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Variational framework and Lewy—Stampacchia type
estimates for nonlocal operators on Heisenberg group

DivyA GOEL, VICENTIU D. RADULESCU and KONIJETI SREENADH

Abstract. The aim of this article is to derive some Lewy—Stampacchia estimates and the exis-
tence of solutions for equations driven by a nonlocal integro-differential operator on the Heisenberg

group.

Heisenbergin ryhmin paikallistamattomien operaattoreiden
variaatiomuotoilu ja Lewyn—Stampacchian tyyppiset arviot

Tiivistelmd. Tyon tarkoitus on johtaa Heisenbergin ryhméissi erditd Lewyn—-Stampacchian
arvioita seké paikallistamattoman integraali—differentiaalioperaattorin ohjaamien yhtéléiden ratkai-

sujen olemassaolo.

1. Introduction

The Heisenberg group HY = RY x RY x R, N € N is a Lie group, endowed with
the following group law

(z,y,t)- (@', ¢, t") = (x+ 2", y+ 9 t+1+2((z",y) — (z,9)))

where z,y, 7',y € RY. The corresponding Lie algebra of left invariant vector fields
is generated by the following vector fields

0 0 0 0 0
Xi=—+4+2y—, YVi=— —20;—, T=—.
I 9n, g YT gy, T e o
It is straightforward to check that for all j,k=1,2,--- N,

0 0 0
(L) [XG, Xe] = [V, V] = {vaa] = [Yjaa} =0, and [X;, Y] = —46jo.
These relations (1.1) establish the Heisenberg’s canonical commutation relations of
quantum mechanics for position and momentum, hence the name Heisenberg group
18]
We define the left translations on H”Y by

e HY - HY, 7e(¢) =€
and the natural H-dilations 6,: HY — HY by
So(x,y,t) = (0z, 0y, 6°t)
for & > 0. The Jacobian determinant of dy is 9. The number Q = 2N + 2 is called

the homogeneous dimension of HY and it portrays a role equivalent to the topological
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dimension in the Euclidean space. We denote the homogeneous norm on HY by
€l =12,y 0] = (1 + (2 + 7)), forall § = (v,y,1) € HY.

We shall denote B,(£), the ball of center ¢ and radius r. It implies 7¢(B,(0)) =
B,.(§) and 0,(B1(0)) = B,(0).

Recently, many researchers explored the nonlocal operators on Heisenberg group.
In [6], Frank, Gonzéalez, Monticelli, and Tan showed that the conformally invariant
fractional powers of the sub-Laplacian on the Heisenberg group are given in terms of
the scattering operator for an extension problem to the Siegel upper halfspace. Re-
markably, this extension problem is different from the one studied, among others, by
Caffarelli and Silvestre [4]. In [7], Guidi, Maalaoui, and Martino studied the Palais—
Smale sequence of the conformally invariant fractional powers of the sub-Laplacian
and proved the existence of solutions. In [9], Liu, Wang, and Xiao discussed the non-
negative solutions of a fractional sub-Laplacian differential inequality on Heisenberg
group. In [5], Cinti and Tan established a Liouville-type theorem for a subcritical
nonlinear problem, involving a fractional power of the sub-Laplacian in the Heisen-
berg group. To prove their result authors used the local realization of fractional CR
covariant operators, which can be constructed as the Dirichlet-to-Neumann opera-
tor of a degenerate elliptic equation as established in [6]. Nonlocal equations with
Convolution type nonlinearities had been discussed by Goel and Sreenadh [3]. Their
authors established the Brezis—Nirenberg type result for the critical problem. But
there is no article which deals a general integro-differential operator over HY. In this
article we consider the following integro-differential operator

Seu(©) = 5 [ (ulen) + uln™) = 20Kl d

where K: HY \ {0} — (0, +00) be a function with following properties

(1.2) 0K € LY(HY) where 6(¢) = min{1,|¢|?};

there exists ;1 > 0 such that for all £ € HY \ {0}, K(&) > plé]7@+2) Q > 2s;
K =K forall € e HY\ {0}.

Employing (1.2), one can easily prove that

(13 Seu(©) = [ (uln) = (€K '€)

In [11], Roncal and Thangavelu proved the (1.3) with K = [£|7(@*29) is the integral
representation of fractional sub-Laplacian on the Heisenberg group.
In case of RY, £« is defined as

1

Syeanyula) = 5 [ (o) +ule = y) - 2u(@)K() dy

where K: RV \ {0} — (0, +00) be a function with following properties
0K € LY(RY)  where 6(x) = min{1, |z|*},
there exists ;1 > 0 such that for all x € RV \ {0}, K(z) > p|a|~V+29)
K(z) = K(—z) forall zeRY\{0}.

In recent decade, the subject of nonlocal elliptic equations involving £k rnxy has
gained more popularity because of many applications such as continuum mechanics,
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game theory and phase transition phenomena. For an extensive survey on integro-
differential operators and their applications, one may refer to [1, 10, 13| and references
therein.

To proceed further we defined the following space

Z = {u H" = R:u € LX(Q), (u(€) — u(n))vVK(n~'¢) € L*(S, ds dn)}

with & = HV \ (Q¢ x Q°).

In this article we define an integro-differential operator on HY and investigate
the Lewy—Stampacchia estimates. Moreover, we proved the existence of solution of a
subcritical problem involving the operator £x by establishing the compact embedding
of the space Z (see Section 2). In this regard, the results proved in the present article
are completely new. The main results proved in this article are the following.

Theorem 1.1. Let Q be an bounded extension domain in HY and f € L>(1).
Assume ug € ZN L(HN \ Q), ¢ € Z with ug < ¢ a.e. in HY and ¢ € L®(Q).
IfMy={ueZ:u=uinQ u<¢inQ} and u € M, is a solution of the
variational inequality

(1.4) /S(U(S)—U(n))((v—U)(S)—(U—U)(n))K(n_lf)dfan/Qf(v—U)df,

for all v € Mg, then

0<-— / (u(€) — u(n)) ((€) — H()K(n€) dé d + / fo de
(1.5) o “

< /Q (Sxd+ f)F o de

for all non-negative functions ¥ € C°(12).
Theorem 1.2. Let f be a Carathéodory function satisfying the following con-
ditions
( there exists a;,a; > 0 and q € (2,Q%), Q* = QQTQQS such that
DI < ar+afl|tt ae £€Q, l€R;

l
=0 ||
there exist ¥ > 2 and R > 0 such that a.e. x € Q, | € R, || > R,

L0 <VF (& 1) <1f(&,1) where F is the primotive of f.

Then the following problem
(m)glcu = f(gau) in Q7 u =10 in HN \ Q7

has a mountain pass type solution which is not identically zero.

(1.6)

= 0 uniformly in x € €,

In Section 2 we will give the variational framework, fibering map analysis and
compactness of Palais-Smale sequences. In Section 3, we give the proof of Theo-
rem 1.1. In Section 4, we give the proof of Theorem 1.2.

2. Preliminaries

In this section, we state some known results required for the variational frame-
work. Let M is the linear subspace of Lebesgue measurable functions from HY to R
with the following property

if u € M, then u|g € L*(Q).
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Let A, B C M be the sets such that the following product is well defined
P: Ax B — LY(S,d¢,dn), (a,b) — P(a,b) := ab.

Let W be the set containing all the non negative constants and the function ug — ¢,
where functions ug, ¢ € M such that uy < ¢ a.e. in HY. Further, we consider a linear
subspaces Ny, Ny such that Ny € Ny € M and N satisfying the following property

(2.1) ifveNy and we W, then (v+w)t eN.

Let g: M — A and h: M — B be two well-defined operators and let J: M x M —
R be the functional defined by

Ip,0) = —/Sg(w)h(w dg dn.
Throughout the article we assume the following hypotheses on the functional g, h
and J:
glu+r) =g(u), h(—u) = —h(u) for all u € M and r € R;
(2.2) if u,v € M st (u—v)t €Ny and J(u, (u—v)") > J(v, (u—v)"),

then v < v a.e. in .

For u € M, if there exists T, € L*(Q) such that J(u,v) = [, Tyv dz for all v € N
then we denote J(u) := T, and J(u) € L>(Q2). Define the cut-off function

0 ifl <0,
(2.3) D.(l)y=<1/r ifO<l<m,
1 if l >,

where r € (0,1). Suppose J(¢) € L*(Q2) and f € L>(2). We assume that there
exists u, € M such that u, —ug € Ny and satisfies the following

ur,p) = / ((3(6) + F)*)(L = Dy(6— w)) — flode for all € Ao,

Also, if u, — u uniformly in RY as 7 — 0 then up to a subsequence, J(u,, p) —
J(u, ) for all ¢ € Ny. Then we have the following theorem from [12]:

Theorem 2.1. Let ug, ¢ and J satisfy the above assumptions and if u € M is
such that u — ug € Ny, u < ¢ a.e. in Q and is a solution of the following variational
inequality

/g(u)h(v—u)duZ/f(v—u)df for allv € {M: v —ug € Ny},
s Q
then
0<3 d J tod
<du)+ [ fode< [ @)+ 1o
for all o € Ny, ¢ >0 a.e. in Q.

2.1. Variational Framework for £x. In this section we give the variational
setup for the operator £x. Define the following norm on the space Z

1/2
lullz = [lullz2@) + (/S u(§) — u(n)PK(n~"€) dfdﬂ)
Lemma 2.2. Let ¢ € CZ(2). Then |¢(€) — ¢(n)|?K(n~1€) € LH(H).
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Proof. Since ¢ =0 on HY \ Q,

/ 16(6) — (n)PKC(n ™€) d dy = / 16(6) — S PR () de dn
(2.4) Y s

<2 [ 166~ o) PRl dedn
QxHN
The fact that ¢ € C3(Q) implies

6(6) — o(n)| < IVadllre@n)|§ —nl and  [$(€) = ¢(n)| < [ oo m).-
Hence using the definition of 6, defined in (1.2), we have

(2.5) 6(6) — o) < 2[|9lloravy mind|€ —nf, 1} = 2[|pllcrgav) v/ O(n71E)
From (2.4) and (2.5) and (1.2), we get

[ 1ol0 - sPra e dsdn <z [ jole) - st Pl e de

QxHN
< 810/ o, |ﬂ|/ €) dé dn < .

The proof follows. O
The above Lemma implies CZ(HY) C Z. Now we define the following subspaces
Zy={ue Z:u=0ae. in QY,
= 0 (%),
A=B={u: H* — R: u|s € L*(S,d¢dn)}
and P is the usual product between functions. Clearly, Zy C Z, C Z and ut € Z
for all u € Z.

In [2], Mallick and Adimurthi defined the usual fractional order Sobolev space on
HY as follows

W52(Q) = {u: HY — R: u € L*(Q) and /Q . %dédn < oo}

where s € (0,1) and p > 1 as W*(Q) is the closure of C°(Q) with respect to the
following norm

u(§) — u(n)|? s
Jullwse@) = llullL2@) + (/QXQ Wdfdﬁ .

Clearly, Wg*(HY) = Wsr(HN).
Lemma 2.3. Let c(u) = max{1,u~*/?}. The following assertions holds true:
(i) If v € Z, then v € W**(Q) and ||v|lws2(q) < c(u)||v]z.
(ii) If v € Z, then v € WSZ(HN) and ||v|lws2) < |vllwezwyy < c(u)]|v]| 2
(iii) If v € Zy and Q* =
that

ol o < (Q.5) [

H2N

Q 23, then there eX1sts a positive constant ¢(Q), s) such

B 2
W dé dn < o(Q, ) (Wllo]%,.
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(iv) The space Zy is a norm linear space endowed with the norm

1/2
(26) follzs= ([ 1u(6) = utPRr e dan)
S
Moreover, there exists a constant C' > 0 such that for any v € Z,, we have
(2.7) 0]z, < llvllz < Cllo] 2,
Proof. (i) Consider

O = e 1 [ e
/QXQ [n—1€|@+2s deUSM/QXQW(f) v(n)PKC(n~1E) dEdn

< % /S [0(€) — v(n) PRy €) de diy < o.

(ii) Using the fact that v = 0 a.e. in Q¢ we get HU”LQ mvy = ||v]|2(q) and

[0(€) = v(m)® [0(€) = v(n)®
/HQN |77 1£|Q+28 / 1§‘Q+25 gd

<s / [0(€) — v(m)[PK(n€) de dy < oo.

(iii) Let v € Z, then by (ii), v € W*?(H"). Now using the [2, Theorem 1.1] with
a = 0, we have
2 [v(§) —v(n)P?
070 @) < C/HQN T e dg dn
where ¢ depends on () and s.
(iv) Let ||v||z, = 0 then It implies v(§) = v(n) a.e in S. Let v = ¢ > 0 a.e. in
HY but v € Z; implies v = 0 a.e. in Q¢. That is, v = 0 a.e. in HY. Hence, || - ||z, is

a norm. For (2.7), by definition of || - ||z, ||v] 2z, < ||v]|z. With the help of Holder’s
inequality and (iii), we get

[ol2 < 2ol +2 / 10(€) — v(n) P €) dé di
<200l gr gy + 2 / [0(€) — o(n) P €) de dy

_ 2
<2cy [ HOZE ey 2 [ o) - o) dedn

<2 (1) 101 - oo dsan = Calpl,
This proves the desired result with C' = /Cs. O]
Lemma 2.4. Z, is a Hilbert space endowed with the following inner product
(v = /S (u(€) — u(m)(v(&) — v(m)K () dedn  for all u,v € Z

Proof. 1t is easy to prove that (-,-) is an inner product space and lead to the
norm defined in (2.6). Now we prove that Z; is a complete with respect to norm
| - ||z,- Let u, be a cauchy sequence in Z,. Hence for any € > 0 there exists n. such
that for all n,m > n.,

(2.8) |, — um”%%ﬂ) <l — um”QZ < Cllun — umngo <e&.
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Since L?(2) is a complete space, there exists u, € L*(Q) such that u,, — u, in L*(Q)
as n — oo. Up to a subsequence(denoted by u,) such that u, — u, a.e. in HY. By
using Fatou’s Lemma, we get

%, < liminf flu, %, < lminf ([Ju, =z + [[u]]20)* < (14 [Jullz)* < oo
n—oo n—oo

where we used (2.8) with ¢ = 1. It implies u. € Z,. Using (2.8), with m > n., we
obtain

Jtm — ws|| %, < lum — wel|Z < liminf ||u, — u,||2 < Climinf ||, — u, %, < Ce.
n—oo n—o0

It implies that u,, — u, as m — oo. Hence, we get the desired result. O]
Lemma 2.5. Let u, is a bounded sequence in Xy. Then there exists u, € L"(HY)
such that, up to a subsequence, u,, — u, in L"(HY) as n — oo for all r € [1,Q").

Proof. By Lemma 2.3 (i), u, € W**Q) and u, is a bounded sequence in
W#2(Q). By using |2, Theorem 1.4], there exists u, € L"(2) such that u, — u, in
L"(Q) for any r € [1,Q*). Moreover, u, = 0 a.e. in HY \ Q implies u, = 0 a.e. in
HN \ Q, that is, u, — u, in L"(HY). O

3. Proof of Theorem 1.1

In this section, we gave the proof of Theorem 1.1 using the Theorem 1.2. For
u,v € Z, we define g(u)(§,n) = (u(§) — un)v/Kn='§) € A, and g(v)(&,n) =
(v(&) —v(n)VK(n~1¢) € A, and

3, v) = / (u(€) — u(n))(w(€) — v(m)K(n~€) d dn.
Lemma 3.1. The following holds:

(i) J is well defined map.
(ii) The assumptions (2.1) and (2.2) are satisfied.

Proof. (i) By using the Cauchy—Schwarz inequality and the fact that u,v € Z |
we get

2u(€) — u(n)|[v(€) — (M IVEH 1 VEMTE)
< ([u(€) —um* + (&) —v()*) K(n~¢).

(ii) Let v € Zy and w € Z with w < 0 a.e. in HY. The fact that v + w € Z
implies (v +w)™ € Z. Also v+ w(§) < v(§) =0 a.e. in QF, implies (v + w)™ =0 in
Q¢. Therefore, (v+ w)t € Z,. It proves (2.1).

By the definition of g and h, one can easily show that g(u+r) = g(u), h(—u)
—h(u) for all w € Z and r € R. Let u,v € Z with (u—v)* € Z; and J(u, (u—v)™)

~

J(v, (u—v)"). Set w=u—v and w =w" —w~. Consider

(w(&) = w(n)(w(§) —w*(n))
= (W (&) —w* (M) +w (uw*(n) +w (Ew(n).

AVAN

(3.1)
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By using (1.2) and (3.1), we have
0= J3(v, (u—v)") = J(u, (u—v)")

- / (w(€) — w(n))(w* (€) —w* (m)KC(y€) de di
- / ((w* () — wH(m)? + w (©)wt (n) + w* (€)w () K(y~€) d dy > 0.

It implies (w (&) — w'(n))* + w (&)wr(n) + wH(&)w (n) = 0 a.e. in S, that is,
wh(€) = wt(n) ae. in S. Let wh = ¢ > 0 ae. in HY but w* € Z; implies ¢ = 0.
Hence (u —v)™ = 0, that is, u < v a.e. in HY. Thus, (2.2) is satisfied. O

We set two functions ug € ZNL>®(Q°) and ¢ € Z with uy < ¢ a.e. in HY. Assume
Lio, f € L>®(). For ae. £ € Qand l € R, define T' = (Lxp + f)T € L>(Q) and
we (&) =T(E)(1 = D (¢(&) — 1)) — f(&) where D, is defined in (2.3) and r € (0,1).

Proposition 3.2. Letr € (0,1). Then there exists u, € Z such that is a solution
to Lu, = w,(§,u,) and u, = ug € Q°. That is, for all v € 2,

/3 (1 (€) — 11y () (0(E) — ()K€ d iy + / (€, ur(€)v dE = 0,

U, € 2, U, —ug € 2.

(3.2)

Proof. Consider the space Z,, = {u € Z: u —uy € Zy} and the functional
I.: Z,, — R defined as

1 _
0 =5 [ 1O —um PO dedn+ [ W6 u(©) e,
where W, is the primitive of w,. Clearly, by definition of D,,

|wr] < T[| L@ |1 = Dr(@() = D)l + [1f ]l oe ()
< Tl + 1 ety = .
It implies |W,.(&,u(§)] < (|u(§)|. Employing the Young’s inequality, Minkowski’s
inequality, Holder’s inequality, Lemma 2.3(iii) and (1.2), we deduce that

025 [1u©) = um PR dedn—¢ [ (o)l

1 - Ge
> ; / ule) —u('fz)|2/C(?7 'e) dedy - Sl — 510
|u
I's 1§‘Q+2s dﬁdn CEHU—UOHL?(Q CEHUOHLQ —_|Q|
zm\u—uouzo—uuuouzo G101 u = ol — Celunle — 510
¢
= (= G=CI01 ) e = wol, = ol — CeluolE — 319

Using the fact that vy € Z and the properties of IC, we get [[uo||*Z0, [|uol|72(g) < oo
Now choosing € > 0 such that p — C&tC’\Q\ >0, we deduce that

I (u) = —pluollZ, — CelluollZz o) — 2—€IQI > —00.

It implies that inf,cz, I,(u) > —oco. Now let u, € Z,, be the minimizing sequence
for I, then I,(u,) — infuez, Ir(u). Thus from (3.3) with u = u, we get u, — ug is
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a bounded sequence is Xy. From Lemma 2.5, there exists u* € X, such tha, up to a
subsequence, u, — ug — u* in L" for v € [1,Q*) and u, — ug — u* a.e. in HY. Thus
u* € Zy. Define u, = up + u*. Then u, € Z,,. Now using the continuity of the map
i — W,(&,4) for all € € HY and i € R and the dominated convergence theorem, we
get

: 1 24 (-1 _
i 7.(0,) > 5 [ (€)= w9 dgdn+ [ W6 u(©) de = 1)

n—o0

Hence I,(u.) = infuez, I,(u). It implies (3.2) has a solution. O

Proposition 3.3. Let v € C3(Q) and u € Z N L>®(Q°). Then
/S (ul€) — ) (0(€) — v()K () e dy

(3.4) ~ ok
- /HQN u(€)(20(€) — v(€€) — v(EE))K(E) dé dE.

Proof. Let
(5 :SIHQN\<QC x ),
¢ ={(&n) € &: |n~'¢| > 6},
€5 ={(¢,€) e HM: (¢,£€) € € and [¢] > 6},
€, ={(&) e MM (¢,£07") € & and [¢] > 6}.
Claim. (£,7) — u(§)(v(§) —v(n)K(n~'¢) € L'(&5d€ dn).

For § small and |n~1&| > 6, we have 6(n~1€) > §2, and using properties of K and
the fact that v = 0 in €2, we deduce that

[w(©)l[v(€) — v(n)[K(n~'¢) d€ dn

¢s

[u(©)[lv(€) — v(n)|K(n~"'€) ds dn

/{QXHN}O{U1§IZ5}
+f un)lo(€) — I (™') de
{QxQe3n{in=1¢|=4}

< Aol ( [ WOl €) e dn
{QxHN}N{|n=1¢|>0}

+f It den )
{axQen{in=1¢/=d}

2||U||L<><>(]HIN)

< ———+ O(n K (n~1¢) déd

<A (Ol dey

+f I8 K l™6) de
{axQein{in=1¢|>5}

2| oo ) Nk (£ A AE
< B (f IEKE) bk [l |

{QxQec}

0(E)K(E) d¢ dé)

2o/ o= S
= (s + 192l ul =) / OEK(E) dE < oo.

H

<
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Hence the claim. Similarly, (£,7) — u(n)(v(€) —v(n))K(n~1€) € L'(&5). It implies
that

/e (ul(€) — u(m)(0(€) — v(n)K (1) e dn
- / w(€) (&) — o)X (¢) de dn + / ul€)(0(€) — v(n)K (€ n)dedy

a3 = [ w0 ~ o dedé

8

+ [ a(©(e) - oled K dedf

8

= [ w(©)0©) ~ v dedé + [ u©)(e) — vled (E) ds i

€5

Notice that if (¢,€) € € \ Ej then (&,£€) € Q° x Q°. Tt implies that
/ o OO (DK@ s =0
Similarly, fo+\ - u(€)(v(€) —v(§€1)K(E) d d€ = 0. Using this with (3.5), we obtain
|, ) = ) 0€) = o) K6 el
-/ IRGIECRIEIECRTE
-/ o MO0 v de i
-/ o MO0 D) — (eE e de i

We now show that B(€, ) := (20(€) — v(£€) — v(€E 1)K (E) € L' (H2). Notice that

1B(£,€)| < 4[| oo vy K (§) and, by Taylor expansion
[B(&, E)| < D0 pooamy [P (E).-
It implies that
1B(, )| < 4||U||C2(HN)9(5)’C(§)-

Now we first recall the triangle inequality which states that there exists ¢ < 1 such
that

(3.7) €l = [nl| < |¢n| for all &,n € HY.

Choose R > 1 such that Q C Bg. If € € (Byg)¢, € € Q and €67 € Q C B,g, then
by (3.7), we get

- 1 - 1
(33) > 1€l - [66] 2 2R~ ~cR=R> 1
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Define
2% = {(6,6) e B € € (Bon(0))" and (€€ Bun(¢™) or £ € Ben(€7)) }
R = {(6,6) €W €7 € Bun(€) U Bun(d) and € € (By(0))°}

Let (£,€) € % then

(3.9) (I > 2R and |¢€] < cR) or (¢ > 2R and |¢€7| < cR).

Taking into account (3.8) and (3.9), we deduce that either || > 1 and €' € B.p(€)

or |€| > 1 and €' € Ber(€1). It implies that 9t € R,. Furthermore, if (£,£) € R,
then

(3.10) K(&) = 0()K(&)

Now let (£,€) € ((Bar(0))° x HY) \ . Then & € (Bax(0))°, € € HY, (£,€) ¢ R,
That is, £ € (Bag(0))¢, |€€| > ¢R, and |£€7Y > cR. As a result

(3.11) v(€) =v(&&) =v(EE) =0 for all (£€) € ((Bar(0))° x HY) \ .
Using (3.10), (3.11) and definition of K, we get
/ (€. €)| de dé
(BQR(O))CXHN

_ A 120(6) — v(€d) — v(e€IK(E) de dé

(3.12) i i i i i
< 40| g, /m K(€) de d = 4][o]| o) A B(EK(E) de dé
< CQ Pl [ BEK(E) ddé = C(Q R.K) < .
Consider

/ (¢, 6)] de dE < / W(e,6)| dé dé + C(Q, R, K)
H2N Bop xHN

(3.13) < C(Q, R, K) + 4][u]l g / BEK(E) de dé
Bop xHN
= C0(Q, R, K) + 4||v|| 2 | Bar] /HN 0(E)K(€) de dE < .

Hence we show that U € L'(H?"). Taking into account Lemma 3.1 (i), (3.13), and
passing limit 6 — 0 in (3.6), we get

/ (u(€) — u(n)) (v(€) — v(n))KC(~€) dé dn
(3.14) € ] ) ) )
= [ u€)2u(©) ~ (&) — vled () de

Using the definition of € and €, and the fact that v = 0 in HY \ Q, we get (3.4). O
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Lemma 3.4. Let ¢ € C3(Q) and u,, € Z be a sequence converging uniformly to
Uy € Z asn — oo and u,, — u, € Zy. Then

lim [ (ua (&) = un () (v(8) — v(M)K(n~"€) d€ dn

n—o0 S

- /S (1-(€) — wa(m)) (0(€) — v(m))K(n~2€) d€ dn

Proof. Using Proposition 3.3 to u, — u., for any v € C2(), we deduce that

/S (tn(€) — () (0(€) — w(m))KC (™€) i
- / (1) — () (0€) — 0K (€) dé i
- / (1t — 1) (€) — (1 — ) () (0(€) — w()) Ky €) dé dy

(3.15)

- /S (1t — ,) () (20(€) — v(En) — v(En™ YK (~'€) de dn.

Since u,, — u, uniformly in HY, we get

(= w)(©(20(6) = vl6n) = wlén Nl €) ds
S lim Hun - U*HLOO(Q) HQ}HLl(HQN) =0
where U is defined in Proposition 3.3. Hence (3.15) holds true. O

Proof of Theorem 1.1. Let u be a solution to variational inequality (1.4). In the
framework of Theorem 1.1, we now apply Theorem 2.1 and deduce that (1.5) holds.

lim
n—oo

4. Proof of Theorem 1.2

In this Section, We proove trhe existence of mountain pass solution of the prob-
lem. Notice that the problem (P) has a variational structure and the energy func-
tional associated to the problem (P) is given as

M =5 [ 1u(€) ~ utn Pty € g — | Plé.u)as

Observe that H € C'(Zy,R) and for u € Z, and for any v € Zy,

(H'(u), v) Z/S(u(é)—U(n))(v(é)—v(n))’C(n15) dfdn—/ﬂf(&U(é))dé

Remark 4.1. Under the assumptions (1.6), for any ¢ > 0 there exists 6 > 0
such that a.e. £ € 2 and for any [ € R, we have

(4.1) [F(&,D] < 2elil +¢ol1|"™" and  [F(&1)] < eI]” + a]1]".

Also, there exist two positive functions m and M belonging in L>°(2) such that a.e.
¢ € Q and for any [ € R,

(4.2) F(&,1) = m@I" — M().
Proposition 4.2. The following holds:

(i) There exist «, p > 0 such that H(u) > « for ||ul|z, = p.
(ii) There exists e € Zy such that e > 0 a.e. in HY, |le|| > p and H(e) < B.
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Proof. From Holder’s inequality, Lemma 2.3, and (4.1), we deduce that

1
Hiw) 2 gl —< [ fuPd =5 [ Jult de
Q Q
1
2
]_ * __ * * *
> (3=l Qo)) ) ull, = BRI (@) s,
Choose € such that €|Q|@ =2/ ¢(Q, s)c* (1) < . It implies that
H(w) = Bllullz, — #llull,.

Since ¢ > 2, so we can choose a, p > 0 such that J,(u) > « for ||ul|z, = p.
(ii) Let u € Zy and 7 > 0. From 4.2, we obtain
2

M) = Sl — [ (& ju©) do

> —g|Q|@ -2/

)= 5|Q|@ /e

lull, e @ ullfor o

2
J .
< Ll =5 [ m(@u©l de + [ b(e)d  —oc
as j — 00. Let e = ju for j large then (ii) follows. O

Proposition 4.3. Let u,, be a sequence in Z, such that H(u,) — ¢ and | H'(u,,)||
— 0 as n — oo. Then there exists u, € Xg such that, up to subsequence, u, — u,
in ZQ.

Proof. First we prove that u, is a bounded sequence in Zy. Using (4.1) with
e =1, we get

(4.3) /w <®) (F@’un(s))—gﬂs,un(s»un(@)dg)
4.3 <

v v

Furthermore from the assumptions on the sequence Z;, we can choose ¢ > 0 such
that

(4.4) |H ()| < & and '<’H'(un) L>' <

unll 2,
Taking into account (1.6), (4.3), and (4.4), we conclude

2
< <R2 4RI+ SR+ %qu) 1.

B0+ ullz0) > () — (M (1), )

> (5g) I [ (P = e m@me) ) e

1 1
> (5-5) ko

It implies that u, is a bounded sequence in Z,. Since Z; is a Hilbert space, then
up to a subsequence, there exists u, € Z, such that u, — wu, weakly in Z;. From
Lemma 2.5, we have

Uy — uy in LYHY); w, — u, a.e in HY;

(4.5) ‘ N TN
there exists w € LY(H™) such that |u, ()] < w(§) a.e. in HY and n € N
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Taking into account (1.6), (4.5), and dominated convergence theorem, we get

/ S, tn(E) Y (€) dE — / F(6, 1 (6))uua(€) de:
(4.6) “ @

/ F(E, un(€)yunl€) dé — / F(6, 0 (€))ua(€) de
Q Q

Taking into account the fact that ||H'(u,)|| — 0 as n — oo and (4.6), we deduce that

mwz%/f@m@Mﬂma
(4.7) @

(tm, 02} 20 — / F (s (€)1 (€) dE = (H! (1)) — 0 81— 0.

From (4.5), (4.6), and (4.7), we get
unllZ, = llunllZ, as n — oco.

Hence [Ju, — u.||%, = [|unll%, + l|usll%, — 2(un, i)z, — 0 as n — co. This completes
the proof. O
Proof of Theorem 1.2. Using Mountain Pass Theorem along with Propositions 4.2
and 4.3, there exists a critical point ug € Zy. Also, H(up) > o > 0 = H(0). It implies
u # 0.
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