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Abstract

We determine nontrivial solutions of some semilinear and quasilinear elliptic problems on R";
we make use of two different nonsmooth critical point theories which allow to treat two kinds of
nonlinear problems. A comparison between the possible applications of the two theories is also
made.

1 Introduction

Consider a functional J defined on some Banach space B and having a mountain-pass geometry: the
celebrated theorem by Ambrosetti-Rabinowitz [1] states that if J € C'(B) and J satisfies the Palais-
Smale condition (PS condition in the sequel) then J admits a nontrivial critical point. In this paper
we drop these two assumptions: in order to determine nontrivial solutions of some nonlinear elliptic
equations in R" (n > 3), we use the mountain-pass principle for a class of nonsmooth functionals which
do not satisfy the PS condition. More precisely, we consider a model elliptic problem first studied by
Rabinowitz [14] with the C''-theory and we extend his results by means of the nonsmooth critical point
theories of Clarke [6, 7] and Degiovanni et al. [9, 10]: one of the purposes of this paper is to emphasize
some differences between these two theories. This study was inspired by previous work on the existence
of standing wave solutions of nonlinear Schrédinger equations: after making a standing wave ansatz,

Rabinowitz reduces the problem to that of studying the semilinear elliptic equation
—Au~+b(z)u = f(z,u) in R" (1)

under suitable conditions on b and assuming that f is smooth, superlinear and subcritical.

To explain our results we introduce some functional spaces. We denote by LP the space of measurable
functions u of p-th power absolutely summable on R", that is, satisfying ||lul|} := Jg~ |u[P < +oc;
by H' we denote the Sobolev space normed by ||ul|%: = Jg=(|Dul* + [u[*). We will assume that
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the function b in (1) is greater than some positive constant; then we define the Hilbert space E of all
functions u : R" — R with [|u|%, := [g~(|Du/? + b(z)u?) < co. We denote by E* the dual space of E:

as E is continuously embedded in H' we also have H~! C E*.

We first consider the case where (—A) in (1) is replaced by a quasilinear elliptic operator: we seek
positive weak solutions u € E of the problem
i 1 " 8aij . n
_ Z Dj(a;j(z,u)D;u) + 5 Z s (z,u)DiuDju + b(z)u = f(z,u) in R" . (2)
i,j=1 =1

Note that if a;j(z,s) = 6;;, then (2) reduces to (1). Here and in the sequel, by positive solution we
mean a nonnegative nontrivial solution. To determine weak solutions of (2) we look for critical points
of the functional J : E — R defined by

1 " 1
J(u) = 5/ . ”221 aij(z,u)DiuDju + 2 /R” b(a,')fu,2 _ /R" F(z,u) Vu € F,
where F(z,s) = [; f(z,t)dt. Under reasonable assumptions on a;;,b, f, the functional J is continuous
but not even locally Lipschitz, see [4]: therefore, we cannot work in the classical framework of critical
point theory. Nevertheless, the Gateaux-derivative of J exists in the smooth directions, i.e. for all
u € F and ¢ € CZ° we can define

a/Z]

J (u)[p] = /R” (Z [aij(x,u)DiuDj(p-i- %883 (x,u)DiuDjugo] + b(z)up — f(x,u)go) ;

=1

According to the nonsmooth critical point theory developed in [9, 10] we know that critical points u of

J satisfy J'(u)[¢] = 0 for all ¢ € C° and hence solve (2) in distributional sense; moreover, since

- i Dj(aij(z,u)Diu) + b(z)u — f(z,u) € E
ij=1

we also have

"\ Dajj
Z 8: (z,u)D;uDju € E*

ij—1

and (2) is solved in the weak sense (Vo € E). We refer to [4] for the adaptation of this theory to

quasilinear equations of the kind of (2) and to [8, 11] for applications in the case of unbounded domains

N | =

and for further references. Under suitable assumptions on a;j,b, f and by using the above mentioned

tools we will prove that (2) admits a positive weak solution.

Next, we take into account the case where f is not continuous: let f(z,-) € L%, (R) and denote

flz,s) = 21\1‘1(1) essinf {f(z,t); |t —s| < e} flz,s) = gl\I‘I(l) esssup {f(z,t); [t —s| <e};

our aim is to determine v € F such that

—Au+b(z)u € [f(z,u), f(z,u)] in R" . (3)
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Positive solutions u of (3) satisfy
0 €0I(u),

where

Tw) = § /Rn(\Du|2+b(a:)u2) _ /RnF(m,zﬁ) Vue E

and OI(u) stands for the Clarke gradient [6, 7] of the locally Lipschitz energy functional I; more
precisely,

I (u) = {g € B Plusv) > (Cv), Voe E} ,

where

I%(u; v) = limsup I(w + Av) = I(w) .

w—u A
ANO

(4)

This problem may be reformulated, equivalently, in terms of hemivariational inequalities as follows:
find u € E such that

/R” (DuDv + b(z)uv) + /Rn(—F)O(x,u;'u) >0 Yve E, (5)

where (—F)%(z,u;v) denotes the Clarke directional derivative of (—F) at u(z) with respect to v(z) and
is defined as in (4). So, when f(z,-) is not continuous, Clarke’s theory will enable us to prove that (3)

admits a positive solution.

The two existence results stated in next section have several points in common: in both cases we first
prove that the corresponding functional has a mountain-pass geometry and that a PS sequence can be
built at a suitable infmax level. Then we prove that the PS sequence is bounded and that its weak limit
is a solution of the problem considered; the final step is to prove that this solution is not the trivial
one: to this end we use the concentration-compactness principle [12] and the behaviour of the function
b at infinity. However, the construction of a PS sequence and the proof that its weak limit is a solution

are definitely different: they highlight the different tools existing in the two theories.

2 Main results

Let us first state our results concerning (2). We require the coefficients a;; (7,5 = 1, ...,n) to satisfy

A4 = Qj;
aij(z,-) € C*(R) for a.e. z € R" (6)
aij(xa 3)7 %i(x’ 3) € Loo(Rn X R) ;

moreover, on the matrices [a;;(z, s)] and [5%(30, s)] we make the following assumptions:

n
>0 suchthat > ai(z,s)&& > v[¢)* forae zeR" VseR, VE€R" (7)
ij=1
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Ju € (2 2*) , Y€ (0,4 —2) such that
(8)

O<SZ ” xs{zﬁjgvza”a:s)&fj for a.e. z € R", Vs € R, VE € R" .
1,J=1 i,j=1

We require that b € LS (R") and that
3b >0 such that b(z) >b for ae. z € R"

ess lim b(z) = +o0 .
|| —o00

Let p be as in (8), assume that f(x,s) Z 0 and

f:R" xR — R is a Carathéodory function
f(z,0)=0 for a.e. z € R" (10)

0 < pF(z,s) < sf(z,s) Vs > 0 and for a.e. z € R" ;

moreover, we require f to be subcritical

Ve >0 3f. € L+ (R") such that

|f(z,3)] gfg(ac)—H:|s|Z_1Lg Vs € R and for a.e. z € R" .

Finally, for all § € (2,2*) define ¢(¢) = 2n+(2+n)5: then we assume’

3C >0, 35€(2,29), 3G e LIOR™ such that 12)
F(z,s) < G(z)|s]’° + C|s|* Vs € R and for a.e. z € R" .

In Section 3 we will prove
Theorem 1 Assume (6)-(12); then (2) admits a positive weak solution @ € E.

Let us turn to the problem (3): we assume that f : R" x R — R is a (nontrivial) measurable function
such that
|f(z,s)] < C(|s| + |s|P) for ae. (z,5) e R" xR, (13)

where C is a positive constant and 1 < p < ""’%. Here we do not assume that f(z,-) is continuous:

nevertheless, if we define F(z,s) = [5 f(z,t)dt we observe that F' is a Carathéodory function which is

locally Lipschitz with respect to the second variable. We also observe that the functional

T(u) = /R” Flz,u)

'One could also consider the case § = 2: in such case one also needs ||G||,/» to be sufficiently small.
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is locally Lipschitz on E. Indeed, by (13), Hélder’s inequality and the embedding F C LPT!,
¥ (u) — ¥(v)| < C(llulle, [lvle)llv -]z,

where C(||u||g, ||v|]|z) > 0 depends only on max{||u| g, ||v|z}-
We impose to f the following additional assumptions

;i\r‘% esssup {‘@ ; (z,8) € R" x (—5,5)} =0 (14)
and there exists p > 2 such that
0< pF(zx,s) <sf(x,s) fora.e. (r,s) € R" x[0,400) . (15)

In Section 4 we will prove
Theorem 2 Under hypotheses (9), (13)-(15), problem (3) has at least a positive solution in E.

Remark. The couple of assumptions (11) (12) is equivalent to the couple (13) (14) in the sense that
Theorems 1 and 2 hold under any one of these couples of assumptions. O

It seems not possible to use the above mentioned nonsmooth critical point theories to obtain an existence
result for the quasilinear operator of (2) in the presence of a function f which is discontinuous with
respect to the second variable; indeed, to prove that critical points of J (in the sense of [9, 10]) solve (2)
in distributional sense, one needs, for all given ¢ € C°, the continuity of the map w» J'(u)[¢], see [4].

Even if J ¢ C!(E), we have at least J € CY(W'PNE) for p > 3” : this smoothness property in a finer
topology is in fact the basic (hidden) tool used in Theorem 1.5 in [4]; however, one cannot prove the
boundedness of the PS sequences in the W1 norm. On the other hand, the theory developed in [6, 7]
only applies to Lipschitz continuous functionals and therefore it does not allow to manage quasilinear
operators as that in (2).

3 Proof of Theorem 1

Throughout this section we assume (6)-(12): by (6) and (8) we have

ue = Z ” xu)DuD uu € LY(R™) (16)
i,j=1
and therefore J'(u)[u] can be written in integral form.

We first remark that positive solutions of (2) correspond to critical points of the functional J; defined
by

2/n2a,]quuDu+2/ b(x u—/ F(z,ut Yu el ,

1,J=1

where uT denotes the positive part of u, i.e. u™(z) = max(u(z),0).
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Lemma 1 Let u € E satisfy J', (u)[¢] = 0 for all ¢ € C°; then u is a weak positive solution of (2).
For the proof of this result we refer to [8]; without loss of generality we can therefore suppose that
f(z,8) =0 Vs <0, forae ze€R"

and, from now on, we make this assumption; for simplicity we denote J instead of J;.

Let us establish the following boundedness criterion which applies, in particular, to PS sequences?:

Lemma 2 Ewvery sequence {un,} C E satisfying
[T(um)| <C1 and  |J (um)um]| < Collum |k
is bounded in E.

Proof. Consider {u,,} C E such that |J(up,)| < Ci, then by (10) we get

1 1
Iy = 2/n Za”wum)DumD um—;/ nf(:c,um)um—l—g/nb(w)ufngCl;

1,j=1

by (16) we can evaluate J'(u,)[un,] and by the assumptions we have

fe

Z aij (@, um) DiumDjum + 2/ ) Z (9au @, i) Dyt Dttt +
2,j=1 ,j=1

_/ o I (25t ) U + /R" b(x)uz,

Therefore, by (8) and computing I, uJ (um)[um] we get

< Colluml|e -

—2
u/nZawwum)DumDum-l-—/ b(z)uZ, < Csllum|lg + Ci ;
i,j=1

by (7) this yields Cy > 0 such that Cy||um||% < C3|lum|lz + C1 and the result follows. O

Let us denote by Ej,c the space of functions u satisfying [, (|Du|? + b(z)u?) < oo for all bounded open
set w C R" and by E}  its dual space; we establish that the weak limit of a PS sequence solves (2):

Lemma 3 Let {up} be a bounded sequence in E satisfying

Oa;
/ " Z azg T, Um) D; umDjp + 2/ n Z ;J T, U ) D; umDjump = (Bms ®) Vo € C°
i,j=1

with {Bm} converging in Ef  to some § € By .. Then, up to a subsequence, {u,} C E converges in

Eioe to some u € E satisfying

0
/nZaZ]quuDJ<p+2/nz a”xu)Dqup (B, ¥) Vo € CF° .

5,5=1

*We refer to [4, 9, 10] for the definition of PS sequences in our nonsmooth critical point framework.
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Proof. As b is uniformly positive and locally bounded, for all bounded open set w C R™ we have
/(|Du|2 +b(r)u?) <0 = /(\Du|2 +u?) < o0 ;
w w

therefore the proof is essentially the same as Lemma 3 in [8]: the basic tool is Theorem 2.1 in [3] which
is used following the idea of [4]. O

The previous results allow to prove

Proposition 1 Assume that {u,,} C E is a PS sequence for J; then there ezists 4 € E such that (up
to a subsequence)

(i) upm — @ in E

(7)) Up, — u in Eoc

(i1i) 4 > 0 and @ solves (2) in weak sense.

Proof. By Lemma 2, the sequence {u,,} is bounded and (%) follows. To obtain (i7) it suffices to apply
Lemma 3 with 8, = oy + f(x, up) — b(x)uy € E* where a,, — 0 in E*: indeed, if u,, — u in E, then
Bm — B in Ef  with 8 = f(z,u) — b(z)u. Finally, (éii) follows from Lemmas 1 and 3. O

ocC

In order to build a PS sequence for the functional J we apply the mountain-pass Lemma [1] in the
nonsmooth version [10], see also Theorem 2.1 in [2]: let us check that J has such a geometrical structure.
First note that J(0) = 0; as the function F' is superquadratic at +o0c, we may choose a nonnegative
function e such that

ecC¥, e>0 and J(te) <0 Vi>1.

Moreover, it is easy to check that there exist p, 3 > 0 such that p < |le||g and J(u) > B if ||ul|g = p:
indeed by (12) we infer

/R" F(z,u) < ||Gllg)llull3- + Cllull3: ;

hence, by (7) we have J(u) > Cy||ul}f — Ca||u||% — Cs||ul|% and the existence of p, 3 follows.
So, J has a mountain pass geometry; if we define the class

I':={yeC(0,1]; E); v(0) =0, v(1) =e} (17)
and the minimax value
= inf t 1
o= inf max J(v(?)) (18)

the existence of a PS sequence for J at level a follows by the results of [9, 10].

We have so proved
Proposition 2 Let I’ and o be as in (17) (18); then J admits a PS sequence {un,} at level a.

As we are on an unbounded domain, the problem lacks compactness and we cannot infer that the above
PS sequence converges strongly; however, by using Proposition 1, the weak limit 4 of the PS sequence
is a nonnegative solution of (2): the main problem is that it could be 4 = 0. To prove that this is not

the case we make use of the following technical result:
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Lemma 4 There ezist p € (2,2*) and C > 0 such that ||u;|, > C.

Proof. Using the relations J'(um)[um] = o(1) and J(u,) = a + o(1), by assumptions (8) and (10) we
have

2 = 2J(um) — I (um) [tm] + o(1)

= R” [f(ZE,’U,jn)’U,m - 2F('7"7u747;)] - 1‘/ n Z aaij (-T,Um)DzUijumUm + 0(1)
Z' M

< o Hla e+ o(1)
Then, by (11), for all £ > 0 there exists f. € an_fz’(R") such that

20 < [ S @) + el
as ||um|2+ is bounded, one can choose € > 0 so that
o< [ @) (19)
R
Now take r € (RQ—J_LQ, 2): then for all § > 0 there exist fs € L™ and f° € L7+ such that
fe=Js+ 1" and [ 2 <4,
Then, by (19) and Holder’s inequality we infer

a < [ follellugllp + dlluy, 2

r_.

7275 as ||um||2+ is bounded, one can choose § > 0 so that

(07
% < Wl sl

and the result follows. O

where p =

By the previous Lemma we deduce that {u}} does not converge strongly to 0 in LP. Taking into
account that ||u;}||2 and ||Vu ||2 are bounded, by Lemma 1.1 p. 231 in [12], we infer that the sequence
{u;} “does not vanish” in L?, i.e. there exists a sequence {y,,} C R™ and C > 0 such that

/ b > C (20)
ym+Br
for some R. We claim that the sequence {y,,} is bounded: if not, up to a subsequence, it follows by
(9) that

/ b(z)uZ, = +oo
which contradicts J(un,) = a+o0(1). Therefore, by (20), there exists an open bounded set w C R" such
that

/\umP >0>0. (21)

So, consider the PS sequence found in Proposition 2; by Proposition 1, it converges in the L2 . topology
to some nonnegative function @ which solves (2) in weak sense; finally, (21) entails @ Z 0.

The proof of Theorem 1 is complete.
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4 Proof of Theorem 2

In this section we assume (9) and (13)-(15); moreover, we set f(z,s) =0 for s <0.

To prove Theorem 2, it is sufficient to show that the functional I has a critical point ug € C, C being

the cone of positive functions of E. Indeed,
0I(u) = —Au+b(z)u — 0¥(u) in E*
and, by Theorem 2.2 of [5] and Theorem 3 of [13], we have
OV (u) C [f(z,u(z)), f(z,u(z))] for a.e. z € R" |
in the sense that if w € 0¥ (u) then
fzu(z)) <w(z) < f(z,u(z)) for a.e. z € R".

Thus, if ug is a critical point of I, then there exists w € 9% (ug) such that

—Aug + b(z)ug = w in E* .

(22)

The existence of ug will be justified by a nonsmooth variant of the mountain-pass Lemma (see Theorem

1 of [15]), even if the PS condition is not fulfilled. More precisely, we verify the following geometric

hypotheses:
I(0) = 0 and Jv € FE such that I(v) <0

3B8,p >0 suchthat I>p on {u€FE; |ul|g=np}.

Verification of (23). It is obvious that I(0) = 0. For the second assertion we need

Lemma 5 There exist two positive constants C1 and Cy such that
f(z,s) > Cish™L — Cy for a.e. (z,s) € R" x [0,+00) .
Proof. From the definition we clearly have

f(z,s) < f(x,s) a.e. in R" x [0, +00) .

Then, by (15),
0 < pF(x,s) < sf(x,s) for a.e. (z,s) € R" x [0,+00) ,

where

S
F(z,s) :/ f(z,t)dt .
0 L
By (27), there exist R > 0 and K7 > 0 such that

F(z,s) > Kys* for a.e. (z,s) € R" X [R, +0).
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The inequality (25) follows now by (26), (27) and (28). O

Verification of (23) continued. Choose v € C(R"™) \ {0} so that v > 0 in R"; we obviously have
Joon (D0 +5(@)0?) < +00.

Then, by Lemma 5,

I(tv) = % /Rn(\Dv\z +b(@)v?) — U(to) <

t2
Dv|2+b 2+Ct/ —C’t“/ F<o,
B"(l U| (x)v) 2 Rn” 1 an

<
-2

for ¢ > 0 large enough. O

Verification of (24). First observe that (13) and (14) imply that, for any € > 0, there exists a constant
A, such that
|f(z,s)| <els|+ Ae|s|P for ae. (z,s) e R" xR (29)

By (29) and Sobolev’s embedding Theorem we have, for any u € F

€ 2 Ae +1 2 +1
U(u) < = u® + ulP™ < eCs ||lul|g + Cy |Jul|%,

where ¢ is arbitrary and Cy = Cy(g). Thus, by (9)

1
10 =5 [, (DuP + b)) = () > G lully = Ca [lully = Ca lully’ = 8> 0.

for ||ul|g = p, with p,e and S sufficiently small positive constants. O

Denote
I'={y € C([0,1], E); v(0) =0, (1) # 0 and I(y(1)) < 0}

and
= inf I .
¢ = inf max (v(2))
Set
Ar(u) = Cég;?u)IICIIE* :

Then, by Theorem 1 of [15], there exists a sequence {u,,} C E such that
I{up) — ¢ and Ar(um) = 0 (30)

since I(|u|]) < I(u) for all u € E we may assume that {u,,} C C. So, there exists a sequence {w,,} C
0¥ (u,) C E* such that
— Ay, + () Uy, — Wiy — 0 in E* . (31)
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Note that for all u € C, by (15) we have

1
< / u(z)f(z, u(z)) -

Therefore, by (22), for every u € C and any w € 9¥(u),

1
T(u) < — / u(z)w(z).
U
Hence, if (-,-) denotes the duality pairing between E* and E, we have

Tu) =52 [ (1Dul? + b))

1 1
—I—;(—Aum + bum — Wi, Um) + M (Wi, Um) — U (um,)
-2 1
> “2—u2 /Rn(|Dum\2 FBE)E) + Aty + by — Wy, )
> 55 lumlll; = 1) llum 5 -
This, together with (30), implies that the Palais-Smale sequence {uy,} is bounded in E: thus, it

2
loc

that wy, € 0¥ (uy,) for all m, that u,, — up in E and that there exists wy € E* such that w,, — wy

converges weakly (up to a subsequence) in E and strongly in Ly . to some uy € C. Taking into account
in E* (up to a subsequence), we infer that wy € 0W¥(up): this follows from the fact that the map
w F(z,u) is compact from E into L'. Moreover, if we take ¢ € CX°(R") and let §) := suppy, then
by (31) we get

/Q(DUOD‘P + b(z)uop — wop) =0 ;

as wy € 0¥ (ug), by using (4) p.104 in [5] and by definition of (—F)?, this implies

/ (DuoDy + b(z)uop) + / (=F)%(z,up; ) >0 .
Q Q

By deunsity, this hemivariational inequality holds for all ¢ € E and (5) follows; this means that ug solves
problem (3).
It remains to prove that ug # 0. If w,, is as in (31), then by (22) (recall that u,, € C) and (30) (for

large m) we get

c 1 1 1 —
2 < I(upm) — 2 (— AU, + by, — Wiy, Uy) = 2 (Wi, U ) — /R" F(z,up) < 2 / U f (@, um) - (32)

Now, taking into account its definition, one deduces that f verifies (29), too. So, by (32), we obtain
A,

c 1 €
5 <5 foneluml® + A1) = 5 N3+ 5 lum 211

hence, {u,,} does not converge strongly to 0 in LP*!. Frow now on, with the same arguments as in the

proof of Theorem 1 (see after Lemma 4), we deduce that ug # 0, which ends our proof.
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