) we have

1 F( e)
Pelte) = - Ilellvf,, ;||e||‘¢€,q—/]R K(ex)—_—~dx — —00

as t — oo. Hence, there exist R > o and 7y > 0 with ug = fge and |lug|l¢ > R such that
D, (1p) < 0. The proof is completed. O

According to Lemma 2.5, we can use a version of mountain pass theorem without the
Palais—Smale condition [40] to deduce the existence of a Palais—Smale sequence {u,} at

level ¢, namely
& (u,) — ¢ and d>/€(un) — 0,

where ¢, is the mountain pass level of ®. defined as

= inf max D (L(1)),
el tel0,
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and
I'={¢eC(0,1], E¢) : £(0) =0, D (£(1)) < 0}.

Next, we are ready to prove some properties for . /¢, which will be used frequently in the
sequel of the paper.
Lemma 2.6 _J¢ is bounded away from 0. Moreover, Nz is closed in E.
Proof We follow the idea of [34]. For any u € .#¢, we infer from Lemma 2.1, (2.2) and (2.3)

that
lally, , + laell, , = /R K(€x) [ @udx

=< SKmax”u”; + Ce Kmaxllully
< 8C3||”||€/67p + CeKmax”r_r”””Z-
According to the arbitrariness of &, we can deduce that

callully, , + lully, , < esllull;.

If |lulle > 1, the conclusion is obvious. If |Ju||¢ < 1, then ||u||V = ||u||q and we have

csllully C4IIuIIVE T IIMIIVE P C4IIu|| » T IIuIIVE g = Collulld,

which implies that |ju|l¢ > «g for some g > 0.
Next, we verify that .4 is closed in E.. Let {u,,} C .4¢ be a sequence such that u, — u
in E.. According to Lemma 2.4, ®/ (u,) is bounded. Then we can get

(P (), tn) — (P (u), u) = (P (un) — P (), u) + (P (), un —u) — 0,

this shows that (@ (u), u) = 0. Using the above conclusion we deduce that |lulle > «o,
hence u € 4. This completes the proof. O

Lemma 2.7 Letu € E\{O}, then there exists a unique t,, > O such that t,u € A¢. Moreover,
e (u) = t,u is the unique global maximum of ®. on RYu. In particular, ifu € ¢, then

O (u) = rna(;( D (tu) > O (tu) forallt > 0.
=

Proof Letu € E\{0}, we define the function g(¢) = ®,(tu) for r > 0. Following the same
arguments as in the proof of Lemma 2.5, we infer that g(0) = 0, g(¢) > 0 for ¢ sufficiently
small and g(¢) < O for ¢ sufficiently large. Therefore, there is ¢ = t,, such that max;~o g(¢)
is achieved at #,, so g’(t,) = 0 and t,u € 4.

Next, we claim that 7, is the unique critical point of g. Assume by contradiction that there
exist 11 and 1, with O < ¢ < p such that tju, rhu € 4, then it follows that

P=ay, P q fow) -,
= | Ken-1 yaq
lully, , + lully,_, /RN (éx)(tlu)q_]u x

and

. (120
M, el g = [ K Dt

Subtracting term by term in the above equalities, we get

A =, = [ K(ex)( AU AL )aqu.
€ RN

()=t (nu)a~!

@ Springer



Double phase problems with competing potentials... 4049

Using ( f5) and recalling that p < ¢, we can deduce that

0< @™ =™ D)}, , = /RN K(ex)( flow) __fau) )uqu <0,

()=t (nu)a=!

which implies a contradiction. The proof is completed. O

Lemma 2.8 There exists A > O such that t, > A for each u € S, and for each compact
subset S C S, there exists Cs > 0 such thatt, < Cgs forallu € S, where S¢ = {u € E :
lulle = 1}.

Proof Foreachu € S, by using Lemmas 2.6 and 2.7, there exists f,, > 0 such that r,u € 4,
and 1, = ||tyulle > . It remains we prove that , < Cs forallu € S C Sc. Arguing
by contradiction we assume that there exist a sequence {u,} C S C Se¢ and {#,} such that
t, — oo. Note that, since S is compact, there exists # € S such that #,, — u in E.. Similar
to the proof of Lemma 2.5, we can see that &, (t,u,) — —oo. However, for any u € 4,
using (2.4) we have

1
Qe (u) = O (u) - 5@2(14), u)

11 1
=<——7> lluell¥, p+/ K (ex) (*f(u)u—F(u)>dx>0~
P q < RN q

So, the conclusion & (t,u,) — —oo is impossible, a contradiction. O

Combining with Lemmas 2.5, 2.7 and 2.8, the ground state energy value ¢, has a minimax
characterization given by

=Cc = inf &, (tu) = inf D (tu). 2.6
e = Ce ue}:"r:\{O}I}lza(;( e(tw) ues, T «(tw) (2.6)

The proof can be found in [6, 34] and [40], here we omit the details.

Lemma 2.9 (i) There exists o > 0 independent of € such that cc > a > 0.
(i1) The mapping . is coercive on A, i.e., D (u) — oo as ||ulle — oo, u € M.

Proof (i) Let u € ./, according to the proof of Lemma 2.5-(i) we infer that there exists
o > 0 independent of € such that ®.(tu) > o > 0 for r > 0 small. Moreover, in view of
(2.6) we can get ¢ > « > 0. So the conclusion (i) holds.

(i1) Arguing by contradiction, we assume that there exists a sequence {u,} C .4¢ such that
luplle — oo and @ (u,) < d for some d € [«, 00). Let v, = u,/||uylle, then v, ]le = 1
and max({||v,|lv,, p, llvnllv, 4} < 1. Passing to a subsequence, we can assume that v,—v in
E,and v,(x) — v(x) ae.in RV,

There are two cases need to discuss: {v,} either is vanishing, i.e.,

lim sup / |v,|9dx =0, VR >0,
Br(y)

n—00
yeRN

or non-vanishing, i.e., there exist Ry, § > 0 and a sequence y, € RY such that
lim / |v,|7dx > 6§ > 0.
=0 J B, ()
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If {v,} is vanishing, then Lemma 2.2 implies that v, — 0 in L°(R") for s € (¢, ¢*). From
(2.3), for any ¢ satisfying t977 > q/p, we have

/ K (ex)F(tv,)dx — 0. 2.7)
RN
Observe that, according to Lemma 2.7 and (2.7) we get

tP 1
d > ®c(up) = Pe(tvy) = —|lvn ”?/OP + *”Un”(\{/ﬁq - / K (ex)F(tv,)dx
14 q RN
tP
p q

= = (ol + el ) - /R (€0 F(tupds
tP
o q q _

= = (Il + Ioal, ) /R K(ex)Fliu,)dx

cqt” q
> < (lvallvep + llallveg)? — | K(ex)F(tv,)dx
p RN

v

cqt? 4 cqt?
— v llg — K(ex)F(tvy,)dx — ——
p RN p

Evidently, this is a contradiction if ¢ is large enough. So the vanishing case does not occur.
Assume that {v, } is non-vanishing. Let us define v, (x) = v,(x + y,), then

/ |0 |?dx =
B, (0)

Passing to a subsequence, we may assume that v, — ¥ in L;’OC (RN with § # 0. Set Q :=
{x € RV : §(x) # 0}. Then |2| > Oand foreachx € €, [u, (x+y,)| = |5, ()| [[ttn]le = 00.
Hence, using (Ao), (f1), Fatou’s lemma and conclusion-(i) we can deduce that

|

o 1 lun I 1 ln F
< E(”';) = Yer | " T Veq / K (ex) (””3 dx
llunlle P lunlle q Nuylle R llzen |l
1 1 F
< —4+-- Kmin/ (u"l? dx
14 q RN [Juplle
1 1 Fu,(x + .
§f+,_[(min/ Mwﬂqu
p q RV un(x + yu)l9

— —00.
This yields a concentration. So the non-vanishing case does not occur, and we finish the

proof. O

We introduce the following crucial results from [34], with which we can use the Nehari
method developed by Szulkin and Weth [34].

Lemma2.10 The map me : E<\{0} — A¢ is continuous, and the map m¢ 1= fiels, © Se —
e is a homeomorphism between Se and N¢ with inverse given by

e : Ne = Se, me(u) = u/llull.

Proof We adapt some ideas found in [34]. Suppose thatu,, — u # 0. Since i (su) = e (u)
foreachs > 0, we may assume u,, € S for all n and it suffices to show that 17 (it,) — e (u)
after passing to a subsequence. According to Lemma 2.7, ¢ (1) = ty, u,. It follows from
Lemma 2.8 that {#,,} is bounded and bounded away from 0, hence, taking a subsequence,
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ty, — to > 0. By Lemma 2.6, /¢ is closed and ¢ (u,) — fou and tou € 4. Hence tou =
tyu = me(u). From the above proof, the second conclusion is an immediate consequence. O

Based on Lemma 2.10, we now consider the functional 1; : Ec\{0} — R and the restric-
tion I : S. — R as follows

Ie(u) = cOhc()) and I = I|s,.
Moreover, Lemma 2.10 shows that IA6 1s continuous.

Lemma 2.11 The following conclusions hold:
1) I; S CI(EG\{O}, R) and foru,v € Ec and u # 0,

N @l
(L), ) = 5 T (@ (e ), v)

(i) I, € C'(S.,R) and (Il(uw), v) = |Imec@)|{PL(ne(u)), v) for v € T,(Se), where
T (S¢) is the tangent space of Se at u.
(iii) {un} is a Palais—Smale sequence for I. if and only if {m¢(u,)} is a Palais—Smale
sequence for ..
(iv) u € S¢ is a critical point of I, if and only if m¢(u) € A is a critical point of .
Moreover, the corresponding values of I and ®. coincide and
i?éf I = i}lVf b, = ce.

Ve

3 The constant coefficients problem

For our scope, we shall also investigate the corresponding limit problem. To this end, we first
discuss in this section the existence and some properties of the positive ground state solutions
of the constant coefficients problem.

For any n > 0 and x > 0, we consider the constant coefficients problem

{ —Apu— Agu+ p(ulP~2u + [ul?2u) = k f(u), inRY, A

ueW-P@®RMH Nnwhi@®RY), u > 0, in RV,
Now we define the following working space
E, = {u e WhP@®RMy n whea®N) - f w(ul? + |u|?)dx < oo}
]RN

endowed with the norm
el = Mol p + Nl g

where
||M||'L s —_/ (IVul® + plul’)dx foralls > 1.
. RN

It is well known that the solutions of problem (3.1) are critical points of the functional

1 1 1 1
T W) = ~IVulh + ~ | Vull +M/ (fw + fW) dr — K/ Flu)dx.,
P q RN \ P q RN
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Clearly, Jyu € CYE > R) and its differential is given by
(T ), v) =f [Vu|P2Vu - Vodx + / |Vul|?>Vu - Vodx
RN RN

+ M/RN(WW—?M + u|92u)vdx — K/RN £ uwvdx

for any u, v € E,,. The corresponding Nehari manifold is defined by

Nue ' =1{u € E; \ {0} : (jl’u((u), u) = 0}.
Similarly, we define the ground state energy level on .4},

Cu = }B“f NS
Moreover, as before, define the mapping
Mye @ EG\{0}Y = e and mye = fipels 0 S = e,
and the inverse of m . is given by
et Nue = S, tiue W) = u/llull,.

According to arguments in Sect. 2, we can verify that Jj,., -4 and ¢, have properties
similar to those of ®, .#¢ and c.. Moreover, all related Lemmas in Sect. 2 still hold for the
constant coefficients problem (3.1). So we collect some relevant results for problem (3.1).

Lemma 3.1 The following conclusions hold:

(a) A« is bounded away from 0. Moreover, A, is closed in E,,.

(b) For all u € E/\{O}, there exists a unique t, > 0 such that tyu € N},.. Moreover,
1 e () = tyu is the unique global maximum of Jy,c on R u.

(c) There exists A > 0 such that t, > ) for eachu € S, and for each compact subset S C S,
there exists Cs > 0 such thatt, < Cg forallu € S.

(d) cue > 0and Jy has positive bounded below on A.

() Ty is coercive on Ny, i.e., Ty (u) — oo as |[ull, — 00, u € .

Define the functional 7, we + Ex\{0} — R and the restriction I, : § — R as follows

i/u((”) = jﬂK(m/LK(u)) and Iy = i;/_K|S~
According to (2.6), we also have

cue = Inf  max J,, (fu) = inf max 7, (tu).
M e B\ 0y 120 e (1) ues 10 e (1)

Moreover, we also have the following results.

Lemma 3.2 The following conclusions hold:

@ I € CH(S,R) and (I}, (u), v) = [1iuc @) (T} (e (W), v) for v € T, (S), where
T, (S) is the tangent space of S at u.

(b) {un} is a Palais—Smale sequence for 1, if and only if {1, (u,)} is a Palais—Smale
sequence for Jy,c.

(c) u € S is a critical point of I, if and only if i, (u) € N, is a critical point of Jyc.
Moreover, the corresponding values of I, and J,,. coincide and
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Cue = Inf Jye = inf I,
K W s o L

We now state the main result for problem (3.1).

Lemma 3.3 Assume that v, k > 0 and (f1)—(fs) hold. Then problem (3.1) has at least one
positive ground state solution u such that Jy, (u) = cyc.

Proof Firstly, in view of Lemma 3.1-(d) , we can derive ¢ > 0. If u € A, satisfies
T W) = ¢y, then my,, (u) € S is a minimizer of I, and hence a critical point of I,,.
Therefore, Lemma 3.2 shows that u is a critical point of J},. It remains to show that there
exists a minimizer i € A, such that J. (i) = c;u. In fact, using Ekeland’s variational
principle [40], there exists a sequence {v,} C S such that I, (v,) — ¢, and I;/m (vy) = 0
asn — oo. Let u, = ri uc(vy) € A}y for all n € N. Then using Lemma 3.2 again, we can
get Jue (uy) — ¢y and ~7/u< (u,) — 0. By Lemma 3.1-(e), we know that {u,} is bounded
in E,, and |Ju, ||, > oo for some ap > 0 by Lemma 3.1-(a). Moreover, we have

lim sup / lun9dx > 0.
Br(y)

n—o0 ye]RN

Otherwise, from Lemma 2.2 we have u,, — 0in L* (RV) for any s € (g, q*). Using the fact
that u, € .4}, and (2.3) we can infer that

0 = (T ). ttn) = [Vunllhy + 1 Vutnllf + sl + it |1 — i /RN £ nyundx

> I Vunllp + IVun g + lunlly + luallg) — exllunlly = Cexllun

p q
= C7||”n||u,p + CS””n”/L,q - C9||”n||;»

and consequently
crllunllye, p + csllunllig < collunlly — 0

sincer € (¢, ¢*). Then, wehave ||u,||,, — 0, which contradicts with ||, ||, > oo. Therefore,
there are § > 0 and {k,} C Z" such that

/ lu,|?7dx > 8.
Br(ky)

Let us define i, (x) = u, (x + k) so that
/ lit,|?7dx > 8. (3.2)
Br(0)

Since problem (3.1) is autonomous, then J),, possesses translation invariance, and we can
obtain ||it, ||, = llunll, and

T (iiy) — cpe and j/u( (i) — 0. (3.3)
ZOC(RN) fors € (g,q9"),

and @i, (x) — @(x) a.e. in RN, Therefore, from Lemma 2.4, (3.2) and (3.3) we infer that
u # 0 and \7;;;( (1) = 0. This shows that it € A4}, and Jy,c (i) > cui. On the other hand,

Passing to a subsequence, we assume that i, —~i in E,, ii, — #in L]
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using Fatou’s lemma and (2.4), we get
. - 1 R
Cuk = nlggo (jlu((un) - 5(:];:/((”'1)’ un))
. I 1\,. » | -
= lim - = = ”Mn”u,p +k — f(up)ity — F(uy) ) dx
nmool\P g RV \¢q
I 1\ ., | ~
— == lallpp +x —f@@u— F@) |dx
J RN \9q

1
= T () — ;(J/m(ﬁ), u) = Jpue (@),

A%

which implies that 7, (1) < cy. Hence Ju (t) = ¢,y and u is critical point of 7, which
shows that # is a ground state solution of problem (3.1).

Next, we verify that the ground state solution # is positive. In fact, taking #~ = min{u, 0}
as test function in problem (3.1), and applying (f1) and the following inequality

la—bI'2(@—b)a —b")>|a" —b|° foralls > 1,

we can obtain

[ e [ 5/ |Vﬁ|p_2VﬁVﬁ_dx+pL/ )P~ dx
RN RN
+/ |Vﬁ|q_2VﬁVﬁ_dx+u/ |it|? 2 aa—dx
RN RN
= K/ f@@u dx =0.
RN

This shows that i~ = 0, that is 7 > 0 in R". By the regularity results in [21], we know that
ieL®RVYnC Lo (RM). Now we can apply Harnack’s inequality in [36] to conclude that

~ . loc
i>0inRN. O

At the end of this section, we establish the following lemma which describes a comparison
between the ground state energy values for different parameters and is crucial in the process
of seeking for the existence and concentration of ground state solutions.

Lemma 3.4 Assume that u; > 0 and k; > 0 fori = 1,2, with min{u, — 1, k1 — 2} > 0.
Then cuyie; < Cuyiy- Additionally, if max{uo — w1, k1 — ka} > 0, then ¢y ey < Cupiy- In
particular, we have ¢, ic; < Cppi; If W1 < 2, and Cppie, > Cpiny If K1 < K2.

Proof Letu € A}, With Jusi, () = C€ji5x,, then, Lemma 3.1-(b) implies that
Cuoky = jp,zkz (M) = 1}133( j;/,zl(z (IM) .
According to Lemma 3.1-(b) again, there exist #p > 0 such that ug = tou € 4}, satisfying
j;“/q (o) = I?Za(;( J,ul/q (tuo).

Clearly, from the above fact we get

Curky = jp.z/(z (Ll) > jp,zl(z (MO)

1 1
= Ju1i; (o) + ;(Mz — w)lluolly + ;(Mz — uDlluolld + (1 — K2) A‘w F(up)dx

1 1
> Cue + — (2 — w)lluolly + = (a2 — w)lluolld + (1 — k2) F(up)dx,
14 q RN
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this implies that ¢, > - If max{us — w1, k1 — 2} > 0, it is easy to see that
Cusks > Cuyi by the above formula. This completes the proof of the lemma. O

4 Palais-Smale compactness condition

In this section we analyze the Palais—Smale compactness condition. First we introduce the
following splitting lemma due to [6] which will be very useful later.

Lemma 4.1 Let {u,} be a sequence such that u,—u in E¢, and set v, = u, — u. Then the
Sollowing conclusions hold:

IVUallp + IVl = (IVunlly + IVua 1§ — AVully + 1Vullg) + on (D),
/ V(ex)|v,|Pdx :/ V(ex)|u,|Pdx —/ Vex)|u|Pdx + 0, (1),
RN RN RN
/ V(ex)|vy|9dx :/ V(ex)|u,|?dx —/ V(ex)|u|?dx + 0, (1),
RN RN RN
/ F(v,)dx =/ F(u,)dx —/ F(u)dx + 0,(1),
RN RN RN
[, fensar= [ fansdr = [ paosds+o,) uniforniyin € E..
RN RN RN
In order to obtain the compactness result, we need the following crucial result (see [26]).
Lemma4.2 Let ¢, : RN — R™ m > 1, with ¢, € LRN) x -+ x LSRY) (s > 1),
-2

¢n = Oa.e. inR™ and B(y) = |y|*""y, y € R™. Then, if |gulls < c foralln € N, there
holds

/RN |B(@n + 1) — B(pn) — B)|7Tdx = 0,(1)
foreachu € LS(RN) x --- x LS(RN).

According to Lemmas 4.1 and 4.2 and using some standard arguments, we can prove the
following result holds.

Lemma4.3 Let {u,} be a sequence such that u,—u in E, and set v, = u, — u. Then we
have

D (vy) = Pe(uy) — Pe(u) + 0, (1),
(D (Vn), @) = (P (un), ) — (P, (u), p) + 0, (1)

uniformly in ¢ € E..

Proof Obviously, the first conclusion is an immediate consequence of Lemma 4.1. Next we
show that the second conclusion holds. Indeed, for s € {p, ¢}, Lemma 4.2 implies that

A;{N |B(vy) — Bluy) + B)|5Tdx = 0,(1). 4.1
Moreover, according to the proof of Theorem 3.3 in [26], we can see that

/ B V(e)|[al 20 — lunl® 21, + |~ 2u| 7T dx = 0,(1). 4.2)
R
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Using the Holder inequality, for any ¢ € E¢ such that ||¢|l¢ < 1, we have

(DL (vy) — PL(un) + DL (1), )]

s(f |B(vn)—B<un)+B(u)|ﬁdx)T(/ |V¢|f’dx)”
RN RN

gq=1 1

+(f |B<vn>—B(un>+B(u)|qudx) ! (/ |V¢|qu>q
RN RN

p— 1

’ </ V(ex)|¢|de) ’
RN

-1 1

</ V(ex)|¢|qu) !
RN

* </ V(€x)||val” v — lun|?2uy + |u|f’*2u|%dx)
]RN

=
<

* </ V(ex)||vn]7 20, — lun |7 2uy + |u|q*2uqujdx>
RN

+ /RN K(€x)|(f (n) = f (un) + f(u))p|dx.

By using Lemma 4.1, (4.1) and (4.2), it is easy to see that the second conclusion holds. The
proof is completed. O

Consider the limit problem

{ —Apt — At + Voo (ulP2u + |ul"2u) = Koo f (), in RV, ws)

ueWhP@RM Nwha@RN), u > 0, inRV.

As before, Jv, k..» e koo and ¢y k,, denote the corresponding energy functional, Nehari
manifold and ground state energy value of limit problem (4.3), respectively.

Lemma4.4 Let {u,} be a Palais—Smale sequence at level ¢ > 0 for ®, with u,—u in
Ec. Then the following alternative holds: either u, — u in E. along a subsequence, or
c—D(u) > Cv Koo

Proof Define v, = u,, — u and assume that v,, - 0 in E.. From Lemma 2.7, for each v,
there is a unique {t,} C (0, oo) such that {t,v,} C Ay k.. We divide the proof into three
steps.

Step 1. The sequence {1,,} satisfies

limsupz, <1.
n—0o0

Indeed, assume by contradiction that the above conclusion does not hold. Then, there exist
T > 0 and a subsequence of {#,}, still denoted by itself, such that

t, >1+1 foralln € N.

According to Lemma 4.3, it is easy to see that (P (v,), v,) = 0,(1). Moreover, from the
fact that {f,v,} C AV, k., We can infer that

IV oullp + Vo llg + /]RN V(ex)(lval” + Jva|T)dx — /RN K (ex) f(vn)vadx = 0, (1)

and

AU R

V05 + 1V ol + Voo/ 0 val? + [0a9)dx — Koof )y
RN RN (Thvp)9
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Consequently,
/ Koof (thon) _ Koof )\ gy / Koof ) _ KE€f @)\ gy
RN (tnvn)q_1 v,‘{_l RN vq_l UZ_I

= 7 = DIVu G+ [ GV~ Vieryufas
R

+f (Voo — V(ex))vldx + 0,(1).
RN

4.4)
By the definition of V, and K, for any € > 0, there exists R = R(¢) > 0 such that

V(€x) = Voo —& > Voo /tii ¥ — e and K (ex) < Ko + € for any |x| > R. 4.5)

Since v,—01in E., then v,, — Oin LfoC(RN) fors € [1, ¢*) by Lemma 2.3. Using (2.3) and
(4.4) we deduce that

/ Koo f (tnvn) Koo f (0n) q
— v, dx
RN (tn Un)q71 U271

5/ (K (€x) — Koo) f (vn)vpdx
RN

P—q p q
+ /I;N [(ln Voo = V(ex)) vy + (Voo — V(ex))vn] dx +0,(1) 4.6)

=< 5/ fp)vdx + 5/ (|Un|p + |Un|q)dx
[x|=R

[x[=R

+ 2Kmax/ fp)vpdx + 2Vmax/ (lval? + [va|1)dx + 0, (1)
[x|<R

[x|=R

=ce + o0,(1).

By the fact v, - 0 in E¢ and ®.(v,) — 0, there exist R,8 > 0and Yn € R¥ such that

/ lual9dx > 5. 4.7)
B[}(}’n)

Note that the above claim is true, because otherwise, using again Lemma 2.2, we have v, — 0
in LS(RN) for s € (g.q™"). According to (®L (v,), vy) = 0,(1) and (2.3) we can infer that

on(1) = (P (vn), vn)
= IVuallp + IVall§ + fRN V(ex)(loal” + |v|*)dx — /RN K (ex) f () vpdx
> [Voullh + Va1
+ /R V(ex)(0al? + 10a9)dx — & Komax 015 — Ce Knnas I
> crollunlly, , +eullvaly, , —cr2llvally,

and consequently ) .
ciollvally,, +erillvally, , < crallvally — 0

since r € (¢, ¢*). Then, v, — 0 in E,, which is a contradiction. Setting v, = v, (x + y,),
we may suppose that, passing to a subsequence, 7,—¥ in E, and 7, (x) — 7(x) a.e. in RV,

@ Springer



4058 J.Zhang et al.

Thus,

[ 5,[9dx = 5,
B (0)

showing that v # 0. Moreover, using the fact that v, > O foralln € N, we have that v(x) > 0
a.e. in RY. Hence, there exists a subset §2; c RN with positive measure such that v(x) > 0
for all x € Q. Consequently, it follows from (f5) and (4.6) that

0 f Koo f(14+D)v,) Koo f (Vy)
- _
o \ (14 1),)e! it

) vildx < ce + op(1).

Letting n — oo in the last inequality and applying Fatou’s lemma, it follows that

0 /(Koof((1+f)17) Koo f (V)
<
Q)

— — — v9dx < ce,
(1 +1)v)a-1 ve—1

which is absurd, since the arbitrariness of ¢.

From Step 1, we derive that

limsupt, =1 or limsupt, =1 < 1.
n—0o0 n—0o0

Next, we will study each one of these possibilities.

Step 2. The sequence {t,} satisfies

limsupt, = 1.
n—oo

In this case, there exists a subsequence, such that t, — 1. Since Jy_ k. (t:Vn) > Cv Ko
by Lemma 4.3 we have

¢ — Pc(u) +0,(1) = e (vy)
= P (vy) — »7VOCKOO (tavn) + jVooKoc (tavn) (4.8)
> D (vy) — jVocKoo (tyvn) + CVooKoo*

Observe that,
D (vy) — \7\/001(Do (thvn)
=) (-

1
IVunlh + IVl + fR V(e =il Vauldx g

+1/ (V(ex)—t,?voo)v,de+/ (Koo F(t,v,) — K (€x) F (v,))dx.
q JRN RN

It follows from (4.5) that
V(ex) —t8 Voo = (V(€x) — Vo) + (1 = t) Voo = — + (1 — /) Vo for any |x| > R,

then by v, — 0 in L;:)C(]RN) and 1, — 1 we get
[ veen — i vaydax
RN

=f (V(ex)—t”pVoo)v,';dx—i—/ (V(ex) — tf Voo vl dx
[x|=R [x|>R (4.10)

> (Vimin — 1 Vo) vldx — s/ vhdx + Voo (1 — 21 vl dx
Ix|<R [x|=R

[x|=R

> 0,(1) — ce.
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Similarly, we can prove that

/ (V(ex) — t1Vao)vidx > 0,(1) — ce. 4.11)
]RN

In what follows, we verify that

/N(KOOF(t,,vn) — K(ex)F(vy))dx > 0,(1) — ce. (4.12)
R
Indeed, note that
/ (Koo F(tyvy) — K(ex) F (vn))dx
RN
=/ (Koo F(tqvy) — Koo F (vy))dx +/ (Koo F(vy) — K(ex)F(vy))dx
RN RN

=T+ T>.

On the one hand, using the mean value theorem, the fact that 7, — 1 and the boundedness
of {v,} we have

Tl = Koo/ |F(van) - F(Un)|dx
RN

<cuilty — 1|/ v, |Pdx 4 c14lt, — 1|/ [v,|9dx
RN RN
= 0,(1).

On the other hand, applying the fact v, — Oin L] (RM) fors e [1, q*) and (4.5) we obtain

loc

n=/’ m&—K@mwwmn+/ (Koo — K (ex))F (up)dx
[x|<R

[x[>R

> 0,(1) — ce.

Combining the above facts, we can see that (4.12) holds. Finally, from the boundedness of
{v,} and r, — 1 we can conclude that

(1 —1)

1—12
IVuull? = 0p(1) and =)
q

IVl = on (D). (4.13)

Using (4.8), (4.9) (4.10), (4.11), (4.12) and (4.13) we are led to
c— P (u) > 0,(1) —ce +cv Ko
and taking the limit as ¢ — 0 we get
c— D (u) > cvoke-
Step 3. The sequence {1,,} satisfies

limsupt, =1 < 1.
n—0o0
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We assume that there exists a subsequence, still denoted by {#,}, such that#,, — 9 < 1. First,
similar to the above arguments, we can get

/ (Voo — V(ex))vidx = 0,(1)
R | (4.14)

/ (Ko — K (€x)) <7f(vn)vn - F(Un)> dx = o,(1).
RN q

Since (®¢(vy,), v,) = 0, (1), then we have

¢ = D) + 0p(1) = Pe(vy) — é(q%(vn), Un)

11 ) 1
=\= = )lwly, ,+ [ K(x)|—fn)v, — F(vy) ) dx.
P4 <P Jry q
(4.15)

Recalling that t,v, € Ay k., and using (f5), (4.14) and (4.15) we get

CVaoKoo < TVeo Koo (tnUn)

1
= ‘.7VOOKoo (tavn) — ;(jVOOKOO (thvn), tyvn)
1 1 » 1
=| === lltnvn ”vDQ » + Koo | = f(tnvn)tnvy — F(thvy) ) dx.
P q ’ RN q

1 1 1

g ||Un||]\;oo p T Koo | = f(0n)vn — F(vy) | dx
P q ’ RN q
1 1 1

= (== Vil + [ Ko (5@~ Fo ) de
p q < RV q

N (l - l) / (Veo — V(ex))ulldx
P 4/ JRN

+ [ (Koo = K(en) (éf(vmn - F(v,,)) dx
= @c(vp) — é(d)e(vn), Un) + 0 (1)
=c— O (u) +o0,(1).
Taking the limit as n — oo, we get
€= Pc(U) = VKoo
The proof is now complete. O
Applying Lemmas 4.3 and 4.4, we have the following compactness result.

Lemma4.5 Let {u,} be a bounded Palais—Smale sequence at level ¢ < cy_ k., for ®c. Then
{un} has a convergent subsequence in E.

Proof Let {u,} be a bounded Palais—Smale sequence, up to a subsequence, we may assume
that u,—u in E¢, u, — u in LISOC(RN) fors € [1, ¢*) and u, (x) — u(x) a.e. in RV . Using
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Lemma 2.4, we can see that /(1) = 0. Moreover, it follows from (2.4) that

1
Pe(u) = Pe(u) — 5@;(%), u)

| (4.16)

= <— - l) llull¥, » +/ K (ex) (lf(u)u - F(u)> dx > 0.
P q < RV q

Hence, we have ¢ — @ (1) < ¢ < ¢y k- From Lemma 4.4 we can deduce that u,, — u in
E.. This completes the proof. O

5 Existence and concentration of positive ground state solutions

In this section, we will prove the existence and concentration phenomena of positive ground

state solutions to problem (2.1). Moreover, we complete the proofs of Theorems 1.1 and 1.2.
We first consider the situation that (Ag) and (A;) are satisfied. For any x, € ¥, we set

V(ex) = V(ex + €xy) and k(ex) = K(ex + €xy). It is clear that if 7 is a solution of

—Apu — Agu+ V(ex)(ulP"2u + [u|?%u) = K(ex) f(u), inRY,
uewWhP@®MH N wha@®RN), u > 0, inRV,

then u(x) = i(x — €x,) solves problem (2.1). By conditions (Ap) and (A1), without loss of
generality, we may assume that x, =0 € Y orx, =0e€ ¥ NZ it ¥ N# # (. Then we
have

V() = Vipin and « := K(0) > K(x) forall |x| > R. 5.1

Consider the following problem
— Apit — Agtt + Viin (P 2w + |u|u) = i f (u) in RV, (5.2)
In the sequel, we also use the associated notations Jv, .« AV« and ¢y« as before,
which denote the energy functional, Nehari manifold and ground state energy value of prob-
lem (5.2), respectively. Moreover, we deduce from Lemma 3.3 that problem (5.2) possesses
at least one positive ground state solution.

Next, we give the comparison relationship of the ground state energy value between
problem (2.1) and problem (5.2), which play a significant role in our analysis.

Lemma 5.1 We have lim sup,_, ce < ¢y« In particular, if V' N # O, thenlime_,o ce =

¢ Vinin Kmax
Proof Let u be a positive ground state solution of problem (5.2), then from Lemma 3.1-(b)
we have

U € My and ¢y = Tvpinn (M) = max TViinic (E1). (5.3)

It follows from Lemma 2.7 that there exists 7. > 0 such that t.u € .4, and

Ce < D (tcu) = max O (tu). 5.4)
1>0
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Moreover, it is clear to see that {z. } is bounded. Then, passing to a subsequence, we assume
that r. — t¢. Note that

¢4mo=JmMaw»ﬁ/<x—K@wMUMMx
R (5.5)

1P td
4l W@m—mmww+i/'W@m—mmﬂm.
P JRN q JRrRN

According to the boundedness of ., K (ex) — « in a bounded domain and the exponential
decay of u, we have

/ (k — K(ex))F(tcu)dx
RN

- / (k — K (ex)) F(teu)dx +/ (k — K (€x))F (tou)dx (5.6)
[x|<R

|x|>R

= o0c(1).

Similarly, according to the boundedness of #., V (ex) — Vpin in a bounded domain and the
exponential decay of u, we get

174 1l

= / (V(ex) — Viin)uPdx = 0. (1) and = / (V(ex) — Vminuddx = o.(1). (5.7)

P JRN q JRN
Using (5.5) (5.6) and (5.7) we have

D (teu) = JvminK(tGu) +0c(1).
Together with (5.3) and (5.4), as € — 0, we can infer that
Ce < Pe(teu) = Typni (fou) < max TVoinie EU) = TVinie @) = €V

Thus,

limsupce < ¢y (5.8)
e—0

Now we show that the second conclusion holds. Observe that
D (1) = TVpinKonax @) + /N(Kmax — K(ex))F(u)dx
R
1 1
+ —/ (V(ex) — Vimin)uPdx + f/ (V(ex) — Viin)u?dx.
P JRN q JRN

It follows that
CVnin Kmax = Ce.

On the other hand, since ¥ N JZ" # @, then k = Kpax. S0, according to (5.8) we can get
lim Ce = CVminKmax .
e—0

The proof is now complete. O

Lemma 5.2 Assume that (Ag), (A1) and (f1)—(fs) hold. Then for any € > O small enough,
problem (2.1) has a positive ground state solution.
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Proof Observe that if u. € .#¢ satisfies @ (ue) = ce, then

I (e (ue)) = Pe (e (e (ue))) = Pe(ue) = ce = i?f Ie.

This shows that m¢(ue) € Se is a minimizer of I, and hence a critical point of I.. From
Lemma 2.11, we know that u, is a critical point of ®.. Therefore, it suffices to prove that
there exists a minimizer u. € .4 such that ® (u¢) = c¢. In fact, using Ekeland’s variational
principle [40], there exists a sequence {v,} C Se such that Ic(v,) — c¢ and I/(v,) — 0
asn — oo. Let u, = m¢(vy) € A forall n € N. Then using Lemma 2.11 again, we get
O, (up) — ce and D, (u,) — 0. According to Lemma 2.9, we can see that {u,} is bounded
in E.. Passing to a subsequence, we can assume that u,, —~u, in E.. From (5.1) and (A1), we
can see that Viyin < Voo and « > K. By Lemma 3.4, we have ¢y, « < cv, k., MOreover,
using Lemma 5.1 we deduce that ¢ < ¢y, .« < cv, k., for € > 0 small enough. Therefore,
Lemma 4.5 shows that @, satisfies the Palais—Smale condition for € > 0 small enough. Using
Lemma 2.4 and continuity of ®¢, we have @, (u.) = 0 and @, (1) = c.. Hence, problem
(2.1) has a ground state solution u.. The positivity of the ground state solution follows with
same arguments as in the proof of Lemma 3.3. O

Let % be the set of all positive ground state solutions of problem (2.1). Then we have
the following result.

Lemma 5.3 % is compact in E. for all small € > 0.

Proof Arguing by contradiction, we assume that % is not compact in E for some €; — 0.
Thus, for each j, there exists a sequence {u}}} C % ; such that it does not have convergent

subsequence. Nevertheless, we note that {u {;} is bounded in E.. So, without loss of generality,
we may assume that u,—u in E. as n — oo. Finally, as in the proof of Lemma 5.2, we can
deduce a contradiction. ]

Next, we are devoted to the study of concentration phenomena for the positive ground
state solution u, obtained in Lemma 5.2 as € — 0. The following result plays a fundamental
role in the study of the behaviors of ground state solutions.

Lemma 5.4 Assume that ue € Z.. Then uc possesses a maximum point y such that, up to
a subsequence, €y, — xo as € — 0, lim¢_, odist(€ye, ) = 0 and ve(x) = uc(x + ye)
converges strongly to a positive ground state solution of

—Apu = Agu+ V(o) (ul”u + ul"u) = K (x0) f () in R,

In particular, if V N & # @, thenlime_ o dist(eye, ¥ N #) = 0, and up to a subsequence,
ve converges strongly to a positive ground state solution of

—Apit = Mgt + Vinin (117720 + [u)?7%u) = Kinax f (u) in RY.

Proof Let u. € .%,, we first show that there exist {3} € RV, Ry > 0 and o > 0 such that
/ |ue|?dx > o9 (5.9
By (50)

for all small € > 0. Arguing indirectly, we assume that there exists a sequence €; — 0 as
Jj — o0, such that for any Ry > 0,

lim sup/ lue,;|7dx = 0.
Br, ()

j—oo yeRN
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Then Lemma 2.2 yields that u; — 0in L* (RN) for s € (g, ¢*). From (2.3) we can infer
that

0 = (cD/g (uéj)v ue_,~>

= Vg, If + 1 Vue, 1 + /R Ve ey |+ ey | )dx — /R K (e f e e dx

> Ve, 15 + I Vae, IS + /N V(ejx) (e, 1? + e, 19)dx
R
- 5Kmax”uéj ||§ - CaKmax”uej ”:
p
> crslug 1, , + crollue 19, , — crallu, I,

and consequently
p q
cisllue, I, , + cislue, Iy, , < crllue 17 — 0

since r € (q, g*). Then, ue; > 0 in E.. However, {uej} has positive bounded from below
by Lemma 2.6, a contradiction. So (5.9) holds.

Let {y.} C R be maximum point of u, then uc(ye) = max,gv ue(x). We show that
there exist 79 > 0 independent of € such that u.(yc) > no for all small € > 0. If not, then
we assume that u.(y.) — 0 as € — 0. Form (5.9) we can deduce that

0<og< / luel9dx < clue(ye)|? — 0 ase — 0,
BRO(S’e)

which is a contradiction. Therefore, there exist R > Rg > 0 and o > 0 such that for all
small e > 0

/ lue|9dx > o > 0. (5.10)
BRr(ye)

Setting ve = uc(x + y¢), passing to a subsequence, we may assume that ve—v in E and

Ve — vin LISOC(RN) for s € [1, ¢*), moreover, v # 0 by (5.10). It is obvious that v, is a

solution of the problem
— Apu — Agu+ V(ex + eye)(JulP"u + [ul]97u) = K (ex + eye) f(u) n RN, (5.11)

and the energy
1 , 1 g 1 »
Tc(ve) = —[Vvellp + =IVvellg + — V(ex + €ye)|ve|”dx
p q P JRN
1
~|—f/ V(ex~|—ey€)|v€|qu—/ K (ex + €ye) F(ve)dx
q JrN RN

= Te(v)) — —(T/(ve), ve)

1
p (5.12)
11 » 1
= (5=t + [ K ren (5 reov - Foo)ar
P9 v ey a4
1
= D (ue) — *(d)/e(ue)v Ue)
q
= D (ue) = ce.
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Moreover, for any ¢ € Cg° (RY) there holds
(T (ve). 9) = / Vo P2 Vo Vodx + / VU "2V, Vpdx
RN RN
+ / V(ex + €y)|ve [P vepdx + / V(ex + €ye)|ve |1 2 vepdx
RN RN

- / K(ex +€ye) f (ve)pdx = 0.
RN

(5.13)
According to condition (Agp), without loss of generality, we can assume that V(ey.) — Vy
and K(eye) > Kgpase — 0.
Next we complete our proof by several steps.

Step 1. We show that v is a positive ground state solution of the limit problem
— Apu— Agu 4 Vo(lu|P2u + [ul97%u) = Ko f (u) in RY. (5.14)

Indeed, since ve—v in E., applying some standard arguments, we can easily check that

/ Vex + eylvePvepdx = / V(ex + eylvelPvepdx
RN suppg

— f Volvl?2vpdx.
RN

Similarly, we have

/ V(ex+ey€)|v€|q_2vegodx—>/ Volv]?2vepdx
RV RN

and

f K(ex + ey f (v )pdx — / Kof (v)gdx.
RN RN

According to (5.13), we can see that v is a solution of problem (5.14). Moreover,

1
jV()KO(U) = jVoKo(v) - ;(j\//oko(v)s 'U)

—(L-! b K : F(v) |d
=\, 77 Ivlly,,, + O/RN ;f(v)v— (v) ) dx

= CVoKo»

where cy, g, is the ground state energy value of Jy,k,. On the other hand, from Fatou’s
lemma and Lemma 5.1, we can deduce that

11 1
CVoko < (; - ;) iy, , + Ko /RN (;f(v)v - F(v)> dx

< liminf |:<l - l) [lve ”fp +/ K (ex + €ye) <lf(ve)ve - F(Us)) dx:l
e—0 P q RN q

= liminf 7¢ (ve) < limsup ®,(ue) < cyyk,-
=0 e—0

Therefore, v is a ground state solution of problem (5.14). According to the proof of
Lemma 3.3, we can prove that v is positive. Moreover, we also have

lim 'Té(ve) = lim Ce = JVUKO(U) = CVyKy- (515)
e—0 e—0
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Step 2. We claim that {ey.} is bounded. Arguing by contradiction we assume that, up to
a subsequence, |€yc| — 00. Since

V(0) = Vmin and « := K(0) > K (x) for all |x| > R,

then using (A1) we can infer that Vy > Vi and Ko < «. So it follows from Lemma 3.4 that
CVyKo > CVpin- But, according to Lemma 5.1 and (5.15), we can get cc — cyyky < CVpyux-
This is a contradiction. So, {€y¢} is bounded.

It follows from Step 2 that, passing to a subsequence, we can assume that ey, — xg as
€ — 0, then Vo = V(x0) and K9 = K (xg). Therefore, according to Step 1, we can see that
v is a positive ground state solution of the limit problem

—Apu = Agu + V(o) (ul”2u + |u]97u) = K (x0) f (u) in RY.

Step 3. We prove that lim._, odist(¢ ye, <%,) = 0. In fact, we just need to prove xo € .<7,.
Arguing by contradiction, we assume that xo ¢ <7, then we get Vo > Vpip and Ko < « by
condition (A1) and the definition of %7, . Moreover, using Lemma 3.4, we have cy, k, > cv,«-
Thus, from (5.15) and Lemma 5.1, we can deduce that

lim ce = cyyky > Cvpyne = lim ce,
e—0 e—0

which is a contradiction.

Step 4. We verify that ve — v in WH?(RN) N Wh4(RN). We use some ideas developed
in [17]. Let n : [0, c0) — [0, 1] be a smooth function satisfying n(z) = 1ifr < 1,5n() =0
if t > 2. Define v (x) = n(2€|x|)v(x). By straightforward computation, we have

lv—70clle >0 and |Jv—7vc|ly >0 ase - 0 (5.16)

fors € [p, g*]. Setting w. = ve — Ve, it is easy to verify by applying Lemma 4.1 that up to
a subsequence,

lin}) / K(ex + €ye)(F(ve) — F(we) — F(Ve))dx| =0 (5.17)
€—> RN
and

lim /R K(ex+ ey — fwe) — f x| =0 (5.18)

uniformly in ¢ € E¢ with [|¢|le < 1. Using the exponentially decay of v and (5.16) one
checks easily the following

1im/ V(éx-l-Eye)(IﬁsI”-i-lﬁelq)dx—>/ Vo([v|” + [v]?)dx (5.19)
e—0 JrN RN
and
lim K(ex+€ye)F(ﬁe)dx—>/ KoF (v)dx. (5.20)
e—>0 JrN RN

From (5.15), (5.16), (5.17), (5.19) and (5.20), we are lead to
Te(we) = Te(ve) — Tk (V)
+ [ Klex ey (F ) = Flwo) = FEdr +o.(1)
R

= o0(1),
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which implies that 7¢ (we) — 0. Similarly, according to (5.18), we get 7 (w,) — 0. There-
fore, by the condition (f4), we obtain

11 11 g
Te(we) — (T (we), we) = (; - 5) lwelly, , + (5 - 5) lwelly, 4

-I-/ K(ex +€ye) <1f(w5)wE — F(we)> dx
RN

1 1 1
> ;—— L e L

which shows that ||w¢|le — 0. This, together with (5.16), implies that v — v in E.. But
Il - Il and the norm of W'?(RN) n W-4(RN) are equivalent. Consequently, the desired
conclusion holds.

Finally, if ¥ N ¢ # @, using condition (A1), we have <7, = ¥ N . From the above
arguments, we can prove that lim._, ¢ dist (e ye, ¥’ N.¢) = 0.S0,x0 € YN,V (x0) = Vmin
and K (xo) = Kmax- Hence, up to a subsequence, ve converges in whkpP@®RN)yNnw4(RN) to
a positive ground state solution v of the limit problem

—Aput = A+ Vinin ([e]”~%u + 1) "2u) = Knax f () in RY.
Combining the above steps, we prove all conclusions of Lemma 5.4. O

In the following we study the exponential decay property of solutions.

Lemma5.5 v, € cl (RN with o € (0, 1) and ve(x) — 0as |x| - oo uniformly holds

for all small € > 0.

loc

Proof We follow some ideas developed in [21, 35]. Using the interior L”-estimate and the
Sobolev embedding, we get ve € L® @®RY) N Cllg'f (RN) for s € [p,00] and o € (0, 1).
Moreover, from the Step 4 of proof of Lemma 5.4, we have v. — vin wlp RN wla (RM).
So, applying the Moser iterative method in [6, 27], we can prove that v (x) — 0 as |x| — oo
uniformly holds for all small € > 0. The details of the proof can be found in [6, Lemma 7.1],
here we omit it. ]

Lemma 5.6 There are ¢, C > 0 such that for all small € > 0, there holds
ue(x) < Cexp(—clx — yel).

Proof We adapt some arguments from [21] (see also [6]). According to Lemma 5.5 and ( /),
there exists R > 0 such that

V .
Kmax f (ve) < %(vg’“ +vg~ 1) forall |x| > R.

Then, for |x| > R we get

V .
— Apve — Ague + ’;m P~ g
V .
= K(ex +€ye) f(ve) — (V(ex +eye) — %) (O ) (5.21)
<K Vinin . p—1 g—1
= maxf(vs)_T( + v¢ ) <O.
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Let y(x) = Coexp(—colx|) with co, Co > O such that ¢} (p — 1) < Yzin, (g — 1) < Ygin
and ve (x) < Coexp(—coR) for all |x| = R. Then, computing directly, we have

Vinin - —
=AY = Agy + =T YT

Vini N—-1 ,_
— wp—l ( min —Cg(p _ 1) + Cg 1)
2 x| (5.22)
Vini N-1,_
+ a1 (%—cg(q—l)—l— N cg 1)

>0
forall |[x| > R. Let ¥ = {|x| > R} N {ve > ¥}. Using the following inequality
|S—2

(|x|s_2x—|y y):-(x —y)>O0foralls > landx,yeRN

and choosing ¢ = max{ve — ¥, 0} € Wol’p(RN\BR) N Wol’q(RN\BR) as a test function in
(5.21) and (5.22), we obtain

0> / [(IVelP72Vve — V[P 729) - Vo + (Ve |12 Ve — [V [972y) - Vo] dx
M

+ V%/ (@27 =y ?™h + 87! = 97 gdx
z
> 0.

Therefore, the set ¥ is empty. From this we can easily conclude that v (x) < v (x) for all
|x| > R, and
Ve (x) < ¥ (x) = Coexp(—colx|) forall x| = R.

Recalling that u¢ (x) = ve(x — ye), there exist ¢, C > 0 such that
ue(x) = Cexp(—clx — yel)
for all x € RN and small € > 0. The proof is completed. m}

Now we are in a position to finish the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 From Lemma 5.2, problem (2.1) has a positive ground state solution v,
for e > 0 small enough. Hence, u¢ (x) = v () is a positive ground state solution of problem
(1.1), which shows that conclusion (i) holds in Theorem 1.1. By Lemma 5.3 we deduce that
conclusion (ii) holds in Theorem 1.1. Furthermore, the maximum points x, and y, of u. and
v, satisfy xe = €y.. Setting 0¢ := u(€x + x¢). Then by Lemma 5.4 we get

Xe — xo and lin}) dist(x¢, o)) = 0,
e—

and ¥, converges in whr@®RN)y N w4 @RN) to a positive ground state solution v of
—Apu — Agu+ V (x0) (JulP2u + [u772u) = K (xo) f(u) inRY.
In particular, if ¥ N % # @, then <7, = ¥ N % and
6liil%)dist(xg, Y Nx)=0,

and ¥, converges in whP@RM)y N wh4@®RY) toa positive ground state solution v of

—Aput — Mgt + Vinin (P 2u + [u)972u) = Kipax f(u) in RY.
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Evidently, conclusion (iii) holds.
Finally, according to Lemmas 5.5 and 5.6, we can get u € C 110’
and lim|y|— oo e (x) = 0. Moreover,

X X c
Ve <7)‘ < Cexp (—c|f —y€|) = Cexp (—f|x —x€|>
€ € €

for some ¢, C > 0. We now complete the proof of Theorem 1.1. O

?([RN) with ¢ € (0, 1)

c

lue ()| =

Proof of Theorem 1.2 Suppose that the potentials V and K satisfy conditions (Ag) and (A»).
We may assume without loss of generality that x; = 0 € Z orxy = 0 € ¥ N if
¥ N # . It follows that

7:=V(0) < V(x)forall |x| > R and K(0) = Kpax.
Analogous to the proofs of Lemma 5.1, we can show that

lim sup ce < k-
e—0

The remaining proofs are similar to the proof of Theorem 1.1 with suitable modification, so
we omit the details here. O

6 Multiplicity of positive solutions

In this section we are going to show the multiplicity of positive solutions and study the
behavior of their maximum points in relationship with the set A, where A is defined in
Sect. 1. Moreover, we complete the proof of Theorem 1.3.

Let u be a positive ground state solution of problem

— Aptt — Agut + Viin (1|70 + ()™ %u) = Kmax f(u) inRY, (6.1

~

and ¢ be a smooth nonincreasing cut-off function in [0, 4-00) such that {(s) = 1if0 < s < %
and ¢(s) =0ifs > 1. Forany y € A, we define

€x —y
We y(x) = ¢(lex — y]u — )
Then, there exists . > 0 such that

1}12384 D, ([\Ile,y) = ¢e(te\pe,y)~

We define ye : A — ¢ by ye(y) = teWe y. By the construction, y. (y) has compact support
forany y € A.

Lemma 6.1 The function y. satisfies
lim0 D (Ve (¥) = CVpinKmax  Uniformly iny € A.
€e—
Proof Suppose by contradiction that there exist &g > 0, {y,} C A and €;, — 0 such that
|Pe, (Ve, (¥)) — CVipin Kmax | = €0- (6.2)

Observe that, by Lebesgue’s dominated convergence theorem, we can easily check that

IVWe, y, lIp + /N V(€ x)|We, y, |7dx — [ Vull, + /N Viin |u|Pdx, (6.3)
R R
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IVl + [ Ve s — 1Vulf + [ Valultds, 64

and
/ K (ex)F (¥, y,)dx — Kmax/ F(u)dx. (6.5)
RN RN

Using the fact that (@[ (te, Ve, y,): fe, Ye,.y,) = 0 and the change of variable z = <,
we obtain

tfpn ”vqjéna,Vn ”5 + tgn ”V\ijn’}ﬁ “Z + /N V(an)(hfn \ijna)’n |P + |t€n qum}’n |q)dx
R
- / K (6nx) [ (16, Ve, 5,1, Ve, 5, dx 6.6)
R
= /RN K (€nz + yn) f (te, C (l€nz)u(2))te, C (J€nz)u(z)dz.

We claim that z,, — 1. First we need to prove that {z,} is bounded. In fact, assume by
contradiction that f., — o0o. Using (6.6) and ( f5) we have

tgj;q”V\IJen,yn ||§ + ||V\I/E”,yn||g + /N V(é,,x)(téf”':q|\llem),n|l’ + |‘Ije,,,y,1|q)dx
R

- /R K enz ) e, EnzD (@i ez ()i

fte,u(2) =
Kmin J U, UR)) y
- ]1;1(0) (te,u(z))~! u(z)?dz
2
2 Ko e u(z)dz,

(te,u(z0))47! B O

where u(z9) = min{u(z) : |z] < %} > 0 (this is true because u € C(R") by Lemma 5.5).
Since p < g, then from ( f4) and (6.7), we can deduce that || ¥, y, ||“]/€!q — 00. Clearly, this
contradicts relation (6.4). Hence, {t., } is bounded. Passing to a subsequence, we may assume
that t,, — fo > 0. If 1p = 0, by (f2), (6.4) and (6.6) we can infer that ||V, y, ||€E7p — 0,
this contradicts relation (6.3). We conclude that 79 > 0.

Next, we prove that #yp = 1. Letting n — oo in (6.6), we obtain

- - f(tou)
l‘Op ‘1||Vu||§ + ||Vu||Z + Vinin /I;N(té’ ‘1|u|1’ + lu|?!)dx = Kmax /;%N Wuqu. (6.8)
Moreover, since u is a positive ground state solution of problem (6.1)
IVully + IVullg + Vmin/N(|u|p + lul?)dx = KmaX/N fwudx. (6.9)
R R

Combining (6.8) and (6.9), we can conclude that

(tou)d—!  ya-1

A = DIV} + 6 = Vo [ 075 = Ko [ (—NO”) f(”)) utdx.
R R
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Then, we deduce from ( f5) that 7o = 1. Therefore, from (6.3), (6.4) and (6.5), we infer that
7 , ot p
D, Ve, (yn)) = — ||V‘I"e,,,y,, ”p + — ||V\I"en,y,1 ”q
p q
tgl

tl’
+ / V(an) <1|\Il€n»yn |P + 7|\ijna)’rl |q> d'x
RN P q

—/ K (e, x)F(te, ¥e,, y, )dx

RN
1 p 1 q 1 » 1 q

= —[[Vullp + —Vullg + Vinin | —lul” + —{ul? ) dx
p q RN p q

— Kmax f F(u)dx
RN
= jvminKmax(M) = CVininKmax -
Obviously, from (6.2) we can see that this is impossible. The proof is completed. m}

Now, we are in the position to introduce the barycenter map. For any § > 0, let p =
p(8) > 0 be such that As C B,(0). We define 7 : RN — RN as follows

n(x) = x for [x] < p and n(x) = % for |x| > p.
Y
Let us consider f¢ : 4 — RY given by
Jrw n(€x)([ul? + |u|?)dx

Pel) = 2 Gl + ulydx

Using the above notations, we have the following result.
Lemma 6.2 The function B¢ satisfies

lim Be(ye(y)) =y uniformlyiny € A.
e—0

Proof Arguing by contradiction, we assume that there exist op > 0, {y,} C A and¢, — 0
such that

|Be, Ve, (Yn)) — ynl = 00 > 0. (6.10)

€nX—Yn
€n

According to the definitions of y., and B, , and using the change of variable z = we

get
Jev[n(enz + yn) — yul(1E (lenzDu(@)|P + ¢ (lenzDu(2)|9)dz
Jev (S (enzhu(@)1P + ¢ (lenzDu(2)|9)dz

Taking into account {y,} C A C B,(0) and using the Lebesgue’s dominates convergence
theorem, we have

,Be,, ()’en ) =y +

1Ben Ve, n)) — yul — 0,
which contradicts relation (6.10). O
Lemma6.3 Let €, — 0 and {u,} C A¢, be a sequence satisfying ®c, (tn) = CViin Kynax-

Then there exists {3,} C RN such that v, = u,(x + y,) has a convergent subsequence.
Moreover, up to a subsequence, y, — y € A, where y, = €,Vy.
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Proof Since u, € A¢, and @, (n) = €y Kmax» WE have that {u,} is bounded. We claim
that there are Ry, § > O and y, € R such that

lim inf/ lun|?dx > 8. 6.11)
BRO(_V'n)

n—oo

Indeed, if relation (6.11) does not hold, Lemma 2.2 implies that u, — 0 in L* (RN) for
s € (¢, q™). According to (2.3) and the fact u, € 1, itis easy to verify that u, — 0in E,
which is a contradiction, because @, (4,) = €V K > 0. S0, (6.11) holds. Let us define
vy (x) = u,(x + y,). Passing to a subsequence, we may assume that v,—v # 0. By virtue
of Lemma 2.7, there exists #, > 0 such that v, = t,v, € Ay, K,..- Then we have

CVinin Kmax = JVminKmax(ﬁ”) = jvminKmax(t”un) = q>5n (t”un) = q>€n (u”) > CViinKmax >

which shows that Jv, .. Ko (Un) = CViin Kmax - According to Lemma 3.1-(e), we know that
{v,,} is bounded. Thus, for some subsequence, v,— v with ¥ # 0. Moreover, j‘//mm Koo (0) =
0. Using Lemma 4.3 we have

~ ~ ~ ’ ~ ~
JvminKmax (Un - v) = CViinKmax — jvminKmax (U) and jvminKmax (Un - U) — 0.

Observe that, from (2.4) we get

n—oo

. 1 1 - | -
lim - == ”vn”]‘j/ P + Kmax = f(Un)Uy — F(vy) | dx
N> 00 p q min s RN \ ¢

1 1 . p | -

— == lvly,, , T Kmax —f@v—F() )dx

P q e RN \¢q

= Tl D = AT 1)

. - 1 A
CvminKmax = lim (JvminKmax(U”) - ;(j‘;minkmax (Un)’ Un>>

A%

= ijin Kmax (5)
Z CVmin Kmax

It follows that
TVinKiax Un — U) — 0 and j{,minKmax(ﬁn —v) — 0. (6.12)

Moreover, using (f4) and (6.12) we have

0 (1) = P O = 0) = & (T e T = 0). T = )

1 1 _ ~p 1 1 ~ ~nq
“\p e o = vlly, .+ q 0 1on =l

+ Ko / (1f(ﬁn — )y — §) — F(iy — 6)) dx
RN \ 0

N 1 1 _ _ 1 1 - ~q
> ;—5 ”vn_U”Vmin»P+ ;_5 ||vn_v||vmin»q’

which implies that v, — v in Ey, . Since {t,} is bounded, we can assume thatt, — #o > 0,
and so, v, — vin Ey,,,.

Next, we prove that {y,} = {€,¥,} has a subsequence satisfying y, — y € A. We first
claim that {y,} is bounded. In fact, assume by contradiction that {y,} is not bounded. Then,
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there exists a subsequence, still denoted by {y,}, such that |y,| — oo. From v, — v in
Ev, s Vmin < Voo and Kmax > Koo, we can deduce that

1 1
— P “nnond _ ~
i = 10+ 191G, g = Ko /R i
- (- i
<A+ i, — Ko [ P

. 1 - 1 -
< liminf | — VU, |Pdx + — VU, |9dx
RN q JrN

n—o00 p

1 1
+/ V(€nx + yn) <*|1~)n|p + *|ﬁn|q> dx — / K (enx + yn)F(ﬁn)dx]
RN p q RN

1 1
< liminf |:—/ |Vt u,|Pdx + 7/. |Vt,u,|?dx
RN q JRN

n—oo P

1 1
“l‘/ V(€nx) <*|znun|p + *|tnun|q> dx _/ K(Enx)F(tnun)dx]
RN p q RN
= liminf ®., (t,u,)
n—oo
< liminf &, (u,)
n—o0

= cvmin Kmax»

which is a contradiction. Thus, {y,} is bounded and, passing to a subsequence, we may
assume that y, — y. If y ¢ A, then Vipin < V(y) and Kpmax > K (y), and according to the
above steps we get a contradiction. Consequently, we conclude that y € A. O

Let ¥ : RT — R™ be a positive function given by

P(€) = max |Pe (Ve (¥)) — CVpin Kmax |-
yeEA
It follows from Lemma 6.1 that 9 (¢) — 0 as € — 0. We introduce a subset .4, of .
Setting ~
Me i ={u € e : Pe(U) < vy Knax T ()},

Since y(y) € /17E for all y € A, then we can deduce that /17e # (). Moreover, we have the
following result.

Lemma 6.4 For any § > 0, then the following holds
lim sup inf |Bc(u) — y| =0.
YEAs

e—0 >y

ueN

Proof Lete, — 0 as n — oo. For each n € N, there exists {u,} C .4 , such that

n’

inf [Be, (u) — y[ + o0n (D).
EAs

inf |Be, (un) —y| = sup
yEAs 7y

ueNe,

Hence, it is sufficient to prove that there exists {y,} C As such that
lim |Be, (un) — ynl = 0.
n—o0

Indeed, since {u,} C .4¢,, then we have

CVminKmax = Cen < P, (Un) = CViin Kmax T U (€),
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which implies that
q)fn (u”) - CVimin Kmax and {M”} - </V€n-

According to Lemma 6.3, there exists {3,} < RY such that v,(x) = u,(x + ¥,) has a
convergent subsequence. Moreover, up to a subsequence, y, = €,y, — y € A. Therefore,
we get
Jrw n(€nx) (Jup|P + |uy|9)dx

Jrn (P + u,|9)dx
S n(enz + yu) (un (2 + )17 + lun(z + o) |9)dz
B Jaw Qan (2 + 3P + |un (2 + In)19)dz
Jrnv[n(€nz + yn) = yul(va ()17 + |va(2)19)dz

Jrv (0n (D17 + [va(2)19)dz

:36,1 (“n) =

=Yn

—yeA.

Consequently, there exists {y,} C As such that
lim |Be, (un) — yul = 0.
n—o00
The proof is now complete. O

We shall use the Ljusternik—Schnirelmann category theory (see [13,Theorem 2.1]) and
the idea in [9] to prove the multiplicity result of positive solutions. Since .# is not a C'-
submanifold of E., we cannot directly apply the Ljusternik—Schnirelmann category theory.
Fortunately, according to Lemma 2.10, we can know that the mapping m, is a home-
omorphism between .4, and S, and S, is a C'-submanifold of E.. So we can apply
the Ljusternik—Schnirelmann category theoty to the functional Ic(u) = (e (u))]s, =
®, (m(u)). Based on the above observations, we are ready to give the proof of Theorem 1.3.

Proof of Theorem 1.3 For any € > 0, we define w¢ : A — S, as follows
we(y) = Me(teWe y) = ne(ye(y)) forally € A.
Using Lemma 6.1 we get
6li_I}lo I (we () = EIEE}) D@ (Ve (¥) = €V Kee  Uniformly iny € A.

Moreover, we set 5
Se={uecSe:I(u)< CViin Kmax T v(e)},
with 9 (€) = supycp [e(U) = CVyinkma | — 0 as € — 0. Hence, we(y) € S forall y € A,

and this shows that S, # P foralle > 0.
According to Lemmas 2.10, 2.11, 6.1 and 6.4, we can find €5 > 0 such that the diagram

PN AL SO AL

is well defined for any € € (0, ¢5). By Lemma 6.2, there exists a function /(e, y) with
(€, y)| < % uniformly in y € A forall € € (0, €5), such that B¢ (e (y)) = y +1(€, y) forall
y € A. We define the function H(t, y) =y + (1 —t)l(e, y). Then, H : [0, 1] Xx A — Aj is
continuous. Evidently, H(0, y) = Be(Ye(y)) and H(1,y) = yforall y € A, and B¢ o yc =
(Be o m¢) o we is homotopic to the inclusion mapping id : A — Aj. So, making use of
Lemma 2.2 of [13] (see also [6,Lemma 6.4]), we have

catge(S'E) > catpags(A).
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On the other hand, let us choose a function #(¢) > 0 such that %(¢) — 0 as ¢ — 0 and
such that cy,;, k... + U (€) is not a critical level for ®.. For € > 0 small enough, Lemma 4.5
shows that @, satisfies the Palais—Smale condition in /VG Then, according to Lemma2.11, we
know that I, satisfies the Palais—Smale condition in S. Therefore, applying the Ljusternik—
Schnirelmann category theory [13, Theorem 2.1], we obtain that /. has at least catg (5‘6)
critical points on Sc. Then, using Lemma 2.11 again, we can deduce that &, has at least
catp;(A) critical points. We finish the proof of Theorem 1.3. O

7 Nonexistence of positive ground state solutions

In this section, we prove the nonexistence of positive ground state solutions. Consider the
following auxiliary problem

— Aput— Agu+ VO (ulPu + [ul!*u) = K*° f(u) inRY, (7.1)

where V> and K are given in condition (A3). Moreover, according to the discussion in
Sect. 3, we know that problem (7.1) has a positive ground state solution. In the following,
we follow the idea of [38] and give the proof of Theorem 1.4.

Proof of Theorem 1.4 First we need to claim that ¢ = cy~ge for each € > 0. In fact,
according to (A3), we can see that V™ < V(x) and K(x) < K*® forall x € RV, and
Ce > cy~ g by Lemma 3.4. Next, we show that ¢, < cy~go for any fixed € > 0. Let u®™
be a positive ground state solution of problem (7.1), by Lemma 3.1-(b), we know that u°° is
the unique global maximum of Jy koo (fu®). Set u, = u*(- — y,), where {y,} C RV is
a sequence satisfying |y,| — oo as n — 0o. As in Lemma 2.7, it follows that there exists
ty > 0 such that m (u,) = t,u, € A is the unique global maximum of ®. (tu,) for each n.
Moreover, the sequence {,} is bounded.
We have

Ce < D (thuy)
fn sovr, 1p
= Jyoogoe (tylty) + — (V(ex) = V) |u,|dx
P JRN

q
+ tl/ (V(ex) — V) |u,|?dx +/ (K — K (€x))F (tyun)dx
q JRN RN

14
1
= Jyeogoo (t,u™) + ? /N(V(ex +eyy) — VO u™|Pdx
R

/
+ l/ (V(ex +eyy) — V) |u™|9dx +/ (K> — K (ex + €yp)) F (t,u®™)dx
q JRN RN
trllJ o0 o0
<cympnt 2 [ Viextem) - VORI
P JRN
/4
+ i/ (V(ex +eyy) — V) u™|4dx —l—/ (K — K(ex + €yp)) F (t,u*>)dx.
q Jrv RN a2

Using the exponential decay of u°°, it follows that for any ¢ > 0, there exists R > 0 such
that

/ (V(ex +€yn) — Voo)|uoo|sdx =<ce¢,
[x|=R
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where s = {p, ¢}. Moreover, from (A3) and Lebesgue’s dominated convergence theorem we
have

lim (V(ex +eyp) — V) |u™|*dx = 0.

n—oo \XISR

Thus, we have proved that

/ (Viex + eyn) — V)P dx = oy(1), (13)
RN

where s = {p, q}.
Similarly, using the above arguments and (2.3) we have

/N(Koo — K(ex 4 €yp))F (tu™)dx = o0, (1). (7.4)
R

So, from (7.2), (7.3) and (7.4) we deduce that ¢ = cy~ g~ for each € > 0.

We complete the proof by using a contradiction argument. Assume that for some €p > 0
there exists a positive function u¢ such that ug € ¢, and c¢, = P¢, (o). We know that u is
the unique global maximum of &, (tuo). By Lemma 3.1-(b), there exists °° > 0 such that
t*®ug € Ny~go, hence

cyeogos < Jyoogeo (t™ug) = max Jyoegoo(tug). (7.5)

On the other hand, using (A3) we have Jy e g (1) < P, (u) for any u. Thus, combining
with (7.5), we have

cygoe < Jyoogoo (1%ug) < Pey (1%ug) < Dy (1) = ey = Cyoogos.

This shows that
cyoogoo = Jyoogoo (17u0) = Pey (t%u0). (7.6)

Observe that
1
Jyeegoe (t%ug) = P, (t¥ug) + » /N(V°° — V(eox)) |t uo|"dx
R
1
+ f/ (V® — V(epx)|t™ug|?dx (7.7)
q JRN
+/ (K (egx) — K®)F (t*°ug)dx.
RN
We deduce from (A3) that
/ (V® — V(egx)|t™ugl*dx = </ —|—/ ) (V® — V(egx)|t®uol*dx <0, (7.8)
RN % ¢

where s = {p, q}.
Similarly, we have

/ (K (0x) — K®)F (t*®°up)dx = </ +/ ) (K (egx) — K®)F(t*®ug)dx < 0. (7.9)
RN K xce

Combining (7.7), (7.8) and (7.9), we obtain Jyo oo (t®ug) < P, (t*up), which contra-
dicts relation (7.6). This completes the proof of Theorem 1.4. O
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