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ABSTRACT. In this paper, we consider a mixed boundary value problem with
a double phase partial differential operator, an obstacle effect and a multival-
ued reaction convection term. Under very general assumptions, an existence
theorem for the mixed boundary value problem under consideration is proved
by using a surjectivity theorem for multivalued pseudomonotone operators to-
gether with the approximation method of Moreau-Yosida. Then, we introduce
a family of the approximating problems without constraints corresponding to
the mixed boundary value problem. Denoting by S the solution set of the
mixed boundary value problem and by S,, the solution sets of the approximat-
ing problems, we establish the following convergence relation
0 # w-limsup S, = s-limsup Sy, C S,
n—oo n—o0

where w-limsup,,_,,, Sn and s-limsup,, _,,, Sn stand for the weak and the
strong Kuratowski upper limit of Sy, respectively.
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1. Historical comments and statement of the problem. The study of ob-
stacle problem goes back to the pioneering contributions of J.-L. Lions [28] who
studied the following simple, beautiful and deep problem: find the equilibrium po-
sition u = wu(x) of an elastic membrane restricted to lie above a given obstacle
Y = 1p(z), where x € Q and Q C R? is a bounded domain with smooth boundary.
This equilibrium position is the unique minimizer of the Dirichlet energy functional,

that is,
min/ |Vv|? da,
vEK Q

where K is a suitable convex set of functions greater or equal to ¥. This problem
turns out to be equivalent to the following variational inequality

ueKand/Vu~V(v—u)deO for all v € K,
Q

which can be seen as a system of Euler inequalities for the corresponding minimiza-
tion problem. In the region [v > 1] where the membrane is above the obstacle,
the solution w solves an elliptic equation (say, Au = 0), while in the other region
the membrane coincides with the obstacle (namely, u = ). The region [v = 1] is
known as the contact set and the interface that separates the two regions is the free
boundary. In such a way, the obstacle problem has been introduced for a membrane
and for a plate and it is the simplest unilateral problem from the classical elasticity
theory, as well as for the nonparametric minimal and capillary surfaces. Various
classes of obstacle problems arise naturally when describing phenomena in the real
world. Many of these models (fluid filtration through porous medium, osmosis, op-
timal stopping, heat control, etc.) are described in the monographs by Duvaut &
Lions [16] and Rodrigues [44].

Let © ¢ RN, N > 2, be a bounded domain such that its boundary I' := 99 is
Lipschitz continuous and T is divided into two disjoint measurable parts I'; and T’y
with meas(I'y) > 0. Let 1 < p < ¢ < N and let v be the outward unit normal at the
boundary I'. Given a bounded function p: 2 — [0,+00), a multivalued operator
f: QxRxRN — 2 an obstacle function ®: Q — R, and a function j: Ty xR — R,
we consider the following elliptic obstacle inclusion problem with a double phase
differential operator, a multivalued convection term and mixed boundary conditions,
where the boundary conditions are composed of a homogeneous Dirichlet boundary
condition and a multivalued boundary condition which is described by Clarke’s
generalized subgradient:

D, (u) + |ulPu + p(2)|u|?*u € f(z,u, Vu) in ,

u< P in Q,
u=0 on I'y, (1)
Ju € —0j(x,u) on I'y,
v,
where
D, (u) == —div (|Vu[P7*Vu + p(z)|Vu|!"*Vu)
and

85’7” = (|VulP?Vu + p(2)|Vu|!*Vu) - v.
o
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It should be mentioned that in our setting the part I'y can be empty. In this
case, problem (1) reduces to the Dirichlet double phase problem

D, (u) + [uP~2u + p(2)|u|fu € f(z,u, Vu) in Q,
u< P in Q, (2)
u =0 on I,

which has recently been introduced and studied by Zeng, Gasiriski, Winkert &
Bai [49].

In general, the novelty of the present work is the fact that several interesting and
challenge phenomena are considered in one problem. To be more precise, problem
(1) contains the following effects:

(i) A double phase partial differential operator;
(ii) A multivalued convection term;
(iii) An obstacle restriction;
(iv) A multivalued boundary condition, which is formulated by Clarke’s general-
ized subdifferential operator for locally Lipschitz functions.

Problem (1) appears naturally when considering optimal stopping problems for
Lévy processes with jumps, which arise for example as option pricing models in
mathematical finance. The main contribution of this paper is twofold. The first
objective is to explore the nonemptiness, boundedness and closedness of the so-
lution set S to problem (1). Our method is based on a surjectivity theorem for
multivalued pseudomonotone operators and the approximation method of Moreau-
Yosida. Since the obstacle effect leads to various difficulties in obtaining the exact
and numerical solutions, some appropriate and useful approximating methods have
been introduced and developed to overcome the obstacle constraints. Based on
this, the second part of this paper is aimed to consider a family of approximating
problems corresponding to (1) without constraints and to establish a critical con-
vergence theorem which indicates that the solution set of the obstacle problem can
be approximated by the solution sets of approximating problems, denoted by {S,},
in the sense of Kuratowski. More precisely, we are going to show that

0 # w-limsup S, = s-limsup S,, C S,
n—oo n— oo
where w-lim sup,,_, ., Sy, is the weak Kuratowski upper limit of S,, and s-lim sup,,_, .
S, stands for the strong Kuratowski upper limit of S,,.

In 1986, Zhikov [51] initially introduced a nonlinear and nonhomogeneous integral

functional

s / (IVul? + p()|Vul?) de (3)

to investigate the mechanics problems for strongly anisotropic materials. It is not
difficult to see that the corresponding differential form of (3) is written by

u s —div (|VulP7>Vu + p(z)[VulT*Vu) . (4)

On the one hand, from the physical point of view, the integral functional (3) de-
scribes exactly the phenomenon that the energy density changes its ellipticity and
growth properties according to the point in the domain. On the other hand, from the
mathematical point of view, the behavior of the integral functional (3) depends on
the values of the weight function u(-). More precisely, on the set {z € Q : u(z) = 0}
it will be controlled by the gradient of order p and in the case {z € Q : u(z) # 0}
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it is the gradient of order g. This is the essential reason why we call (4) as double
phase partial differential operator.

Double phase differential operators and corresponding energy functionals inter-
pret various comprehensive natural phenomena, and model several problems in
Mechanics, Physics and Engineering Sciences. For example, in the elasticity the-
ory, the modulating coefficient p(-) dictates the geometry of composites made of
two different materials with distinct power hardening exponents ¢ and p, see [52].
Thereafter, this topic attracted increasing attention and witnessed plenty of sig-
nificant results in various aspects. For instance, Gasinski & Winkert [23] applied
the theory of pseudomonotone operators to study the existence and uniqueness of
solution for a quasilinear elliptic equation with double phase phenomena and a re-
action term depending on the gradient. Under the assumption that the reaction
is superlinear but without satisfying the Ambrosetti-Rabinowitz condition, Papa-
georgiou, Radulescu & Repovs [36] considered a double phase Robin problem with a
Carathéodory nonlinearity and proved an existence theorem as well as a multiplicity
theorem using Morse theoretic tools and the notion of homological local linking. By
establishing a weighted inequality for a Baouendi-Grushin operator and a related
compactness property, Bahrouni, Radulescu & Repovs [4] obtained the existence of
stationary waves under arbitrary perturbations of the reaction for a class of double
phase transonic flow problems with variable growth.

Apart from their obvious importance in the theory of partial differential equa-
tions, obstacle problems have a natural theoretical interest in stochastic control.
Additionally, they can be found in physics, biology, and mathematical finance. One
of the most well-known financial challenges is establishing the arbitrage-free price
of American-style options. Concerning the mathematical analysis of obstacle prob-
lems, we refer to the recent contribution of Zeng, Bai, Gasiniski & Winkert [48] who
applied a surjectivity theorem for multivalued mappings, Kluge’s fixed point prin-
ciple and tools from nonsmooth analysis to explore the existence of weak solutions
for a new kind of implicit obstacle problems driven by a double phase partial differ-
ential operator and a multivalued term which is described by Clarke’s generalized
gradient. We also refer to Bertoin [10] for Lévy processes with jumps, which arise
in the description of various phenomena in the applied sciences, such as plasma
physics, flame propagation, free boundary obstacle problems, or phase transitions
in the Gamma convergence framework. For further results concerning single-valued
equations involving double phase operators or multivalued equations with or with-
out double phase operators we refer to the works of Alves, Garain & Radulescu [1],
Ambrosio & Radulescu [2], Bahrouni, Radulescu & Winkert [5, 6], Baroni, Colombo
& Mingione [7, 8, 9], Cencelj, Radulescu & Repovs [11], Colasuonno & Squassina
[12], Colombo & Mingione [13, 14|, Farkas & Winkert [17], Gasiiski & Papageorgiou
[19, 21, 20], Gasiiski & Winkert [22, 23, 24], Liu & Dai [29], Marino & Winkert
[30], Papageorgiou, Radulescu & Repovs [34, 35|, Papageorgiou, Vetro & Vetro
[37, 38, 40], Perera & Squassina [42], Radulescu [43], Vetro [45], Vetro & Vetro
[46], Zhang & Radulescu [50], see also the references therein. Basic analytic tools
used in this paper can be found in the monographs [18, 41]. Finally, we mention
the overview article of Mingione & R&dulescu [32] about recent developments for
problems with nonstandard growth and nonuniform ellipticity.

The paper is organized as follows. Section 2 is devoted to recall some useful and
important preliminaries such as the Musielak-Orlicz spaces L*(Q) and its corre-
sponding Sobolev spaces W1 *(Q), the definition of Kuratowski lower and upper
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limit, as well as the Moreau-Yosida approximation to proper, convex and lower semi-
continuous functions, respectively. In Section 3, we apply a surjectivity result for
multivalued pseudomonotone operators combined with the Moreau-Yosida approxi-
mation to examine the nonemptiness, boundedness and closedness of solution set to
problem (1), see Theorem 3.2. Finally, in Section 4, a family of the approximating
problems without constraints corresponding to problem (1) is introduced and an
impressive convergence theorem is obtained, which reveals the essential relations
between the sets S, w-limsup,, ,., S, and s-limsup,,_, . Sy, see Theorem 4.3.

2. Mathematical backgrotgld. Let Q be a bounded domain in RN and let 1 <
r < oo. For any subset D of Q, in what follows, we denote by L"(D) := L"(D;R)
and L"(D;RY) the usual Lebesgue spaces endowed with the norm || - ||, p, that is,

lwllr,p == </ |u|” dx) for all u € L"(D).

We set L"(D); = {u € L"(D) : u(x) > 0 for a.a.x € D}. Moreover, W1 ()
stands for the Sobolev space endowed with the norm || - ||1,, o, namely,

" (9).

l[ellsr,

For any 1 < r < oo we denote by r’ the conjugate exponent of r, that is,
% + % = 1. In the sequel, we denote by r* and r, the critical exponents to r in the
domain and on the boundary, respectively, given by

Nr . (N—1)r .

fr <N, ~—=  ifr <N,

pr= N BT and r,={ N U7 (5)
400  ifr >N, 400 if r > N,

respectively.
Consider the r-Laplacian eigenvalue problem with Steklov boundary condition
given by
—Ayu = —|u|""%u in £,

|Vu|"2Vu - v = Au|""%u on T

for 1 < r < oo. From Lé [26] we can see that problem (6) admits a smallest
eigenvalue )\fr > 0 which is isolated and simple. In addition, the smallest eigenvalue

(6)

)\*15: » > 0 satisfies the following variational equality:

Vull7o + lullyq

>\ = inf L - . 7
Lr ™ ew i r(Q)\{0} Jullyr "

For problem (1), in the whole paper, we assume that the weight function p and
powers p, q satisfy the following conditions:

1<p< N, p<qg<p* and 0<pu()eL>). (8)
Let us introduce the nonlinear function H: 2 x Ry — R4 given by
H(z,t) =t + p(x)t? for all (z,t) € Q x Ry,
where Ry = [0,00). By virtue of the definition of H, we are now in a position to

recall the well-known Musielak-Orlicz function space denoted by L*(£2), that is,

LH(Q) = {u ‘ u: Q — R is measurable and py (u / H(z, |u|) de < +oo}
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It is obvious that L*(£2) endowed with the Luxemburg norm
Julle = inf {7 >0 | pa () <1} forallue ™)

is a reflexive Banach space, see Colasuonno & Squassina [12, Proposition 2.14].
Moreover, let us consider the seminormed function space defined by

Li(Q) = {u ’ u: Q0 — R is measurable and / pw(x)|ul?de < —l—oo} ,
Q

which is equipped with the seminorm || - ||4.0,, given by

1

oo = (/Q u(x)|u(x)|qu) " for all u e LI(9).

By W17(Q) we denote the corresponding Musielak-Orlicz Sobolev space defined
by

[ u

WhH(Q) = {ue L*(Q) | |Vu| € L™(Q)}
equipped with the norm
ulliz = |Vull3 + lullz  for all u € WHT(Q),

where ||[Vully = || |Vu|||3. Since problem (1) is a mixed boundary value problem
with double phase partial differential operator, we introduce a closed subspace V
of WHH(Q) defined by

Vi={ue W'"(Q) | u=0o0nT,},

which is also a reflexive Banach space. For the sake of convenience, in what follows,
we denote by || - ||y the norm of V, that is, ||ul|lyv = ||u|l1,x for all w € V, and by
V* we denote the dual space of V.

Next, we collect some useful embedding results for the spaces L*(Q) and W% (Q).
We refer, for example, to Gasiniski & Winkert [24, Proposition 2.2] or Crespo-Blanco,
Gasiriski, Harjulehto & Winkert [15, Proposition 2.17].

Proposition 2.1. Let (8) be satisfied and let p* as well as p. be the critical expo-
nents to p as given in (5) for r = p. Then the following embeddings hold:
(i) L*(Q) = L"() and WHH(Q) — WLT(Q) are continuous for all v € [1,p|;
(i) WEH(Q) — L"(Q) is continuous for all v € [1,p*] and compact for all r €
(1,p%);
(iii) WhH(Q) — L7(09Q) is continuous for all r € [1,p.] and compact for all
r € [l,ps);
(iv) L*(Q) — LL(Q) is continuous;
(v) L) — LM(Q) is continuous.

Remark 2.1. It is obvious that if we replace the space W*(Q) by V, then the
embeddings of (ii) and (iii) in Proposition 2.1 hold as well.

From Liu & Dai [29, Proposition 2.1] we have the following proposition.

Proposition 2.2. Let (8) be satisfied and let y € L™ (). Then the following hold:
(i) Ify # 0, then |lyllx = X if and only if py (%) = 1;
(ii) |lyllge <1 (resp. > 1 and =1) if and only if px(y) <1 (resp. > 1 and = 1);
(ifl) If [lyllae < 1, then [lyl13, < prly) < llyll5;
(iv) If [yl > 1, then [ly[l5, < pu(y) < ||y||w
(v) )

)
v) llyllze = 0 if and only if pu(y) — 0
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(vi) |lyllx — +oo if and only if py(y) — +oo.

Throughout the paper the symbols “—=” and “—” stand for the weak and the
strong convergence, respectively. For a Banach space (X, || - || x) we denote its dual
space by X* and by (-, ) x+xx the duality pairing between X* and X.

Furthermore, we consider the nonlinear operator A: V' — V* defined by

(A(u),v) ::/Q (IVulP~2Vu + p(z)|Vu|?*Vu) - Voda 9)

—|—/ (Ju[P~2u + p(z)|u|? *u) vdx
Q

for u,v € V, where (-,-) stands for the duality pairing between V and its dual
space V*. The properties of the operator A: V. — V* can be summarized as
follows, where its detailed proof could be found in Liu & Dai [29] or Crespo-Blanco,
Gasinski, Harjulehto & Winkert [15, Proposition 3.5].

Proposition 2.3. The operator A defined by (9) is bounded, continuous, monotone
(hence mazimal monotone) and of type (St), that is,

Un —u inV  and lim sup(Auy,, u, —u) <0,
n— oo
imply w, — u in V.
Given a real Banach space (E, || - ||g), we say that a function j: E — R is locally

Lipschitz at = € E, if there are a neighborhood O(x) of x and a constant L, > 0
such that

i(y) =i (2)| < Lally — 2|z for all y,z € O(x).
We denote by
. ) — i
7°(2;y) := limsup w’
z—x, A0 A
the generalized directional derivative of j at the point z in the direction y and
9j: E — 2F" defined by
0j(z) :={& € E" | j°(z;y) > (&, y)p-xg forallye E} forallzeF

stands for the generalized gradient of j at = in the sense of Clarke.

We next collect some properties for the generalized gradient and generalized
directional derivative of a locally Lipschitz function, see for example, Migérski,
Ochal & Sofonea [31, Proposition 3.23].

Proposition 2.4. Let j: E — R be locally Lipschitz with Lipschitz constant L, > 0
at x € E. Then we have the following:

(i) The functiony — j°(x;y) is positively homogeneous, subadditive, and satisfies
°(@;y)| < Lellylle for ally € E.

(ii) The function (x,y) — j°(x;y) is upper semicontinuous.

(iii) For each x € E, 8j(x) is a nonempty, conver, and weakly* compact subset of
E* with ||€||gx < Ly for all £ € 9j(x).

(iv) j°(z;y) =max{{&,y)p=xp | £ € Dj(x)} for ally € E.

(v) The multivalued function E > x +— 0j(x) C E* is upper semicontinuous from
FE into w*-E*.
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Next we recall the following definition, see, for example, Papageorgiou & Winkert
[41, Definition 6.7.4].

Definition 2.1. Let (X, 7) be a Hausdorff topological space and let {4, },en C 2%
be a sequence of sets. We define the m-Kuratowski lower limit of the sets A,, by
7-liminf A4,, := {x eX|z=7 lim z,, z, € A, for all n> 1},
n—oo n—oo

and the 7-Kuratowski upper limit of the sets A,

7-limsup 4, :—{w€X|x—T-klim Ty Ty, EAnk,n1<nZ<...<nk<...}.
— 00

n—oo

If

A = 7-liminf A,, = 7-limsup A4,,,
n—00 n—00

then A is called 7-Kuratowski limit of the sets { A, }nen.

We end this section by recalling the definition of the Moreau-Yosida approxima-
tion for proper, convex and lower semicontinuous functions including its proper-
ties, see Papageorgiou, Kyritsi & Yiallourou [33, Definition 3.2.48 and Proposition
3.2.50].

Lemma 2.2. Let X be a Banach space and ¢: X — R := RU {400} be a proper,
convexr and lower semicontinuous function. Then, for € > 0, the Moreau-Yosida
approximation p.: X — R of ¢ defined by

a2
wg(u):inf{HuQEUHX—&—go(v) | UEX} forall we X

satisfies the following properties:
(i) e is convex, lower semicontinuous and Gdteaur differentiable.
(ii) The differential operator ¢.: X — X* is bounded, monotone and demicontin-
uous.
(iii) If ue == u in X, then we have
limsup p.(v) < p(v) for all ve X,

e—0

p(u) < liminf . (ue).
e—0

3. Existence result. The main objective of this section is to investigate the
nonemptiness, boundedness and closedness of the solution set to problem (1). To
this end, we impose the following hypotheses on the data of problem (1):
H(f): The multivalued convection mapping f: Q x R x RY — 2% has nonempty,
compact and convex values such that
(i) The multivalued mapping z — f(x,s,¢) has a measurable selection for
all (s,€) € R x RY;
(ii) The multivalued mapping (s,&) — f(z,s,£) is upper semicontinuous for
a.a.x € )
(iii) There exist ¢y € L% (), and af,by > 0 such that

P
[l < arl€] "t +byls| 7+ cp(2)

for all n € f(x,s,€), for all s € R, for all £ € RY and for a.a.z € Q,
where 1 < ¢; < p* with the critical exponent p* in the domain Q given in
(5) for r = p;
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(iv) There exist dy € LY (), ef, g5 > 0 and 602,03 € [1,p] such that

1 —1
max {es8(62)) + ¢ () 970(603) + ¢ (AF,) " a(00)} < 1,
and
[ns| < efl€]™ + g¢ls|™ + df (2)

for all n € f(z,s,€), for all s € R, for all £ € RY and for a.a.z € Q,
where 67 > 0 is given in H(j)(iv) (see below), )\‘fyp is the first eigenvalue
of the p-Laplacian with Steklov boundary condition, see (6) and (7), and
0: [1,p] — [0,1] is defined by

if 1
5(0) == 0 1 6ell.p) for all 6 € [1,p)].
1, if0=p

H(®): The function ®: Q — [0, 00) is such that & € L9 (Q).
H(j): The function j: I's x R — R satisfies the following conditions:
(i) @ — j(x,r) is measurable on T's for all » € R such that the function
x + j(x,0) belongs to L}(T);
(ii) For a.a.x € I's, r — j(x,r) is locally Lipschitz continuous;
(iti) There exist a; > 0 and b; € L9 (T'y), such that
€] < ajls|™=7" +b;(x)

for all £ € Jj(x,s), for all s € R and for a.a.z € T'g, where 1 < g3 < ps
and p, is the critical exponent on the boundary given in (5) for r = p;
(iv) There exist ¢; > 0, d; € L'(I's); and 6 € [1,p] such that

[€s] < cjls|™ + dj(x)
for all £ € 9j(z, s), for all s € R and for a.a.x € T's.

Next, we give two concrete examples for functions f and j that satisfy hypotheses
H(f) and H(j), respectively.

Example 3.1. Let us consider the functions f: RxRY — 2% and j: R — R defined
by

p—1 p—1
f(s7£):|S|T[_17”+|§| 2
for all s € R, for all ¢ € RY and

[s] if s € [-1,1],
, 2 s if s € (1,2,
i) = oc L
s+2 if s € [-2,-1),

(Is| =2)P if |s| > 2,

for all s € R. It is not difficult to see that the functions f and j defined above
satisfy hypotheses H(f) and H(j), respectively.

Let K be a subset of V' defined by
K:={ueV |u(x) <) fora.azecQ}. (10)

Remark 3.1. From hypothesis H(®) it follows that 0 € K and K is a nonempty,
closed and convex subset of V.
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We are now in a position to give the following definition of weak solutions to
problems (1).

Definition 3.1. A function v € K is called a weak solution of problem (1) if there
exists a function 1 € L9 (Q) such that n(z) € f(x, u(x), Vu(z)) for a.a.2 € Q and

/Q (IVulP2Vu - V(v — u) + p(2)|Vu|?>Vu - V(v — u)) dz

+ /Q (JulP~2u + p(2)|u]??u) (v — u) dz + / 3% (zyu;v — uw)dl

I
> [ ne)e - w)da
Q
for all v € K, where K is defined in (10).

Remark 3.2. Note that the definition above is indeed equivalent to the usual one,
see, for example, Giannessi & Khan [25, Proposition 3.3].

The main result in this section concerning the nonemptiness, boundedness and
closedness of the solution set to problem (1) is given by the following theorem.

Theorem 3.2. Let hypotheses (8), H(f), H(®) and H(j) be satisfied. Then, the
solution set S of problem (1) is nonempty, bounded and weakly closed in V.

Proof. 1: Existence. Let v: V — X := LP(T'3) be the trace operator from V into
X. Tt is obvious from Proposition 2.1(iii) that + is linear, continuous and compact.
By i: V — L%(Q) and i*: L9(Q) — V*, we denote the embedding operator from
V to L (Q) and its adjoint operator, respectively. Since 1 < ¢; < p* we know
that 7 and 4* are both compact operators by Proposition 2.1(ii). Furthermore, we
introduce the functional J: X — R defined by

J(w) ::/ jlz,w)dl' for all w € X.
s

From hypotheses H(j)(i)—(ii) and Theorem 3.47 of Migérski, Ochal & Sofonea [31],
it is easy to see that J is locally Lipschitz continuous and satisfies

jo(u;v)g/ J°(z,u(x);v(x))dl and 9J(u) C 0j(x,u(x))dl’ (11)
Iy I

for all u,v € X.
For any w € X and any & € aJ( ), it holds &(z) € 9j(z,u(x)) for a.a.x € T's.
This along with hypothesis H(j)(iii) deduces that

el o, < / €))% dT
< [ (@lo@[ + ()" ar
I
<My [ (jw@l + by @) dr

= Mo (w2, + b5l 1, ) -

for some My > 0. Hypotheses H(f)(i), (iii) and the proof of Proposition 3 in
Papageorgiou, Vetro & Vetro [39] allow us to consider the Nemytskij operator
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Nyp: V. C L1 (Q) — 9L (2) corresponding to the multivalued mapping f defined
Ny (u) := {7] € LU(Q) | n(z) € f(z,u(z), Vu(z)) for a.a.z € Q}

for all w € V. Also, the growth condition in hypothesis H(f)(iv) guarantees that
Il 0 = | In(@)l da

= 1 @
< [ (as Dl byl p(0) " o
0 (13)

< Ml/ <|Vu|p + |u|® 4+ cf(a:)qll) dz
Q

/
= My (IVullh o+ el o+ llesl o)

for some M; > 0. Keeping in mind that the embeddings V' «— L% (Q) and V —
L% (T'3) are both continuous (even compact), we see that u — i* o Ny (u) +~v*9J (yu)
maps bounded sets of V' into bounded sets of V*.

Finally, by I : V — R := RU{+00} we denote the indicator function of K, that

is,
0 fue K
I (u) = ’
() {—l—oo otherwise.

Let us now consider the following problem: find v € K such that
Au— "Ny (u) + v 0J (yu) + 0l (u) 3 0 in V™, (14)

where A is given in (9) and 0.1k stands for the convex subdifferential operator of the
convex function Ix owning to the closedness and convexity of K, see Remark 3.1.
By the definitions of the convex subgradient and generalized Clarke’s subgradient
along with inequality (11), we see that if u € K solves problem (14), then it is
also a weak solution of problem (1). Based on this fact, we are going to verify the
existence of a solution of problem (14).

In order to obtain the existence of a solution to problem (14), for each fixed
€ > 0, let us consider the following approximating problem associated to problem
(14): find u. € V such that

Aue — "Ny (ue) +v*0J (yue) + I}(’E(us) 50 in V*, (15)

where Ix .: V — R is the Moreau-Yosida approximation of Iy defined by

2
I (u) == 1}1615 (HUQEUHV + IK(U))
for all w € V and I}(,E is the differential operator of Ik ., see Lemma 2.2. First, we
show that the multivalued mapping u — Au —i*Ny(u) +~*9J (yu) is pseudomono-
tone. Because of the boundedness, convexity and closedness of u — i* o Ny(u) +
v*0J (yu), we conclude from Proposition 2.3 that u — Au — i*Ny(u) + v*0J (yu)
has nonempty, bounded, closed and convex values. Using (12) and (13) together
with Proposition 2.3, it implies that v — Au := Au — i*Ny(u) + v*0J(yu) is a
bounded mapping.
Let {un}neny CV, {u}}neny C V* and u € V be such that

Up —>u inV, wul L u* inVF, (16)
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uy € A(uy,) forallneN,
lim sup(uy,, u, — u) < 0. (17)
n—oo

So, for each n € N, we are able to find elements &, € Ny(u,) and n,, € 8J(vyu,) such
that uf = A(u,) — i*&, + v*nn. Because of the compact embeddings V' < L% (Q)
and V — L%(T3), we get from (16) that u, — w in L7 () and u, — w in L?2(Ty).
Taking (12) and (13) into account, we can find bounded sequences {&, }nen C L9 ()
and {1, }nen C L% (T'y). Therefore, without any loss of generality, we may assume
that

£ € in LD (Q) and 7, > n in L% (T2) (18)
for some & € L% () and n € L%(T'y). Then, by (17) and (18) we get
lim sup(A(un), un — u) = limsup(A(un), un —u) — im (£, un — ) a1 ()
—00

n—oo n—oo n

+ nlgrrgo (N Un — W) paz (1)

= limsup(A(un) — i"&, + 7 Ny Un — w)

n—oo
= limsup(u;, u,, — u) <O0.
n—oo
This fact together with (16) and the (S;)-property of A (see Proposition 2.3) implies
that u,, — win V. Recall that 0J is strongly-weakly closed, so we have n € 9J(vyu),
whereas from the continuity of A (see Proposition 2.3), we have

(uy,up) = (u*,u) and  A(up) — A(u) in V™.
Since &, € Ny(uy,) it follows
&n(z) € f(z, un(x), Vuy(z)) for a.a. z € Q.

From u, — u in V and the continuous embedding V < W1P(Q), passing to a
subsequence if necessary, we can assume that

un(x) > u(z) and Vuy,(z) —» Vu(z) fora.a.x € Q.

Keeping in mind that R x RY 3 (s,w) — f(x,s,w) C R is upper semicontinuous
and has nonempty closed convex values (see hypotheses H(f)), we are now in a
position to invoke Theorem 7.2.2 of Aubin & Frankowska [3, p. 273] in order to
conclude that

&(z) € f(x,u(x),Vu(x)) fora.a.z €.
This means that £ € Ny(u). So we finally have that
u' = A(u) — "¢+ 9"n € A(u),

which implies that A is generalized pseudomonotone. Note that A is a bounded
operator, it follows from Migérski, Ochal & Sofonea [31, Proposition 3.58(ii)] along
with (12) and (13) that A is pseudomonotone.

Employing Lemma 2.2 we infer that [ }< ..V — V*isabounded, demicontinuous
and monotone operator, so I}@ is pseudomonotone as well. This allows us to
apply Theorem 3.69 of Migérski, Ochal & Sofonea [31] to get that A+ I} _ is also
pseudomonotone.
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Furthermore, we are going to show that u — A(u) + I} (u) is coercive. Let
ueV,§eNg(u) and n € dJ(yu) be arbitrary. The monotonicity of I} _ leads to

(A(u) =&+ "+ Tk (u),u) = / |VulP~2Vu - Vudr + / w(@)|Vu|??Vu - Vudz
Q Q
+ /Q [P + ()] der — /Q £(x)udz
+ /F n(a)udl + (T .(0),u) + (T . (u) — I . (0), u)

> [Vully o + IVulld o, + llully o + llullf o,

—/ﬁ(m)udx—i—/ n(:r)udl"—l—([}(’s(O),u).
Q Iy

(19)
Let €1,£9,e3 > 0 be arbitrary. Hypothesis H(j)(iv) implies that
in(a)u] T g/ ¢jlul® + d;(x) dT
I Ty
cjllullyr, + 11dillr, if 1 = p,
= b : (20)
erllullyr, +ci(er) + ldjllr,  if 61 <p,

1 .
g { () (IVullp e+l e) + dsllur, i 6 =p.
erlully r, +c1(e1) + [1d;l1,r, if 61 < p,
for some ¢;(e1) > 0, where we have used Young’s generalized inequality for the case
01 < p. Additionally, the growth condition H(f)(iv) and the generalized Young
inequality indicate that

/ €(e)ul da

Q

= / es|Vul® + grlul® + dy(z) da
Q

erlIVully o + grllully o + llds 1,0 if 02 = 03 = p,

erlVully o + e2llully o + ca(e2) + lldsll10 if 02 = p and 03 < p,
esl|Vullp o + ca(es) + grllully o + lldfll1e if 02 < p and 03 = p,
e3||Vaull? o + ca(es) + eallullh o + calea) + dfllia if 62 < p and 65 < p,

(21)

for some ca(e3), c3(e3) > 0. Let us choose e1, 9,23 small enough. From (19), (20),
(21), the continuity of the embedding V < W1P(Q) and the following estimate

(ITk,-(0),u) < [ 15 0) v+ [lullv,
it is not difficult to apply the inequality

max {e;8(62)) + ¢; (A7,) ", g70(03) + ¢ (A,) o) } < 1,

in order to conclude that u — A(u) + Ij; (u) is coercive on V.

Now we are in a position to apply Theorem 3.74 Migérski, Ochal & Sofonea [31]
which yields that u +— A(u) + If; _(u) is surjective. Therefore, for every e > 0, the
inclusion (15) has at least one solution u. € V.

Let {&, }nen be a positive sequence such that €,, — 0 as n — oo and let u,, 1= u,,
be a solution of problem (15) corresponding to e = &, for every n € N. We claim
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that the sequence {u,}nen is bounded in V. Arguing indirectly, suppose that
lun|lv — 400 as n — oo. Since uy is a solution of problem (15), there exist
&n € Ny(uy) and 1, € 0J(yuy,) such that

(A(un) —1"& + 710 + I}(,sn (un), un) = 0.
Hence,
(Aun) = En + 7 Ny Un) = <I}(,sn (Un), —un) < Ik, (0) — Ik, (un),

where the last inequality is obtained by using the convexity of Ix ., . From the
definitions of I and Ik ., , we can see that 0 < I (w) < Ix(w) for all w € V.
Since 0 € K, we get Ik .(0) = 0. So, it holds

<A(un) - ’L*gn + ’V*nnvun> = <I}{,5n (Un), —Un> <0.
Using the inequality above along with (20) and (21), it is not difficult to prove that
0 > <A(un) - 'L*gn + ’7*77n,un> — +00.

But this is a contradiction. Thus, the sequence {u, }nen is bounded in V. Passing
to a subsequence if necessary, we may assume that

Up —>u inV (22)
for some u € V.
For any v € V' we have
0= (A(un) —i"§n + 7 00 + I}(,en (Un), v — un)
< <A(Un) - Z*gn + '7*77na v — Un> + IK,sn (U) - IK,sn (un)a
where the last inequality uses the convexity of Ix .. Employing (22) and Lemma
2.2(iii) yields
limsup I, (v) < Ig(v) and liminf g, (un) > Ik (u). (24)

n—00 n—oo

(23)

Using (12) and (13) again, we conclude that the sequences {&, }nen and {n, }nen
are bounded in L% (€2) and L% (T';), respectively. So, we may assume that

n — € in L% () and 7, LN n in L% (T2), (25)

for some £ € L% () and n € L% (T'y). However, the compactness of the embeddings
V < L1(Q) and V — L%(T3) along with the convergence in (22) deduce that
tuy, = win L9(Q) and L%(T'3). This gives

(=i"&n + 7 My u — up) = 0. (26)
Setting v = u in (23) and passing to the upper limit as n — oo, by applying (24)
with v = u and (26) we obtain

lim sup(A(up), uy, — u) = limsup [(—i*&n, + 7 M, u — Un) + Irce, () — Ik e, (Un)]

n—oo n—oo

< limsup(—i*&, + Y N, u — up) + limsup Ik . (u)

n—oo n— oo

- hnrr_1>1£f Ik, (un)

<0.

The latter combined with (22) and the (Si)-property of A (see Proposition 2.3),
confesses that uw, — u in V. As we have done before, it can be verified that
¢ € Ny(u) and n € 8J (yu).
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Passing to the upper limit as n — oo in (23) by using (24) and (25) as well as
the continuity of A, we have

0 < (A(u) =i+, v —u) + Ix(v) — Ik (u)

for all v € V, where £ € Ny(u) and n € dJ(yu). This means that u solves the
inclusion problem (14). Consequently, u € K is also a weak solution of problem (1).

II: Boundedness. Arguing by contradiction, suppose that the solution set S of
problem (1) is unbounded. Then, we are able to find a sequence {uy,}neny C S
such that |lu,||ly — oo as n — oo. Arguing as above, for each n € N, we have
€, € L% (Q) with &,(z) € f(x,un(x), Vu, () for a.a.z € Q and

/ |V, P2V, - Vu, dz + / w(x)| V|12V, - Vu, dz
Q Q

+ / (tnl? + () ] ) daz — / ()i da — / 5° (&, s —ty) AT
Q Q I's
<0.

Applying (19)—(21) leads to

0 2/ |V, P2 Vu, - Vu, dz —l—/ w(z) | Vun |72V, - Vu, dz
Q Q

+/ (unl? + p()]n|) dx—/fn(:ﬂ)undx—/ (2t ) dT
Q Q 'y
— + 00,

which is a contradiction. Therefore, the solution set S of problem (1) is bounded.

IIT: Closedness. Let {u,}neny C S be any sequence such that wu, s win V.
Then, for each n € N, there exists n, € L% (Q) such that n,(z) € f(z, un(z), Vun(z))
for a.a.x € Q and

/ (|Vun|p72Vun V(v — up) + ()| V|72V, - V(v — un)) dz
Q

+ / (|un|p72un + /‘(I)|un|qi2un) (v —up)dz + / 3% (@ unsv —up)dl' (27)
Q I

> /Q M (@)(0 — ) e

for all v € K. The convexity and the closedness of K ensures that u € K. Recall
that the embeddings V < L% () and V — L%(I'3) are both compact and {n,, }nen
is bounded in L% () (see hypothesis H(f)(iii)). Therefore, we have

limsup/ 7%z, up;v —uy,)dl < / lim sup j°(x, Up; v — uyp) dT
s

n— o0 Ty n—oo
S/ jo(x,u;v—u)df,
I
and

lim [ nn(z)(u—u,)de =0,
Q

n—oo
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where we have used Fatou’s Lemma and the upper semicontinuity of (s,t) +—
j°(x, s;t). Taking v = w in (27) and passing to the upper limit as n — oo for
the resulting inequality, we get

lim sup(A(uy,), uy, — u) <lim sup/ 7%z, up;v — uy,) dl

n—oo n—00

This together with the convergence u,, — u in V and the (S, )-property of A (see
Proposition 2.3) deduces that u,, — u in V.

From hypotheses H(f) and boundedness of {1, }en, we can show that 7, — 7
in L% (Q) with some € L% (Q) such that n(z) € f(z,u(z), Vu(z)) for a.a.z € Q.
Taking the upper limit in inequality (27) yields

/Q (IVulP>Vu - V(v — u) + p(2)|Vu|**Vu - V(v —u)) dz

—|—/Q(|u|p72u—|—u(m)|u|q72u) (U—u)d:c—F/F J°(z,u;v —u)dl

2

> /Qn(m)(v—u)dx

for all v € K with n(x) € f(z,u(z), Vu(z)) for a.a.x € Q. Thus, u € S, namely, S
is weakly closed in V. O

Particularly, if ®(z) = 400, then we have K = V. In this situation, we could
carry out the same arguments as in the proof of Theorem 3.2 to get the following
result.

Theorem 3.3. Let hypotheses (8), H(f) and H(®) be satisfied. Then, the solution
set of the elliptic inclusion

D, (u) + |uP~2u + p(x)|u|f?u € f(z,u, Vu) in Q,

u=20 on I'y,
88]/1; € —0j(z,u) on Iy,

is nonempty, bounded and weakly closed in V.

Furthermore, when meas(I's)= 0, that is, I' = T';, then we have the following
corollary.

Corollary 3.1. Let hypotheses (8), H(f) and H(j) be satisfied. Then, the solution
set of problem (2) is nonempty, bounded and weakly closed in WOLH(Q), where
Wol’H(Q) is the completion of C$°(Q) in WH(Q), namely,
1,H
W) =cr@”

Remark 3.3. We point out that Corollary 3.1 coincides with Theorem 3.3. of
Zeng, Gasiniski, Winkert & Bai [49]. However, the proof of [49, Theorem 3.3] is
different from ours, since it is based on a surjectivity result of Le [27] for multivalued
mappings generated by the sum of a maximal monotone multivalued operator and a
bounded multivalued pseudomonotone mapping. Additionally, hypotheses (8) and
H(f)(iv) are weaker than the ones used in [49].
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4. Convergence analysis. The problems with different constraints (for example,
problems with obstacle effect) lead to various difficulties in numerical analysis and
the study of regularity of solutions. In order to bypass and overcome these diffi-
culties, some appropriate and useful approximating methods have been introduced
and developed. Among these, penalty method as a powerful and useful approach
has been widely applied to study problems with obstacle constraints. Based on
this motivation, the section is devoted to apply a penalty for introducing a fam-
ily of elliptic approximating problems without obstacle constraints associated with
problem (1), and to establish a critical convergence theorem which shows that the
solution set S can be approximated by the solution sets of approximating problems,
denoted by {S,}nren, in the sense of Kuratowski. This convergence theorem will
help for numerical analysis and stability research to double phase problems with
obstacle constraints.

In what follows, we assume that {p,}nen is a sequence with p, > 0 for each
n € N such that p, — 0. Let us introduce a penalty operator B: L9 (Q) — L9 ()
associated to the set K defined by

(Bu,v) a1 (o) = / (u—®) " vdz for all u,v € L9 (Q). (28)
Q

The following lemma gives some important properties of B, see Zeng, Bai,
Gasiriski & Winkert [47, Lemma 3.3].

Lemma 4.1. If hypothesis H(®) holds, then the function B: L1 (Q) — L9 (Q)
given in (28) is bounded, demicontinuous and monotone.

For each n € N, we consider the following approximating problem corresponding
to problem (1):

D) + 2t p(@)ul"2ut - (= 9)* € flo,0. V) i 0,

u=0 on I'y, (29)

88;; € —9j(x,u) onTs.

The weak solutions of problem (29) are understood as follows.

Definition 4.2. A function u € V is called a weak solution of problem (29) if there
exists n € L9 (Q) such that n(z) € f(z,u(z), Vu(z)) for a.a.z € Q and

/Q (IVulP7>Vu - V(v — u) + p(2)|Vu|**Vu - V(v — u)) dz

i u—®)" (v—u)dz ulP~%uy 2)|ul??u) (v — ) dz
o[- - +/Q(|| T @)l ) (v — u)d

+/sz°(a:,u;uu)dr
> /Q n(@)(v — ) da

for all v € V.

The main results in the section concerning the existence and convergence prop-
erties to problem (29) are given in the next theorem.
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Theorem 4.3. Let hypotheses (8), H(f), H(®) and H(j) be satisfied. If {pn}nen
is a sequence with p, > 0 for each n € N such that p, — 0 as n — oo, then the
following assertions hold true:

(i) For each n € N, the set S,, of weak solutions to problem (29) is nonempty,
bounded and weakly closed in V.
(ii) It holds

0 # w-limsup S, = s-limsupS,, C S.

n—oo n— oo

(iii) For each u € s-limsup S,, and any sequence {ty, }nen with
n— oo

Up € T(Sp,u) for eachn €N,

there exists a subsequence of {tn}nen converging strongly to u in V, where
the set T (S, u) is defined by

T(Sp,u):={u eS8, | |u—1lly < |lu—vly for allveS,}.

Proof. (i) From Lemma 4.1 we know that operator B given in (28) is continuous,
monotone and satisfies the growth condition

[Bullv- < e (I[2llg.0 + [lully.0)

for all w € V for some cg > 0. Arguing as in the proof of Theorem 3.2, we are able
to prove that the solution set of problem (29) is nonempty, bounded and weakly
closed by considering N¢(-) + B(-) instead of N (-).

(ii) The proof of this assertion is divided into three steps.

Step 1. The set |J S, is uniformly bounded in V.
neN
Assume that |J S, is unbounded in V. Passing to a relabeled subsequence if
neN
necessary, we are able to find a sequence {u, }ney C V with u,, € S, for each n € N

such that

|unlly — 00 as n — co.

Then, for every n € N, there exists 1, € L% (Q) with 5, (z) € f(z,un(z), Vi, (z))
for a.a.x € ) such that

/ (IVun P72V, 4+ p(2)|Vu, |7 *Vu,) - Vodz + pi / (Un, — ®) T vda
Q n JQ

[ P2+ laual ) v+ [ (o) ar
Q T

> / M (z)v da
Q

for all v € V. Taking v = —u,, into the inequality above gives

/ (|Vun [P7?Vu, + p(2)|Vu, |7 *Vu,) - Vu, dz — / M (T) Uy, dx
Q Q

+ / (Jun [P~ uy + (@) un |90y, ) up, dz — / 7%(z,un; —uy,) AT
Q r

2

1
g——/ (un — )" uy, da.
Pn Ja
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From the monotonicity of B and the nonnegativity of ® it follows that
/ (IVun|P 2V, 4+ ()| Vun |9 *Vu,) - Vu, dz — / N (T)uy, da
Q Q
+ / (Jun [P~ uy + (@) [un |9 20y, ) up, da — / 7%(x, up; —u, ) dl
Q Iy

1
< _7/ [(un — 3t — (0 <1>)+] Un dz

Pn JQ
<0
that is,

[Vunlly.0 + IVuallg o, + lunllp o + luallg o, — /Q"n(x)un da
—/ 7% (@, un; —uy, ) dI’
s

<0. (30)
Let €1, 2,3 > 0 be arbitrary. From hypotheses H(j)(iv) and H(f)(iv), we have

/ jo(my Un s _un) dr’ < |£n(x)un\ dr
I's s

S/ ¢jlun|® + d;(z) dT
Iy

< Jeillunlly o, + 1djllhr, if 61 = p,
e1llunlly r, +ci(er) + lldsllir, if 01 <p,
< {Cj(Ms,p)l (||Vun\|§’g + ||un||§,g> + \ldjlli,r, if 61 =p,
etllunlly r, +c1(e1) + ld;l,r, if 01 < p,
(31)
and
/ () uy, da
Q
eflVunlly o + gz llunlly o + llds 1,0 if 0 = 05 = p,
eflVunllp o + e2llunllh o + ca(e2) + [lds |10 if f = p and 03 < p,
&3l Vunllp o + cs(es) + grllunlly o + llds e if 0 < p and 03 = p,
53||Vun||§’ﬂ +c3(es) + EQHUHHZ,Q + ca(e2) + ||dfll1,0 if 62 < p and b5 < p,
(32)

with some ¢ (1), ca(e2), c3(e3) > 0, where &,: T's — R is such that

En(@)(—un(x)) = j°(z,un(x); —un(x)) for a.a.x € I's.
From (30), (31), (32) and the inequality e¢d(02) + grA10(03) + ¢jA20(61) < 1 along
with the continuity of the embedding V < W1P(Q) we get

02> [[Vunlly o + 1Vuallg o, + lunllp o + llunllg o, — /Qn"(x)un dz

—/ 3%z, up; —uy,) AT — 0o
Iy
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as n — oo. This is a contradiction. Therefore, the set |J S, is uniformly bounded
neN
in V and so Step 1 is verified.

Let {un}neny C V be a sequence such that u,, € S, for each n € N. By virtue of
Step 1, we may suppose that along a relabeled subsequence
Up —> U as N — 00 (33)
for some uw € V. This means that the set w-limsup S,, is nonempty.

n—oo
Next, we shall show that w-limsup S, is a subset of S. For any u € w-limsup S,
n—oo n—>00

fixed, passing to a subsequence if necessary, we are able to find a sequence {uy, }neny C
V with w, € S, for all n € N such that (33) is satisfied. Our goal is to prove that
u€eS.

Step 2. u(x) < ®(x) for a.a. z € Q.
For every n € N, we have

1
L / (tn — B)* vz < (Aun, —v) + / Tn(@)vde + / 5 (@ wns —v)dT. (34)
pn Q Q I's

Taking Holder’s inequality and hypothesis H(f)(iii) into account yields

1
[ mut@vde < 2 (190l 0+ luall o+ lerlif o) 7 ol (@9

for some My > 0. From hypothesis H(j)(iii) we obtain
/ 3°(2, uny —v) dT < / (ajlun| ™" +bj(x))v dT
Ty Iy

< M (lunllgs.rs + 1billgs.r2) [0llgs 1,

for some M3 > 0. Putting (35) and (36) into (34), by applying the boundedness of
A (see Proposition 2.3), the convergence (33) and the continuity of the embeddings
V — WbhP(Q) < L9(Q) and V — L% (TI'g), we find a constant My > 0, which is
independent of n, such that

1
P /Q (un, — )T v da < My|v|v.

(36)

Hence,
/ (un — )T v da < p, My|v|v
Q

for all v € V. Letting n — oo in the inequality above, using the convergence
(33), the compactness of the embedding V < L% () and Lebesgue’s Dominated
Convergence Theorem, it gives

/Q (u— @) v(z) do = /Q lim (u, — ®)* vdz

n—oo

for all v € V. Therefore, we have (u(z) — ®(z))" = 0 for a.a.z € Q, thus, u(z) <
O(z) for a.a.x € Q.
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Step 3. u e S.
Note that

1
Pn
—|—/ 7%z up; v — up) dl

s

<Aun7 Up — U> S

/Q(un—cp)* (v—un)dx—i—/ﬂnn(x)(un—v)dx

for all v € V. From the monotonicity of s — s* we obtain

1 +
(A, up —v) < p—n/ﬂ(qu)) (fufun)dx+/gnn(x)(unfv)dw

+ / 3% (z, up; v — uy,) dl
I's
for all v € V. By virtue of the definition of K (see (10)), we have
(Atp, uy —v) — / (@) (U, — v) do — / Jo (2, up;v — up)dl <0 (37)
Q 2

for all v € K.
From Step 2 we know that u € K. So, taking v = u in (37) leads to

(Aup, up —u) < / () (uy — u) do +/ 3%z up;u — uy,) dT.
Q 1)
Keeping in mind that the embeddings V' — L% (Q) and V < L%(T'3) are both
compact, we have

lim [ n,(z)(up, —u)de =0 and limsup/ J°(z, un;u —uy,)dl <0,
n—oo o n—00 Ty
where we have used the boundedness of {9, }nen C L% (Q), upper semicontinuity
of (s,t) — j°(z,s;t) and Fatou’s Lemma. So, it holds

lim sup(Aty,, un, — u) < 0.

n—oo
This combined with the convergence (33) and the (S )-property of A (see Proposi-
tion 2.3) concludes that u, — u. Therefore, we have w-limsup S,, C s-limsup S,,.
n—oo n—oo
This together with s-limsup S, C w-limsupS,, implies that () # w-limsup S, =
n—oo n—oo n— oo

s-limsup S,.
n—oo

Since {n,}nen is bounded in L% (©), as done before, we can also prove that
N — 1 in L9 (Q) as n — oo for some n € L4 (Q) with n(x) € f(z,u(x), Vu(x)) for
a.a.z € Q. Consequently, we conclude that () # w-limsup S,, = s-limsup S,, C S.

n—oo n—oo

(iii) For any fixed u € s-limsup S,,, the nonemptiness, boundedness and closed-
n—oo

ness of S, guarantees that the set T(S,,u) is well-defined. Let {u@,}nen be any
sequence such that

Un € T(Sp,u) for each n € N.

It follows from Step 1 that the sequence {uy, },ecn is bounded. So, without any loss
of generality, we may assume that

Up —>u inV asn — 0o (38)
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for some w € V. Arguing as in the proof of Step 2, we obtain that u € K. Then,
for each n € N, we have

SO 1 ~ n - -
(A, Uy —v) < p—n/Q (u, — D) (U—u”)dx—l—/gnn(x)(un—v)dx

+ / 7%z, up;v — uy,)dl
>

for all v € V. Proceeding in the same way as in the proof of Step 3, we conclude

that @ is a solution to problem (1) as well. Since u € s-limsup S, passing to a
n—oo

subsequence if necessary, there exists a sequence {uy,},en such that u, € S, and
Up, = u in V as n — oco. The latter combined with (38) deduces that

|t — ully <liminf ||@, — ul|ly < liminf ||u, —ully =0,
n—roo n—roo
this means that u = u. Consequently, the desired conclusion is proved. O

If meas(I's)= 0, namely I'y = T, then Theorem 4.3 reduces the following corollary,
which coincides with [47, Theorem 3.4].

Corollary 4.1. Let hypotheses (8), H(f) and H(®) be satisfied. If {pn}tnen is a
sequence with p, > 0 for eachn € N such that p, — 0 as n — oo, then the following
statements hold true:

(i) For each n € N, the set S, of weak solutions of the following problem is
nonempty, bounded and weakly closed in WOIH(Q)

D, (u) + x (u—®)" € f(z,u,Vu) inQ,

n

u=20 on I'.
(ii) It holds
0 # w-limsup S, = s-limsupS,, C S,

n—oo n— oo
where S is the solution set to problem (2).
(iii) For each u € s-limsupS,, and any sequence {Up fnen with

n—oo

Gy € T(Sp,u) for eachn € N,

there exists a subsequence of {li, }nen converging strongly to u in WOI’H(Q),
where the set T(S,,u) is defined by

T(Sp,u) = {u €8 | llu—ally gy < llu = vy g, for allve Sn} .
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