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Abstract: For studying the evolution of the transverse deflection of an extensible beam derived from the
connection mechanics, we investigate the initial boundary value problem of nonlinear extensible beam
equation with linear strong damping term, nonlinear weak damping term, and nonlinear source term. The
key idea of our analysis is to describe the invariant manifold via Nehari manifold. To establish the results of
global well-posedness of solution, we consider the problem at three different initial energy levels, i.e.,
subcritical initial energy level, critical initial energy level, and arbitrarily high initial energy level. We first
obtain the local existence of the solution by using the contraction mapping principle. Then, in the frame-
work of potential well, we obtain global existence, nonexistence, and asymptotic behavior of solution for
both subcritical initial energy level and critical initial energy level. In the end, we establish the global
nonexistence of solution for the problem with linear weak damping and strong damping at the arbitrarily
high initial energy level.

Keywords: extensible beam equation, global existence and nonexistence, nonlinear weak damping, strong
damping
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1 Introduction

In this study, we consider the initial boundary value problem (IBVP) of nonlinear extensible beam equa-
tions with linear strong damping term, nonlinear weak damping term and nonlinear source term

Uy + Nu — M(|VulP)Au — Aug + |ue " ue = [ulP~'u  in Qr, (1.1)
u(X5 O) = uO(X), ul(X, 0) = ul(X) in Qs (1'2)
u(x,t) =u(x,t)=0 onT, (1.3)
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where Q is a bounded domain in R" (n > 1) with smooth boundary 9Q, Qr == Q x (0, T), ' = 0Q x

0, T), r=1,A = Z;’zl%zz is the Laplace operator,
i

M(G)=1+ps",y>0,8=0, s=>0, (1.4)

B is related to the forces applied on the system, and the exponent p satisfies

1<2y+1<p<oo, n<2; 1<2y+1<p< , n>3. (1.5)

n-2
The extensible beam model describes the evolution of the transverse deflection of an extensible beam
obeying continuous dynamics. A key feature that the extensible beam model affords a description during
the vibrations is the dynamic buckling of a hinged extensible beam under an axial force, while it often
depends on the fixing manner and distance of the two ends of the beam. The original version of extensible
beam equation, proposed by Woinowsky-Krieger [49] in 1950, reads

L
2 4 2

ZTI; a% -8+ kju,fdx % =0, (1.6)

0

where f3 represents an initial axial displacement measured from the unstressed state and u(x, t) represents
the transverse deflection of an extensible beam of natural length | whose ends are held a fixed distance
apart. Considering its wide applications in connection mechanics, the model was also discussed by Ball
[1,2] when both the ends of the beam are hinged or clamped (or built-in). The multidimensional form, on the
other hand, was established by Berger [4] as follows:

U + NMu-1Q + JquFdx Au = p(u, u;, x), (1.7)
Q

which is called the Berger plate model [12], as a generalization of the Woinowsky-Krieger model to describe
the large deflection of the plate, where the parameter Q describes in-plane forces applied to the plate and p
represents transverse loads which may depend on the displacement u and the velocity ;. In the hinged end
case with free and forced nonlinear vibration, the extensible beam equation (1.7) has been investigated by
Eisley [18], while related experimental results have been given by Burgreen [8]. As one of the typical models
found in physics, the extensible beam model attracted more attention, especially in connection with
industrial applications and the relevant fields such as the vibration of railway track structures [11], micro-
machined beams [20,60], and microbridges [27].

In (1.1), the nonlinear term M(|Vul|3)Au represents the extensibility effects on the beam, the dissipative
terms Au; and |us|™ 'u; represent the friction force, and the nonlinear source term |u|’~'u represents the
external load distribution. The aim of the present paper is to tackle this problem in the frame of variational
argument to reveal the influences of the initial data on the global well-posedness of the solution; thus, the
combination of these complex nonlinear structures in equation (1.1) undoubtedly increases the challenge
for the construction of the variational structure. Fortunately, if the tool of the Nehari flow is used, its
advantage is to make it possible to consider the equation of the following form:

Uy + Nu — M(IVul®»)Au + g(ue) = f(u) (1.8)

under the same variational framework. In addition, the full use of the Nehari tools allows us to learn more
about the qualitative properties of the solution, for example, in proving the existence of at least one
minimizer of some variational problem [13] or in the search for nodal solutions to the elliptic equations
[14]. It seems impossible to list the works by exploiting the advanced Nehari manifold; hence, we just
recommend [15] and [47] and the references herein as examples.

Equations such as (1.8) pose a general form of the multidimensional Woinowsky-Krieger model, and the
study of well-posedness theory attracts a lot of interest. See [7,17,23,34,40,51] and below for detail.

Without damping. For equation (1.8) without damping term and nonlinear source term, i.e., g(u;) = 0
and f(u) = 0, Mederiors [34] obtained the existence and uniqueness of regular solutions. For the case
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g(uy) = 0 and f(u) = |u|P~2u, Bainov and Minchev [3] proved sufficient conditions for the nonexistence of
smooth solutions with negative initial energy (E(0) < 0) and obtained an upper bound of the maximal time
of existence. Esquivel-Avila [19] proved the blow-up and global properties of the solutions with E(0) < d
(initial energy not above the mountain pass level). Later, Wu and Tsai [51] showed the local existence and
global existence of solutions by combining the contraction mapping principle and the continuity argu-
ments, and they also proved the blow-up of solution with negative initial energy (E(0) < 0) and subcritical
positive initial energy (0 < E(0) < ag), where a, is a constant depending on initial data {ug, u;} only, but not
necessarily the depth of the potential well.

Weak damping: linear or nonlinear. For the linear weak damping case, i.e., g(u¢) = dus, 6 > 0, de
Brito [17] and Biler [7] obtained decay estimates for solutions to Cauchy problems. For the IBVP, Guedda
and Labani [23] derived the nonexistence of global solutions with dynamic boundary conditions. For the
nonlinear weak damping case without nonlinear term, i.e., f(u) = 0, Patcheu [40] proved the existence and
decay of global solutions. For equation (1.8) with both suitable growth assumptions on the nonlinear
damping term and general source term, the existence and nonexistence of global solutions, also some
properties of the solutions that were obtained in [9,12,33,46,57].

Strong damping. For a damping of fractionary order g(u;) = (-A)Pu, 0 < B < 1, Biazutti and Crippa in
[6] derived the existence of a global attractor in an abstract setting, and then it was improved later in [16].
We also notice that without the fourth-order term A%u, equation (1.8) becomes the well-known Kirchhoff
equation introduced to describe the nonlinear vibrations of an elastic string [24]. The nonexistence of the
global solutions of Kirchhoff equations with strong damping term Au; was investigated by many authors
[36-38,41,50,58,59]. For f(u) = O, the global existence and lower decay estimates of the solutions were
derived in [35,36]. For f(u) = |u|P~2u, Park and Bae in [41] proved the existence, uniqueness, and uniform
convergence of solutions. Later, Wu and Tai [50] showed that the local solutions blow up in a finite time
with positive subcritical initial energy (E(0) < a3) by applying the energy method, where a; is a constant
depending on initial data, but not necessarily the depth of the potential well. They improved the results
obtained by Ono in [37,38] by considering a degenerate Kirchhoff type model (M(s) = s¥). Later, the
following more general problem was studied in [58,59]

Uy — M(|[VulP)Au - Auy + h(u) = F(x, u), (1.9)

where F represents forcing terms. For the IBVP of equation (1.9), Yang and Li [58] proved the existence of

finite-dimensional global attractor. For the Cauchy problem of (1.9) with h(u;) = u;, they discussed the

longtime dynamics in [59].

Motivated by the above works, we consider problem (1.1)—(1.3) to discuss the global well-posedness of
the solutions and the dynamical behaviors as time approaches infinity. By recalling the established results,
the main contributions of the present paper can be summarized in the following two aspects.

(i) We conduct a comprehensive study on the global well-posedness of solution at three initial energy
levels, i.e., subcritical initial energy level E(0) < d, critical initial energy level E(0) = d and arbitrarily
high initial energy level E(0) > 0. For the subcritical initial energy level, i.e., E(0) < d, we shall prove
the global existence, asymptotic behavior of such global solution, and finite time blow-up of the local
solution. This point can be considered as a kind of extension of the established results requiring the
small initial data by pointing out how small the initial data should be in order to ensure global
existence. We also point out that the negative initial energy (E(0) < 0) blow-up will be a special
case of the subcritical energy case (E(0O) < d). For the critical initial energy level, i.e., E(0) = d, we
try to extend all the results for the subcritical case E(0) < d to those for this critical case, i.e., E(0) = d.
For the arbitrarily high initial energy level, i.e., E(0) > 0, we shall establish the global nonexistence
theory, but we can only take care of the case r = 1, that is, the case of linear weak damping instead of
nonlinear weak damping, and the problem with nonlinear weak damping will be open even after
this work.

(ii) The present paper deals with the problem with both the nonlinear weak damping term and the linear
strong damping term. Considering that there are a lot of established results [28,29,53,54] about the
model with the single linear weak damping term or the single nonlinear strong damping term or
sometimes the combinations of two of them, in the present paper, we shall consider a more general
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case with both the nonlinear weak damping term and the linear strong damping term, which will be an
extension of the known results. But when we discuss the high energy problem, i.e., the case E(0) > O,
we can only tackle the problem with the linear weak damping term, and the high energy case with the
nonlinear weak damping term is still an open problem.

For the subcritical initial energy case (E(0) < d), we prove the global existence of solutions in the frame-
work of the potential well method [42], and then by utilizing the method in [5], we prove the exponential
decay result. The potential well method is one of the important applications of the minimax theory [43].
Indeed, there are a great number of related works, including Robin problems [44], Neumann problems [45],
and some other intriguing problems [55,56,61,62], which are direct or indirect applications of the minimax
theory. By means of [48] and the so-called concavity method [25,26], we show a blow-up result. For the
critical initial energy case (E(0) = d), by utilizing the method of [32,52], we prove the global existence, finite
time blow-up, as well as asymptotic behavior of solutions. For the high initial energy case (E(0) > 0), we
derive some sufficient conditions on the initial data such that certain solution blows up in a finite time with
the aid of the technique of [21]. The organization of this paper is as follows. In Section 2, we introduce some
notations, functionals, assumptions, and lemmas for proving the main theorem. In Section 3, we prove the
local existence of solutions by using the contraction mapping principle. In Section 4, we discuss global
existence, asymptotic behavior, and nonexistence of the solution for problem (1.1)—(1.3) for the subcritical
initial energy E(0) < d. In Section 5, we discuss global existence, asymptotic behavior, and the nonexis-
tence of the solution for problem (1.1)—(1.3) for the critical initial energy level E(0) = d. In Section 6, we
prove global nonexistence of solutions for the high initial energy level E(0) > O when r = 1. Some open
problems are also listed.

2 Preliminaries

In this section, we show some notations, assumptions, and preliminary results, which will be used later.
Throughout the present paper, we denote the Sobolev space H}(Q) norm by ||-||§1,1 =|-|? + [|[V-|? and
0

LP(Q) (2 < p < c0) denotes the usual space of all LP-functions on Q with norm
Il = Ilr  and -1l = [l ll2q)-

Let (u,v) = J uvdx denote the L2-inner product, and we denote by (-,-) the duality pairing between H(Q)
and HYXQ).
For problem (1.1)-(1.3), we introduce the following notations [19,31],

H= {u e H2(Q) n H(Q) g—“ =0or Au=0on ag}, (2.1
vV

where Vv is the outward unit normal vector on 9Q, and
lully = IVul? + lAulP. (2.2)

In this paper, for simplicity, we denote by C > 0 a generic constant, which may vary from line to line
even within the same formula.
We use the following lemmas throughout this paper.

2n
n-2m

Lemma 2.1. (Sobolev-Poincaré inequality). Let 0 < g <
inequality

ifn>2m (0 < g < +oo if n =2m). Then, the

Vg < ClI(=A)2v]l for v € HE'(Q)

with some positive constant C holds.
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For the initial boundary value problems (1.1)—(1.3), we introduce the total energy functional

B = Sl + 2inal + 2w + L - Loz,
2 2 2 2y + 2 p+1

the potential functional

B 1 p+1

1 1
t) =Jw) ==|Aul? + =||Vul? + Vu|¥+? - ——Jlu
J(t) =Jw) 2|| [ 2|| I 2y+2" I p+1” 9%

1
=~ Jully + P
2 2y +2

1 1
[Vul+2 - ﬁllullﬁib

and the Nehari functional
I(t) = 1) = Al + [Vul? + BIVul*? = ulBil = [ul} + IVl — ullB:].

From (2.3)-(2.5), we can easily see that

1 1 1 1 1 1 1
E(t) = =l + J) = =luel? + [ = = —— |l + - —— BIVul?+? + I(w).
2 2 p+1

2 p+1 2y +2 p+1

By I(u), we introduce the potential well (stable set)
W = {u € H|I(u) > 0} U {0},
the outer space of the potential well (unstable set)
V ={u € H|I(u) < 0},
and the depth of the potential well (the so-called mountain pass level)

d:= inf J(w) = inf supJ(Aw),
ueN ueH\{0} 150

where the Nehari manifold is
N = {u € H\{O}|I(u) = 0}.

Next, we give some properties of the aforementioned manifolds and functionals as follows.

Lemma 2.2. Let u(x) € H, and ||ullg # 0. Then
(1) limy_oJ(Au) = 0, limy_, o J(AU) = —c0;
(ii) On the interval O < A < oo, there exists a unique A* = A*(u), such that

d

—J(Aw) =0;

dA A=A
(iii) J(Au) is increasing on 0 < A < A*, decreasing on A* < A < oo and takes the maximum at A = A*;
(iv) I(Au) > 0 for 0 < A < A*, I(Au) < O for A* < A < o0, and I(A*u) = 0.

Proof.
(i) This conclusion comes directly from
2y AP+l pil

A +2 o
Vu|&+s — ——|lu .
o 2BII II P 1|| 551

J(Au) = ?HuIIH +
(ii) An easy calculation shows that
100 = Alulfy + 2 BVl - A

p+1»

which leads to the conclusion.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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(iii) By a direct calculation, relation (2.11) gives

d

—J(A 0 for0<A<A*

d/\](u)> or 0 <A<
and

%](}lu) <0 for A* <A< oo,

which proves the conclusion of (iii).
(iv) The conclusion follows from

p+1

I(Aw) = Alullyy + A2 2BIVul+2 - AP+Hullb:] = A%](/\u)-

This completes the proof.

For the depth of the potential well d, we have the following knowledge.

Lemma 2.3. (Depth of the potential well). The potential well depth is

2

p-1 ( 1 )ﬁ
d= ,
2(p + 1\ cp!

where

”u"p+1

ueH,u+0 ”u”H

C:

is the imbedding constant form H into LP*1(Q).

Proof. By the definition of d, for u € N, we have I(u) = 0, i.e.,
lullyy + BIVUI?*2 = ulbi].
Noting 8 > 0 and (2.13), we obtain

2 1 1
Mullgy < ullpin < CPulg™,

then

2

1 p-1
2
lully > ( C,,H) :

And, from (2.4) and (2.5), it follows that

1 1
I(u)=5llull%1 * 3 [fLZIIVMIIZV+2 - mllullﬁii

(2 + [ - v+ L.
2 p+1 2vy+2 p+1 p+1

Combining (2.16) with I(u) = 0, 8 > 0 and (2.15), (2.16) gives

1 1 1 1
Jw=|= - Il + | —— - Va2 +2

2 p+1 2y+2 p+1
1 1

>| = - lualiy
2 p+1

(11 ( 1 )pzl

“\2 p+1)\cpt

— 441

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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In turn, this implies that

__pr-1 ( 1 )T (2.18)
2Ap + D\ P

Here, we need to ensure that the equal sign of (2.18) is true, that is, there exists an extremal of the
variational problem (2.9). The proof of this part is standard and similar to that in [42]; hence, we give
this proof in the Appendix. O

Lemma 2.4. (Nonincreasing energy). Let u(x, t) be a solution to problem (1.1)—(1.3), then the energy func-
tional E(t) of problem (1.1)-(1.3) is nonincreasing with respect to t, i.e.,
E'(t) = —|Vul? - Il < o. (2.19)

Proof. The energy identity can be obtained by testing (1.1) with u; and integrating with respect to ¢,
that is,

t
E(t) + j(IIVutllz + llullyi)dr = E0), (2.20)
0

which proves (2.19). O
We give the definition of the weak solution for problem (1.1)-(1.3).

Definition 2.1. (Weak solution). Function u(x, t) is called a weak solution to problem (1.1)-(1.3) on Qr,
provided
u(x, t) € C([0, T]; H) n C¥[0, T], HY(Q)),
ue € LX([0, T1; Ho(Q)) n L=([0, T1; L™(Q)),
u(0) = up € H, u(0) = u; € HY(Q)
and
(U, w) + (Au, Aw) + (Vu, Vw) + BIVul? (Vu, Vw) + (Vug, Vo) = —(Juc[ue, w) + (ulPu, w)

for all test functions w € H and almost all t € [0, T].

3 Local existence

To prove the local existence of the solution to problem (1.1)—(1.3), we first give the following lemma, which
can be proved by the Banach fixed point theory (see [10,22,38,39]).

Lemma 3.1. Assume uo(x) € H, w(x) € HXQ), then for any T >0, u(x,t) € C([0,T]; H) and u; €
I2([0, T]; HYQ)) n L'*'([0, T]; L'*Y(Q)), and there exists a unique solution v(x,t) € C([0, T]; H) and
v € LX([0, T]; HYQ)) n L'+Y([0, T]; L'*Y(Q)) to the following problem, which linearizes the inhomogeneous
term of (1.1)-(1.3),

Vie + AV — M(|Vul)AV - Av; + [l 1ve = ulP'u  in Qr,
V(X’ O) = uO(X)’ VI(X’ O) = ul(X) in Q, (3-1)
vix,t) =v(x,t) =0 onT.
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Next, we establish the local existence and uniqueness for solutions of problems (1.1)-(1.3) by using the
Banach fixed point theorem.

Theorem 3.1. (Local existence) Assume uo(x) € H and w(x) € H}(Q). Then, problem (1.1)-(1.3) admits a
unique local solution u(x, t) defined on a maximal time interval [0, T| with

ueC(o,T],H)
and

ur € LX([0, T]; Hy(Q) n L™*'([0, T1; L(Q)).

Proof. The method to prove the local existence theorem is similar to the method of [39]. Throughout the
proof, we denote by C > 0 various embedding constants from line to line within the same formula. For some
real numbers R > 0 and T > 0, which will be decided later, we consider the following space:

My = {u e C([0, T], H), u € IX([0, T]; Hy(Q)) n L'([0, T]; L™*{(Q))]
u(0) = ug, u(0)=w; and du(t)) <R?> forall te]0,T]},
where
d(®) = lulP + lAulP.
Then M7 is a complete metric space with the distance

d(u,v) = sup d(u(t) - v(t)) = sup (lur - vil* + llAu - Av|P).
te[0,T] te[0,T]
From Lemma 3.1, we consider the map @ by v := ®(u), which is the unique solution to problem (3.1) for
u € Mr.ForsomeT > 0 and R > 0, we would like to show that @ is a contraction mapping from M7 into
itself with respect to the metric d(-,-) by the following two steps.
Step I: ® maps M7 into itself (D(M7) € Mr7).
We multiply (3.1) by v; and integrate over Q to obtain

d d
E(”thz + AVIE + M(IVulP)IVVIR) + 2 9vel? + 2l = (EI\/I(IIVHIIZ))IIVVII2 + ZIlulp’luVrdX- (3.2)
Q

Next, we estimate the first term in the second line of (3.2) as follows:

d
—M(|Vul?
‘dt (IVul®)

IVvi? =2 M’(IIVHIIZ)IVuVuth IVvi?
Q

=2 | yBIvup-2 jAuutdx IVVI? (3.3)
Q

< 2yBIVul®=2 | Aulllue I VvI?
< 2yBC 2| AulP u Vv
< 2yBCH2R¥||Vv|?.

By Holder’s inequality and the Sobolev-Poincaré inequality, for the second term in the second line of (3.2),
we obtain

2j|u|P*1uvtdx < 2Jull, Ivill < 2CP|AulP vl < 2CPRP vl (3.4)
Q
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Thus, form (3.3) and (3.4), (3.2) gives

d
E(”thz + 1AVIZ + MUIVUIPIVVIR) + 29vel? + 2lvellyi:

IN

2yBCH2R¥ | Vv|> + 2CPRP|v{|
2¥BCYR¥ || Av|? + CPR% + |v|?
CR¥ + Q2yBCYR¥ + 1)(lvel® + AVI? + M(IVul»)[IVVIP).

IN

IN

Integrating (3.5) over [0, t], we have

t t
gu(t) + 2j(uwf||2 + Ivlrhdr < g(v) + CPRPT + j(zyBCZYRZY + Dgv(m)dr,
0 0

where g(v(t)) = Ivl* + IAVIP + M([Vul?)[IVvIP.
By the Gronwall inequality, we obtain

T
gv(t) + 2I<uwf||2 + Ivliihdr < (8(vo) + CPRPT)e@BCR DT,
0
Then, from the definition of d(u(t)), we have

T
dv()) + 2I<uwf||2 + vl hdr < (g(vo) + CPRPT)e@BCRY T,
0

Form (3.6), we have
v e L*([0, T], H)
and
vi € IX([0, T1, Ho(Q)) n L'X([0, T]; L™H(Q)),
which implies v € C([0, T]; H). Choosing T and R to satisfy
(§(Vo) + CPR¥T)e@BCRY DT < R2,

then, from (3.6) and (3.7), we have
T
dv(t)) + 2f(||VvT||2 + Ivlithdr < R,
0

which shows v € My, that is, (M) € My.
Step II: @ is a contraction with respect to the metric d(-,-).

DE GRUYTER

(3.5)

(3.6)

(3.7)

(3.8)

Now, by taking u; and u, in M7, subtracting the two equations (3.1) for v; = ®(y;) and v, = ®(u,), and

setting V = v; — v,, we obtain for all n € M7 and a.e. t € [0, T] that

(Vi ) + (AV, An) + M|V |*)(VV, V) + (VV, V)

= — (vael e = vl v, ) + (P = [P up, 1)

+ MV ?) = MV l?))(Av,, 1) in Qr,
V(x,0)=V(x,0)=0 in Q,
V=0 onT.

By setting n = V;, we have

d
E(IIVAI2 + 1AVIP + M(IVwlP)IVVIR) + 2IVVI? + 2 I(Iunlr’luu = [z [ ) Vedx
Q

d
= 2M(>IVwlP) - M(IIVuzllz))_[AVthdX + (EM("VWHZ))HVVNZ +2 I(Iullp‘lul - P up) Vedx.
Q Q

(3.9

(3.10)
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Next, we estimate the right-hand side of (3.10). First, from the mean value theorem and definition of
M(s), we obtain
M(IViy|?) = M(IVuz|?) = M'(E)IViul? - [IVu|?)
= By&r IVl + IVip(IVall = Vasl)

< By&Y IVl + IValD(IVuy — Vi)
< By(Ivul? + IVl 2 (Vi |l + [IVualD(IViy - Vil
< By(Ivuyll + IV D 2(IVall + VDIV — Vi)
= By(IVull + Vil D? (Vg = Vo)),

(3.11)

where
& =0IVil? + 1 - 0)|Vul?, 0<B<1.
Thus, for v = ®(u) and ®(M7) < M7 (in Step I), we see that
IAVIP < vl + IAvIP = d(v(t)) < R%. (3.12)

Then thanks to Holder’s inequality, (3.11), the Sobolev-Poincaré inequality and (3.12), we have

2M(IVwlP) - M(||VU2||2))IAV2VdX <2M>IVul?) = MUV )IAVIIV
< 2By(IVll + 1V )? IV = VD IAv,[I
< 2By(CllAw]l + CllAwI)? 1 (CllAws — DoAY, Vel 3.13)
< 2ByC¥(lAuill + 18ul)? ' (1Aws — AualD)IAVI Vel
< 277 1ByCYR (| Aws]| — NAw DIV

< 22-1BCURY Jd(u; — w) JA(V).

Next, from Hoélder’s inequality and the Sobolev-Poincaré inequality, we obtain

d
—M([[Vuy|?
‘dt IV |l*)

IvvIP =2 M’(IIVulllz)jVuNuudX Ivvi?
Q

-2 M'<||Vu1||2)fAu1uudx IVVIP (3.14)
Q

< 2BV P2 e | VIR

< 2yBCH Ay | | CHAVP

< 2yBCYRYA(V).

Then, by the mean value theorem and the Hélder, Minkowski, and Sobolev inequalities, we have

2 juulvﬂul ~ ualP ) Vidx = 2 jpwzv’*(ul ) Vidx
<2 jp|u1 1017y — wl|Vidx

<2plllwn + wa|P M lnll — ua || 2 IV (3.15)

-1
=2plllw + wolllf,s

< (i + MeallZ s — w2 [V
< 2pCP(|Au P! + [AuP- A ~ up)ll IV

< 4pCPRP Jd(uy — wp) \/d(V),

i — w2 |V
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where
LE=0u+(1-0u, 0<0<1,
llnp-1y < CllAwll,
[Ualln(p-1) < CllAw|
and

s = woll 2 < ClAG@ - w)ll.

Hence, combining inequalities (3.13)—(3.15), (3.10) becomes
d
) + 24TV + 2 [ Qe - i) Vidx
Q

< Q¥ 1BcZRY + 4pCPRP-Y)/d(uy — u) \JA(V) + 2yBcZR¥d(V) (3.16)
< (Q¥2BcRY + 2pCPRP-1)2d(uy — up) + (2yBCYRY + 1)d(V)
< (Q¥2BcRY + 2pCPRP-V)2d(uy — up) + (2yBCYRY + DYP(v),

where
Y) = IV + 1AVIP + M(IVilP)IVVIE.
Then, integrating (3.16) over [0, t] and using the initial conditions VV(0) = V;(0) = 0, namely,
Pw(0) = IO + IAVO)IP + M(IVuDIVV(O)I* = 0,

we obtain

t t
Y(v) + zjuvanZdr 42 j javhr*vn WVl Vo) Vedxdr
0 0 Q

IN

t t
C(R) j Ay - w)dr + cz(R)jzp(v)dr
0 0

IN

0<t<T

t
GRT sup d(u, - uy) + cz(R)fzpw)dr,
0

where Ci(R) = (2%~2BcZR¥ + 2pCPRP~1)? and G,(R) = (2yBC¥R¥ + 1) are constants dependent on R. Then
from Gronwall’s inequality, we obtain

P(v) < GR)TeS®T sup d(u; - wy).
0<t<T

Hence,

d(v; — v») = d(V) < Pp(v) < GR)Te“®T sup d(u; — ).

0<t<T
Thus, by the definition of d(u, v), we obtain
d(v, v2) < C(R)TeC®Td(uy, uy).
Hence, if
Ci(R)TeCRT = (22-2BcYRY + 2pCPRP-1)2Te@BCRY4DT < 1, (3.17)

and then @ is a contraction mapping, which can be satisfied by choosing R sufficiently large and T
sufficiently small in (3.7) and (3.17).
By using the Banach fixed point theorem, we prove the local existence result. O
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4 Global existence, asymptotic behavior, and blowup of solutions
at subcritical initial energy level £E(0) < d
4.1 Global existence for the subcritical initial energy E(0) < d

In this subsection, we consider the global existence of weak solution to problem (1.1)—(1.3). First, we discuss
the invariance of the stable set W, but we omit the proof, which can be found in [32].

Lemma 4.1. (Invariant stable set W). Let uy € H and u; € HXQ) be given functions. Then all solutions of
problem (1.1)—(1.3) with E(0) < d belong to W, provided ug € W.

Now, we prove the global existence of a solution to problem (1.1)—(1.3) for E(0) < d.

Theorem 4.1. (Global existence when E(0) < d). Let up € H and u, € HX(Q). Assume that E(0) < d and
Uog € W. Then the solution to problem (1.1)—(1.3) exists globally.

Proof. Let {w;(x)};2; be a system of the base functions in H. Construct the approximate solutions to problem
1.1)-(1.3)

m
Un(X, t) = Y gu(Owj(x), m=1,2,...,
j=1

satisfying
(Umees We) + (Btt, Aws) + (1 + BIVUn? )(Vitm, Yws) + (Vine, VW5) %.1)
= - (lumtlrilumta Ws) + (lum|p71um; W), s=1,2,--,m,
m
Un(X, 0) = Y g (0)wj(x) — uo(x) € H, (4.2)
j=1
m
Une(X, 0) = D' g"im(0)wj(x) — w(x) € HY(Q). 4.3)
j=1
Multiplying (4.1) by g'sn(t) and summing for s, we have
d(1 s 1 2 B 2 1 1
—| Sl + = umlz + Vun|?*? = ——[umlBi1 | = = IVtimel® — Nutmell1. 4.4
dt(z” mel 2|| mllE 2+ 1)II mll P 1|| mllpia Vime” = Nutmelli1 (4.4)

Integrating (4.4) over [0, t], from (2.3) and (2.4), we can obtain

t t

1

el + T ) + j (IVitel? + Nt l2)dT = En(t) + j(nwmfnz + M 1DAT = En(0).  (4.5)
0 (0]

From (4.2) and (4.3), we derive
lim E,,(0) = E(0).

m-—o0o

Hence, combining (4.5) and E(0) < d, for sufficiently large m, we have

t

1

Ellumtll2 +J(um) + J(IIVumTIIZ + el iDdT < d. (4.6)
0
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Further, (2.16) and (4.6) allow us to see that

1, o (1 1 > 1 1 " 1
Nl + | = = —— lumlg + - —— BIVun¥+? + ——I(u
2|| mel (2 b+ 1)” mllE (Zy T2 p+ l)ﬁ" mll Pl (Um)

¢ (4.7)
N j(nwng + el < d.
0

From ug € W and (4.2), we can obtain u,,(0) € W for sufficiently large m. By (4.6) and an argument similar
to the proof of Lemma 4.1, we can prove that u,(t) € W for O < t < co. Hence, for sufficiently large m, we
know that I(uy) > 0, which gives

1
lumlipin < lumle + BIVuml?+2. (4.8)

Again using I(u,) > 0, then (4.7) gives

t

l 2 l _ 1 2 1 _ 1 2y+2 j 2 r+1

2”umt” + (2 Py 1)"um"H + (Zy 2 po 1)ﬁllvumll + | (Ve + e l7i7)dT < dy 4.9)
0

0<t<oo.

From inequalities (4.8) and (4.9), we arrive at

Up is bounded in L*®(0, co; H); (4.10)
Up; is bounded in %0, co; HY(Q)); (4.11)
e[ty is bounded in L'3(0, co; L9(Q)), where g, = 1, (4.12)
r
1 . . p+ 1
|um[Puy, is bounded in L*°(0, co; L%(Q)), where ¢, = . (4.13)
Then, integrating (4.1) with respect to t, we see that
t t t
s ) + [ @t )+ [ 1+ BITUI YVt VAT + Tty T8 + [ (el e, w)IT
0 0 0 (4.14)

t
= [ Pt T + s ) + Vi, V), 0 < £ < co.
0
Therefore, on the one hand, up to a subsequence, from (4.10) to (4.13), we may pass to the limit in (4.14) and

obtain a weak solution u(x, t) to problem (1.1)—(1.3) with the aforementioned regularity and (4.1). On the
other hand, from (4.2) and (4.3), we obtain u(x, 0) = ug € H and u;(x, 0) = u; € H}(Q). a

4.2 Asymptotic behavior for the subcritical initial energy E(0) < d

In this section, we state the asymptotic behavior of solutions to problem (1.1)-(1.3) emanating from the
initial data satisfying the conditions required by that for the global solutions in Theorem 4.1.

Theorem 4.2. (Asymptotic behavior when E(0) < d). Suppose all the assumptions in Theorem 4.1 hold.
Then there exist positive constants K and k such that the global solution of (1.1)—(1.3) satisfies

E(t) < Ke'®, t>0.
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Proof. To prove Theorem 4.2, we consider G(t) : [0, T] — R* defined by
G(t) = E(t) + e((u, us) + %IIVuIIZ), (4.15)

for € > 0 so small such that

aE(t) < G(t) < mE(t), (4.16)
for two positive constants a;, a; > 0. Moreover, by means of the Lions-Magenes theorem [30], and due to
equation (1.1), we obtain

(U, wy + lullgy + BIVUIPYD + (Vu, Vue) + (Juel e, w) = (uiP~1u, w). (4.17)

Using (4.15), (2.19), and (4.17), we have
G'(t) = E'(t) + e(lluel® + (uge, uy + (Vu, Vuy))
= —Vuel? = el it + eCluel? + Cue, wy + (Vu, Vi)
(4.18)
= —[IVuel? = luellyit + €] luel? + ulBiy — luly — BIVulPor+D — Jlutl’*luzudx .

Q

Next, we will estimate the right-hand side of (4.18). For the term ||u||§{, note that Lemma 4.1 tells I(u) > O,

then (2.16) gives
p-1 2
J(u(®) > WD) ()l - (4.19)

From (4.19), (2.3), (2.4), and Lemma 2.4, we obtain

2 1 2 1 2 1
Julp, < 2P +1) It < 22 +1)E(t) < L:)E(O). (4.20)
For the term ||u||§ﬂ, using Sobolev’s inequality and (4.20), we have
p-1
2
lulbil < CPyulf < C”+1(2(p7+11)E(0)) lualiFy = Eluliy, (4.21)
p —

where C is the best Sobolev constant for the embedding H — LP*(Q) and
p-1
2
&= CPH(ME(O)) )
p-1

Moreover, by E(0) < d and Lemma 2.3 (the definition of d), we have ¢ < 1. Using (4.21) and (2.3), we obtain

1 1 1
Il =Q - @)lulpi + alulpi;

p+1 — p+1
< 1-— 2 p+1
<& - a)lully + alully; 4.22)
alp +1
= £(1 - @)lul}y - a(p + DE() + L)(uutuz + fully + iuwumn),
2 y+1
where a € (0, 1). Consequently, substituting (4.22) into (4.18) yields
G'(6) = ~IVuel® - luel} + e luel? + £ - @)luly - a(p + DE(E)
alp +1
+ %(Ilutll2 + lul + %IIWIIZ(Y”)) = lullyy = BIVulP¥+ — Ilutl”lutudx
B (4.23)

— IVl - il + e (1 " @)uutnz ~a(p + DE(O) + (@ vEQ-a) - 1)||u||%1

(22D lgywypo - J‘lutlHutudx .
2y + 1)
Q
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Applying Holder and Young inequalities

k -q
XYga—X"+6—Yq for X,Y >0, 5>0,1+1=1,
k q k gq
to estimate .|’Q|u[|’*1utudx, we take k = Lrl and g = r + 1 to obtain
P | < SO + cEDROI, (4.24)
Q
where
r r1 1
6, = 6, C6)=—-——.
i ) (r + 1671
Hence, from (4.24), (4.23) gives
" alp +1 alp -1
G'(6) < —IVuP - Tl + e((l . %)nutuz ~ a(p + DE(®) + (% S(-a- a))nuné
(4.25)
alp +1
[ 22D lgougpon & sl + CEu |
2y + 1)
Moreover, from Poincaré inequality |lu¢|| < C||Vu||, C > 0, we conclude that
a(p +1 a(p -1
G'(t) < (8C2(1 + %) - 1)I|Vutll2 + (81 = Dlluelyiy + 6(% -(1-4€)a- a))llulliz
(4.26)
~ ea(p + DE®) + | L2 _ 1 )gigupod + ecu®l.
20+ 1)
Note that
B 1-¢ < 1 < y+1 < 1’
p-1+21-¢) p+1 p+1 2
where 0 < £ <1, p>2y+1 and y > 0. Hence, we can choose a constant
([ 20-9  2eD) o
p-1+20-¢) p+1
to make
7"(}’2‘ D _a-8i-a)=0 (4.27)
and
al(p +1)
—= —-1<0. .28
2y + 1) (4.28)
Then from (4.27) and (4.20), inequality (4.26) gives
() < (sCZ(l + @) - 1)||Vut||2 + (6 - Dl
+ g(m —a-51- a))ME(t) —ea(p + DE(t) + & ap+h [Vulo+D
2 p-1 2y + 1)
+ eC(BDlu)l 1] (4.29)

- (ecz(l . W) - 1)||Vutn2 (B - Dt - e(1 - £)(1 - a)%ﬂt)

v e 2D lygupe 4 e
2y + 1)
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For the term |u(t)|l} in (4.29), using the Sobolev embedding inequality and (4.20), we have
()l < Cllull!

= C(lul) 2 lul?

< C(ME(O))Zuun%, (4.30)
p-1

IN

C( 2Ap +1) E(O)) 2p + 1) Ap+ Dy,
p- p-
From (4.30), (4.29) gives

G@s&@@+5§iﬂj—Qme+wﬁ—nwﬂﬂ+{“p+n—ﬂﬂwww>
2 2y + 1)

— o1 - 01 - 2P D) o £C(61)C(M E(o))zw E(t) (4.31)
p-1 p-1 p-1

2¢e(p + 1
= MV + Al + SR - 22D )

where
A= sC2(1 + M) -1,
2
/12 = 851 -1,
alp+1)
A =gl ——= -1},
K ﬁ( 2y + 1) )
and
r-1
2(p +1 Z
m:u—@a—m—C@x(ﬁ )Hm).
Since C(6y) = m and ¢ < 1, we can choose § large enough so that A, > 0. Once § is fixed (hence, 8; is

also fixed), we can pick € so small such that

A1=5C2(1+@)—1<0

and
/12 = 361— 1<0.

From (4.28), we easily have A3 < 0. Consequently noting (4.16), A; < 0,4, < 0,43 < 0, and A4 > 0, (4.31)
becomes

1)/1 E@ < - 2@ D) 6. (4.32)

/() < MV + Aalulfh + Agfvupoy - 2P+ D
p- a(p -1)

Then integration of (4.32) (Gronwall inequality) leads to
G(t) < G(0)e ™,

2e(p+1)

where k =
a(p -

/t4 And then from (4.16), we can obtain
E(t) < Ke™™,

where K = %(0). This completes the proof. O
1
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4.3 Global nonexistence for the subcritical initial energy E(0) < d

In this subsection, we prove the finite time blowup of solutions to problem (1.1)—(1.3). First, by the same
argument as Lemma 4.1, we can obtain the following invariance of the unstable set VV with respect to time,
but we omit the proof (see [32] for details).

Lemma 4.2. (Invariant unstable set V). Let uy € H, u; € HY(Q) be given functions. Then all solutions to
problem (1.1)—(1.3) with E(0O) < d belong to V, provided ug € V.

Now, we give some relations of the depth of the potential well d and norm ||u||§{, which can be easily
derived from Lemma 4.2.

Corollary 4.1. Ifu € V, then
p-1

2
< WD l[uellz; - (4.33)

Proof. The condition u € V implies I(u) < 0. By the definition of I(u), i.e., (2.5), we have
luligy + BIVUIPY+2 < ullh s
Noting > 0 and the definition of the best embedding constant, i.e., (2.13), we obtain

2 1 1
lully < lullpiy < CPullg™,

p+1
i.e.,
l 2
2 P
lulf; > ( Cp+1) :
By the expression of potential well depth, i.e., (2.12), we obtain (4.33). O

Theorem 4.3. (Global nonexistence when E(0) < d). Let uy € H and uy(x) € HXQ). Assume that E(0) < d
and uq € V. Then, the solution to problems (1.1)—(1.3) blows up in finite time.

Proof. As we need different strategies for the casesr > 1 and r = 1, the proof will consider the following two
distinct situations.

Case I: r > 1. Let u(t) be any solution to problem (1.1)—(1.3) with E(0) < d and I(ug) < O. Let T be the
maximum existence time of u(t), we aim to prove T < co. Arguing by contradiction, we suppose that
T = +00. Then for any Ty > 0, we define the following functions:

0(t) = |lul?
and
o) = lulbii, tel0, T
Then

0'(t) = 2(u, uy). (4.34)
Testing equation (1.1) by u, we can reach that
0"(t) = 2luel? + 2ue, uy = 2uel? - 2ulfy - 2BIVul?*2 + 2lulbi} - 2(Vug, Vi) - 2(jue[ " ug, u). (4.35)
Next, we estimate the last two terms of (4.35). By Lemma 4.2, we obtain
lul? < Cllullgy < Cllullyi; = Co(t). (4.36)

p+1 =

Again using Holder’s inequality, interpolation inequality, and (4.36), we have
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_ -5 _ 5
|Quel ™ ue, W) < [l luellyey < Ml lullyd Tl < CoOR@rm* 2 ful,
where
so( L 1 11

r+1 p+1 2 p+1)

Note that
1-6 1 . § _o,

p+1 r+1 2

and hence,

P(t)ri s = 1,
Using Holder and Young inequalities,

ok 61

XY < 7X"+—Y‘1 for X,Y>0, 6>0,
q

where wesetk=r+ 1and g = ’%1, and we estimate (4.37) as follows:
[(uel " ue, W] < CoY T Dugly,y < mp(t) + nylluellyid,
where

r+1
Cé and 7, = r

—(r+1)
= r
r+1 r+1

)

We set k = g = 2, then
|(Vu, Vup)| < nllVul? + n,IVul?,
where

52 1
q3:7 and ’hzﬁ-
From (2.5), (4.38), and (4.39), (4.35) becomes
6"(t) = 2wl - 2I(w) - 2(Vu, Vi) = 2(|ue[ g, )
> 2lluel? - 2I(u) - 2m,0(8) - 2, lluellyit — 2n5Vul? — 20,1 VulP.

By Lemma 2.4, (2.3), and (2.5), we obtain
I(t) < I(t) + o(E(0) — E(t))

o o o 2 o v+ o
— 1-2 1- —— y — — 1o + 0E(0),
2||ut|| +( 2)IIuIIH +( 2y+2)ﬁ|IVu|I + (p 1 )fp( ) + 0E(0)

— 453

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

where the constant o > 2(y + 1) > 0 will be chosen later. Substituting (4.41) into (4.40), we have

[0)
0"(t) + 2mlluell iy + 2, IVul? > 2(1 Torl n1)<p(t) = 2n5)\Vul? + (o - 2)|lullf; - 20E(0)

+2f =2 1 BIvu? + @ + o)l
2y + 2

> 2(1 - ﬁ - fh)q)(t) - 25Vul? + (o - 2)|lully - 20E(0)

- 1)ﬂIIVuI|2y+2-

+ 2 g
2y + 2

(4.42)
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We now estimate the right-hand side of (4.42). From Lemma 4.2, we obtain

IVul? < llul + BIVulP*2 < Julbii = o(t).

Then by (4.43) and (4.42), we have

0"(6) + 2nylulii + 21, Vuel? = 2(1 - # -1 - 113)4)(1‘) + (0 = 2)|ully; - 20E(0)

o
+2 — 1 [BlIVu|&+2.
2y 12 )ﬁll I
As E(0) < d, choose the constant ¢ so that
2(p + 1d
p+1>0>p, p=max; , 2y + 1)y,
(p + Dd - (p - DE(0)

which guarantees ¢ > 2(y + 1), then

9 _1|gvu+? = o.
2y + 2

Combining (4.44) and (4.46), we obtain

(o2
0"(t) + 2n,lluell iy + 2n,IVuel? > 2(1 TR n3)<p(t) + (0 - 2luly;, - 20E(0).

By Corollary 4.1 and (4.45), we have

(@ - Dluly - 20E0) > 2P* D6 _ 2d - 20E(0) = 2(" - E(O))a AP,
p-1 p-1 p-1

Then, from (4.48) and (4.47), we arrive at
+ o
0"(t) + 2n,lluelt + 2, IVuel? > 2(1 - m -n - 713)4’(0-

Due to

C6r+l 52
=BT

and 0 < p + 1, we can choose § small enough such that

1-

p+1_’l1_’73>0'

Therefore, by (4.43) and Corollary 4.1, (4.49) becomes

o g p+1
0"(t) + 2n,lluellty + 2n,IVuel? > 2(1 ryTia n - n3)||u||%1 > 4(1 " el n - n3)ﬁd > 0.

Integrating (4.50) over the time interval [0, t] gives

4d(p+1)(1_ o

-1 -1t +0'(0).
p-1 p+1 ’71 ’13)* ©

t
0(t) + j(2n2||uf|:1% + 20, IVuD)dr >
0
Note that (2.20) gives

t
j (el + IVueP)dr = E(0) — E(t) < C.
0

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)
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Then by (4.52), (4.51) becomes
0'(t) > nt + 6'(0) - ¢,C, (4.53)
where

_4d(p+ 1)
p-1

o
(1 - bl -n - q3) and ¢, = max{2n,, 2n,}.

Integrating (4.53) over the time interval [O, t],

ot) > gﬁ +(0/(0) - 6Ot + 6(0), >0, (4.54)

Thus, the norm 6(t) has the quadratic growth as t — co.
On the other side, we estimate |u(t)|?. By the regularity of u(t) in L>(Q) and the Schwarz inequality, we
have

t 2

flu(t)lzdx:I uo + jur(r)dr dx
Q Q 0
2

t t
=luol? + 2 juo Iurdrdx + I j|ur|dr dx
Q o a\o

2

t
< 2uolP + 2 [| [ lurlar | ax (4.55)
alo
t t
< 2lluol? + 2I J-ldr J‘|u1|2d‘r dx
alo 0
t

=2lluol? + 2t J I luy 2 drdx.
Qo0

t
To estimate f I |u.[>drdx, we again use the Holder inequality for the integral with respect to t. Exploiting
the inequality [lu|| < Clull,+1(r > 1), we have

t t
ztj j luc P drdx = ztjnufuzdr
0

Q0

r-1 2
t r+1f t 7+1
<2t Ild‘r Jllurll’*ldr

0

0

2
r+l

t
e juufnf“dr (4.56)
0

2
r+1

t
<2 Ic”lnu,n;:{dr
0

2
r+1
1

t
= 201+ juuruiﬂdr
0

From (4.56) and (4.55), we obtain
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2
r+1

00) = [ luPdx < 2Auol? +2%%| [luelpitar | (4.57)

From (4.52) and (4.57), we have
0(t) < 2luol? + 2C%1dws, (4.58)

where % < 2, which tells that (4.58) contradicts (4.54). Hence, the solution does not exist over the whole
interval [0, co). This completes the proof of Case I.

Case II: v = 1. Let u(t) be any weak solution to problem (1.1)-(1.3) with E(0) < d and I(ug) < 0. Now,
we prove the solution to problem (1.1)—(1.3) blows up in finite time. Arguing by contradiction, we suppose
that the solution u(x, t) is global. Then, for any Ty > 0, we may consider F : [0, Ty] — R* defined by

F(t) = Jul? + f IuCx, TR, + (T - Oluol?, (4.59)

It is clear that F(t) > O forallt € [0, Ty]. As F(t) is continuous on [0, Ty], there exists a p > O (independent of
the choice of Ty) such that

F(t) =p, te]l0,Tp]. (4.60)
Hence, we have
F'(t) = 2(u, uy) + ("“"é& - IIMOIIzé) =2u, up) + ZJ(u, u)dr + 2I(Vu, Vu,)dr (4.61)
and
F'(t) = 2luel? + 2Quge, uy + 2(u, ue) + 2(Vu, Vi) = 2lluel? - 2I(w). (4.62)

From (4.61), we have

2

(F'O) = 4| (u, u)? + 2u, ut)I((u, ) + (Vu, Vu))dr | + 4 I((u, w) + (Vu, Vudr | . (4.63)

Using the Schwarz inequality, we estimate each term in (4.63) as follows

W, ut>2 < TPl
t
j W, ur) + (Vu, Vupdr juu(r)nz drjuur(r)nz dr,
0

and
1/2/ ¢ 1/2

2, u»j((u up) + (Vit, Vu)dr < 2Jullu j u(o)R,dr jnuf(r)nz dr

< Jul? j e (D) T + ||ut||2f||u<r>||2 dr.
Then, (4.63) becomes

FEO7 < 4| lul + jnu(r)uz dr | u? + jnu (DR, dr
(4.64)
< 4F(O) P + juuf(r)ng,édr :
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By (4.62) and (4.64), we obtain

p+3

F'(OF(6) = =——(F"(O)Y 2 FO[F"() - (p + 3 luel® + IIIMT(T)IIZ dt

> F(6)| 2l - 20@) - (p + 3)| el + jnuf(r)nz dr

Setting
&) = 2lul? - 2I(w) - (p + 3)| el + IIIMT(T)IE{&dT . (4.65)
Note that

E©O)=E®) + [lurlgdr

1 1 1 1 1 1
= el + | = = —— |l + - —— |BIVul**? +
2 2 p+1 2y+1) p+1 p+

t
16 + [ Il o,
0

then

1 1 11 1
1w = E©O) - S - (L2 - 1 Y (1 - Vulr? — j 2.d
) (w) = E(0) 2"ut” (2 o l)"u”H (Z(y D pe 1)13" ull lucl?, dr.

Hence, we obtain

1 1

2 +1) p+1

§(®) = (p = Dllul; - 2(p + DEO) + (p - 1)IIIMT(T)II2 d7 + ( )ﬁ||Vu||2Y+2. (4.66)

Now, we set
¢(t) = (p - Dluly - 2(p + DE(0). (4.67)

Moreover, by Lemma 4.2 and Corollary 4.1, we conclude that there exists 0; > O (independent of Ty) such
that

d(t) = (p - Dluly - 2(p + Dd + 2(p + Dd - 2(p + 1DE(0) > gy > 0,
hence,

p+3

F'()F(t) - =———F'(t)?> > F(t)§,(t) = po > 0, te€ [0, Tp].

Let y(t) = F(t) "7, then

') < -2 Loy, telo, Tol,

which tells that

limy(t) =0
t—T,

This proves that y(t) reaches 0 at finite time, say ast — T.. Since T, is independent of the initial choice T, we
may assume that T, < Tp. In other words, lim,_,7F(t) = +co. This completes the proof of Case II. O
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5 Global existence, asymptotic behavior, and blowup of solutions
at critical initial energy level E(0) = d

5.1 Global existence for the critical initial energy level E(0) = d

This subsection proves the global existence of weak solution to problem (1.1)—(1.3) for the critical initial
energy level E(0) = d. Due to the strong connection with the subcritical initial energy case, we do not need
to rebuild the whole proof of the global existence conclusion for the critical initial energy, and we only need
to find a path from the subcritical case to the critical case. So, roughly speaking, the following proof is to
find a sequence of initial data from the subcritical energy range to approach the critical situation.

Theorem 5.1. (Global existence when E(0) = d). Let uy € H and u; € HX(Q) be given functions. Assume that
E(0) = d and ug € W. Then the solution to problem (1.1)-(1.3) exists globally.

Proof. Let A, =1 - %, Uom = AmUo,  Uim = Ay, m = 2, 3,--- . Consider problems (1.1) and (1.3) corre-
sponding to the initial conditions:

u(x, 0) = upm(x),  ux, 0) = Um(x). (5.1)

Asug € W, i.e., ug = 0 or ug # 0, we consider the following two cases.
Case L. uy = 0. Then J(up) = 0, which can be included in the subcritical initial energy case.
Case II. ug # 0. Then I(ug) > 0, from (iv) of Lemma 2.2, we obtain A* = A*(ug) > 1. Thus, we have

1- % <1< A*. Again from (iv) of Lemma 2.2, we obtain I(ug,,) > 0. Moreover, by 1 — % <1< A* and (iii)

of Lemma 2.2, we have J(uom) < J(uo).
Hence, for the aforementioned two cases, we have

En(0) = %uulmnz + Jom)
< %uulmuz + J(uo)
- %A,iuulnz + J(uo)
< %uuluz + J(uo) = E(0) = d.

Therefore, it follows from Theorem 4.1 that for sufficiently large m problem (1.1), (5.1) and (1.3) admits a global
weak solution u,,(t) € C([0, 00), H), up € LX[0, c0), HX(Q)) n L'*Y([0, co), L'*{(Q)) and u,, € W for0 < t <
00. Similar as the proof of Theorem 4.1, we have (4.1) and (4.2). Moreover we have u,(x, 0) — u; and
Un(x, 0) — uy. Therefore, u(x, t) is the global weak solution to problem (1.1)—(1.3). Hence, we complete
this theorem. O

5.2 Asymptotic behavior for the critical initial energy level E(0) = d

This subsection shows the asymptotic behavior of the global solution to problem (1.1)—(1.3) for the critical
initial energy level E(0) = d. First, we show the following lemma, which helps connect the subcritical case
with the critical case by decaying the subcritical initial energy to the lower level, which may pass the critical
level but only for the nonsteady state solution.

Lemma 5.1. Let uy € H and u; € H}(Q) be given functions. Assume that u(t) is the global solution (but not
steady-state solution) to problem (1.1)-(1.3) and Tyax IS the existence time of u(t). Then there exists a
to € (0, Tax) such that
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to
jaquuZ + lulhdr > 0. (5.2)
0

Proof. Let u(t) be any solution (but not steady-state solution) to problem (1.1)-(1.3), and T,ax be the
existence time of u(t). We prove that there exists a tg € (0, Thax) such that (5.2) holds. Arguing by contra-
diction, we suppose that for any ¢, € [0, Tnax),

o)
j(ﬂwrnz + luelfthdr = o,
0

which gives | Vu|]? + ||ut||’,§ﬂ = 0 for O < t < T,ax. Hence, we have

du dvu
—=——=0, xeQ, tye (0, T,
dt dt 0 ( max)
which gives u(t) = ug, Vu(t) = Vuy, i.e., u(t) is a steady-state solution of problem (1.1)—(1.3). O

Next, we prove the asymptotic behavior for the case E(0) = d by Theorems 4.1, 5.1, and Lemma 5.1.

Theorem 5.2. (Asymptotic behavior when E(0) = d). Under the assumptions of Theorem 5.1, for the global
solution (but not steady-state solution) to problem (1.1)-(1.3), we have
E(t)<Ce™, 0<t<oco (5.3)

for some positive constants C and k.

Proof. First, Theorem 5.1 gives the existence of the global solution u(t) to problem (1.1)-(1.3) for the case
E(0) = d. Furthermore, from Lemma 5.1, it follows that there exists a ty € (0, Thax) sSuch that

to
[ vl + wertiyar > o.
0
Hence, from (2.20), it follows that
to ty
E(t) = E©) = [(VudP + lulltDar =d - [(9ud? + lullibr < d.
0 0

From Theorem 5.1, we have u(ty) € W. Thus, Theorem 4.2 directly gives
E(t) < Ke™k(t-to) = Kektogkt 0 < t < o0,
then
E(t) < Ce™,

where C = Kekto, O

5.3 Global nonexistence for the critical initial energy level E(0) = d

In this section, to prove the finite time blowup result for the case E(0) = d, we give the invariance of the
unstable set V under the flow of problem (1.1)-(1.3) first. Regarding the finite time blowup for the critical
initial energy case, it seems impossible to approach from the inside of the potential well, so we need to
retrieve the corresponding invariant method by decaying the energy.
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Lemma 5.2. Let ug € H and u; € H&(Q) be given functions. Then all solutions to problem (1.1)-(1.3) with
E(0) = d belong to V, provided uy € V.

Proof. Let u be any weak solution to problem (1.1)—(1.3) with E(0) = d, ug € V and T be the maximum
existence time of u. We prove that (u, v) € V for 0 < t < T. Arguing by contradiction, we suppose that there

exists a first time ¢y € (0, T) such that I(u(ty)) = 0 and I(u) < O for O < t < ty. By the definition of d, we
obtain J(u(ty)) > d. Recalling (2.20), (2.3), and (2.4), we have

t t

1

Ellutll2 +J(w) + f(lquTIIZ + luclyiHdr = Et) + I(IIVuTIIZ + lucli)dr = E0) = d.
0 0

Therefore, we obtain
to
2llue(to)I? + '[(IIVMTIIZ + |uclyiDdr = 0,
0

which implies % =0forxeQ,0<t<tyand ulx, t) = up(x). Hence, we have I(u(ty)) = I(ug) > 0, which
contradicts I(u(ty)) = 0. Hence, we complete this lemma. O

Next, we display the finite time blowup result at the critical initial energy level E(0) = d.

Theorem 5.3. (Global nonexistence when E(0) = d). Let uy € H and u;, € H}(Q) be given functions. Assume
that E(0) = d and ug € V. Then the solution to problem (1.1)—(1.3) blows up in finite time.

Proof. First, Theorem 3.1 gives the existence and uniqueness of the local solution u. We prove that if u is not
a steady-state solution to problem (1.1)-(1.3), which can be excluded by the aforementioned arguments,
then Tp.x < 00, Where T, is the maximum existence time of u. In fact, from Lemma 5.1, it follows that there
exists a tg € (0, Tyax) such that

to
Javuete + etz > o.
0

From (2.20) and E(0) = d, we obtain

ty
E(to) = d - j (Ve + el hdr < d.
0

In addition, from Lemma 5.2, it follows u(ty) € V. So from Theorem 4.3, it follows that the maximum
existence time of u(t) is finite. Hence, we complete this theorem. (|

6 Global nonexistence of solutions for the high arbitrarily initial
energy E(0) > Owhenr=1
In the following, we show the global nonexistence of solution to problem (1.1)—(1.3) with strong and linear

weak damping (r = 1) at the arbitrarily high initial energy level E(0) > O.
First, we present the following two lemmas to prove the global nonexistence stated in Theorem 6.1.

Lemma 6.1. (Increasing map). Let ug € H, u; € H¥(Q), r = 1 and u be the solution to problem (1.1)-(1.3).
Then the function

B(t) = VUl + llul® + 2(u, u)

is strictly increasing as long as I(t) — |lu¢|? < O.
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Proof. Noting
B'(t) = 2(Vu, Vug) + 2(u, ug) + 2(u, ugy) + 2|ugl?.

Testing equation (1.1) by u, we obtain

(U, uge) + (U, Vup) + (U, ue) = —Aul? — M(IVulP)[IVul? + ulb, (6.1)
then

B'(t) = 2luel? - 2(18ul? + M(IVulP)IVul? — ulhi) = 2ul? - 20().

Hence, by I(t) < |u? we have B/(t) > 0. Therefore, we can obtain that the function B(t) = |Vu|? +
lul? + 2(u, uy) is strictly increasing. O
Lemma 6.2. (Invariant sign of I(¢) — |lus?). Let up € H, u; € H&(Q) and r = 1 hold. Assume that the initial
data satisfy

ME(O)
w-ve 7

where ¢ = min{l, C} > 0 and C is the optimal Sobolev constant from H into H}(Q). Then all solutions to
problem (1.1)—(1.3) with E(0) > 0 satisfy I(t) — |lu¢|> < 0, provided I(0) — |lw|? < O for allt € (0, Tnax), Where
Tmax 1S the maximum existence time.

IVuol® + lluol® + 2(uo, uy) > (6.2)

Proof. We prove I(t) — |lus*> < O for all t € (0, Tpax), Where Ty is the maximum existence time of u.
Arguing by contradiction, by the continuity of I(t) - |u|? in ¢, we suppose that ty € (0, Tpay) is the first
time such that

I(to) — lug(to)lI? = 0 (6.3)
and
I(t) - lue? <0, tel0,t).
From Lemma 6.1, we obtain that function |Vu|? + Jul? + 2(u, u;) is strictly increasing on the interval [0, t,),

which together with (6.2) gives

4p+1
IR+ I+ 20t ) > 19l + Il + 20t ) > TELIEQ), 10, 1),

Moreover, from the continuity of u(t) and u,(t) in t, we can obtain

4p+1) E(0).

IVuto)l* + llu(to)l* + 2(u(to), uito)) > Z (6.4)
(p-1¢
On the other hand, by (2.19), (2.6), and (6.3), we can obtain
to
BO)=E(to) + [ (1Vucl? + lucP)dr
0
1 p-1 5 1
=— o)l + =——|lu(t —I(¢,
2"ut( ol + 2+ 1) luCto)liz + D1 (to)
to
p-2y-1 y+2 J. 2 2
—— B|Vu(ty) | Vu, 19H)d
2y + D(p + 1)/3|| u(to)ll + 0(|| Ul + lluc)dr 6.5)

1 p-1 , 1
> —luto)IP + =——|lu(t + ——I(t
2|| (o)l 2(erl)ll (to)llm PR (to)

p+3 2 p-1
> ———[lug(¢, e —
2(p+1)ll ¢(to)ll 2+ D)

> pr—;ll)(nut(to)nz + luCto) ).

luCto)lz
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Using Sobolev, Young, and Cauchy-Schwarz inequalities, we have

le(to)I? + Nuto)lF; = lueto)l? + CUVUto)I? + luto)I?)
> E(lue(to)I? + IVu(to)? + uto)l*)

> S(luto)? + IVuto)l? + 2luto)l?)
2 (6.6)
> %(ZIIM(to)IIIIHt(to)II + [IVu(to)I? + lu(to)lI®)
> %(2(14(1‘0), u(to)) + IVu(to)l? + lluto)l?).
Then by (6.5) and (6.6), we obtain
E© > LY 00uty), uto)) + IVuto)P + Iu(to)IP), 6.7)
4(p + 1)
which contradicts (6.4). Hence, this lemma is proved. a

Next, we show the blowup result with arbitrarily positive initial energy E(0) > O.

Theorem 6.1. (Global nonexistence when E(0) > 0 and r = 1). Let uy € H and u; € HY(Q) hold. Assume that
E(0) > 0, I(up) — |lw|? < 0 and (6.2) hold. Then the solution to problem (1.1)-(1.3) with r = 1 blows up in
finite time.

Proof. Suppose by contradiction that the solution u(x, t) is global. Then for any T, > 0, we define the
auxiliary function F(t) as (4.59) mentioned earlier, then we have (4.60)—(4.64). By (4.62) and (4.64), we
obtain

t
FIOF©) - 2F(©) > FO|F'O - @+ 3| ulf + [ ol dr || = Fog,
0
where
t
&) = 2luel? - 2I(w) - (a + 3)| Juell®* + _[Ilur(f)lli,édf , (6.8)
0

and the constant a > 0 will be chosen later. To proceed the estimation of function &(t), we first observe
from (2.6) that

t
-2y-1
2000 = (p + DIl + (p = Dl + E=L=p1vur + 2 + D [ Iuldr - 20 + DEO).  (69)
0

Substituting (6.9) into &(t), we obtain

t
-2y -1
£0 = (p = @lulP + (p = Dlulfy + F=ZLpIVulPr? + @2p — 1 - a)luur(r)ngdf 6.10)
- 2(p + DE(0).

Seta = an, since p > 1, then we have p > a > 1. Thus, (6.10) becomes

t
-1 -2y-1 3
&£ = 22l + (p - DIl - 2p + DE©) + L= 2givupe2 + Z(p - 1) j lur (IR, dr,
2 y+1 2 o
0
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which together with p > 2y + 1 > 1 and the Cauchy-Schwarz inequality gives

56 =2 Ll + (p - Dlulyy - 2(p + DE(0)

— 1(IlutII2 + 2C(IVul? + ul®) - 2(p + DE(0)

- 1(IlutII2 + C(IVul? + 2Jul®) - 2(p + DE(0)

(p)
2

(p)
2

" (lluel? + IVul? + 2ul®) - 2(p + 1)E(0)
~———Qu, u) + IVul? + lul®) - 2(p + DE(0).

Then by Lemmas 6.2, 6.1 and (6.2), we have

50> P } @ =D o, w) + 1Vul? + [ulP) - 2(p + DE(O)

P - . @ =D g, up) + 1VuolP + luol?) - 2(p + DEO) > 0,

which means there exists a constant o, > 0 such that
&) = 0,> 0.

Hence,
F'(OF(t) - F'(t)2 >po, >0, tel0,T.

Letting y(t) = F(t)'"s , then

y'() < -2 Loy, telo, T,

which tells

limy(t) =0
t—T,

It proves that y(t) reaches 0 in finite time, say ast — T.. Since T, is independent of the initial choice of Ty, we
may assume that T, < Tp. In other words, lim,_,7F(t) = +0o. O

Remark 6.1. Here, we give an example to show that the set of the initial data satisfying the following
condition (Theorem 6.1):

(i) E(0) > 03

(ii) 1(0) - [l < 05

(i) [VatolP + ol + 2(uo, ) > SELIE(O),

is not empty.
For the initial data up € H and u; € H}(Q), we let

uo=Ap, ¢ e H

and

u = up, @ € HyQ),

where A and u are positive constants satisfying certain conditions to be stated later.

Taking any ¢ € H and ¢ € HYQ) such that (¢, ¢) > 0 and letting (ug, u;) = Au(¢, ) > 0 for any con-
stants A > 0 and u > 0, we show that we can choose suitably positive constants A and y such that ug and iy
conform the conditions (i)—(iii).
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Note that A2 < A%*2 < AP*1 for A > 1, hence, we can choose A large enough such that

1 1 .
J(0) = 5/12||¢|I§1 + zy%/lzy*zllw;bllzy+2 - ﬁ/\p”llqbllﬁﬁ <0 (6.11)
and
1(0) = 2| gl + PA>*2|Vp|>+2 — /V’”Ilqbllgﬂ < 0. (6.12)

Once A is fixed, then by (6.11), we can choose constant u > 0 such that

0 < —J(0) < %zﬂuq)nz < LI oyl + 21gIR) - J(0). 6.13)
4(p + 1)

For condition (i), from (6.13), we see that
1
E(0) = E}lzllwll2 +J(0) > 0.

For condition (ii), from (6.12), for the aforementioned u, we have
1(0) < 0 < pllol?,

which tells that I(0) — [li|? < O.
For condition (iii), from (6.13), we obtain

4(p + 1)
(p-1¢

Then, from (6.14) and Au(¢p, @) > 0, we have

4p+1)

RVel? + AlpI* > =
¢ ¢ (p-1¢

( % Lol + ,(0)) - E(0). (6.14)

4(p +1
IVuoll + ol + 2(uo, ur) = RIVGI? + RIpI + 2u(@, p) > RIVI + PlpI > ﬁm).
So this example shows one of such initial data satisfying the conditions required in Theorem 6.1, which
makes the solution blow up.

Open problems. For the high energy case, i.e., E(0) > 0, we only established global nonexistence for
the linear damping case, and hence, the problem with nonlinear damping term like |u;["u;, r > 1 is still
open. Moreover, global existence and asymptotic behavior of solution for the high initial energy level are
also open problems.
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Appendix

In this section, by following the ideas in [42], we prove that there exists an extremal of the variational
problem (2.9), which was used to prove Lemma 2.3.

Proof. Let {u,} be a minimizing sequence, then

up, € H, Jupllg #0, I(u,) =0, lim J(u,) =d.
n—co

The space H, the norm ||- ||z, and the functionals J, I are defined in (2.1), (2.2), (2.4), and (2.5), respectively.
From (2.17), we obtain that {u,} is bounded in H. Therefore, there exists a subsequence that converges
strongly in LP*1(Q), where p satisfies (1.5). We still use the notation {u,} to represent the subsequence and
denote its limit function by w. Hence, we have

lim "un - W"p+l =0,

n—oo
and

IWlg > im |unllg = lim fullg.

n—-oo n—oo

From (2.14) and (2.15), we know that

2
Iyt = Hm Bl (7 )

Therefore, [Wlp.1 # O.

If |wlg = lim,_oollunllg, then I(w) = 0 and J(w) = d, and we obtain the existence of the extremal
of (2.9).

If [wlg < lim,_lltnllg, then I(w) < 0 and J(w) < d, and we will prove this case is not true. By (iv) of
Lemma 2.2, for sufficient small A, we have I(Au) > O for anyu € H, u # 0, and then there exists a 0 < A<1
such that I(Aw) = 0. For this choice of A, we obtain

~ /TZ ﬁ—2y+2 B
W)= Sl + 51w fF(Aw)dx
Q
/TZ y2y+2 ~
< tim Julfy + LA J.F(/lw)dx
Q
32 B‘2y+2 _
=2 i gl + Vw2 — IF(Aw)dx +d- lim J(uy)
2 n-oo 2y +2 n—oo
Q

_yy+2
d_(l A
2y +2

)
. A 2— l]ﬁIIVWHZWZ + -[(F(W) - FQw) - %(1 - /P)wf(W))dx,

Q

where f(w) = [w|P~'w, F(w) = I:f(s)ds, B and y satisfy (1.4) and (1.5). Let

.__1_/12”2 -1 2y+2 ( _ _l _ 2 )
QW) = ( e )ﬁqunv + ! F(wW) = FOW) = ~(1 = R)wfw) Jdx. (A1)
For A = 1, we obtain
Q) =o.

For A = 0, we have

1 1 1 1
== - — vwlPr2 = | = - —— jwlP*L.
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From I(w) < 0, we know that
BIVWIP*2 < lwib:1, (A2)
which combining (1.5) gives
Q(0) < 0.
In addition,
Q) = BIVWIP 2+ = 1) + (A - AP)|wlb],

which combining (A2) and (1.5) gives

Q) >0 for0O<A<1.
Hence,

QA) <0 forO<A<1.
Then, we obtain,

J(Aw) < d while I(Aw) = 0,

which contradicts the definition of the potential well depth d, i.e., (2.9). The proof is completed. O
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