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Abstract: In this paper, we analyze the problem of determining the best constants for the Sobolev inequalities
in the limiting case where p = 1. Firstly, the special case of the solid torus is studied, whenever it is proved that
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to the best constants in the trace Sobolev inequality. Secondly, in the spirit of Andreu, Mazon and Rossi [3],
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1 Introduction

Let (M, g) be a smooth compact n-dimensional Riemannian manifold, n > 3, with boundary. We define the
Sobolev space H’f (M) as the completion of C®° (M) with respect to the norm

1/p 1/p
Nl any = ( JIVqu dug> + ( Jlulp dug> ,
M M

and Iilﬁ’(M) as the closure of C°(M) in H; (M). For any p € [1, n), we denote

_ ~*_(n_1)p
p S np and p* = o p

According to Sobolev’s theorem (see [7]) the embeddings H% (M) — LI(M) and HY(M) — Li(0M)
are compact for any g € [1, p*) and g € [1, p*), respectively, but the embeddings Hf (M) — LP" (M) and
HY (M) — LP"(dM) are only continuous. So, there exist constants A, B and A, B such that for all u € H} (M)
the following inequalities hold:

. 1/p* 1/p 1/p
(JW dvg) sA(IIVqu dvg> +B<I|ulp dvg) (1.1)
M M M
and
. ipr Up 1/p
( j|u|1’ dsg) sA(jwuvﬂ dvg> +B(j|u|P dvg) . (1.2)
oM M M
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In these two inequalities, we are interested in the values of the best possible constants. Define the sets:

Ap(M) = inf{A € R : there exists B € R such that inequality (1.1) holds for all u € Hi’ (M)},
B,(M) = inf{B € R : there exists A € R such that inequality (1.1) holds forall u ¢ H’f (M)}.

One can define in the same way the sets A,(M) and B, (M).

In the case 1 < p < n, the best constants are known in almost all cases both on Euclidean space (here
only appears the first constant) and on Riemannian manifolds (with boundary or without boundary), and a
host of literature exists for all these cases, see, e.g., [5, 6, 10, 13, 16-18, 22, 24, 27, 28,35-38, 41, 50] and
the references therein. We point out that Druet and Hebey [24] worked exclusively on the Euclidean space
and the manifolds without boundary, and have provided a complete study on the area. In addition, they
answered questions like when and under what conditions optimal Sobolev inequalities are true or not. Some
more cases towards this direction were studied by Druet [22] and Faget [28] on manifolds without boundary,
while Biezuner in [11] answered the same questions on manifolds with boundary. When p = 1, some quite
remarkable and interesting results are also known. For example, see [3, 41, 43, 46, 48] and the references
therein. A complete and thorough study on the best constants in Sobolev inequalities is presented in the
books [7, 24, 35, 44].

This paper is organized as follows. In Section 2, a short survey on known results about the best constants
is presented; this is done for the sake of completeness so that the paper is self-contained. Section 3 is devoted
to the qualitative presentation of the results established in this paper. In Section 4, the case of the solid torus
is studied in detail. A Neumann problem involving the A;-Laplace operator in the solid torus is considered
in Section 5. Finally, some results are given for smooth compact, Riemannian manifolds with boundary. In
particular, the general case of a manifold with boundary is treated in Section 6.1, and in Section 6.2 some
results are presented for manifolds in the presence of symmetries.

2 Ashort survey on the best constants

2.1 Thecasel<p<n

In this subsection, we recall certain important results concerning the best constants for some Sobolev in-
equalities, which are well known and they are directly related with the context of the present paper. We
now give a short survey of known results about the best constants for the classical as much as for the trace
Sobolev inequalities in the case 1 < p < n. If M is a compact Riemannian manifold with boundary, then
Hf (M) + I:P’l7 (M), cf. [7]. Therefore, as far as the first best constant of (1.1) is concerned, we have to consider
two distinct Sobolev spaces.

(i) When we consider (1.1) on I;II{ (M), the same results for best constants on compact Riemannian manifolds
without boundary remain true. Recall that for compact Riemannian manifolds without boundary, the best
constant in front of the gradient term in inequality (1.1) is the same as the best constant for the Sobolev
embedding for M = R" under the Euclidean metric (see [6]), that is,

1 LAvulP dx
KL D) ~ wer Mool k pip”"
) wepr L =
VueL? (R (f]Rn [ulP* dx)

It has been proven that

K(n,l):l( & )m,

Wn-1
1/ -1\ T(n+1) 1p
Kn. p) = E(W) (F(n/p)F(n +1-n/p)wn- ) ’

where w,_1 is the area of the unit sphere in R" and T’ is the gamma function. In particular, when p = 1 and
M = R", (1.1) is the usual isoperimetric inequality, see [29, 30, 32]. The exact value of K(n, 1) was computed
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by Federer and Fleming [30] and by Maz’ya [43]; the extremum functions in this case are the characteristic
functions of the balls of R". The value of K(n, p) was explicitly computed independently by Aubin [5] and
Talenti [50] and is attained by the functions ¢(x) = (A + |x[P/®~D)1-"/P 'where A is any positive real number.
In addition, Aubin [7] proved that the constant K(n, 1) is obtained as a limit of K(n, p) as p tends to 1*.

(ii) Considering inequality (1.1) on H’f (M), Cherrier [13] showed that the first best constant is equal to
21mK(n, p).

Contrary to the first best constant K(n, p) of (1.1), which depends only on the dimension n of the manifold
and p, the second best constant B, (M) depends on the geometry of the manifold and was computed to be
Bp(M) = |M|71/", see [35].

Concerning inequality (1.2), Lions [41] proved that the best constant in front of its gradient term in the
case of the Euclidean half-space R" = {x = (', y) e R" : x' ¢ R*"1,y > 0} is

1 .[R"'Vulp dx

= = inf — .,

K(n,p)  uerr RONO} (. [ulP* dx')P/P*
VueL?(R") (fa&l l )

Biezuner [10] used inequality (1.2) and a standard contradiction argument in order to show that there exists

a constant C > 0 such that

j|u|l’ dvg < c( IIVqu dvg + B J ul? dsg) for all u e HY(M). 2.1)
M M oM

From (1.2) and (2.1) we conclude that there are positive constants A, B, which may depend on M and g, such

that )
. pr p 1/p
( Jlulp dsg> sA(JIVqu dvg> +B( jlulp dsg> . (2.2)
M oM

oM

Inequality (2.1) is a “bridge” to move from (1.2) to (2.2) and to our knowledge has not presented any interest
on its best constants.

Regarding the first best constant in inequality (2.2), Biezuner showed that Lions’ conclusion still remains
valid for any smooth compact n-dimensional Riemannian manifold with boundary and for all p € (1, n). The
explicit value of K(n, p) was computed independently by Escobar [25] and Beckner [8], only in the case where
p=2:

- 2 _ _
K(n,2) = mwni/l(n 1

Unfortunately, their proofs both deeply used the conformal invariance of the associated variational prob-
lem, and thus cannot be generalized to other values of p, and the problem was still open. However, Nazaret
[47] studying optimal Sobolev trace inequalities on the half-space proved a conjecture made by Escobar
[25] about the minimizers in (2.2) and founded that the functions f(x) = (A + y)? + [x'|2)®™™/2®"V for all
x=(x',y) e R" and A > 0, are optimal for this inequality. The second best constant of (2.2), for 1 < p < n,
was computed as @p(M) = [OM|7Y/", see [10].

In order to make the paper more self-contained, we introduce at this point some background material
from the geometry. (For more details, see [12, 39]). Consider a group G acting on a set X. The orbit of a point x
in X is the set of elements of X to which x can be moved by the elements of G. (Just as gravity moves a planet
around in its orbit, the group action moves an element around in its orbit.) The G-orbit of x is denoted by
Og(x) ={t(x), T € G}.If Y c X, we write G(Y) = {r(y) : y € Y and 1 € G}. We call the subset Y invariant under
the action of G if G(Y) = Y and denote it by Y. For every x € X, we define the stabilizer subgroup of G with
respect to x (also called the isotropy group) as the set of all elements in G that fix x: Sg(x) = {T € G : T(x) = x}.
Moreover, if the set X is equipped with a metric, then the isometry group of this metric space is the set of all
isometries (i.e., distance-preserving maps) from the metric space onto itself, with the function composition
as group operation. Its identity element is the identity function, i.e., the isometry group of a two-dimensional
sphere is the orthogonal group O(3). Given a Riemannian manifold (M, g) (complete or not, but connected),
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we define by I(M, g) its group of isometries. It is well known (see, for instance, [39]) that I(M, g) is a Lie
group with respect to the compact open topology, and that I(M, g) acts differentiably on M. Since (this is
actually due to Cartan) any closed subgroup of a compact Lie group is a Lie group, we get that any compact
subgroup of I(M, g) is a sub-Lie group of I(M, g). It is now classical (see [12, 21]) that Og(x) is a smooth
compact submanifold of M for any x € M. Denote by |O¢(x)| the volume of Og(x) for the Riemannian metric
induced on Og(x). (In the special case where Og(x) has finite cardinal, then |Og(x)| = card Og(x).) Let G be
a closed subgroup of I(M, g). Assume that for any x € M, card Og(x) = +0c0, and set k = minyey dim Og(x).
Then, k > 1 (see [38]), and it is called minimum orbit dimension.
If G denotes some subgroup of I(M, g), we set

CEM) ={ueC®M):u-t=uforallt e G}
and
Coog(M) ={u e CP(M) : uet =uforallt e G,

where C*°(M) denotes the space of smooth functions on M and C3’(M) denotes the space of smooth functions
with compact support on M. Similarly, for p > 1, we set

HIf,G(M) ={ueHY(M):uot=uforallt e G}
and
HE (M) = {u e B2(M) s wot = uforallt e G},

where Iilf’G(M ) is the completion of C3’; (M) with respect to the norm [|u|| H (M) If (M, g) is gomplete and G is
compact, by the existence of the a Haar measure on any Lie group, one gets that H’f M) = Hl’lJ (M) forany p.

If k denotes the minimum orbit dimension of G, it is known from Hebey [35] that for a G-invariant
Riemannian manifold (M, g) without boundary, the embeddings Hf,G(M ) — L9(M) are continuous for any

pell,n-k)and g € [1, (n"_"k’?g ] and compactif g € [1 w). In this case, the best constant K in front of

> n-k-p
the gradient term in inequality (1.1) was computed by Faget [27]:

_K(n-k,p)
K¢ = ik

where V is the minimum volume of orbits of dimension k.

Consider now a compact smooth n-dimensional Riemannian manifold (M, g), n > 3, with boundary in-
variant under the action of a subgroup G of the isometry group I(M, g). Let k denote the minimum orbit
dimension of G and let V be the minimum of the volume of the k-dimensional orbits. Denote also in this case

w_-kp g g (-k-1p
n-k-p n-k-p

= %

Cotsiolis and Labropoulos [18] showed that for any p € (1, n - k) and for all u € Hf’G(M) the first best
constants in the inequalities

p/p*
(j|u|l’* dvg> sAleulp dug+Bj|u|p dvg 2.3)
M M M
and
. p/p* 5 :
( J |ulP dsg> <A JIVqu dvg + B J [ulP dsg (2.4)
oM M oM

are 2P/(-OKP and K%, respectively, where

_ K(n-k,p)

K(n-k,p)
K = V1K)

and K¢ = —V(p—l)/(n—k—l)p'

Since inequalities (2.3) and (2.4) are stronger than (1.1) and (2.2), it follows that the first best constants in
inequalities (1.1) and (2.2) in this case are 21/™-0 K and K;. In addition, Cotsiolis and Labropoulos [16, 17]
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computed the first best constants in the inequalities (1.1) and (2.2) in the special case where the manifold is
the 3-dimensional solid torus T, which is invariant under the action of a subgroup G = 0(2) x I of the isometry
group 0(3).

2.2 Thecasep=1

The case where p = 1 can be said limiting because it can be seen as a limit case as p tends to 1. This case
is more complicated due to the lack of compactness of the embedding H } (M) — L1(0M). However, in the
direction of interest in this article, there are some important results.

The limit of the Sobolev trace inequality in the Euclidean upper half-space RY is given by

j () dx' < C JIVu(x)I dx. (2.5)

OR" R"
This problem was studied by Motron [46] and Park [48]. The best constant K(n, 1), defined by

1 Jge VU0l dx
= inf >

- = in —_
K(n, 1) uel' @RI} ([, pn lu(x")| dx')

VueL'(R")
was computed for this inequality to be equal to 1. Moreover, Park proved that if n = 1, then the same result is
obtained from recognizing the Euler—Lagrange equation for the inequality as the main curvature formula of
plane curves. Motron [46] also proved that if Q is a connected bounded open set of R", n > 2, whose boundary
is piecewise C!, then the second best constant in the inequality

JIuIdSsAJquldV+BJ|u|dV (2.6)
0Q Q Q

is equal to [0Q]|/|Q].
Andreu, Mazon and Rossi [3] studied the best constant A1 (Q) for the trace map from W1-1(Q) into L1(0Q),
that is, the best constant in the inequality

A Jlul dx' < JIVuI dx + jlul dx, 2.7)
20 Q Q

where Q is a bounded set in R with Lipschitz continuous boundary 0Q. Obviously, if we set 1/A = A = B, the
best constant in (2.7) can be obtained as a special case of (2.6). The authors showed that if A;(Q) < 1, then
this best constant is attained in BV(Q), the space of functions of bounded variation on Q, which is defined as
the space of functions in L1 (Q) whose derivatives in the sense of distributions are bounded measures on Q.
Moreover, the authors proved that this constant can be obtained as a limit when p — 17 of the best constant
of the compact embedding W1?(Q) — LP(0Q) with p > 1, that is, of the best constant in the inequality

A Jlulp dx' < JIVqu dx + Jlulp dx. (2.8)
20 Q Q

In order to provide the proofs, they looked at Neumann problems involving the 1-Laplace operator defined
by A1 (u) = div(Du/|Dul) in the context of bounded variation functions (the natural context for this type of
problems).

Consider now the case where p = 1 and (M, g) is a smooth compact n-dimensional (n > 3) Riemannian
manifold with boundary. Since forp = 1, p* = ;% and p* = 1, inequality (2.2) has no interest for p = 1. Thus,
we are interested in the following two inequalities, arising from (1.1) and (1.2), respectively:

n-1)/n

(
<J|u|"/<"-1> dug) SAI|Vu|dug+Bj|u|dug (2.9)
M M M

- 10.1515/anona-2015-0125
Downloaded from PubFactory at 07/30/2016 07:28:42PM by vicentiu.radulescu@math.cnrs.fr
via Vicentiu Radulescu



266 —— N.Llabropoulos and V.D. Radulescu, Sobolev inequalities on the solid torus DE GRUYTER

and
JIuldsgsAJIVuIdUg+BJIuIdUg, (2.10)
oM M M

where A4, B and A, B are positive constants.
Traditionally, for the study of best constants it is used the space W1(Q) of functions in L1(Q) whose
gradient in the distributional sense is in L1(Q), i.e.,

whhQ) = {u e LY(Q) : Vu € LY (Q)}.

Although the Sobolev space W1-1(Q) is a proper subset of BV(Q), from density results (see [20, 33, 49]), we
can derive thatif A, B (or 4, B) are such that (2.9) (or (2.10)) is valid for all u € W11(Q), then (2.9) (or (2.10))
may be expanded to functions in BV(Q) with the same constants A, B (or A, B). Concerning the inequality
(2.9), it was proved by Andreu, Mazon and Rossi [3] that the best constant is the same in both W1(Q) and
BV(Q). Thus, when we have to solve problems on best constants in the limiting case p = 1 on an arbitrary
bounded set Q € R™ we can remain in the space W1(Q). Furthermore, by Meyers—Serrin’s theorem (see [45]
or [1, Theorem 3.17]), the equality Hf(Q) = WbHP(Q), 1 < p < oo, is known to hold on all open subsets Q of
the Euclidean space R™. It seems to be unknown whether this extends to an arbitrary manifold M. However,
by the definition of Hlf (M), we have Hf (M) ¢ WHP(M). On the other hand, by Hopf-Rinow’s theorem we have
that every compact Riemannian manifold (M, g) is geodesically complete. In addition, it is known that if M
is geodesically complete, then Cg°(M) is dense in WLP(M), see [34, Proposition 2.10]. Moreover, Ce° (M) is
dense in HVP (M), see [5, Theorem 1]. In particular, one has H“? (M) = WP (M) but we have been unable to
find a direct reference for it.

In the rest of this paper we remain in the space Hf (M), and also in the space BV(Q), where it is absolutely
necessary (i.e., when we have to solve equations).

3 Qualitative presentation of results

The analysis presented in this paper is divided into three parts, as described in the following.
We first study inequalities (2.9), (2.10), as well as inequality (2.7), and we compute all the best constants
in the case where the domain is the solid torus:

T:{(x,y,z)e]R3:(\/x2+y2—l)2+zzsr2, l>r>0}.

One of our main interests is to study the dependence of the best constant in theses inequalities as well
as the existence of extremals (functions where the constant is attained) in (2.7) on the geometry. The related
problem in the general case was studied by Andreu, Mazon and Rossi [3] and the same problem in a more
overall context was studied by Demengel [19]. So, we compute both the best constants in inequalities (2.9)
and (2.10), we prove that the solid torus is an extremal domain with respect to the second best constant in
inequality (2.10), in the sense that this constant cannot be lowered for all bounded axisymmetric domain
Q in R3, and we prove that the solid torus is totally optimal with respect to the constants. Moreover, we
compute the best constant in the inequality (2.7). The calculation of this best constant allows us to study the
corresponding boundary value problem for the 1-Laplace differential operator in the solid torus.

Secondly, the dependence of the existence of a solution to the Neumann problem involving the 1-
Laplacian of geometry is also considered. In particular, it is proved that this problem has a solution only in
the cases when we have “small” tori. For “big” tori the problem does not have any solution.

Finally, we give some answers to the same problems in the case where the domain is a smooth, com-
pact Riemannian manifold with boundary both in the general case and in the presence of symmetries. More
precisely, we are concerned with the following problems.

(a) In the first part, we study the case of a smooth compact Riemannian manifold with boundary. Concern-
ing inequality (2.9), we prove that the best constants are the same as those in the Euclidean case. Regarding
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inequality (2.10), we prove that the first best constant is equal to 1, remaining the same as that of the Euclid-
ean space. The second best constant is |0M|/|M|, where |0M| denotes the (n — 1)-dimensional measure of oM
and |M| the n-dimensional measure of M.

(b) In the second part, we study the impact of the symmetries which appear in the manifold in the general
case. Specifically, we compute the best constants in both inequalities (2.9) and (2.10) and we give general
theorems concerning the best constants on manifolds in the presence of symmetries for p = 1. The values of
both best constants in inequality (2.9) are strongly influenced by the geometry. The first best constant de-
pends on the dimension and the volume of the orbit with the minimum volume. The second best constant
depends on the volume of the manifold and the dimension of the orbit with minimum volume. Finally, sur-
prising results occur on the best constant in inequality (2.10). For instance, the first best constant remains
the same for all smooth, compact Riemannian manifolds and is neither depending on the dimension nor on
the geometry. Contrary to the first best constant, the second best constant depends strongly on the geometry.

4 Best constants on the solid torus in the case p = 1

Consider the solid torus, represented by

T= {(x,y,z) eRP: (Vx2+y2-1)?+22<1? 1> r>0},
its boundary
oT = {(X,y,Z) eR:(Vx2+y2 -1 +22=r% 1> r>0}

and the group G = 0(2) x I of O(3). Note that the solid torus T € R is invariant under the action of the
group G.

We now recall some background material and results from [16]. Let A = {(Q;, &;) : i = 1, 2} be an atlas on
T = T\OT defined by

Q1 ={x,y,2) € T: (x,y,2) ¢ Hy,},
Q={x,y,2 eT:(x,y,2) ¢ Hy,},
where
Hi,={x,y,2) e R®: x>0, y=0},
Hy, ={(x,y,2) e R* : x <0, y =0}
and & : Q; —» I;x D,i=1,2,withI; = (0, 27), I = (-7, 7). Moreover,
D={(t,s) eR*: * +s* <1}, oD={(t,s) e R*: t* +s*> =1},

&i(x,y, 2) = (wi, t, 8), 1 = 1,2, with cos w; = x/ Vx2 + y2, sin w; = y/Vx? + y2, where

arctan%, x +0, arctan)z(, x #0,
m Vi
w1 = 5 x=0,y>0, w; = > x=0,y>0,
Vi i
3, x=0,y<0, -—=, x=0,y<0
2 y 2 y
and
N 2]
t:%, s:‘;, 0<ts<l1.

Then, the Euclidean metric g on (Q, &) € A and the induced metric on the boundary g can be expressed,
respectively, as

(Vg o & N(w, t,s) = rP(L+1t) (4.1)

and

(\/§°€_1)(w, t’ S) = r(l+rt). (4'2)
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If for any G-invariant function u defined on T we define the function

P(t,s) =& Hw,t,s), (4.3)
then we obtain the following equalities:
J|u|p av = 21 J|¢(t, P+ rt) dt ds (4.4)
T D
JIVqu av = 2P leq,')(t, SIP(L+rt)de ds, (4.5)
T D
Jlulp ds = 2nr J (¢, 0P (L + rt) dt, (4.6)
oT oD

where by ¢ we denote the extension of ¢ on oD.
Let K(2, 1) = 1/(2+/n) be the best constant of the Sobolev inequality

ol w2y < K2, DIVl r2) (4.7)

for the Euclidean space R? (see [7]) and let K(2, 1) = 1 be the best constant in the Sobolev trace embedding

lplziomzy < K2, DIVOlLir2) (4.8)

for the Euclidean half-space R?, see [46, 48].

It is known (see [16, 17]) that the solid torus T is invariant under the action of the group G = 0(2) x I,
all the orbits are of dimension 1, and the “classical” Sobolev inequality in this case states as follows: For any
real psuchthat1l <p <2,p* =2p/(2-p)andforallu € H } (T) there exist two positive constants A and B

such that
. 1/p* 1/p
(Jlulp dV) sA(JIVulp dV) +B(j|u|P dV) . (4.9)
T T T

We recall here that the displayed exponent p* = 2p/(2 — p) in the above inequality is the highest possible
supercritical exponent (critical of supercritical) because of the symmetry presented by the solid torus.
Aubin [5] proved that in a compact Riemannian manifold M, the best constant in the embedding of the
Sobolev space H’f(M) in LP" (M), where p* = np/(n - p) for p € (1, n), is equal to K(n, p), the norm of the in-
clusion Hi’ < LP" on R™. Thus, for any € > O there exists a constant Bp(e) such thateveryu e Hf (M) satisfies

1/p* 1/p
(Jlulp* dug) < (K(n,p)+e)<J|Vu|p dug) +Bp(s)<j|u|p dug) .
ji M

M
A natural question arises: Is the best constant achieved? In other words, does there exist B,, = B,(0)? We can
expect a positive answer. Aubin made a conjecture [5] concerning the following inequality of interest, among
other very significant inequalities

1/p*
( J|u|P* dug) < K(n,p)( JIVqu dug>
M

M

1/p

1/p

1/p 1/p
+Bp(jlu|pdug) , l<p<2.
M

This conjecture was first proved for p = 2 by Hebey and Vaugon [37], then for any p by Druet [22]. On
Riemannian manifolds in the presence of symmetries a positive answer is given by Faget [28]. In the case of
the solid torus a positive answer is, also, given by Cotsiolis and Labropoulos [17]. However, a new question
arises: What happens in the case where p = 1? If p = 1, then p* = 1* = 2 and thus, by (4.9), we obtain the
following Sobolev inequality:

1/2
<Ju2dV> sAI|Vu|dV+BI|u|dV. (4.10)
T T T
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The question most clearly now is: Is it possible to have an optimal inequality from (4.10) without £? The
answer is positive in the sense that we can not find an arbitrarily small € > 0 such that inequality (4.10) is
valid for A = K(2, 1) + ¢ for any B and for any u € H }’G(T). In particular, we can state the following theorem.

Theorem 4.1. Let T be the 3-dimensional solid torus. Then, the following properties are true:
(i) There exists B € R such that for any u € H } (1),

1/2
K(22,1)
2dv < ——"2 ||Vu|dV +B dv. 4.11
(lu ) < _ﬂ(l_r)ll uldv + Jlul (4.11)

(ii) There exists A € R such that for any u € H % (D),

12
(qudv) $AJ|Vu|dV+|T|‘1/ZI|u|dV 4.12)
T T T
In addition,
K2,1) 1 and T2 - L
Va(l-r) 2aVi-r arv2l

are the best constants for these inequalities.
Proof. We carry out the proof of the theorem in two steps.

Step 1. This first step is devoted to study the first best constant. Cotsiolis and Labropoulos [17] showed that
if p is a positive real number such that 1 < p < 2, then there exists B = B(p) > O such that foranyu € Hlf, (D),

2/mp) (2-p)/2p K(Q2,p) p
|u|2P/2-P dV) g(—’) J|Vu|p dV+BI|u|pdV (4.13)
( J Vra(l-r) 7 7
The constant
K(2, p)
Va(l-r)

is the best constant for which inequality (4.13) remains true for any u € Hll” (D).
Our purpose here is to prove that inequality (4.13) also holds in the case where p = 1, namely that for
any u € Hj ;(T), there exists a positive real number B > 0 such that

1/2
2 K(27 1)
(Ju dV) < —n(l— 5 JIVuI dV+BJ|u| dav. (4.14)

T

Assume that inequality (4.14) is false. Then, for any 8 > 0 there exists u € H %’G(T) such that

1/2
K(2,1)
2dV> —= 27 | |Vu|dV dv. 4.15
(Ju > —n(l—r)llul +Bllu| (4.15)

Thus, by (4.15), we deduce that for any > O there exists u € H } ¢(T) such that

([ IvuldV +B [ |uldV) ( K(2,1) >1
I(u) = . 4.16
" (fpuzdv)'? “\Vat-n (416
By (4.16), we obtain
k2,1 \*
0<I _—
< f < <\/n(l—r))
and so .
. K2,1) \
0< f I _— . 4.1
= uEH},IGI(lT),uio w) < ( v(l - r)) (4.17)
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The inequality (4.17) allows us, using variation arguments, to prove that for any g > 0 the infimum

Ag = inf I(u)
ueH}yG(T),usSO

is achieved by a function ug > 0. Namely, it holds I(ug) = Ag. Due to (4.17), Ag is bounded. In addition, we
conclude that for sufficiently large f8, ug is not a constant. Otherwise, we would have

Vug|dV + ugldVv ugldv
lim J7IVugl ﬁlel 2ﬁl  lim B [ lugl .
P ([pup)? dv) p=eo ([ (up)? av)

>

which is false because of (4.17). This implies that for sufficiently large 8, we have jTIVuﬁI dV + 0 and then
up # 0.
Forany p € [1, 2), we define
_ [pvuP av + g [ JuP dv
~ (Jluprie av) e

15 (w)

Since the function f(p) = Ig(u) with p € [1, 2) is continuous on p for any u € Hf,G(T), we conclude that
limp,_,q Ig(u) = I(u). On the other hand (cf. [7]), we have lim,_,1 K(n, p) = K(n, 1). Thus, by (4.13), we obtain
that forany p € [1, 2),

-1
. . . ( K(2,p) )
inf lim If(u) > lim | ——£L
ueH? (T),u#0 p—1 » () pél( Vad-r)
or
k2,1 \!
inf I(u) > <—’) . (4.18)
ueH! ;(T),uz0 Vr(l-r)

As it is impossible to apply (4.17) and (4.18) simultaneously, we have reached a contradiction.

It remains to prove that the constant K(2, 1)/ V(I - r) is the best possible for the inequality (4.14). Since
we proved above that for functions the first best constant of the Sobolev inequality (4.9) is greater or equal
to K(2, 1)/Va(l - r), to complete the proof we must exclude the first case.

We define the smallish torus Ts = {P € R3 : d(P, ) < 6}, where O is the orbit of minimum length 27(I - r)
and d(-0) is the distance to the orbit. Since, for functions belonging to H } (T n Ts) the first best constant of
the Sobolev inequality (4.9) in T has the same value and in T n Ts (see [17, Theorem 3.1]), in the sequel of
this proof first we will stay in H % (TNTs).

Assume now by contradiction that for some arbitrarily small but fixed € and for all § > 0 the inequality

1/2
2 K(27 1)

< J u dV) <<—n(l—r)+g> J [VuldV + I |lul av

TﬂT5 TﬂT5 TﬂT5

holds forallu € H %,G(T N Ts) or, equivalently,

[VuldV + B |lul dv -1
B = (ITHTG ITq% ) < < K21 +s) . (4.19)
(anTé u2dv) vr(l-r)
If we define
9B = inf B, (4.20)
ueHiG(TnTg),usEO
it follows that for all 8 > 0, there exists 6(¢) > 0 such that
-1
98 - ( K(2,1) +£> _ Vr(l-r) 06, 4.21)
Vrd-r) K(2,1)
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Let now a minimizing sequence (u;) € Hy ;(T n T5) of If(w). For all uj, we define on D (the unit disk of R?)
the functions

¢)(t! S) = (u] ° ‘f’_l)(w) t, S)’ (4-22)
and for any ¢; € HY(D) and any A > 0, we set
®\(t, 5) = Pj(At, As). (4.23)

Consider now the A-parametric sequence ¢;, defined by (4.23) and the A-parametric sequence u;, defined by
(4.22) to be uj, = ¢j, o &. By (4.4) and (4.5) we obtain, respectively,

2
J luj, |2 dV = m(%) J|¢,—|2(1 - gt) dt ds, (4.24)
TATs D
j Vu;, | dV = 272 Jquh, (1-r+ ;t) dt ds. (4.25)
TNTs D
Set
B = (ITnTa |Vuj"| dv+p ITnT |uiA| dV) (4.26)
" (JTnT ” dav) 1
By (4.24)—(4.26) and a direct computation, we obtain successwely
s 27 [ IV |(1-r+8%)dtds 5 B2 [l |(1-1+8%)dtds (4.27)

. = +_ .
n (271JDI¢),-,[|2(1—r+6£)dtds)1/2 A(ZnIquthIZ(l—r+5%)dtds)1/2

Letting A — oo in equality (4.27) yields

Vil dtd
1f = =2n(l - fDl Pl Sl/z (4.28)
= (JD ;12 dt ds)

Letting j — oo in (4.28), and because of (4.20), we obtain the equality

veldtd
9P = VZn(l—r)Md)—'Slz,
(JpleP dt ds)”

where the function ¢ is defined, in the same way as the ¢; in (4.22), to be ¢(t,s) = (u- ¢ 1) (w, t, s) and
u is the limit of (u)j=1,»,..., defined above.

Finally, it is known that the best constant of the Sobolev inequality for functions defined in H % (D)is equal
to V2K(2, 1) (see [7, Lemma 2.31], and [13] for a complete proof). Thus, by (4.21) and (4.29) we obtain

1 Va(l-r)
V2l - - 06(e),
d=n V2K(2,1) ) K(2,1) (&)

(4.29)

which is a contradiction.

Step 2. In this second step, we compute the second best constant in inequality (4.11). By taking u = 1 in
(4.10), we obtain that B > |T|~!/2. In particular,

B(T) = |T|"Y2. (4.30)

Letu € H{ ;(T)and it = ﬁ | udV. Since @t is a constant function and because (u—#)o T = ueT—ioT = u—1t
for any 7 € G, we conclude that (u - 1) € H}’G(T). Setting (u — i) o £1 = ¢* in (4.4), we obtain

1/2
( J(u —i1)? dV) = (2m2 J(¢*)2(1 +rt)dt ds)
T D

1/2
< (2ar¥(l+ r))l/z( J(qb*)z dtds) : (4.31)

D

1/2
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Moreover, by the Sobolev—Poincaré inequality there exists a positive real number C such that for any
¢* € Hi(D), the following inequality holds:

1/2
( j(¢* ~¢*)dt ds) < CJ|V¢*| dt ds, (4.32)

D D

where ¢* = ; [, ¢* dt ds.
We may assume that ¢p* = 0. Actually, if ¢p* = n # 0 instead of ¢»* we could take the function ¢* -  and
then 1

1 1 n
. dtds:—J *dtds——j dtds =1 - -LT| = 0.
mj(qb n) 7o il n- gl

D D D
Thus, if ¢* = 0, inequality (4.32) yields

1/2
( j(qb*)2 dtds) <C j|v¢*| dt ds. (4.33)
D D
Relation (4.5) yields
. 1
D T

Combining inequalities (4.33) and (4.34), we obtain
1/2
( g2 dtds) < C: [Ivulav. (4.35)
D T

where C; = C/(2mr(l - r)). Thus, by (4.35) and (4.31), we have

1/2
(I(u—a)de) < CzJ-|Vu|dV, (4.36)
T T

where C, = \2ar2(l+r)Cy.

By (4.36) and since |ull, < [lu - ull, + llull,, we obtain

1/2 1/2 1/2
(qudv> s(J(u—ﬂ)de) +(Ia2dv>
T T T
1/2 1/2 1/2
( ude> s(J(u—ﬂ)%iV) +|a|<J dV) .
T T

From the last inequality, since it = ﬁ IT u dV, we deduce that

or, equivalently,

~ —

1/2

1/2
(qudv) s(J(u—ﬁ)de> £ T2 JudV'. (4.37)
T T T
By (4.37) and using (4.36), we find
1/2
( j u? dV) <C JIVuI av +|17Y/? j u dV’,
T T T
from which arises
1/2
(Ju%ﬂ/) < CJIVuldV+|T|‘1/ZJ|u|dV. (4.38)
T T T
Combining inequality (4.38) with (4.30) we conclude that B1(T) = |T|~/2. O
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The following property is the natural extension of Theorem 4.1 in the general case where 1 < p < 2.

Corollary 4.2. Let T be the solid torus and let p be a real number such that 1 < p < 2. Then, the following hold:
(i) There exists B € R such that for all u € Hll” (D),

(2-p)/2p 1/p
( J|u|zp/(27p) dV) < M( J|Vu|p dV) +B<
T T

1/p
Pav) . 4.39
) [ul ) (4.39)

~ —

(ii) There exists a € R such that for all u € Hf’ (D),

(2-p)/2p 1/p 1/p
( J|u|2p/<2—l’> dV) < A( JIVqu dV) + |T|—1/2( J|u|1’ dV) . (4.40)
T T T
In addition, K( |
2,p “1/2
———— and |T|
Va(l-r)

are the best constants for these inequalities.

Proof. For the second best constant in inequality (4.40), the calculation follows the same steps as in the proof
of Theorem 4.1 and is completed with the help of the inequality

1/p
< |T|1—(1/p)< J|u|P dV) ,
T

<

JudV JIuldV

T T

which arises directly from the Hélder inequality.
Concerning the calculation of the first best constant in inequality (4.39), see [17, Theorem 3.1]. O

The last result concerning the case of the torus is as follows.

Theorem 4.3. Let T be the solid torus. For allu € H }’G(T), the following inequality holds:

JluldSsJIVuldV+%J|u|dV. (4.41)
oT T T

In particular, 1 = K(2, 1) and 2/r are the best constants for this inequality and the function ug = (1/ [0T)xT is
the only extremal function for this inequality.
Furthermore, for all ¢ € H % (D,), the following inequality holds:

j Bl ds < j|v¢| v+ 2 j|¢| dv, (4.42)

r
oD, D, D,

where
D, ={(t,s) e R? : t? + s> < 1%}
is the disk of radius r which rotating around the z-axis and remaining coplanar with it produces the solid torus T.

The proof of this theorem makes use of the following auxiliary property.

Lemma 4.4. Let T be the solid torus. Suppose that there exist real numbers A and B such that for allu € H } c(T)
the following inequality holds:

JluldSsilJquldV+BJ|u|dV. (4.43)
oT T T
Then, A > 1 = K(2,1).

The proof of Lemma 4.4 is provided in the Appendix.
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Proof of Theorem 4.3. In order to prove (4.41), it is equivalent to show firstly that for all u € H%’ ¢(T), there
exists a constant A € R such that

JluldSsAIIVuldV+—J|u|dV (4.44)
oT T T

and secondly, that forall u € H %,G(T), there exists a constant B € R such that

J |u|dSsJ|Vu|dV+BI|u|dV. (4.45)
oT T T
Proof of inequality (4.44). By [46, Proposition 3.10], the best second constant for the inequality
J|u|d5sAJ|Vu|dV+Bj|u|dv (4.46)
oT T T
is
07| _ 4mlrl 2
0T 2m2 2l

This fact means that for all u € H } ¢(T), there exists A > 0 such that the inequality (4.44) holds.

(4.47)

Proof of inequality (4.45). We first establish an auxiliary inequality, that is, forany € > Oand allu € H %’G(T),
there exists a constant B € R such that

I|u|ds<(1+e)J|Vu|dV+c’J|u|dV. (4.48)
oT T T

The proof is rather classic but we give a brief outline of the arguments. Let P; € T, Op, be its orbit under
the action of subgroup G = O(2) x I'and [; = Vx + y be the distance of Op, from the z-axis. For any & > 0,

consider §; = gol; < 1, and the set Tj = {Q € ]R3 d(Q Op,) < 8j}. Choose a finite covering of T by sets of the
type T; such that the following hold:

(a) If Pj € T, then the entire Tj lies in T and the entire coordinate of &;(Q;) on D lies in D.

(b) If Pj € 0T, then the coordinate of &(Q; N T) on D lies in dD.

Now, for T we build a partition of unity that covers T in the following way. For each j we consider h; € C3°; (D),
hj = 0. Then, h;j can be seen as a function defined on I x D and depending only on D variables.

Let
hj = &
-
Zj=1 (hi ° é;] )
The n; form a new partition of unity relative to Tj, is G-invariant, and n; o {;1 depends only on D variables.
Moreover, since the covering of T is finite, there exists a positive constant H depending on the chosen cover-

ing, namely such that |Vn;| < H for all j € N. Thus, forany u € H%’G(T), if we set ¢j = (nju) - {j‘l, because of
(4.31), we obtain

nj =

N N
jlul as<y j|;1,-u| ds < ) (1 +&0)27bjl; jlqb,-(t, 0)| dt. (4.49)
oT =t =1 oD

By relation (4.49) and the Sobolev embedding theorem in 0R?, we deduce that

=

1+€0

1+eg
[utds < 220" [opivul + Hu av <

J(qul + HN|u|)dV,
oT =17 T

and if we set € = O(gg) and C' = HN(1 + &9)/(1 - &), then we obtain inequality (4.48).

Combining inequality (4.48) with Lemma 4.4 and taking into account that we can choose g arbitrarily
small, we deduce that 1 = A4 (T). Furthermore, it is easy to verify that the constant function ug = (1/|0T|)xt
is an extremal function for the inequality (4.45), and the first part of the theorem is proved.
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For the first best constant in inequality (4.42) we need to repeat the same steps as in the case of inequal-
ity (4.41). Regarding the second best constant, by using the same argument as for inequality (4.41), we find

that is equal to
|oD,| 2mr 2
_Amr_z 4.50
|D,| mr:2 r ( )
Finally, with a simple substitution we can prove that the constant function ¢¢ = (1/|0D|)xp is an extremal

function for this inequality. O

Remark 4.5. Observing equalities (4.47) and (4.50), we see that the second best constants in inequalities
(4.41) and (4.42) are the same. This geometrical aspect means that the solid torus behaves exactly like the
disk from which is produced by rotation in the yz-plane about the z-axis far from z-axis. This result confirms
in some sense the fact that each axisymmetric object E of the three-dimensional Euclidean space is identified
by its description in R? and so, for simplicity, we may view E as a subset of R?.

Remark 4.6. The solid torus is an extremal domain with respect to the second best constant 2/r in the in-
equality of Theorem 4.3, in the sense that this constant cannot be lowered for all bounded axisymmetric
domains Q in R3, since

2 |oT| oDyl
2 _lolh_ 19O 4.51
r |7 |Dy| ( )
and because of the isoperimetric equality (see [29]),
[0D,| . {Ian}
= inf {—. 4.52
D]~ ot 10] (4.52)

Remark 4.7. Since the first best constant of the second inequality in Theorem 4.3 is equal to 1 for all mani-
folds, we conclude that the solid torus is totally optimal with respect to the constants.

5 A Neumann problem involving the 1-Laplace operator in the solid
torus

5.1 Mathematical background. Auxiliary results

At this point we need some background material concerning functions in the space BV(Q) (see [3, 9]), where
Q is a bounded set in R™ with Lipschitz continuous boundary 0Q.

A function u € L1(Q) whose gradient, in the sense of distributions, is a (vector valued) Radon measure
with finite total variation in Q is called a function of bounded variation. Thus, u € BV(Q) if and only if there
are Radon measures u1, Yo, . . . , Un defined in Q with finite total mass in Q and

IuDi¢dx:—I¢dyi forallp € C3°(Q),i=1,2,...,n.
Q Q

The gradient of u is the vector measure u = (u1, 42, . . . , Un) denoted by Du with finite total variation

sup { J udivpdx : P € CP(Q, R"), [P(x)| < 1forx e Q}
Q

and will be denoted by [Du|(Q) or by JQ |Dul.
The function space BV(Q) is a Banach space when endowed with the norm

Vatlsy = [1ul + [1Dul.
Q Q
A measurable set E € R" is said to be of finite perimeter in Q if yp € BV(Q), and in this case the perimeter
of E in Q is defined as P(E, Q) = |Dyg|. We shall use the notion P(E) = P(E, R"). If E has a smooth boundary,
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then P(F) and the classical measure |0E| of the boundary correspond. It is well known (see, e.g., [2, 26, 51])
that for a given function u € BV(Q) there exists a sequence u; € W1(Q) such that u; strict converges to u,
that is,
W —u inL'(Q) and JIVu,-I dx — JIDul.
Q Q

Moreover, there exists a trace operator T which sends BV(Q) into L1(Q), namely for all u € BV(Q),

IT(Wlz100) < Cllulsv)

for some constant C depending only on Q. The trace operator 7 is continuous between BV(Q), endowed with
the topology induced by the strict convergence, and L1(0Q). In the sequel we write 7(u) = u.

For further information concerning functions of bounded variation we refer to [26, 51], and for a short
generalization on Riemannian manifolds a good reference is [23].

We now recall several results from Andreu, Mazon and Rossi [3] and Anzellotti [4]. Let

X(Q) = {z € L®(Q, R") : div(z) € L}(Q)}.

If z € X(Q) and w € BV(Q) n L*(Q), the functional (z, Dw) : C5°(Q) — R is defined by
((z, Dw), @) = — J div(z)we — sz -V forall ¢ € C5°(Q).
Q Q
Then, (z, w) is a Radon measure in Q with
J(z, Dw) = jz-Vw forallw € H1(Q) N L™®(Q)
Q Q

and

‘ J(z,Dw) < J|(Z,DW)| < 1zl lew| for any Borel set B € Q.
B

In addition, a weak trace on 0Q of the normal component of z € X(Q) is defined. More precisely, it is proved
that there exists a linear operator y : X(Q) — L*°(0Q) such that
V@)l < lzllo and  pP(2)(x) = z(x) - v(x) forx e 0Qifz e cHQ, rRY,

where v denotes the outward unit normal along 0Q.
We shall denote y(z)(x) by [z, v](x). Moreover, we have the following Green formula relating the function
[z, v] and the measure (z, Dw): For z € X;(Q) and w € BV(Q) N L*°(Q)

j diviz)w dx + j(z, Dw) = j (2, v]w d3"1, (5.1)
Q Q 0Q

where H"! is the (n — 1)-dimensional Hausdorff measure. For a proof of this result we refer to [4].

5.2 Resolution of the problem
Consider the solid torus defined by
T= {(x,y,z) eRP:(Vx2+y2-D+22 <, I>r> 0}.

We are interested in the following variation problem:

A(T) = inf{ JIVul av + Ilul dv: u e H(T), Jlul ds = 1}. (5.2)
T T oT
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In view of the results presented previously, this problem is equivalent to

AL (T) = inf{ leul + J|u| AV : u e BY(T), jlul ds = 1}. (5.3)
T T oT

Andreu, Mazon and Rossi [3] studied the dependence of the best constant A;(Q) and its extremals on the
domain. Here, we are interested to study the dependence of the existence of extremals on the best constant
A1(T), and therefore the geometrical characteristics of the torus. We note that since the variation method fails
due the lack of compactness of the embedding H }(T) < L1(0T), the study of the problem is not trivial.

For 1 < p < 2, let us consider the variation problem

Ap(T) = inf{ J|Vu|p av + Jlulp v : u e HA(D), J|u|p ds = 1}. (5.4)
T T oT

Due to the compactness of the embedding H’l’ (T) — LP(9T), it is known (see [31]) that problem (5.8) has a
minimizer in H{’ (T) and the extremals are weak solutions of the following problem:

Apu = lulP~2u inT,
0 (5.5)
|Vulpfza—5 = p(DulP?u onodT,

where Apu = div(|Vu[P~?Vu) is the p-Laplacian and ou/dv is the outer unit normal derivative (see [42]).
Therefore, it seems natural to search for an extremal for A1(T) as the limit of extremals for A,(T) when
p — 1*. Unfortunately, there is no hope to prove an existence result in H (T), since this space is not reflexive.
The convenient space in which one must look for solutions is the space BV(T). So, the extremals in this limit
case are solutions of the following Neumann problem involving the 1-Laplacian operator Ayu = div(Du/|Dul):

A1u=|Z—| inT,
(5.6)
Du u
S8 oML onorT,
Duy V=MD on

in the context of bounded variation functions, where Du denotes the gradient of u in this space.
We now recall the definition of the solution of problem (5.6) (see [3]).

Definition 5.1. A function u € BV(T) is said to be a solution of problem (5.6) if there exist z € X;(T) with
1Zlco <1, T € L°(T) with | 7|l < 1 and 6 € L®°(0T) with |0, < 1 such that

div(z) =t in D'(T), (5.7)
Tu=|ul ae.inT and (z,Du)=|Du|as measures, (5.8)
[z,v] =A1(T)8 and Ou=|ulH" ' a.e.onoT. (5.9)

Proposition 5.2. The problems (5.3) and (5.6) are equivalent in the sense that if v is a solution of (5.6) and

faTlvl dS # 0, then )

W= —
IaTlvldS

is a minimizer of (5.3).

Proof (cf. [3]). Multiplying (5.7) by v and integrating by parts due to (5.1), (5.8) and (5.9), we obtain

IIUIdV = j‘rv dVv = Jdiv(z)u av = - J(z, Dv) + j[z, vivdsS = —J|DU| + A (T) jlul das.

T T T T oT T oT
Therefore,
M(T) = j|DW|+J|W|dV. O
T T
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The result of Proposition 5.2 certifies the equivalence of the above problems in the sense noticed above,
namely if problem (5.3) has a solution u, then problem (5.6) has the solution w = v/ faT|u| dsS. Also, in [3],
necessary and sufficient conditions of the existence of a solution to the above problems are given. In this
paper, as already mentioned above, we are not interested in solving these problems in the torus. We use the
above results in order to study the dependence of the existence of the solutions to the above problems in the
geometry of the torus. In the following theorem, it is confirmed that the above problems have a solution only
in the cases when we have “small” tori. For “big” tori the problems have no solutions. In addition, it is proved
that in the case when r = 2 (where r is the range of the circle which is rotated in the yz-plane about the z-axis
far from z-axis), the torus behaves as the disk D5 of radius 2 in R?, since in this case A1 (T) = A1(D>).

Theorem 5.3. If r < 2, there exists a nonnegative function of bounded variation which is a solution of prob-
lem (5.3). In particular, for r = 2, this problem is equivalent to the same problem considered in the disk D, in
R?, in the sense that if v is a solution to the first one, then the function ¢ = v o &1, defined by (4.3), is a solution
of the second problem. In addition, problem (5.7) has a solution if r < 2 and has no solution if r > 2.

Proof. We study three cases concerning the range of r.

Let r < 2. Since |T|/|0T| = r/2, we obtain (see (4.50)) that |T|/|0T| < 1 for all r < 2 and then by [3, The-
orem 1], we conclude that A (T) < 1. Thus, by [3, Theorem 2], we deduce that there exists a nonnegative
function of bounded variation which is a minimizer of the variational problem (5.3) and a solution of prob-
lem (5.6), see Proposition 5.2.

Forr = 2, because of Theorem 4.3, A1(T) = A1(D-), and since |D;|/|0D>| = 1, the variational problem (5.7)
is equivalent to the same problem considered in the disk D,, for which the function ¢ = (1/|0D:|)xp, is
a minimizer (see [46, Example 1]). Thus, the function ug = (1/|0T)x1 (1o = ¢o ° & by Definition (4.3)) is a
minimizer of problem (5.7), being the only minimizer in the case |T|/|0T| = 1, see (4.51).

If r > 2, then |T|/|0T| > 1 and the variational problem (5.3) does not have any minimizer, see [46]. [

6 Best constants on Riemannian manifolds with boundary

6.1 The general case

This part of the paper is devoted to the study of the classical Sobolev inequality on manifolds with boundary,
to the Sobolev trace inequality and also to the existence and calculation of best constants, when they exist.
The proofs of the related theorems are not difficult and probably are classical in the sense that in general these
have been used in the case of manifolds without boundary and the presence of the boundary does not affect
them. So, we do not give in detail the proofs of these theorems but we outline the arguments as briefly as
possible by making the necessary adjustments for the case of manifolds with boundary. In addition, we note
that the study of these inequalities is necessary because they have never been studied in the past and we do
not know the values of the best constants. Furthermore, we will give some counter-examples demonstrating
that in some cases there are no best constants for the above Sobolev inequalities.

Concerning the first best constant for the classical Sobolev inequality on manifolds with boundary in the
case p = 1, the following theorem holds.

Theorem 6.1. Let (M, g) be a smooth compact n-dimensional Riemannian manifold with boundary, n > 3. For
any € > 0, there exists B € R such that for any u € H % (M),

(n-1)/n
(IIuI"/(”‘l) dug> < (2Y"K(n, 1)+£)J|Vu|dug+B ul dvg. (6.1)
M

M

Re——

Moreover, 21/"K(n, 1) is the best constant for this inequality.

Proof. Our first purpose is to establish the first best constant in inequality (6.1). The proof of this theorem uses
some ideas from the proof of [35, Theorem 4.5], which are adapted to our case on manifolds with boundary.
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Let us sketch the proof. Fix € > 0. For any P in M and any &y > O, there exists some chart (Q, &) on P such that

1-g< \/det(gi,-) <1+e¢go.

Choosing £y small enough, by [35, Theorem 4.5] we can assume that for any smooth function u with compact
support in Q,

(n-1)/n
<j|u|"/<"-1> dug> < (K(n, 1)+60)J|Vu|dug. (6.2)
M M
Since M is compact, it can be covered by a finite number of charts (Qy, éx), k =1, ..., N. Denote by (ax) a
smooth partition of unity subordinated to the covering (Q), and set
% ko1, N
Nk = ork=1,...,N.
Z%:l an

Then, nx € C*(M), n; has compact support in Q; for any i and there exists H € R such that for any k, |Vn| < H.
Furthermore, for any u € C3°(M), after some standard computations we can write

(n-1)/n N (n-1)/n
( Jluln/("‘l) dvg> < Z( Jlnkuln/("‘l) dvg) . (6.3)
M =13 4y

Thus, by (6.3), because of (6.2) and following standard steps, we obtain that for any u € C3°(M),

(n=1)/n
(Jlul"/(”‘l) dug> < (K(n, 1) +£)J(|Vu| + NH|u|) dvg, (6.4)
M M
where € = O(gp).

On the other hand, using [35, Proposition 4.2], we know that if there are real numbers A, B such that
inequality (2.5) holds forallu € H }(M ), then A > K (n, 1), which is the best constant in the classical Sobolev

inequality
(n-1)/n
( jlul"/(”*l) dx) <K, 1) JIVuI dx,

R R
that holds for all u € C3°(R™).

Since inequality (6.4) holds for all u € C{°(M), we have A; (M) = K(n, 1).

In order to complete the proof, we need to prove that inequality (6.4) holds forallu € H % (M). Let (Q, &),
i=1,..., N bea finite atlas of M, each Q; being homeomorphic either to a ball of R" or to a half ball of R7.
We choose the atlas so that in each chart the metric tensor is bounded. Consider a C* partition of unity {a;}
subordinated to the covering Q;. Then, forall u ¢ H %(M), a;ju has support in Q;. When Q; is homeomorphic
to a ball, the proof is that of the first part. When Q;, is homeomorphic to a half ball, the proof is similar, but
in this case the best constant is 21/"K(n, 1) (see [7, Lemma 2.31] and [13] for a complete proof). O

As regards the existence of the second best constant the situation is confusing in the sense that it exists for
certain manifolds while for others it does not seem to be possible to formulate a relevant theorem that clarifies
the situation. For instance, we proved in Theorem 4.3 that in inequality (4.12) the second best constant exists
and is equal to | T|~1/2. Also, it is well known (see [35, Theorem 4.1]) that for any smooth compact Riemannian
n-manifold without boundary, n > 2, we have that for any u € H }(M ), there exists A € R such that

(n-1)/n
( J|u|"/<"-1> dvg> <A JIVuI dvg + M|/ J|u| dvg, 6.5)
M M M

which means that B; (M) = |M|~ /",

We can therefore conclude that on the second constant in the case of the torus (which is a manifold with
boundary), the same theorem as in the case of manifolds without boundary is valid. However, as demon-
strated in the following example, we can not formulate a theorem that relates to all the manifolds with bound-
ary and calculate the value of the second constant.
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Example 6.2. Let M = M; U M, U M5 be a smooth manifold with boundary oM, where M; and M, are two
smooth disjoint bounded domains in R" connected smoothly by a small thin “tube” M. Consider now a
smooth function u which is equal to 1 on M; and 0 on M,. Then, we can adjust the sizes of M; and M> in
such a way that inequality (6.5) becomes false.

Proof. By thedefinition of u, there exists H > O such that |Vu| < Hin M = M; U M, U M5. Furthermore, we can
choose the small thin “tube" such that |M3| = £ for any arbitrarily small € > 0 (that s, in the three-dimensional
case, Ms is a cylinder of radius a and of length b and then |Ms| = ma®b. Thus, for any & > 0 and for any
arbitrary b, we can choose a = \/e/rb and then |M3| = ¢).

Suppose now that in our case the inequality (6.5) holds. Therefore,

(n-1)/n
j dug) <A J|Vu|dvg+|M1 UM, UM;|~/n J dvg

MiUM; M MyUM3
= M1 U M3|" D" < AHIM3| + |My U M, U M"Y M4 u M3
= (IM1] + €)D" < eAH + (IM1| + IM>| + €)™ (IM1] + €)

<|M1|+IM2I+£)1/"S AH(|M1I+IM2|+€)”"
[Mq] + & M| + €
M
. 14 Mo < (1+0()",

M|+ ¢

where O(g) = eAH(IM1| + |M,| + &)Y /(|M4] + €).
Obviously, since we can choose M, as large as we want, the last inequality does not always hold, and our
assertion is proved. O

As demonstrated by the counterexample 6.2, the results related to the value of the second best constant in
inequality (6.5) in some cases fail, however in all cases the existence and the value of this depends on the
“shape” of the manifold M. Although, another case when this constant exists, is presented in the following
proposition.

Proposition 6.3. Suppose that M is not a connected manifold and M = U1[=1 M;j, where ] is a positive integer,
M; is connected, and such that the second best constant in inequality (2.5) exists for all M, j € {1, 2,...,]}.
Then, the second best constant is given by
B1(M) = sup [M;| 7",
15jsJ

Proof. By the definition of B, (M) we have B (M) < supKisIIMjI‘l/".

For the reverse inequality, let M, be the component of M of minimum n-dimensional measure |Mj,|.
Then, |M;,|~/" = sup,;j|M;|™"/". Fix u € H{(M) equal to 1 in M;, and equal to O outside M;,. Then, the
inequality

(n-1)/n
(ﬁm”m”d%) sAJWWd%+BJMd% (6.6)
M M M

implies that B > |M]’0|_1/ " and since it is true for all B > 0 such that (6.6) holds, we therefore deduce that
B1(M) = |Mj,|~/". Thus, we have B1 (M) = sup; e |M;|~1/". O

Our second result in this part is the following theorem, which concerns the first best constant in Sobolev trace
inequality with p = 1.
Theorem 6.4. Let (M, g) be a smooth compact n-dimensional Riemannian manifold with boundary, n > 3. For
any € > 0, there exists B € R such that for allu € H} (M),
j|u|dsgs(1+e)j|Vu|dug+BJ-|u|dvg. (6.7)
oM M M

Inparticular, 1 = K(n, 1) is always the best constant for this inequality.
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The proof of this theorem makes use of the following auxiliary property.

Lemma 6.5. Let (M, g) be a smooth compact Riemannian n-dimensional manifold with boundary, n > 3. Sup-
pose that there exist real numbers A, B such that the inequality

JluldsgsAJIVuIdUg+BJ|u|dUg (6.8)
oM M M

holds for any u € H1(M). Then, A > 1 = K(n, 1), where K(n, 1) is the best constant in the classical Sobolev trace
inequality
J lul dx' < K(n, 1) JIVuIdx, (6.9)
OR" R"
which holds for all u € H} (R?).
The proof of Lemma 6.5 is provided in the Appendix.

Proof of Theorem 6.4. In attempting to compute the first best constant in inequality (6.7) we choose a finite
covering of M consisted by geodesic balls By = Bi(Px), k =1, ..., N in the following way:
(i) If the center Py of the ball lies in the interior of the manifold, then the entire ball lies in its interior, and

then By is a normal geodesic neighborhood with normal geodesic coordinates x4, . .., xp.
(ii) If the center Py of the ball lies in the boundary of the manifold, then By is a Fermi neighborhood with
Fermi coordinates x1, ..., Xp_1, Y.

In all these neighborhoods, the following holds:

1-go < +/det(gy) < 1 + €0,

where gy can be as small as we want, depending on the chosen covering.
Let (nk)k=1,2,...,n be a partition of unity associated to the covering B. Then, forany u € H }(M ) we obtain

N N
Jluldsg = J Z(nku) dsg < Z( Ilnkuldsg) (6.10)
oM om' k=1 oM

k=1
Furthermore, by (6.10) and because of the Sobolev embedding theorem on 0R”, passing the integration in
the Euclidean space and returning to the manifold we deduce that

1+¢ N
Iluldsgs 1;2 J(qu|+ ZIVrlklluI)dvg. (6.11)
M

oM k=1

Let C be a positive constant depending on the chosen finite covering of the compact manifold M such that
|Vnk| < C for all k. Then, by (6.11), we have

J|u|dsg <
oM

1
il I(IVuI + CNlul) dvg
1-¢o

M

or

Jluldsgs (1+S)J|Vu|dvg+C'J|u|dug, (6.12)
oM M M

where € = O(gg) and C' = CN(1 + &)/(1 - €o).
Since inequality (6.12) holds for all u € H} (M) we deduce by Lemma 6.5 that A; (M) = 1 = K(n, 1). O

Suppose now that we are interested in studying the existence of the second best constant in the Sobolev trace
inequality with p = 1 and to calculate its value if it exists. This problem is answered in the case of a connected
bounded open set of R", see [46, Proposition 3.10]. However, in the following counterexample it is proved
that this result is not always true even if the manifold is connected.
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Example 6.6. On a huge sphere $" consider a cap M; around a point P, the complement M, of a bigger cap
around the same point P and a thin “tube” M5 connecting smoothly M; and M. Let us now consider the
smooth function u on M = M; U M, U M3 which is equal to 1 on M; and O on M,. Then, we can adjust the
sizes of M; and M, in such a way that inequality (6.9) becomes false.

The proof of Example 6.6 is omitted since it is similar to that of Example 6.2.

Remark 6.7. If the manifold M is not connected, then the result of Theorem 4.3 concerning the second best
constant fails. However, if M is not a connected manifold and M = Ule M;, where p is a positive integer and

M; is connected for alli € {1, 2, ..., p}, then the second best constant for inequality (2.10) is given by
B [oM;|
B1(M) = sup ———,
= s il

see [46, Proposition 3.12 and the example on page 81].

6.2 Best constants on Riemannian manifolds in the presence of symmetries

This part of the paper is devoted to manifolds which present symmetries. The following two examples may
be regarded as representatives of these manifolds.

Example 6.8. Consider the three-dimensional solid torus
T= {(x,y,z) eR: (Vx2+y2 -1’ +22 <% 1> r>0}

with the metric induced by the R® metric. Let G = O(2) x I be the group of rotations around axis z. Then, all
the G-orbits of the T are circles, thus of dimension 1, the orbit of minimum volume is the circle of radius [ - r,
and the volume of it is equal to 271(1 - r). Therefore, T is a compact 3-dimensional manifold with boundary,
invariant under the action of the subgroup G of the isometry group O(3).

Example 6.9 ([14, 15]). LetR" = R x R™, k > 2, m > 1and Q c (R¥\{0}) x R™. Denote by Gx,;m = O(k) x Idp,
the subgroup of the isometry group O(n) of the type

T: (x1,X2) = (00x1), X2), 0 € 0(K),x; € RK, x; € R™,

and suppose that Q is invariant under the action of Gi,m (t(Q)=Qforall 7 e Gk,m)- Then, Qisa compact
n-dimensional manifold with boundary, invariant under the action of the subgroup G m of the isometry
group O(n).

Considering that we studied the case of the solid torus, we need some background material and results con-
cerning the “decomposition” of a manifold with boundary which presents symmetries.

In the following, we assume the notations and background material from Hebey and Vaugon [38] and
Cotsiolis and Labropoulos [18]. We remind that, given (M, g) a Riemannian manifold (complete or not, but
connected), we denote by I(M, g) its group of isometries. Let (M, g) be a compact n-dimensional, n > 3,
Riemannian manifold with boundary G-invariant under the action of a subgroup G of the isometry group
I(M, g). We assume that (M, g) is a smooth bounded open subset of a slightly larger Riemannian manifold
(M, g) (see [40]), invariant under the action of a subgroup G of the isometry group of (M, g).

The first results we need are the following two properties.

Lemma 6.10 ([38]). Let (M, g) be a Riemannian n-manifold (complete or not), and let G be a compact subgroup
of (M, g). Let P € M and set k = dim Op. Assume k > 1. There exists a coordinate chart (Q, £) of M at P such
that the following properties hold:

(i) &Q) = U x W, where U is some open subset of R* and W is some open subset of R" .

(ii) Forany Q € Q, we have U x I15(¢(Q)) c é&(0q N Q), where I, : RF x R"% — Rk js the second projection.
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Lemma 6.11 ([38]). Let M be a compact subset of M covered by a finite number of charts (Qp, &m), where

m=1,...,M,and k = minp_5; dim Op > 1. The following properties are valid:

@) &n(Qm) = Upn x Wy, where Uy, is some open subset of Rk and W,, is some open subset of R"*m and
km € N satisfies k < ki, < n.

(i) U, and W, are bounded, and W, has smooth boundary.

(iii) For any Q € Qu, we have Uy, x T15(1(Q)) € &m(0q N Qp), where T, : Rkm x R kn — Rk is the second
projection.

(iv) There exists ey, > O with (1 — £m)6;5 < g{]'.' < (1 + em)6jj as bilinear forms, where the glf;' are the components
of gin (Qm, &m)-

Let P € M and Op = {1(P), T € G} be its orbit of dimension k, O < k < n. According to [35, §9] and [27], the
map ®: G — Op, defined by ®(71) = 7(P), is of rank k and there exists a submanifold H of G of dimension k
with Id € H, such that @ restricted to H is a diffeomorphism from H onto its image denoted by Vp.

Let N be a submanifold of M of dimension (n — k), such that Tp®(H) @ TpN = TpM. Using the exponential
map at P, we build a (n — k)-dimensional submanifold Wp of N, orthogonal to Op at P and such that for any
Q € Wp, the minimizing geodesics of (M, g) joining P and Q are all contained in Wp.

Let ¥: H x Wp — M be the map defined by ¥(r, Q) = 7(Q). Using the local inverse theorem, there exist
a neighborhood V4,p) ¢ H x Wp of (Id, P) and a neighborhood Mp c M such that -1 = (¥, x ¥,) from Mp
onto V(iq,p) is a diffecomorphism.

Up to restricting Vp, we choose a normal chart (Vp, ¢1) around P for the metric g induced on Op with
p1(Vp)=U c RK. In the same way, we choose a geodesic normal chart (Wp, ¢,) around P for the metric §
induced on Wp with @, (Wp) = W c Rk,

We denote &1 = @10 Do W1, & = @r0¥s, & =(&1,82) and Q = Mp.

From the above and due to Lemma 6.11, the following properties hold, see [27].

Lemma 6.12. Let (M, g) be a compact Riemannian n-manifold with boundary, G be a compact subgroup of

I(M, g) and P € M with orbit of dimension k, O < k < n. Then, there exists a chart (Q, &) around P such that the

following properties are satisfied:

(i) &Q)=UxW,whereU c RKand W c Rk,

(ii) U, W are bounded, and W has smooth boundary.

(iii) (Q, &) is a normal chart of M around of P, (Vp, ¢1) is a normal chart around P of the submanifold Op and
(Wp, @2) is a normal geodesic chart around P of the submanifold Wp.

(iv) For any € > 0, (Q, &) can be chosen such that

1-eg<y/det(gj)<1l+e onQforl<i,j<n,
1-€< \/det(gi,-)sl+e onVpforl<i,j<k.

(v) Foranyu e C¥(M), u< & depends only on W variables.

We say that we choose a neighborhood of Op when we choose § > 0 and we consider
Ops=1{Q¢ M : d(Q, Op) < 6}

Such a neighborhood of Op is called tubular neighborhood.

Let P € M and Op be its orbit of dimension k. Since the manifold M is included in M, we can choose a
normal chart (Qp, ép) around P such that Lemma 6.12 holds for some &y > 0. For any Q = 7(P) € Op, where
T € G, webuild a chart around Q, denoted by (7(Qp), &p o T-1) and “isometric” to (Qp, &p). The orbit Op is then
covered by such charts. We denote by (Qp,m)m=1,...,m a finite extract covering. Then, we can choose § > 0 small
enough, depending on P and &y such that the tubular neighborhood Ops = {Q € M : d(Q, Op) < 6} (where
d(-, Op) is the distance to the orbit) has the following properties:

(i) Op,s is a submanifold of M with boundary,
(ii) d?(-, Op)isa C™ function on Op,s,
(iii) Op,s is covered by (Qm)m=1,... M-
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Clearly, M is covered by | Jpcy Op,5. We denote by (0j,5)j-1
covered by (Qjm)m=1,...,m;- Therefore,

s a finite extract covering of M, where all O; s are

.....

;M S M;
M c U Qjm = U Qi.
j=1m=1 i=1
So we obtain a finite covering of M consisting of Q;,i=1,..., Z]lzl M;. We choose such a covering in the

following way:

(i) If Pliesin the interior of M, then there existj, 1 <j<J,andm,1 <m < M;, such that the tubular neigh-
borhood 0; s and Qj, with P € Qjy;, lie entirely in the interior of M, thatis, if P € M\0M, then Oj s ¢ M\oM
and Qj, ¢ M\oM.

(ii) If P lies on the boundary oM of M, then there exist j, 1 <j < J, such that the tubular neighborhood
0;,s intersects the boundary oM, and m, 1 < m < M;j, such that Q;;, with P € Q;,, intersects a part of
the boundary oM. Then, the Q;,, cover a patch of the boundary of M and the whole of the boundary is
covered by charts around P € oM.

Let N denote the projection of the image of M through the charts (Qjm, éjm),j=1,...,J,m=1,..., M;,
on R" ¥, Then, (N, g) isa (n - k)-dimensional compact submanifold with boundary of R" ¥ and N is covered
by (Wy),i=1,..., 2]1.21 M;j, where W; is the component of &;(Q;) on R**foralli=1,..., 21]':1 M;. Let p be
the projection of &;(P), P € M on R" . Thus, one of the following properties holds:

(i) If p € N\ON, then W; c N\oN and W; is a normal geodesic neighborhood with normal geodesic coordi-
nates (Y1, ..., Yn-k)-

(ii) If p € ON, then W; is a Fermi neighborhood with Fermi coordinates (y1, ..., Yn-k-1, t)-

In these neighborhoods of N we have

1—60<\/det(gij)s1+eo for1<i,j<n-k,

where gy can be as small as we want, depending on the chosen covering.
Set

0j=0j5={QeM:d(Q,0p) <8 and (Qm,&m) = (Qm, Em)-

Lemma 6.13 ([28]). Let (M, g) be a compact Riemannian n-dimensional manifold and G be a compact sub-
group of the isometry group of M. Then, there exists an orbit of minimum dimension k and of minimum volume.

Lemma 6.14. Let O0; ={Q ¢ M: d(Q, Op;) < 0} be an arbitrary tubular neighborhood of M, V; =Vol(0;),
¢ =ve& 1 and c be a positive constant. Then, for any v € H%’G(O]' N oM), v = 0 the following inequalities
are valid:

(1-ceo)V; J ¢ dsg < J vdSg < (1+cep)V; j ¢ dsg, (6.13)
ON oM ON
(1—ce0)ij¢dvg$ JvdVg < (1+C€0)VjI¢dUg, (6.14)
N M N
(1-ceo)V;j JlVg(l)l dvz < legvl dVg < (1 +ceo)V;j IlVg¢| dvg. (6.15)
N M N

The proof of Lemma 6.14 is provided in the Appendix.

The following theorem concerns the exact value of the first best constant of the classical Sobolev in-
equality for p = 1, in the case where the manifold is invariant under the action of a compact group G of the
isometries without finite subgroup.

Theorem 6.15. Let (M, g) be a smooth compact Riemannian n-dimensional manifold with boundary, n > 3,
invariant under the action of a subgroup G of the isometry group I(M, g). Let k denote the minimum orbit di-
mension of G and let V denote the minimum of the volume of the k-dimensional orbits. Then, for any € > 0, there
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exists a real constant B such that for allu € H %’G(M ), the following inequality holds:

1/p*
<J|u|f’* dug) < (21/<"-k>1<G+s)j|Vu|dug+BJ|u|dug, (6.16)
M M M
where X K-k, 1)
. n-— _ n-K,
“ako1 4 Ke= s

Moreover, 2Y/("-K K - is the best constant for this inequality.

Regarding the existence of a second best constant of the classical Sobolev inequality with p = 1, for reasons
similar to those of the general case, it cannot be formulated a global theorem devoted to the calculation of
it. However, in some cases this constant can be computed. For example, as in the case of the solid torus (see
Theorem 4.1).

We present now our last two theorems in which the exact values of the best constants for trace Sobolev
inequalities are calculated for p = 1, in the case that the manifold is invariant under the action of a compact
group G of the isometries without finite subgroup, when they exist.

Theorem 6.16. Let (M, g) be a smooth compact Riemannian n-manifold with boundary, n > 3, invariant under
the action of a subgroup G of the isometry group I(M, g). Let k denote the minimum orbit dimension of G and
let N be the compact manifold with boundary which is the projection of M on R"X, Then, for any € > 0, there
exists a real constant B such that for allu € H %’G(M) the following inequality holds:

JIuldsg<(1+£)J|Vu|dvg+BJ|u|dug. (6.17)
oM M M

In addition, 1 = K(n - k, 1) is the best first constant for this inequality.

Theorem 6.17. Let (M, g) be a smooth compact Riemannian n-manifold with boundary, n > 3, invariant under
the action of a subgroup G of the isometry group I(M, g). Let k denote the minimum orbit dimension of G and
let N be the compact manifold with boundary which is the projection of M on R"X If N is connected, then there
exists a real constant A such that for allu € H %’G(M ) the following inequality holds:

j|u|dsg<Aj|Vu|dug+'fTNl'I|u|dug. (6.18)
oM M M

In addition, |0N|/|N| is the best second constant for this inequality.

Remark 6.18. If the manifold N is not connected the result of the Theorem 6.17 concerning the second best
constant fails (see [46]).

Proof of Theorem 6.17. Let (0j 5)j-1,...,; be a finite covering of M and (1;j)j-1,... ; be a partition of unity as-
sociated to this covering. Then, by [46, Proposition 3.10] and Lemma 6.14, for any u € H },G(M), if we set
njlul - & = |¢jl, we obtain

J J
I luldsg = J ( n,-)lul dsg=) J(n,-lul)dsg
1

.....

oM oM = =Lam
J J N |aN|
<Ya+ey J|¢,-| dsg<(1+2)Y V)[4 I|v¢,-| dvs + o j|¢,-| dvg
j=1 ON j=1 N N
J 1 J 1 |ON|
<(1+£)]; Vj(A(l_—g)VjJIV(rlj|u|)|dvg)+(1+s)i; Vj<(1_—€)VjWJ(n,~|u|)dvg>
M M
1+ef - |[ON]|
< 1_g(AJ-IVuIdvg+ N Jluldvg). (6.19)
M M

Relation (6.19) implies that BLG(M) > |ON]|/|N]. In particular, @LG(M) > |ON|/IN|.
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Suppose by contradiction that for any @ € IN there exists u, € H }’G(M ) such that

Jlualdsgz aJIVualdvg+%Jlualdvg. (6.20)
M M

oM

Without loss of generality we can assume that all the functions u, are defined in the orbit O;. Thus, by (6.20),
if we set uq o & = (¢hj)q, we deduce that

(1 +e)V; [Iial ds > (1- e)V,( [ 198l dve + 1oN] j|(¢,)a|dvg>
N

W
oN
1 oN
= [1@paddss > 15 (a [v@patavs + j|(¢,-)a|dVg)
oN N
oN
= [1@andse > @ [Ivgaldve + 1 §'|N|'j|(¢, ol dvg. (6.21)
oN N

Inequality (6.21) is false since € can be chosen arbitrarily small and since the constant [ON|/|N]| is optimal
(see [46]) for the inequality

Jvmdsgsiliwmdvg i j|¢|d i =

We omit the proofs of Theorems 6.15 and 6.16 since they rely on similar arguments as in the case of the torus,
in combination with Lemmas 6.11-6.14.

Remark 6.19. We cannot formulate a global theorem that concerns the trace Sobolev inequality on manifolds
with boundary in the presence of symmetries, namely to establish an inequality where to the positions of A
and B to put the best constant 1 = K(n — k, 1) and|0N|/|N|, respectively. In some cases, such as on the solid
torus or on the disk of R?, there are extremals for this inequality (see Theorem 4.1).

Remark 6.20. The parameter € that appears in Theorems 4.1, 4.3, 6.15 and 6.16 controls in some sense the
thinness of the cover that we use in each case through the related partition of unity. Thus, its existence is
absolutely necessary because we do not know if the inequalities are valid without this parameter. Although
in some cases, Sobolev inequalities exist without € (see, e.g., [17, 22, 28, 37]), but in general we cannot make
it disappear.

A Appendix

Proof of Lemma 4.4. Suppose by contradiction, that there exist A’ < K(2,1) and B’ such that for all u in
Hj ;(T) the following inequality holds:

JIuIdSs]l’JIVu|dV+B’J|u|dV. (A1)
oT T T

Consider a transformation of the disk F: D — ]Rf. Such a transformation is, for example,

4t 2(1—t2—52)>
2+ (1+s)?2 2+(1+s)2 )

F(t,s) = (

see [25]. Choose a finite covering of D consisting of disks D, centered on py, such that the following hold:
(a) If px € D, then the entire Dy lies in D.
(b) If px € 0D, then Dy is a Fermi neighborhood.

In these neighborhoods we have
1-¢&p < /det(Zap) < 1+ &0. (A.2)
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Fix now a point Py € oT that belongs to the orbit of minimum range [ - r. For any &9 > 0, we can choose
6=¢€o(l-r)<1and
Ts = {Q € R? : d(Q, Op,) < 6}

such that if I x U c I x D is the image of a neighborhood of Py € 0T through the chart & of T and V c R? is
the image of U through F, then (A.2) holds. It follows by (A.1) that for any u € C5°(Ts), we have
J lulds < A’ jIVuI av + B’ Jlul av.
oTs Ts Ts

Relations (4.4)—(4.6) yield successively

j|¢|(1 _r+ bt de< A’ j|v¢|(1— r+6t)dtds + B I|¢|(1— r+ 6t) dt ds

oD D D
= (1-e0) j ($IVE) o F1 dx' < (1+ £0)A j(|V¢N§)oF-1dx+(1+eo>5B’ j(|¢|v§)oF-1 dx,
F(oD) F(D) F(D)

= (1 - £0)> j D] dx’ < (1 +eo)2(A’ IlV@ldx+GB’ Jl(l)ldx)

OR2 R? R?

2
- J ] dx’ < (ﬂ) (A’ JlVCDldXHSB’ qu,’)ldx). (A3)
1-¢o
oR? : :

By (A.3) we deduce that for £ small enough, the following inequality holds:

A,,:(1+S()

2
) A" <K(n,1)=1.
1-¢o

So, for 9 small enough and for all ® € C3°(D), we have
J|(D|dx’ <A" JIV(DIdx+B” II@Idx. (A4)
oR2 R?2 R?
Let ¥ € C°(R?) and W) (x) = A¥(Ax), A > 0. Then,

J W, dx' = J |W|dx', JIV‘Pde: JIV‘PIdx and JI‘I’,ﬂdx: % Jl‘I’Idx.

OR2 OR?2 R2 R2 R2 R?
Thus, since W, € C3°(D) for A > 0 sufficiently large, relation (A.4) yields the following inequality:
1
I W] dx' < A" J VWldx+ B j ] dx.
OR2 R? R?
Taking A — oo, we obtain that the inequality
j || dx < A" JIV‘I’I dx
OR2 R?

holds forall ¥ e C°(R?) with A" < 1. This contradicts inequality (4.33), which asserts that K(n, 1) = 1is the
best constant for the Sobolev trace inequality in R2. O

Proof of Lemma 6.5. Suppose by contradiction that there exist a Riemannian n-manifold (M, g) and real
numbers A < 1 = K(n, 1) and B such that inequality (4.7) is true for all u € H% (M). Let Py € oM. Given € > 0,
let Bs(0) c R? be the imagine of a convex neighborhood centered at Py through a chart (Q, &) of M, which

can be chosen such that
l1-¢< \/det(gi,-) <l+e.
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Thus, by (4.11), if we choose & small enough, it follows that there are real numbers A’ < 1 and B such that
forall u € C3°(Bo(6)),

J’ luldx' < A’ JIVuI dx + B’ Jlul dx. (A.5)
OR” R" R"
Fix u € CP(RY) and set up(x) = A" 1u(Ax), where A is a positive real number. If we choose A sufficiently
large, then uy € C3°(Bo(6)), and thus by (A.5) we obtain
J lupl dx’ < A’ J|VuA|dx+B’ JIuAIdx. (A.6)
ORY R} R}
By rescaling, we obtain
1
J lup| dx' = J lu| dx’, I |Vuy| dx = J |[Vu| dx and J lua| dx = 3 I lu| dx.
OR” OR” R" R? R? R"
Thus, by (A.6), we deduce that
1
I luldx' < A’ JIVuI dx+B'X Ilul dx. (A.7)
OR” R? R"
Taking A — oo in (A.7), we obtain that for all u € C3°(R}) the following inequality holds:
J luldx' < A’ JIVuldx (A.8)
OR” R"
with A’ < 1. This contradicts inequality (4.11), which establishes that 1 = K (n, 1) is the best constant for the

Sobolev trace inequality in R (see [46, 48]), and the lemma is proved. O

Proof of Lemma 6.14. Let P € OM, Op beits orbitand v € H},G(O,- N M), v > 0. Then, by [18, Lemma 3.3 (4)],
it follows that
M;

Judsgzj<§1ﬁm>vdsg:§ Jﬁmvdsgzz J Bmv dSg

oM P m=15u m=1 5 MNQ,n

- j \det(gl)Bmv « &1 dx dsg

=1 £ aMnQy)

_ J \det(gm)Bmv o &' dx dsg

=1y <(ONAW,)

X =

=

M;
<(+e)) Y J By o &5 dx ds;. (A.9)
M=l (ONAW,,)

Since By, ° &, is independent of the W,,’s variables for each m, we denote by 1, the function B, - &} and
regard this function as defined on Uy,. In the same way, we denote by v,,, the function v o .f;ll which is con-
sidered as defined on W,,, since according to [18, Lemma 3.3] it depends only on the W,,’s variables. Thus,
by relation (A.9), we obtain

M;
J vdSg < (1+¢&p) z j Bim dx J Vo dSs. (A.10)
oM m=1g, ONAW,,

As the charts (Q,,, &) are isometric to each other and since v is G-invariant, Ia Now,, U2m dsg does not depend
on m. Thus, relation (A.10) leads to
M;
J vdSg < (1+¢&o) J v, dsg z J Bim dx. (A.11)
oM ONAW m=1
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Moreover, according to [18, Lemma 3.3 (3)] we have

(1-e0) [ Bimdx< [ Bun/det@) - 93k dx = [ Bum - 93} dvg. (A.12)

Un Un Vj
Finally, by (A.11) and (A.12), we deduce that

l+e
J ungs—O J vy dsg Z J Bim o @1 dvg
oM ONOW Vim

M;
= J Uy ngJ Z ﬁ1m°(p1r1n dUg
ONNW o; M=t
= V] J Vo ng
ONNW;
= 2 Vj J v, dsg
ON
<1+ c180)V; I v, dsg, (A.13)
oN

where ¢; > 2/(1 - €9).
Following the same arguments as in the proof of (A.13) we can show that

j vdSg = (1 - c280)Vj J v dsg, (A.14)
oM N

where ¢, = 2/(1 + ).

Set now ¢ > max(c1, ¢») and inequality (6.13) is proved. The proof of (6.14) is analogous.

For the proof of (6.15), under the same considerations as before and always in the same spirit we get
successively

M; M;
J|vgu|dvg_J<Z )|vgu|dv Zj m|Vgul dVg
M o m=l m=1

M]
J BulVeul? dVg
m:l MAQ,,

[
[\/]g

\/det(gl)Bm|Vgul o &t dx dug
=Lemnanm)
M;
Z J \/det(gkl mlg aka,u| o.{m dxdvg

m=1 Unx(NONWy,)

Jl-¢ M B )
14 50 Z J B o ENIVe(v o &) dx dvg
0 m= UmX(NnWm)

1 2 M
2 ( 1 +8£00) Z J (Bm o ExD1gK 0K 01(v 0 &1 dx dvg
=1y (NOW,)
(1-¢)? M; B .
2 Z I Bm o &)IVa(v e &) dx dvug. (A.15)

l+e “
m=ly < (NAWp)
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Since v - &,;! depends only on the Wy,’s variables, we have |Vg(v o &) = |Vzv,| and by (A.15), we obtain

2 Y
J|VgU| dVg 1 +£‘:) Z ( j Blm dx>< J |VgU2m| dvg)
M

Wn

Un

NN
2 M
(11 :3;)0) Z ( I Bim dx)( J Vgval dug)
m=1 N

Un

(1 SO) J-Vgrl)zldl)g
N

2 (1 - c3¢0) JIngzI dvg, (A.16)
N
where ,
1 (1 — 80) )
> —(1-—=—"21).
“ 80( 1+¢o

Inequality (A.10) is the first part of inequality (A.2). Following the same arguments, we can establish the
second part of inequality (6.15). O
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