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Abstract. In this work we prove the existence of solutions for a class of
generalized Choquard equations involving the Ag-Laplacian operator.
Our arguments are essentially based on variational methods. One of
the main difficulties in this approach is to use the Hardy-Littlewood—
Sobolev inequality for nonlinearities involving N-functions. The methods
developed in this paper can be extended to wide classes of nonlinear
problems driven by nonhomogeneous operators.
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1. Introduction

The stationary Choquard equation

P
—Au+V(z)u= (/RN |xi|y|/\dx) lu[P~?u  in RY, (1.1)

where N > 3, 0 < A < N, has appeared in the context of various physical
models. In particular, this equation plays particularly an important role in the
theory of Bose-Einstein condensation where it accounts for the finite-range
many-body interactions.

For N =3,p=2,and A = 1, problem (1.1) was investigated by Frohlich
[1] and Pekar [2] in relationship with the quantum theory of a polaron, where
free electrons in an ionic lattice interact with phonons associated to defor-
mations of the lattice or with the polarisation that it creates on the medium
(interaction of an electron with its own hole). We recall that Choquard [3]
used this equation in the Hartree—Fock theory of one-component plasma. This
equation was also proposed by Penrose in [4] as a model of self-gravitating
matter and is known in that context as the Schrodinger—Newton equation.
In fact, the Choquard equation is also known as the Schrodinger—Newton
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equation in models coupling the Schrédinger equation of quantum physics
together with nonrelativistic Newtonian gravity.

Recent relevant contributions included in the papers are by Ackermann
[5], Alves et al. [6-8], Cingolani, Secchi and Squassina [9], Gao and Yang
[10], Lions [11], Ma and Zhao [12], Moroz and van Schaftingen [13-16], van
Schaftingen and Xia [17], Wang [18], and their references.

In all the above-mentioned papers, the authors used variational methods
to show the existence of solution. This method works well thanks to a Hardy—
Littlewood—Sobolev type inequality [19] that has the following statement.

Proposition 1.1 (Hardy-Littlewood—Sobolev inequality). Let t,r > 1 and
0<A<Nwithl/t+XN+1/r=2,g¢€ L{RY) and h € L"(RY). Then
there exists a sharp constant C(t, N, \,r), independent of f,h, such that

x)h
[ sty dxdy‘ < O N A gl Il @) (12)
ry Jry |7 =yl

In this paper, we are concerned with the existence of solution for the
following class of quasilinear problems:

~taut o= ([ TR ) s nw,

(1.3)
u € WHE(RN),

This problem generalizes (1.1) in a nonhomogeneous setting, where f :
R — R is a continuous function verifying some natural hypotheses, which
will be mentioned in Sect. 3. Let F' be the primitive of f, that is,

F(t):/o f(s)ds.

We denote Ag = div (¢(|Vu|)Vu), where ® : R — R is a N-function of the
form
It]
D(t) := (s)sds, (1.4)
0

with ¢ : (0, 4+00) — (0,+00) being a C'! function satisfying

(01) (tp(t)) >0; Vt>0
and
(¢2) Jim to(t) =0, lim to(t) = +oo.

We also assume that there exist I,m € (1, N) such that [ < m < I* := L
and

(63) I<m<l":= and [ <

N -1 D (t)

Our purpose is to show that the variational method can be used to
establish the existence of solutions for problem (1.3). One of the main dif-
ficulties is to show that the energy functional associated with (1.3) given

< m for all t > 0.
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me:/ (@(|Vaul) + &(|u])) ““'(4NAN m_ P(Dddy

is well defined and belongs to C*(W1®(RY) R). In fact, the main difficulty
is to prove that the functional ¥ : Wt ‘I’(RN) — R given by

/]RN /RN |m— |/\( ))d dy (1.5)

belongs to C’l(Wl"I)(RN) R) with
u)v = / / uw)v (y))dxdy, Vu,v € WHE(RN).
RN JRN

M—MA

In what follows, we would like to point out that the operator Ag arises

in several physical applications, such as:

Non-Newtonian fluids: ®(t) = %|t|p for p > 1,
Plasma physics: ®(t) = %|t|p + %|t\q where 1 < p < ¢ < N with ¢ € (p,p*),
Nonlinear elasticity: ®(t) = (1 +t2)* —1,a € (1, %),

Plasticity: ®(t) = ?In(1+1),1 < ZHIHN ) o N1 N >3,

Generalized Newtonian fluids: ®(t) = fot s1=(sinh ™' 5)Pds,0 < o < 1 and
8> 0.

The reader can find more details about the physical applications in [20],
[21] and their references. The existence of solution for

—Agu+V(z)p(Ju)u=f(u) in Q, and u=0 on I,

with © € RY being a bounded or unbounded domain has been established
in some papers, see for example [22-35] and the references therein.

This paper is organized as follows. In Sect. 2 we recall some facts involv-
ing Orlicz-Sobolev spaces. In Sect. 3 we show that W is of class C'' under
certain conditions on f. In Sect. 4 we study the existence of solutions to prob-
lem (1.3). Finally, in Sect. 5, we show other problems that can be studied
with the approach developed in the present paper.

2. Orlicz—Sobolev Spaces

In this section we recall some results on Orlicz—Sobolev spaces. The results
pointed below can be found in [21,28,36,37].
We say that a continuous function ® : R — [0, +00) is a N-function if:

(i) @ is convex,
i

(i) ®(t) =0 =0,
O(t O(t
(iii) lim 2 =0and lim 2 = 400,
t—0 t t—+oo ¢
(iv) @ is even.

We say that a N-function ® verifies the As-condition, and we denote by
D e Ay, if

B(2t) < KO(t), Vt>to, (2.1)
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for some constants K,y > 0. An important fact is that if ® verifies the
As-condition then for some s > 0 there is a constant Cy > 0 such that

B(st) < Co®(t), Vt>0.

We fix an open set Q ¢ RY and a N-function ®. We define the Orlicz

space associated with ® as follows
L*(Q) = {u cL'(Q): / @('—i\d)dm < 400 for some A > O} .
Q

The space L®(£2) is a Banach space endowed with the Luxemburg norm given

— . - <
|u||q>—1nf{)\>0./®<>\)dx 1.

In the case of |Q = 400 we will consider that ® € Ay if tg = 0in (2.1).
The complementary function ® associated with ® is given by the Legendre
transformation, that is,

B(s) = rgag({st —®(t)}, forall s> 0.

We also have a Young-type inequality given by
st < O(t) + B(s), forall s,t>0.
Using the above inequality, it is possible to establish the following Hdélder-
type inequality:
‘/ unde| < 2ullallvl, for all ue L*(@), v e L*(@)
Q

The following results will be often used and they can be found in [21,28].

Lemma 2.1. Consider ® a N-function of the form (1.4) and satisfying
(¢1), (¢2) and (¢3) only with the restriction 1 <1 <m. Set

Co(t) = min{t, ™} and ¢ (t) = max{t’,t™}, t > 0.

Then ® satisfies

G(t)2(p) < @(pt) < G(H)P(p), p,t >0,

G(llulle) < / P(u)dr < Gi([|lulle), ue La(€).

Q
Lemma 2.2. If ® is a N-function of the form (1.4) satisfying (¢1) and (¢2),
then
(p(|t))t) < B(2t) V> 0.

For a N-function ®, the corresponding Orlicz—Sobolev space is defined
as the Banach space
ou
(91'7;

Whe(Q) = {u cr®©) : X er®Q), i=1,.. N}

endowed with the norm

[ullie = [[Vulle + |lulle.
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If & and & satisfy the As-condition, then the spaces L®() and
WE®(RYN) are reflexive and separable. Moreover, the Aj-condition also
implies that

Up, = u in Lg(Q) <= / O(Jup, —ul) =0
Q
and
U, —u in WH(Q) <= / O(|uy, —ul) — 0 and / O(|Vuy, — Vul|) — 0.
Q Q
An important function related to a N-function ® is the Sobolev conju-
gate function @, of ® defined by
t -1 +oo -1
_ d1(s) d1(s)
1y _
Let ®; and ®5 be N-functions. We say that ®; increases strictly lower

by (kt
than @5, and we denote by ®; << ®5, if lim 1 (kt) =0 for all £ > 0.
t—+oo Do(t)
We say that Q@ C RY is an admissible domain, if the embedding
Wh(€Q) < L9(Q) is continuous for all ¢ € [1, 125

The following embedding results can be found in [25,38].

Theorem 2.1. Let ® be a N-function, A a N-function and Q be an admissible
domain. Then
R A(t) : A(t)
(i) If lllglj(l)lp (1) < 400 and liriligop 3.(1)
Wh®(Q) — LA(Q) and WH®(RN) — LARN) are continuous,
(ii) If A << @, and |Q| < +oo, then the embedding W1 *(Q) — LA(Q) is
compact.

< 400, then the embeddings

The next result can be found in [25] and it will play an important role
in this work.

_

Theorem 2.2. Consider ®(t) := [~ ¢(t)t dt a N-function with ¢ satisfying

(1), (¢2) and (¢3). Let (u,) be a bounded sequence in WH®(RYN) such that
there exists R > 0 satisfying

lim sup/ ®(|un|) = 0.
Br(y)

n—-+o0o yE]RN

Then, for any N-function P verifying the As-condition with
P(t)

tlg% m =0 (P1)
and
t
RS Wk 0, (P2)
we have



20 Page 6 of 24 C. O. Alves et al. MJOM

3. Differentiability of the Functional ¥

In this section, we will study the differentiability of the functional ¥ given in
(1.5). To this end, we must assume some conditions on f.

We will consider B : R — [0,400) being a N-function given by
B(t) = O‘tl b(s)sds, where b : (0,+00) — (0,400) is a function satisfying
the following conditions:

(Hy) (tb(t))" >0, for all t >0,

(Ha) Jlim_tb(t) = +oo,

and there exist b; € (1,4+00),i = 1,2 such that
b(t)t?

H b < < by, Vt > 0.

(Hs) 1_B(t)_27 >

The above hypotheses permit to use Lemmas 2.1 and 2.2 by changing
® by B. More precisely, B satisfies the Ay condition with

Co,58(t)B(p) < B(pt) < ¢1,8(t)B(p), p,t >0,

and
Cos(lulls) < / Blu)dz < o p(ullp), u € Lp(Q),

where
Co.5(t) = min{t**,t*2} and ¢; p(t) = max{t*,t*2}, t > 0.

Let f : R — R be a continuous function satisfying the growth condition

IF@O < Co([t)t],  vieR, (f1)

where C' is a positive constant.
The primitive of f, that is, F'(¢ fo s)ds is continuous and satisfies
P < CB< ), VLER (F)

for some constant C' > 0.
Let 0 < A < N and consider s € R with
1 A 1
42429
s + N + s ’

that is, s = We will also suppose that the embeddings

2N AC
WHERY) — LP(RY), i =1,2 (E)

are continuous. The above condition is not empty, because we can consider
the following conditions on B

tSbi
limsup —— =0
t—0t q)( )
and
tsbi
limsup —— =0

t—+4o0 (I)*(t)



MJOM Generalized Choquard Equations Driven Page 7 of 24 20

If o(t) = %\t|p with 1 < p < N, we have that Agu = A,u and the
function f can be of the form

ft) =t 2t + |t|°~2t, forallteR

with sq,s8 € (p,p*).
In the proof of the differentiability of ¥, we will use the following ele-
mentary property, whose proof we omit.

Lemma 3.1. Let E be a normed vector space and J : E — R be a functional
verifying the following properties:

(i) the Fréchet derivative &gg)u) .= lim <

t—0

M exists fOT’ all u,v € E;

0J(u)
ov

(ii)  for each u € E, aé]((‘?) € FE', that s, the application v — is a

continuous linear functional;
(iii) we have

. . ’
U, —u n E— — m E

that is,

U, —u in E=— sup M—M — 0.
o<1l Ov O

Then J € C1(E,R) and

8. (u)

J(u)v = 5

for all u,v € E.

We are now ready to prove the differentiability of functional ¥ given
by (1.5).

Lemma 3.2. Assume (E), (H1) — (Hs) and (f1). Then U given in (1.5) is
well defined and belongs to CL(WL®(RN), R) with

Ve F(u(z)) f(u(y)vy)) .
\I'(u)vf/RN/RN dxdy,

|z —y[*

for all u,v € WHE(RN).

Proof. Using the definition of s, the condition (F') and Proposition 1.1, it
follows that ¥ is well defined. In the sequel, we will show that ¥ satisfies the
assumptions of Lemma 3.1. To this end, we will divide the proof into three
steps.
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Step 1: Existence of the Fréchet derivative:
Let u,v € WH®(RM) and ¢ € [~1,1]. Note that

U(u + tv) U (u)

/ / ) +tv(x)) Fu(y) + tu(y)) —F(u(x))F(u(y))dmdy
RN JRN tlr —y[? '
(3.1)

Denoting by I the integrand in (3.1), we have

7 = Flu(@) + to(@))(F(uly) +to(y)) — F(uly))
t

4 Fu()) (Flu(@) +to(z)) — F(u(z)))
T .

By the mean value theorem, there exist 6(z,t),n(y,t) € [-1,1], such that
F(u(y) + to(y)) — Fluy)) = f(u(y) + 0y, H)tv(y))v(y)t

and

F(u(z) + tv(z)) — F(u(z)) = f(u(z) + 0(z, t)tv(z))v(z)t.
The relation (3.1) allows us to estimate
V(u+tv) =) Flu(@)f(u@)o®)) ;.
t /]RN RN [z —y* dedy
< |Bil + B,

where

_ / / F(u(z) + to(z)) f(uly) + n(y, iv(y))v(y) — Fu(@)f(uw(y)vy))
RV ]RN

lz —y|*

dzdy

and

L[ P o )

|z —y|*

B2 =
RN JRN
L[ R ),
RN JRN |x—y|

If € RY and u(x) # 0, Lemma 2.1 gives
[ (u(@))v(z)| < Cb(ju(z)])lu(z)[[o(z)]

<o (20

< C(fu()" 7 + Ju(@)= v ()].

The above estimate also holds if u(z) = 0. Such estimate, combined with (E)
implies that f(u)v € L¥(RN). Since F(u) € L*(RY), we have by Proposi-

tion 1.1,
/ / /\))U(y”dxdy < +o0.
RN JRN |9U —
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Thus, by Fubini’s theorem,

/]RN /RN |x . y(p dady /RN /RN - yﬁf))”(m) dydz.

Therefore, Bl can be rewritten as

Bl [ [ PO 0 O0oee)  PUINE) 1y,

By Proposition 1.1 we obtain
| B3| < CIF (u)] ot vy 1f (w + 0, t)v)v — f(w)o]
Since 6(z,t) € [—1,1], the condition (f) combined with Lemma 2.1 implies
that
[f (ul@) +0(t, 2)tv(@))o(@) = f(u(@))o(@)]* < O((Ju)] + o))"V ]o()|*
+(lu(@)| + [v(@))* "2 P (@))),
(3.2)
for all x € RY. Here C is a constant that does not depend on t € [—1,1].
The embeddings (F) ensure that the right-hand side of the inequality (3.2) is

an integrable function. Thus, the Lebesgue’s dominated convergence theorem
yields

Lt (RN

IIf(u+6(.,t)v)v — f(u)v||Ls(RN) —0ast— 0.

The last limit implies that B — 0 as t — 0. With respect to B, we have
the estimate below

¢ o)) |1f (uy) + n(y, Htv(y))v(y) — f(o(y)v(y)l
|Bi| < 5 /]RN/]RN P— dxdy
/ / y) +n(y, t)tu(y ))v(y)HF(U(w)ﬂv(w))—F(u(w))ldxdy.
’N JrN |z —y|*

Arguing as before,

/ / | (u(2)||f(u(y) + nly, t)to(y))v(y) — f(v(y»v(y)'dzdy =0
RN JRN

lz —y[*

as t — 0. On the other hand, the Lebesgue’s dominated convergence theorem
also yields

|1F(u+ tv) — F(u)

Asin (3.2), [ f(u+n(.,t)tv)v| Ls@mn) is uniformly bounded by a constant
that does not depend on ¢ € [—1,1]. Thus, Proposition 1.1 combined with
) gives

/ / y) + 0y, @)U )IF (@) + to(@) = Flu@)l 00
RN JRN |l’*y|>\ 7

as t — 0, and so, B! — 0 as t — 0. From the above analysis,

RS0 / / y))v(y))dwdy,
t—0 RN JRN |JU —yl*

9T (v)
T

y — 0ast—0. (3.3)

showing the existence of the Fréchet derivative
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o(.)
It is evident that 8\57&“

to show that
0 (u)
‘ ov

for some positive constant C,,. From (f), (F') and Proposition 1.1 we have

Fu(@)) f(u(y))o(y)
Lo L e dwdy’SC”FW)llLsmN)lf(u)v

Step 2: 224 ¢ (WL2(RN)) for all u € Wh¥(RN).
)

is linear at v for each u fixed. Next, we are going

<C,, Wve Wl’q)(RN) with ||’U||W1,<I>(RN) <1,

(3.4)

The continuous embeddings of (E) combined with Hélder inequality, (f) and
Proposition 2.1 give

[ rammiar < ([ umre -y
" s(ba—1) v s
+ [ ey )

b1 —1 1

o ([ wrma) ™ ([ wwrn)”

([ww)") e 9

ba
+ (/ IU(y)IS"zdy)
RN
by—1 bo—1
sby °1 sba "2
C, = K [ max (/]RN |u(y)] dy) ; (/}RN lu(y) dy) )

with K a constant that does not depend on u and v. Then inequalities (3.4)
and (3.5) justify Step 2.

where

Step 3:
OV (u,)  OV(u) .

U, —u in WHPRN) = sup 3 3
v v

ol 1@ @y <

<1

Consider v € WH®(RY) with ||v]y1.0®y) < 1 and note that

OV (uy,) |F(un(2)) = F(u(@))[|f(un(y))v(y)]
o <L L =y dedy
/ / )| f(un(y))v(y) —f(y,u(y))v(y)ldxdy
RN JRN |$ - y|’\
= B} + Bj.

By Proposition 1.1, we obtain
By < C||F(uy) — F(u))]

Ls(RN)Hf(un)U\ Ls(RN)-
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Since the sequence (| f(un)v| +r~y)) is bounded (see (3.5)) and
1 (un) = F(u)]

L=®~y) — 0,
it follows that
sup [ F(un) — F(u))]

veW T (RY)
HUHW1,<I>(1RN)§1

LS(RN)||f(un)v| Le(RN) — 0 as n — +oo.
(3.6)

Now we will estimate Bj%. Given ¢ > 0, fix R > 0 large enough such

that
/ \u(x)|blsdx,/ lu(x)[P2*dz < e.
B(0,R)* B(0,R)e

Since u,, — u in L**(RY) and L"2*(RY), there is ng € N large enough such
that

/ \un(x)|b18dx,/ [u, (x)[P2°dx < e, (3.7)
B(0,R)® B(0,R)°
for all n > ng. Note that by Proposition 1.1

PG (n () — F(()o)
/RN /RN Iz —y[* dzdy < C||F (u)]| L= &)
X[[(f (un) — f(u))v]

where Cy > 0 is a constant that does not depend on n € N. The condition
(f) together with Holder’s inequality yields

/ (F(un(v)) — Flu(@))o(w)]*dy
B(0,R)°

s(b1—1)
stll (B(O,R)C) ||U‘

s(ba—1
+ Cillunl 3% Bo

(3.8)

Ls(RN)»

<0 Hun| (3.9)

L1 (B(0,R)%)

1olZ 02 (0, 7))

where C; > 0 is a constant that does not depend on n € N. Using the
embeddings (F), we have ||v| Cy,i = 1,2 where Cs is a positive

ZSbi(B(OyR)c) <
constant that does not depend on v € WH®(RY) with [Jv[lyy1.e @~y < 1 and
R > 0. Thus, from (3.7) and (3.9)

[l un0) = )l dy < Comax {525
B(0,R)®

where Cj is a positive constant that does not depend on v € WH®(RY) with
lvlwi.e@yy <1 and R > 0. Therefore

sup / 1(F (un(9)) — Fu(@))o@)*dy < Az, ¥n > no.
veWb®(RN) JB(0,R)¢
”'UHWI,@(]RN)Sl

(3.10)

where
b 1 bo—1

1— 2
AE:Cgmax{s B g b2 }—>0 as & — 0T,
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Now we will estimate the integral

/ 1 un(w)) — Fu())[o(y)*d.
B(0,R)

From (f) and Lemma 2.1,
| (un(y) = f(u(@)]* < OO+ [un ()" + Ju(y)7V), vy € RY.
From (E) we have that the embedding WH®(RY) «— L*%2(RY) is continuous

sb
which implies that |f(u,) — f(u)|%-T, |v|**2 € L}(B(0, R)).
From Holder’s inequality we get

/ |f(un(y)) = f(u(@)Plo@)*dy < C[|f(un) = f(u)||
B(0,R)

LRt (B(0,R))

X H|U|S||Lbz(B(o R))

< Culllf (un) = f(u)®

)

1 (B(0,R))

where C} is a positive constant that does not depend on n € N and v €
WEE(RYN) with [|v||w1.e@y) < 1. Recalling that |f(un(y)) — f(u(y))]® — 0
bo
in L*-T(B(0, R)), it follows that
sup / |(f (un(y)) = f(u(y)))v(y)*dy — 0 as n — +oo. (3.11)
veW®(®RN) J/B(0,R)

lvll1,e<1

From (3.10) and (3.11),
sup |[(f (un) — f(u))v

veW T (RY)
[[v]l1,e <1

From (3.8) and (3.12),
/ / |F(u(@)[|(f (un(y) — £y, uw(y)))v(y)]
RN JRN

syy — 0 asn — +oo. (3.12)

sup X dzdy - 0 as n — +oo.
veWL®(RN) |z — 1y
[[vll,e<1
(3.13)
The step is justified, according to (3.6), and (3.13). Finally, the lemma follows
from the previous three steps. 0

4. Existence of Nontrivial Solutions

To prove the existence of solution for (1.3) we will need some assumptions.
In what follows, we will consider

m < sb; <, i=1,2,

which implies that the embeddings in (F) hold. Moreover, we will consider
the condition (f;) with

by >m/2,i=1,2. (4.1)
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Finally, we also assume the Ambrosetti-Rabinowitz-type condition: there is
6 > m such that

0 <OF(t) <2f(t)t, Vt#0. (f2)
Our main result is the following:

Theorem 4.1. The problem (1.3) has a nontrivial solution under the condi-

tions (4.1), (¢1) = (¢3), (H1) — (Hs) and (f1) = (f2)-

In the proof of Theorem 4.1 we will use variational methods. The energy
functional J : WH®(RY) — R associated with (1.3) is given by,

J(U)=/ (@(|Vu(z)]) + @(Ju(z)])) dz
(u(y))
/RN /RN Ix—y\A dody,

J(u) = /RN (@(Vu(@)]) + @(Ju(2)]) dz — U (w).

The analysis developed in the previous section implies that J €
CH(WLE®(RN), R) with

W = /R | O(IVu(@) ) V() Vo(z) dz + / ¢(Ju(z))u(z)v(z)dz

()v(y))
- Lo L R s
for all u,v € WL (RYN).

Our first lemma establishes the mountain pass geometry.

that is,

Lemma 4.1. The functional J verifies the following properties:

(i) There exists p > 0 small enough such that J(u) > n for u € WH2(RY)
with ||u|| = p, for some n > 0.
(ii) There exists e € WH®(RN) such that |le|]| > p and J(e) <0

Proof. (i) B ) and Proposmon 1.1 we have

// |x— |A( Drdy

for all u € WH®(RY). Note that

< CIF(u)]

)

£ ()]

e ( [ (uta + u<x>|sb2>dx)
< (|l

b
Lebl(RN) + HU| LQsz(RN))7

where C' is a constant that does not depend on u € WH®(RY).
From (E) and Theorem 2.1, it follows that the embeddings W1®(RY) —
L% (RN),i = 1,2 are continuous. Therefore

prvs(eny < Dlulla,u € WHERN), i = 1,2

[[ul

for a positive constant L > 0 that does not depend on u € WH(RY).



20 Page 14 of 24 C. O. Alves et al. MJOM

By using the classical inequality
(z+y)* <27 Y z® + %), 2,y >0 with a>1,

and Lemma 2.1, we get for u € WH®(RY) with ||ulj1.e = ||[Vulle + |Julle < 1
that
J(w) = @(1) (min(||Vulls, [ Vul§) + min|ullg, [u]F))
= Cllull % + llull %)
> C(IVullg + llulg) = CCllells + 137)
> Klulls = K (Julf + lul)

where C,C, and K are constants that do not depend on u. Since (4.1) holds,
the result follows by fixing ||u|l;,.¢ = p with p > 0 small enough.
(ii) The condition (f2) implies that
F(t) > Cyt? —Cy VteR,

where C7,Cy > 0 depends only on [ and 6. Now, considering a nonnega-
tive function ¢ € C§°(RY)\{0}, the last inequality permits to conclude that
J(ty) < 0 for t large enough. This finishes the proof. O

Using the mountain pass theorem without the Palais—Smale condition
(see [39, Theorem 5.4.1]), there is a sequence (u,) C WH®(RY) such that

J(up) — d and Jl(un) — 0,
where d > 0 is the mountain pass level defined by

d:= inf sup J(y(t)), (4.2)
7€l ¢elo0,1]

with
I:={ye COWHTRY), WHP(RY); 7(0) = 0,4(1) = e}.
Regarding the above sequence we have the following auxiliary property.
Lemma 4.2. The sequence (uy,) is bounded in W1 ®(RN).

Proof. Note that

T ()i,
J(up) — —
for n large enough and d given in (4.2). On the other hand by (¢3) and (f2)
we have

<d+1+||uy

1,

J (un)tn

J(un) — 0

= [ @(Vun(@)) + &(fus (@)

1 2 2
=5 |, UTUDITEE + o)) () P

Fo,un(@) (£@un®)un)  Fy,un(y)
+// o — yr ( 0 T2

> dxdy

>(1-7) /RN(@(IVunI) + @ (|unl)) de.

The last two inequalities give the boundedness of (u,,) in W12 (RY). O
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Since (u,) is bounded in WH®(RY), there exists u € WH®(RY) such
that Vu,, — Vuin (L®(RN))Y up to a subsequence. From (4.1) and Theorem
2.1, we have that the embedding W®(Bg(0)) — L*(Bgr(0)), where Br(0)
denotes the open ball centered at the origin with radius R is compact.

Since L?(Bg(0)) — L'(Bg(0)), it follows that u,(z) — u(z) a.e in
Br(0) for some subsequence. Since R > 0 is arbitrary, we have that u, () —
u(z) a.e in RY for some subsequence.

The next two lemmas will be needed to prove that u is a critical point
of J.

Lemma 4.3. The following limits hold for a subsequence:

(i)

R

Iff—ylA

N JRN
H/ / (2, u(@))f(y,u (y))v(y)dxdy
RN JRN |33—1/|)‘ ’

for all v € C§°(RY),

/ / F(z, un () (f (Y, un(y))v(y) — f(y’u(y))v(y))dxdy S0

RN JRN v~y 7
for all v e C§(RYN),

(iii)

/ F o, un(@) (0, un)e®) y

IﬂffylA

*ZN/RN D)

for allv € C§°(RY).

Proof. (i) The hypothesis (F), the fact that (u,) is bounded in W1 (RN)
and the continuous embeddings W®(RY) « L% (RY) i = 1,2 ensure that
(F(uy,(.))) is a bounded sequence in L*(RY). Combining the previous infor-
mation with the pointwise convergence F(u,(z)) — F(u(z)) a.e in RV, we
have F(u,(.)) = F(u) in L*(RY).

By Proposition 1.1 it follows that the function

/]RN /]RN \:z: — y|/\)v(y) w € L*(RY),

defines a continuous linear functional. Since F(.,u,) — F(.,u) in L*(RY), it

follows that
[ [ Elenlh ey,
R |37 - y|’\

) ZN /RN : _y(lzi))v(y) dudy,

which proves ().
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(ii) Denote by I the integral described in (i7). Since (F(un(.))) is
bounded in L*(RY),
111 < CIF () ey L ) — £yl e
< K| f(un)v = f(u)v]
for some positive constant K > 0 that does not depend on n € N and v €
Cs°(RN). Let v € C§°(RY) and consider a bounded open set €2 that contains
the support of v. Since (2 is bounded the compactness of the embeddings
Wh®(Q) «— L% (Q),i = 1,2 implies that there exist ¢ € L**(Q) and d €
L**2(Q) such that
® uy(r) — u(z) a.e in RN,
o |u,(z)| <¢(x),d(x) a.ein Q.
These information combined with Lebesgue’s dominated convergence theo-
rem give

Ls(RN)»

1f(un)v = fw)v]lps@ny = [1f (un)v — f(u)v
This finishes the proof of (i7). (iii) is a direct consequence of (i) and (). O

)HO.

The next lemma is crucial to prove that u is a critical point of J.

Lemma 4.4. There is a subsequence such that
(i) Vu,(r) — Vu(z) a.e in RY,
(i) G(1Vun) o — oV in L7ERY),

(i) ¢(|un])un — ¢(|ul)u in LT(RYN).

Proof. (1) We begin this proof observing that (¢;) yields
(o(2))x = ¢(lyl)y) (z —y) > 0, Va,y € RY with = #y, (4.3)

where (-,-) denotes the usual inner product in RY. Given R > 0, let us
consider £ = g € C§°(RY) satisfying

0<¢<1,6£=1 in Bgr(0) and supp(§) C Bar(0).
Using (4.3), we get
0< [ (6(Vun(@))Van ~ 6(Vu(o)) Va(o))
Br(0)
X (Vup () = Vu(z)) dz
< (@(|Vun (2)]) Vun (2) = o(|Vu(2)|) Vu(z))
B2r(0)

X (Vun(z) — Vu(x))€(z) dx
- /B o, AT @D T 0 (T @) = Fu(a)e(o)

—/ o(|Vu(@))Vu(z)(Vun (z) — Vu(z))§(z) da.
B2r(0)
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Now, combining the boundedness of {(u,, —u)¢} in WH®(RY) with the
limit [|J'(u,)|| = on(1), it follows that

/

0n(1) = J (un)((un —u)§) = / o(|Vun(z)|)
B>r(0)
X Vi, (2)V ((uy — u)(2)é(z)) da
+/B2R(O P(|un())un (@) (un — u)(2)é(x) do

/ / (un (@) f(un(y)) (un(y) — w(y))E(y) dady
RN JRN |

|z — y[*

(4.5)

The boundedness of (u,) in WH®(RY) implies that

/ B ((Jun (1) n () < / B(2lun (1))
Byr(0)

B2r(0)

xdz < K D (Jup (x)]) dz < C, (4.6)
B2r(0)

where C is a constant that does not depend on (uy,). Since

|6V unlyun 75 —1< mln(|\¢(\Vun|)un\|

L<I>(B r(0)) (B r(0))’

it follows from (4.6) that the sequence (¢(|u,|)|u,|) is bounded in L®(Bag(0)).
A similar reasoning implies that (¢(|Vuy,|)|Vu,|) is bounded in L®(Bag(0)).

The compact embedding Wh®(Byg(0)) < L®(B2g(0)) implies that
ltn —ull Lo (B, g (0)) — O for asubsequence. It follows that, up to a subsequence,
we have

/ [t () 1t (2) (t — )@)€ ()
B3r(0)

< /B o un Dl @) = )0 o

<O | o(lun|)|un| HL@(BQR(O))” Un —U ||L‘1’(BQR(0))
— 0. (4.7)

A similar reasoning implies that
/B o O(|Vun (@) ])(un = u) (@) Vun (2)VE(r) dz — 0, (4.8)
2r(0

for some subsequence. Standard arguments imply, for a subsequence, that

/ / B (un () £ (n () (i = ) @)EW) 3 (4.9)
RN JRN

|z —y|*

Note that
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P X u\x aU(w) X P ulax au(x) X
/BM)@(&( (1 Vu(a)l | 2 ) de<C Bm@)@(aﬁ(\v @) 28 ) a
<C ®(2|Vu(z)|) dz
< /Bmm) (2/Vu(a))
<K i <O)CI>(|Vu(:r)|) dez.

Thus from Holder inequality, it follows that the function

(v) == T u(x Lu(m)vx T,1 =
L= [ e@oVu) g e di= 1N,

with v € L®(Bygr(0)) defines a linear continuous functional. Since

ou
ox i

£

in L?(Bar(0)), we get

/B o, ATHDNTVU) (Tun(z) = Vu(@))é(z) dz — 0. (410)
From (4.4), (4.5), (4.7), (4.8) (4.9), (4.10) we obtain that
/B o O(|Vun(2)) V() (Vu, (z) — Vu(z))E(z) de — 0.

Therefore

/ O(|Vun(z)]) V() (Vu, (z) — Vu(z)) dz — 0.
Br(0)

Applying a result found in Dal Maso and Murat [40], it follows that
Vuy(x) — Vu(x) a.e in - Br(0),

for each R > 0. Since R is arbitrary, there is a subsequence of (u,), still
denoted by itself, such that

YV, (z) — Vu(z) a.e in RY.
ii) We have ¢(|Vuy, (2)])Vu,(z) — ¢(|Vu(x)|)Vu(x) a.e in RY. Note that
B(H(|Vun (2)))|Vun (2)]) < CO2|Vun(2)]) < K&(|Vuy, (@)]).
Then the boundedness of (u,) in WY®(RY) implies that the sequences
(¢(|vun)g“”>, i=1,...,N are bounded in L®(RY). By [41], it follows
z;
that

Ouy, ou 3N
V) T2 = o(Tu) gL i LFRY)
A similar reasoning implies (iii). O

Now, we are ready to prove that u is a critical point of J.



MJOM Generalized Choquard Equations Driven Page 19 of 24 20

Lemma 4.5. The function u is a critical point of J, that is, J (u) = 0.
Proof. First of all, we claim that
J (up)v — J (W), Yo e CCRN).

To verify such limit, note that

J,(Un)v = / (| Vun (z)]) Vun () Vo(z) + ¢(|un|)un (z)v(z) do

[ P et
RN JRN |$*y|)‘zy) .
By Lemmas 4.3 and 4.4,

(un(2)) f (un(y))v(y) F(u(@)) f(u(y))v(y)
/RN /RN ‘x = yW“’) dedy — /RN /RN PYRER dxdy,
(4.11)
(4.12)

and

/RN P(|un(@))un(z)v(z)dr — = ¢(lu(@)u(z)o(z)de.  (4.13)
From the relations (4.11), (4.12) and (4.13) we have the claim. Since
J'(un)v — 0, the claim ensures that .J' (u)v = 0, for all v € C§°(RY). Now,
the lemma follows using the fact that C§°(RY) is dense in WH®(RY)., [
4.1. Proof of Theorem 4.1

If w # 0, then u is a nontrivial solution and the theorem is proved. If u = 0,
we must find another solution v € WH®(R¥)\ {0} for the equation (1.3). For
such purpose, the claim below is crucial in our argument.

Claim 4.1. There ezist v > 0,3 > 0 and a sequence (y,) C RY such that

lim inf O (|up(z)])dx > B > 0.
n—+too B'r(yn)

Proof. In fact, if the above claim does not hold, using Theorem 2.2, we derive
the limit

/ P(Juy|)de — 0, (4.14)
RN
for any N-function P satisfying (Pl) — (P»). Applying Proposition 1.1,

/ / (un(2)) f(un(y))un(y) \ dy
RN JRN |=’E - y\’\
< Ol F(un (@) s @) | f (wn () tn ()| s vy

y (f1), (F), (F) and Theorem 2.2,

[Pz 0
]RN
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and

[ e ias —o.
Therefore

RN

|z —y[A
The above limit together with the fact that J'(u,)u, = 0,(1) give

/RN (| Vun (@))[Vun (@)1 + ¢ (|un (2)])|[Vun ()] dz — 0.

From (¢3),

[ 2w + @ (@)) dz — 0,

RN

This limit leads to J(u,) — 0, which contradicts the limit J(u,) — d > 0. O
Using standard arguments, we can assume in Claim 4.1 that (y,,) C Z.

By setting v, (z) = u,(z + y,), it follows that

J(vn) = J(un), |7 (va)[| = |7 (un)l| and  [Junl1re = [vnlre VneN.

From the above information, we have that .J(v,) — d and J (v,) — 0. Since

(vy) is bounded in WH®(RM), up to a subsequence, v,, — v in L?(B,.(0)),

for some v € W%, To verify that v # 0, note that by Claim 4.1, we have for
some subsequence

0<p< lim D(|up (z)|)dz
n—-4oo Br(yn)

~ lim @(\vn(x)|)dx:/ B(|v(z)|)dz.

n—toe /B, (0) B..(0)

Applying the same arguments as in the proofs of Lemmas 4.3, 4.4 and
4.5 for the sequence (v,) we obtain the desired result.

5. Final Comments

The same arguments used in this paper can be applied to study the existence
of solutions for related problems of the following type:

A+ V(@)(|uJu = (/RN f;(“fﬁ}) F(u(y)), in RN, o
u € Wl’(b(RN)‘

The potential V : RY — R is a continuous functions with inf,cgn V(z) > 0
that belongs to one of the following classes:

Class 1: V is periodic: V is a Z"-periodic function, that is,

Vz+y)=V(z), VeeRY and yezZV.
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Class 2: V is asymptotic periodic function: There is a Z"-periodic function
Vp: RN — R such that

V(z) < Vp(z), YreRY
and
V(@) = V(@) =0 as [z — +oc.
Class 3: V is coercive V is a coercive function, that is,
V(z) = 400 as |z| — +oo.

Class 4: V is a Bartsch—-Wang-like potential: The potential V' verifies the
following property

med ({z € RY : V(z) < M}) < 400, forall M > 0.
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