MINIMIZATION PROBLEMS
AND CORRESPONDING RENORMALIZED ENERGIES

Citilin LEFTER and Vicentiu RADULESCU

1. Introduction and theoretical setting

Let G be a smooth bounded simply connected domain in R2. Leta = (a,...,ax) be a
configuration of distinct points in G and d = (dy, ..., di,) € Z*. We also consider a smooth
boundary data g : G — S whose topological degree is d = dy + ... + dj. Let also p > 0
be sufficiently small and denote

k
Q, =G\ | JB(ai,p) , Q=G \{ay, ...ax} .

i=1

As in [BBH4] we consider the classes of functions

(1) &,y={ve HY(Q,;5"); v=gon dG and deg(v,0B(a;, p)) = d;, fori=1,....k}

(2) F,={ve H(Q,;8"); deg(v,0G) = d and deg(v,0B(a;,p)) = d;, fori=1,....k}

(3) Fpa=A{veFy; / | — |2< A}
and the minimization problems

(1) Bpo = jnf [ 190p

5 F, = inf 2.

) o= ot [ Vo)
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(6) Foa= inf /|vv|2

veEF,, A

F. Bethuel, H. Brezis and F. Hélein proved in [BBH4| that the minimization problems
(4) and (5) have unique solutions, say u, respectively v,. By analysing the behaviour of
u, as p — 0 they obtained the renormalized energy W (a, d, g) by the following asymptotic
expansion:

k

1 1 _

(7) = / | Vu, |*= W(Z df) log; +W(a,d,g)+O(p), asp—D0.
2, i—1

2
We shall omit d in W (a,d, g) when k = d and each d; equals 1.
By considering the behavior of v, as p — 0 we obtain in the first part of this paper a
notion of renormalized energy W (a,d) when only singularities and degrees are prescribed.
This will appear in a similar asymptotic expansion:

k

1 1 ~ -
(8) —/ | Vo, == de log — + W(a,d) +O(p), asp—0.

2 Ja, p p

The connection between the two energies is given by
(9) W(a,d)= inf W(a,d,g).
g:0G—S1
deg(g,0G)=d

Moreover the infimum in (9) is atteint. We give thereafter an explicit formula for
W(a,d).

We recall that in [BBH4| the study of the minimization problems (4) and (5) is related
to the unique solutions ®, respectively o , of the following linear problems:

(A®,=0 inQ,
¢, = C; = Const. on each Ow; with w; = B(a;, p)

P
/ h:%di i=1,..k
ow

(10) . o
a—yp =gAgr ondG
/ ®,=0
\ JOG
and
(AD, =0 inQ
i)p =(C; =Const. on OJw; 1=1,...,k
(11) @p:O on 0G
% —27le 1= 1, ,]{7
\ Ow; (91/




We also recall that ®, converges uniformly as p — 0 to ®g, which is the unique

solution of

( k
ADy =27 d;de, inG
j=1

(12) @:g/\gT on 0G
ov

/@0:0.
\ JOG

The explicit formula for W (a, d, g) found in [BBH4] is

k
_ 1
(13) Wi(a,d,g) = —m g d;djlog | a; —a; | +—/ Oo(gNgr)—m g d;Ro(a;) ,
itj 2 Joc i=1

where
k
Ro(z) = ®o(z) — Y djlog |z —a;| .
j=1

The expression we obtain for W(a, d) is lied to ®g, which is the local uniform limit of
®, as p — 0 and is the unique solution of the problem

k
Ady =27 d;id, inG
(14) j=1

by =0 ondG .

In the second part of this section, considering the minimization problem (6) we find
a variant of the formula (8), but for W replaced by W4, which is a corresponding notion
of renormalized energy that satisfies
9g

WA(CL,E) = inf{W(a,d, g); deg(g;0G) =d and / | |?< A} .
oG 67’

In Section 3 we calculate explicitly W and Wina particular case and deduce auxiliary

results.
In the last section we minimize the Ginzburg-Landau energy

1 1
B =5 [ 19uP e [ - fupy
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in the class

Hya={uec H(GR?); |u|=1 on 9G, deg(u,0G) =d and / |? ’< A} .
T

oG
We prove that Hg, 4 is non-empty if A is big enough and the infimum of E. is atteint.
If u. is a minimizer, we prove the convergence as ¢ — 0 of u. to u4, which is a canon-
ical harmonic map with values in S! and d singularities, say a;,---,aq. Moreover, the
configuration a = (a1, -, aq) minimizes the renormalized energy WA.
We recall here (see [BBH4]) that v is a canonical harmonic map with values in S! and
boundary data g if it is harmonic and satisfies

ov 8(130

A——=-=" i Q
v 83}1 8:172 -
8’1) 8(1)0
81‘2 8.%'1 ln ’

or, equivalently,

0 (v/\ﬁ>+i(v (%):0 in D'(G) .

- /\ -
0xq Oxa

If v is canonical and has singularities a1, - - -, ar € G with topological degrees dy, - - -, dx

dl dk
v(z) = (ﬂ) (ﬂ) Siv(2)
|z —aq | | 2z —ag | ’

where ¢ is a smooth harmonic function in G.

then v has the form

2. The renormalized energy for prescribed singularities and degrees

We know from Chapter I in [BBH4]| that

P
vy N % = —h in 2,
(15) 8:131 aQL‘Q
v, 0d,
ZZp _ TP 0
Up 81‘2 8.%1 22
So
(16) | Vo, |=| V&, | inQ,.
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Lemma 1. @&, converges to & in L*>(§1,) as p — 0. More precisely, there exists
C > 0 such that

(17) 1@, — Dol o< (a,) < Cp.

Lemma 2. Let v be a solution of

Av=0 inQ,
(18) v = O(9 on 0G
v =0 foreach j .
61/
Then

k
supv—lnfv E supv—mfv .
Q, —

Proof of Lemma 2. We shall adapt the proof of Lemma 1.3 in [BBH4]. Let

a; =infv, p;=supv and I; =[a;,[;] .
(9(41]‘ 8wj

We shall prove for the instant that

k
(19) U I is connected .
j=1

Suppose, by contradiction, it is not true. Then, there exist g € R, >0 and 1 <i <

k such that
Bi <to—0d ifl1<j5<q

aj>to+0 ifi+1<j<k

We may suppose, without loss of generality that ty # 0, say to > 0. We may also
suppose that tg — ¢ > 0. Choose § € C*(R, [0, 1]) such that

0 ift<ty—9o
o(t) = .
1 lftzto—f-(;.

We multiply Av = 0 with #(v) and then integrate on €,. Observing that #(v) = 0 on
0G we deduce

O-/Q )| Vo |2 — o D +Z/&UJ ):/QPG'(U)|VU|2.



SoVuo=0on B ={x € Q,t)— <v(xr) <to+d} which is a contradiction.
We distinguish two cases:
Case 1. infv <0and supv > 0.

Q, Qp
k
In this case, from the connectedness of U I;, v = 0 on OG and the maximum principle,
j=1
our conclusion follows obviously.
Case 2. infv=0or supv=0.
Qp Q,
We shall treat only the first case. Suppose v # 0 on 2, (otherwise the conclusion is
ov ov
obvious). By the Hopf maximum principle, Em < 0 on 0G, which contradicts 9 =0.
1% oaq oV

O

A A

Proof of Lemma 1. We apply Lemma 2 to the function v = ®, — ®;. Since
¢, = Const. on each 0B(aj, p), it follows that

k
sup d,— 1nf <I> — <I> < ( sup dy— inf @ ) <Cp.
Q, ( g ) Qp 0 Z 9B(aj,p) ’ 0B(aj,p) 0 P

Using now the fact that CADP — &y =0 on G we obtain

(20) |®, = ol (q,) < Cp -

Remark. By Lemma 1 and standard elliptic estimates it follows that <i>p converges
in CF (QUOG) as p — 0, for each k > 0.

loc

Theorem 1. As p — 0 then (up to a subsequence) v, converges in Cf _(Q U dG) to
vo, which is a canonical harmonic map.

Moreover, the limits of two such sequences differ by a multiplicative constant of mod-
ulus 1.

Proof. We may write, locally on Q, U 0G, v, = e™?r with 0 < ¢, < 2m. Thus, by

(15),
% = __(?;I)p in 2,
2l 8331 aéxz
Pp P .
5 = —Fr Q, .
(95132 85131 22
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Hence, up to a subsequence, ¢, converges in Cf (Q U 0G). This means that v,
converges (up to a subsequence) in Cf (2 U 0G) to some vg. Denote by g, = vpjac. It is
clear that g, converges to some gy and vg satisfies

( 61)0 6@)0 .
g _ _YF0 0O
Yo A 8.@1 8562 lIl
(22) dug _ 0y
Ne—=— in 2
Yo 8$2 8x1 ln
( Yo = 9o on 0G ,

which means that vg is a canonical harmonic map.
We now consider two sequences v,,, and v,,, which converge to v and vy. Locally,

Pp, — P1 and P, = P2 -

Thus, V1 = Vg, so 1 and ¢, differ locally by an additive constant, which means
that v; and vy differ locally by a multiplicative constant of modulus 1. By the connected-
ness of {2, this constant is global. O

Let

k
Ro(z) = do(z) — Zdj log |z —a;| .
j=1

We observe that RO is a smooth harmonic function in G.

Theorem 2. We have the following asymptotic estimate:

k
1 1 ~ =
(23) 5/;2 ‘ V’Up ’2: s (Z d?) log; + W(CL,d) + O(p)7 as p — 0 ,
2 j=1
where
(24) /I/T\?( :—Wde log]az—a]|—7TZd Ro(aj)

i#]

Proof. We follow the ideas of the proof of Theorem 1.7 in [BBH4].
Since ®, is harmonic in 2, and ®, = 0 on G we may write

= |Vv|:—/ |V, = —= / —(ID = -7 d<I> 0B(aj,p) | -
2 Q, P 9 P Z 9B(a;.p) Ov ; J
By Lemma 1 and the expression of Ry we easily deduce (23). O
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Theorem 3. The following equality holds:

25 d) = inf d
(25) W(a,d) deg(;%G):dW(a,d,g)

and the infimum is atteint.

P f. Step 1. W(a,d) < inf W(a,d,q).
roof. Step 1. W(a.d) < inf  W(a.d.g)

Suppose not, then there exist € > 0 and g : G — S* with deg (g; G) = d such that
(26) W(a,d,g) +e < W(a,d) .

Thus, if u, is a solution of (4), then

k
1 1 _
(27) 5/9 ‘ VUP |2: W(Z d?) lOg; —+ W((Ld,g) + O(,O) >
P j=1
1 k
25/ !va|:7r(2d?) log = + W(a,d)+O(p), asp—0
P j=1

We obtain a contradiction by (26) and (27).

Step 2. 1f g, and go are as in the proof of Theorem 1, then

For r > 0 let u, , be a solution of the minimization problem

(28) min / | Vu |* .
ueST,gp Q.
Denote u, , = u, and ®,, the solution of the associated linear problem (see (10)).
Let @, be the solution of (12) for g replaced by g,.
We recall (see Theorem 1.6 in [BBH4|) that

(29) ¢, — Do in Ck_(QUOG) asr —0
and
1 i 1 _
(30) | 5/Q | Vu,, > =7 (Z d§> log; - Wi(a,d, g,) |< Cy,r,
™ ]:1

where Cy = C(g) > 0 is a constant which depends on the boundary data g.
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Our aim is to prove that Cy, is uniformly bounded for p > 0. Indeed, analysing the
proof of Theorem 1.7 in [BBH4] we observe that C, depends on CN’gp7 which appears in

k
(31) 1@pr — PpollLoc(a,) < Z{ sup ®,0— inf ép,o} < Cy,r .

=1 0B(aj,r) 9B(aj,r)

It is clear at this stage, by the convergence of g, and elliptic estimates, that 5'gp is
uniformly bounded.
Observe now that the map C'(9G; S') 3 g — W(a,d, g) is continuous. We have

k
1 —~ _
Zd?) log; — W(a,d) | +

j=1

- -~ = 1
| Wiadgo) - Wad) |<| g [ 190, = (
QP

k
1 1 — _
+ | 5/9 | Vo, |2 —77(25[?) log  — W(a,d,g,) | + | W(a,d,g,) = W(a,d, go) |<
p j=1
< O(p)+ Cp+ | W(a,d,g,) —W(a,d,go) |0 asp—0.

Thus

which concludes the proof of this step. O

Theorem 4. For fixed A, if w, is a solution of the minimization problem (6) then
the following holds:

k
1 2 2 I = -
(32) 3 /Qp | Vw, | :w(j_zldj) log; + Wy(a,d)+o(l), asp—0,
where
(33) Wa(a,d) = inf{W(a,d, g); deg(g;0G) =d and / | % P< A},
oG

and the infimum is atteint.
Moreover, w, converges in C%*(Q U Q) to the canonical harmonic map associated
to go, a, d.

Proof. The existence of w, is obvious. Let g, = w, |ag. It follows from Chapter I in
[BBH4]| that

k
1 1 _
(34) 5/ | Vw, |2:7T(Zd§.) log;—i—W(a,d,gp)—i—ng(p), as p— 0,

Qp j=1



where O,4(n) stands for a quantity X such that | X |< Cyn and C; depends only on g, a
and d.
By the boundedness of g, in H'(0G) we may suppose that (up to a subsequence)

gdp — go  weakly in H'(0G), as p—0.

As in the proof of Theorem 3 (see (31)) we deduce that C, is uniformly bounded.

We now prove that the map g — W (a,d, g) is continuous in the weak topology of
H'(0G). Taking into account the weak convergence of g, to go and the Sobolev embedding
Theorem we obtain

0 0
gp N SN go N weakly in L?(0G), as p— 0.

Jgo
or or
Using (12), it follows that
®,0— Py weaklyin H'(G), as p— 0.
So, by the Rellich Theorem,

®,0— P strongly in L*(G), as p—0.

Therefore,

dg dgo0
P —ZL P — —0.
/aG p’o(gp/\(%)_)/ac 0<go/\37> wr=0

We also deduce, using elliptic estimates, that for each 4,
Rpo(a;) — Ro(a;) as p—0.

Thus, by (13), we obtain the continuity of the map g — W (a,d, g). Hence, by (34),
we easily deduce (32).

The fact that the infimum in (33) is atteint may be deduced with similar arguments
as in the proof of Theorem 3.

The convergence of w, to a canonical harmonic map follows easily from the conver-
gence of g,. O
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3. Renormalized energies in a particular case and related properties

We shall calculate in the first part of this section the expressions of W(a,a, g) when
G = B(0;1) and g(#) = €'%, for an arbitrary configuration a = (ay, ..., a).

Proposition 1. The expression of the renormalized energy /Wv/(a,a) is given by
s k
W(a,d) = _ﬂ-zdidj log | a; — Gy | +7T2d2dj log | 1-— aidj | +7T2d32 log(l— | a; |2) .
i#j i#j i=1
Proof. If Ry is that defined in the preceding section, then
ARO =0 in Bl
k
Ro(z) :_Zdj log |z —a;| ifzedB.
j=1
It follows from the linearity of this problem that it is sufficient to calculate Ry when

the configuration of points consists of one point, say a. Hence, by the Poisson formula, for
each x € By,

(35) Ro(w) = - (-] a ) [ PELEZ2ly,

We first observe that

N

(36) Ro(z)=0 if a=0.
a
If a # 0 and a* = —, then
|a?
. d log|z—a*|+log|a|
- (1= 2 dz =
(37) ofe) =~y (= o) [ RS,
= —dlog |z —a"| —dlog|a] .
Hence, by (36) and (37)
. 0 ifa=0
(38) Ro(z) = . .
—dlog |z —a* | —dlog|a| ifa#0.

In the case of a general configuration a = (ay, ..., ax) one has
k k
(39) Ro(:c):—Zdjlog|x—a;]—Zdjlog|aj] .
j=1 j=1

11



Applying now Theorem 2 we obtain

k
W(a,d) = —ﬂZdidj log | a; —a; | —|—7TZdidj log | 1 —a;a; | +7er§ log(1— | a; |*) .
i#j i#] i=1
O

Proposition 2. The expression of W(a,a, g) in the particular case considered above
is given by

(40) Wia,d, g) =

k
= —WZdidj log | a; —aj; | —WZdidj log | 1 —a;a; | —ﬂZd? log(1— | a; |?) .
i#] i#] =1

Proof. We shall use the expression (13) for the renormalized energy W(a,d, g). As
above, we observe that it suffices to calculate Ry for one point, say a.
We define on B(0;1) \ {a} the function G by

d d
—log|lz—a|+=—1log|lz—a*|—— |z +C ifa#0
7T 27 A

(41)  Gx)={ 2
L og ol =L 22 4C ifa=0
2T & A7 o

and we choose the constant C such that

0B

It follows that, for every a € By,

d  d
(42) C=—+5loglal .

4z

The function G satisfies

Ag = déa - é in Bl
T
0G
(43) 5, =0 ondB
g =
\ 881
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It follows now from (12) that

( d
A(—O) =ds, in B
2T
0 [ Do d
— === 0B
ov (27r> or OO
Lo
\ JOB; 27
P d
Thus the function ¥ = — — — (| & |> —1) satisfies
2 4w

( d
AV =dj, — — in B
7T

ow
(44) 5 = 0 on 0B

/ v=0.
\ 881

By unicity arguments, it follows from (43) and (44) that

ol d

d 1 d
45 — - — 2 ) =—1 — — 1 —a* | —— 24C.
5) - (el =g logla—al+ologlr—at |- o+

Taking into account the expression of C given in (42), as well as the link between ®g
and Ry we obtain (40). 0

Remark. It follows by Theorem 3 and Propositions 1 and 2 that

k
Zdidj log | a; —aj; | —}—Zd? log(1— | a; |*) <0.

i#j j=1

A very interesting problem is the study of configurations which minimize W (a,d, g)
with d and g prescribed. This relies on the behaviour of minimizers of the Ginzburg-Landau
energy (see [BBHA4| for further details).

Proposition 3. If k = 2 and dy = do = 1, then the minimal configuration for W is

unique (up to a rotation) and consists of two points which are symmetric with respect to
the origin.

Proof. Let a and b be two distinct points in B;. Then

W
—7=10g(|a|2+|b|2—2|a|'\b|'COS%O)HOg(HICLlZIbIQ—?!al'|b|'00880)+

13



+log(1— | a |*) +log(1— | b]*) |

where ¢ denotes the angle between the vectors Oa and Ob. So, a necessary condition
for the minimum of W is cosp = —1, that is the points a, O and b are colinear, with O
between a and b. Hence one may suppose that the points a and b lie on the real axis and
—1<b<0<a<1. Denote

f(a,b) = 2log(a — b) + 2log(1 — ab) + log(1 — a?) + log(1 — b?) .

A straightforward calculation, based on the Jensen inequality and the symmetry of f,
shows that a = —b = 5~1/4, O

4. The behavior of minimizers of the Ginzburg-Landau energy

We assume throughout this section that G is strictly starshaped about the origin.
In [BBH2] and [BBH4|, F. Bethuel, H. Brezis and F. Hélein studied the behavior of
minimizers of the Ginzburg-Landau energy E. in

P2\ _ .R2). —
H,;(GiR*) ={uec H'(G;R?); u=g on 0G},

for some smooth fixed g : G — 81, deg(g;0G) = d > 0. Our aim is to study a similar
problem, that is the behavior of minimizers u. of E. in the class

(46) Hga = {uc H(G;R?); |u|=1on 0G, deg(u,dG) = d and / \ % < A} .
oG

It would have seemed more naturally to minimize F. in the class
Hy = {uc H'(G;R?); | u|=1 on G, deg (u,dG) = d}

but, as observed by F. Bethuel, H. Brezis and F. Hélein, the infimum of E. is not atteint.
To show this, they considered the particular case when G = By, d = 1 and g(z) = x. This

is the reason which imposed us to take the infimum of E. on the class Hg 4, that was also
considered by F. Bethuel, H. Brezis and F. Hélein.

Theorem 5. For each sequence e, — 0, there is a subsequence (also denoted by €,,)
and exactly d points aq,---,aq in G such that

Ue, — Uy IN Hlloc(g\ {aj,--- ,ad};Rz) ,

where u, is a canonical harmonic map with values in S* and singularities a1, --,aq of
degrees +1.

14



Moreover, the configuration a = (ay,---,aq) Is a minimum point of

WA(a,E) :=min {W(a,d, g); deg(g;0G) =d and / | ? ?< A} .
aag  OT

Proof. Step 1. The existence of u..
For fixed ¢, let u. be a minimizing sequence for E. in Hg 4. It follows that (up to a

subsequence)
n : 1
u; — u. weakly in H

and, by the boundedness of u? |s¢ in H'(OG), we obtain that
Ue, loc— ue o strongly in H: (0G) .
This means that, if g = u. |sG, then
deg (9:;0G) = d .

By the lower semi-continuity of E., u. is a minimizer of E.. Moreover, this u. satisfies
the Ginzburg-Landau energy

1
(47) —Au, = 8—2u5(1— |u. [?) in G .

Step 2. A fundamental estimate.

As in the proof of Theorem III.2 in [BBH4|, multiplying (47) by - Vu. and integrating
on GG, we find

(48) %AG<$'V>(%T)2+T;L<1— e [2)? =

_1/ (z-v) 09- 2_/ (z- )8“8895
“2 [t ar e ow ar

Using now the boundedness of g. in H'(dG) and the fact that G is strictly starshaped
we easily obtain

()'U/E 2 1 272
1| +_ J— <
( 9) /8(;’ | v ‘ g2 /3(1 | Ue ‘ ) <C,

where C' depends only on A and d.

Step 3. A fundamental Lemma.
The following result is an adapted version of Theorem I11.3 in [BBH4| which is essential

towards locating the singularities at the limit.

15



Lemma 3. There exist positive constants Ao and o (which depend only on G, d and

A) such that if
1

- (1— e )2 < pao
€% JGNBay

where By is some disk of radius 2¢ in R? with
14
->X and (<1,
€

then

ifre GNBy .

[NSRE

(50) | ue(z) [=

The proof of Lemma is essentially the same as of the cited theorem, after observing

that o
Ve oo (a) < ~

where C' depends only on G, d and A.

Step 4. The convergence of wu..

Using Lemma 1 and the estimate (49), we may apply the methods developed in Chap-
ters III-V in [BBH4| to determine the “bad” disks, as well as the fact that their number
is uniformly bounded. The same techniques allow us to prove the weak convergence in
HE (G\{a1,---,a}; R?) of a subsequence, also denoted by u.., to some u,.

As in [BBH4], Chapter X (see also [S]) one may prove that, for each p < 2,

ue, — uy, in WHP(Q) .

This allows us to pass at the limit in

i(ugn A au€”> + 0 (u A aue") =0 in D'(G)
1

En
8x2 8$2

and to deduce that u, is a canonical harmonic map.

The strong convergence of (u., ) in HL_ (G \ {a1,---,ar}; R?) follows as in [BBH4],
Theorem VI.1 with the techniques from [BBH3|, Theorem 2, Step 1.

We then observe that for all j, deg(us,a;) # 0. Indeed, if not, then as in Step
1 of Theorem 2 in [BBH3], the H!-convergence is extended up to aj, which becomes a
“removable singularity”. The fact that all these degrees equal +1 and the points a1, - -, aq
are not on the boundary may be deduced as in Theorem V1.2 [BBH4].

The following steps are devoted to characterize the limit configuration as a minimum
point of the renormalized energy WA.

Step 5. An upper bound for E_(u.).

16



For R > 0, let I(R) be the infimum of E. on H;(G) with G = B(0; %) and g(z) = ‘x_|

x
on 0G. Following the ideas of the proof of Lemma VIII.1 in [BBH4] one may show that
if b = (b;) is an arbitrary configuration of d distinct points in G and g is such that

deg (g,0G) = d and /

199 )2
oG 8’7’

< A, then there exists 19 > 0 such that, for each n < 7q,

1
(51) E.(u.) < dI(%) +W(b,g) + nd log; +0(n), asn—0

for € > 0 small enough. Here O(7) stands for a quantity which is bounded by C,,, where
C is a constant depending only on g.

Step 6. A lower bound for E. (u., ).

With the same proof as of Step 2 of Theorem 1 in [LR] one may show that if a1, -, aq
are the singularities of u, and n > 0, then there is Ny = Ny(n) € N such that, for each
n > N07

__tn
n(L+n)
where O(n) is a quantity bounded by C7, where C' depends only on gg.

(52) E., (ue,) > dI( ) + wdlog% + Wi(a,go) + O(n) ,

Step 7. The limit configuration is a minimum point for WA.
Taking into account that (see [BBH4], Chapter III)

I(e) =7 |loge | +v+ O(e) ,
we obtain by (51) and (52)

(53) W(b,g) — ndloge,, + dy+ O (%) >

> W(a, go) — mdloge, +dy + O(n) .

Adding wdloge,, in (53) and passing to the limit firstly as n — oo and then as n — 0,
we find

As b and g are arbitrary chosen it follows that a = (ay,---,aq4) is a global minimum
point of
= 0
(55) W4 (b) = min {W (b, g); deg(g;0G) =d and / | —i ?< A},
oG

O

Remark. The infimum in (55) is atteint because of the continuity of the mapping
Ha,a D g+— W(b,g) with respect to the weak topology of H!(9G).
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