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In the present paper, we are concerned with the following fractional p-Laplacian 
Choquard logarithmic equation

(−Δ)spu+V (x)|u|p−2u+(ln |·|∗|u|p)|u|p−2u =

⎛
⎝∫
RN

F (y, u)
|y|β |x− y|μ

dy

⎞
⎠ f(x, u)

|x|β
in RN ,

where N = sp ≥ 2, s ∈ (0, 1), 0 < μ < N , β ≥ 0, 2β + μ ≤ N and (−Δ)sp
denotes the fractional p-Laplace operator, the potential V ∈ C(RN , [0, ∞)), and 
f : RN × R → R is continuous. Under mild conditions and combining variational 
and topological methods, we obtain the existence of axially symmetric solutions 
both in the exponential subcritical case and in the exponential critical case. We 
point out that we take advantage of some refined analysis techniques to get over 
the difficulty carried by the competition of the Choquard logarithmic term and the 
Stein-Weiss nonlinearity. Moreover, in the exponential critical case, we extend the 
nonlinearities to more general cases compared with the existing results.
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1. Introduction

1.1. Overview

In this paper, we are concerned with the fractional p-Laplacian Choquard logarithmic problems with 
exponential critical or subcritical Stein-Weiss type nonlinearity. The features of this paper are the following:

(i) the appearance of the Stein-Weiss convolution term generates the lack of translation invariance;
(ii) the presence of the Choquard logarithmic term with the peculiarity that is unbounded and sign-

changing, generates an unconventional workspace;
(iii) the certain energy level creates a bridge between exponential critical growth case and the compactness 

of the fractional p-Laplacian Choquard logarithmic problems;
(iv) the analysis developed in this paper is concerned with the combined effects of the Choquard logarithmic 

term and the exponential-subcritical/critical nonlinearity;

Since the contents of the paper are closely concerned with the weighted nonlocal Stein-Weiss problem, 
we briefly recall the related background and some pioneering contributions in this field, and we start with 
the weighted Lp estimates for the fractional integral

(Tμφ)(x) =
∫
RN

φ(y)
|x− y|μ dy, 0 < μ < N,

which is a fundamental problem in the field of harmonic analysis and also plays a crucial role in the analysis 
developed in our paper. Such weighted Lp estimates are generated from quite natural phenomena, which can 
be summarized as that the appearance of some suitable symmetry hypotheses, notably radial symmetry, 
contribute to improving the classical estimates and some embedding properties of function spaces. For 
example, the classical radial estimate by Strauss [43] establishes that all radial functions u ∈ H1(RN )(N ≥ 2)
satisfy

|x|(N−1)/2|u(x)| ≤ C‖∇u‖L2 , |x| ≥ 1,

which implies that the information of gradient in H1(R2) can give a pointwise bound and also reveal the 
decay of u. However, this is false in the general case. So such weighted Lp estimates have practical significance 
in the large wide of mathematical fields.

A series of studies have been done on the weighted Lp estimates for the fractional integral Tμ. Historically, 
Hardy & Littlewood [23] first considered the weighted Lp estimates for the one-dimensional fractional 
integral operator Tμ, then Sobolev [41] extended it to the N -dimensional case. Later, Stein & Weiss [42]
obtained the following two-weight extension of the Hardy-Littlewood-Sobolev inequality, which is known as 
the Stein-Weiss inequality.

Proposition 1. (Doubly weighted Hardy-Littlewood-Sobolev inequality) Let t, s > 1 and 0 < μ < N with 
ϑ + β > 0, 1

t + μ+ϑ+β
N + 1

s = 2, ϑ < N
t′ , β < N

s′ , g1 ∈ Lt(RN ) and g2 ∈ Ls(RN ), where t′ and s′ denote the 
Hölder conjugate of t and s, respectively. Then there exists a constant C(N, μ, ϑ, β, t, s), independent of g1, 
g2 such that

∫
RN

∫
RN

g1(x)g2(y)
|x− y|μ|y|ϑ|x|β dxdy ≤ C(N,μ, ϑ, β, t, s)‖g1‖t‖g2‖s. (1)
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For ϑ = β = 0, it is reduced to the Hartree type (also called the Choquard type) nonlinearity, which is driven 
by the classical Hardy-Littlewood-Sobolev inequality (See [30]).

The Stein-Weiss inequality provides quantitative information to characterize integrability for integral 
operators and is intrinsically determined by their dilation character. The study and understanding of the 
Stein-Weiss inequality have aroused an increasing interest among many scholars due to its importance in 
applications to problems in harmonic analysis and partial differential equations. Now, we take a look into 
the related applications concerning with Stein-Weiss term. Giacomoni et al. [8] studied the polyharmonic 
Kirchhoff equations involving the critical Choquard type exponential nonlinearity with singular weights. It 
is worth mentioning the beautiful work of Du et al. [18], where they investigated the following equation,

−Δu = 1
|x|α

⎛
⎝∫
RN

|u(y)|2∗
α,μ

|x− y|μ|y|α dy

⎞
⎠ |u(x)|2∗

α,μ−2u, x ∈ RN ,

where 2∗α,μ = (2N − 2α − μ)/(N − 2). The authors developed a nonlocal version of the concentration-
compactness principle to investigate the existence of solutions and study the regularity, and the symmetry 
of positive solutions by moving plane arguments under the critical case, as well as the results under the 
subcritical case. By using the moving plane arguments in integral form, Yang et al. [49] obtained the 
symmetry, regularity, and asymptotic properties of the weighted nonlocal system with critical exponents 
related to the Stein-Weiss inequality. Regarding other related results, we refer to Alves & Shen [7], Biswas 
et al. [9], Yang & Zhou [50], Zhang & Tang [53], Zhang, Tang & Rădulescu [54], and the references therein.

Another typical feature of our problem is the appearance of the exponential critical nonlinearities in 
the fractional Sobolev space W s,p(RN ). We start a short description of the development of this research 
with the Trudinger-Moser inequality. There are several results about the Trudinger-Moser inequality in the 
Sobolev-Slobodeckij spaces [1,3,20,33,34]. Concerning the N -dimensional fractional p-Laplacian equation, 
based on the result [38] and by applying a slightly modified version of the Trudinger-Moser sequence, Parini 
& Ruf [37] established the following local fractional Trudinger-Moser inequality.

Lemma 2. Let Ω be a bounded, open domain of RN (N ≥ 2) with Lipschitz boundary, and let s ∈ (0, 1), 
sp = N . Then there exists an exponent α of the fractional Trudinger-Moser inequality such that

sup
u∈W̃ s,p

0 (Ω),[u]s,p≤1

∫
Ω

exp(α|u| N
N−s ) < +∞.

Set

α∗ = α∗(s,Ω) := sup

⎧⎨
⎩α : sup

u∈W̃ s,p
0 (Ω),[u]s,p≤1

∫
Ω

exp(α|u| N
N−s ) < +∞

⎫⎬
⎭ .

Moreover, α∗ ≤ α∗
s,N , where

α∗
s,N := N

(
2(NωN )2Γ(p + 1)

N !

+∞∑
k=0

(N + k − 1)!
k!

1
(N + 2k)p

) s
N−s

,

and for s ∈ (0, 1) the Sobolev-Slobodeckij space W̃ s,p
0 (Ω) is defined by the completion of C∞

0 (Ω) with respect 
of the norm
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u �→ ‖u‖W s,p(Ω) :=
(
‖u‖pLp(Ω) + [u]ps,p

) 1
p

,

where [u]s,p is the Gagliardo seminorm

[u]s,p :=

⎛
⎝∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|N+sp

dxdy

⎞
⎠

1
p

.

Then Zhang [51] generalized the local fractional Trudinger-Moser inequality [37] to the whole space as 
follows.

Lemma 3. Let s ∈ (0, 1) and sp = N . Then for every 0 ≤ α < α∗, the following inequality

sup
u∈W s,p(RN ),‖u‖Ws,p(RN )≤1

∫
RN

ΦN,s(α|u|
N

N−s )dx < +∞ (2)

holds, where ΦN,s(t) = et −
∑jp−2

i=0
tj

j! and jp := min{j ∈ N : j ≥ p}. Moreover, for α ≥ α∗
s,N ,

sup
u∈W s,p(RN ),‖u‖Ws,p(RN )≤1

∫
RN

ΦN,s(α|u|
N

N−s )dx = +∞,

where s ∈ (0, 1) and p > 2, the Sobolev space W s,p(RN ) is defined by

W s,p(RN ) = {u ∈ Lp(RN ) : [u]ps,p < +∞}.

Remark 1. As explored by Zhang [51, Remark 1.2], α∗
s,N is just an upper bound of α∗, but they did not 

give the precise value of α∗.

Based on the Lemma 3, we say that f(x, t) has subcritical exponential growth at t = +∞ if it satisfies

(F1) f ∈ C(RN ×R, R), supx∈RN ,|s|≤|t||f(x, s)| < +∞ for every t ∈ R, and

lim
t→+∞

f(x, t) exp(−αt
N

N−s ) = 0 uniformaly on x ∈ RN for all α > 0.

We say that f(x, t) has the critical exponential growth at t = +∞ if it satisfies

(F1′) f ∈ C(RN ×R, R), supx∈RN ,|s|≤|t||f(x, s)| < +∞ for every t ∈ R, and there exists α0 > 0 such that

lim
t→+∞

f(x, t) exp(−αt
N

N−s ) = 0 uniformly on x ∈ RN for all α > α0

and

lim
t→+∞

f(x, t) exp(−αt
N

N−s ) = +∞ uniformly on x ∈ RN for all α < α0.

Based on the Trudinger-Moser inequalities, many authors considered the existence of weak solutions 
for the N -dimensional nonlinear equations as an application. On the bounded domain Ω, we refer to de 
Freitas [22] for quasilinear problems involving the N -Laplacian operator; Lam & Lu [27] for polyharmonic 
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equations; Lam & Lu [28] for elliptic equations and systems. As for the whole space, we refer to Lam & Lu 
[26] for N-Laplacian equations and Alves & Figueiredo [5] for quasilinear problems.

Among the investigations into the nonlinear partial differential equation with Stein-Weiss term in the 
exponential critical case, to the best of our knowledge, there is the only work Biswas et al. [9]. The authors 
considered a kind of quasilinear Schrödinger equations,

−ΔNu− ΔN (u2)u + V (x)|u|N−2u =

⎛
⎝∫
RN

F (y, u)
|y|β |x− y|μ dy

⎞
⎠ f(x, u)

|x|β in RN , (3)

where N ≥ 2, 0 < μ < N , β ≥ 0 and 2β + μ ≤ N . The potential V : RN → R is a continuous function 
satisfying 0 < V0 ≤ V (x) for all x ∈ RN and lim|x|→+∞ V (x) = V∞, and the nonlinearity f : RN ×R → R

is a continuous function with critical exponential growth in the sense of the Trudinger-Moser inequality. 
Different from the condition (f) in [10], they applied the following assumption

(f ′) assume that

lim
s→+∞

sf(x, s)F (x, s)
exp

(
2|s| 2N

N−1

) = ∞, uniformly in x ∈ RN ,

to exclude the vanishing case of the Cerami sequence. Then compared with the energy level of the limit 
equation, which is the equation (3) with V (x) = V∞, they could verify that equation (3) has a non-trivial 
positive weak solution.

For related results on the fractional p-Laplacian equations in RN with the nonlinearity satisfying ex-
ponential critical growth, we refer to [10,35,39]. Pei [39] investigated the existence of nontrivial solutions 
to a class of quasilinear fractional p-Laplacian problems without Ambrosetti-Rabinowitz (AR) condition. 
Nguyen [35] investigated the singular Schrödinger systems involving the fractional p-Laplacian and expo-
nential critical nonlinearities in the sense of the Trudinger-Moser inequality. Recently, Böer & Miyagaki 
[10] considered the fractional p-Laplacian Choquard logarithmic equation involving a nonlinearity with the 
exponential critical and subcritical growth. In particular, they studied the existence and multiplicity of the 
equation

(−Δ)spu + |u|p−2u + (ln | · | ∗ |u|p)|u|p−2u = f(u) in RN , (4)

where N = sp, s ∈ (0, 1), p > 2 and f : R → R is continuous, with primitive F (t) =
∫ t

0 f(τ)dτ , and (−Δ)sp
denotes the fractional p-Laplace operator. To guarantee that the Cerami sequence and the minimizing 
sequence of the ground state energy level satisfy the energy estimation, they relied on following hypothesis

(f) there exist q > 2p and Cq > [2(q−p)]
q−p
p

q
q
p

Sq
q

ρq−p
0

such that F (t) ≥ Cq|t|q for all t ∈ R,

where the parameters Sq, ρ0 > 0 defined in [10, Lemma 3.7] involve the embedding W s,p(RN ) ↪→ Lq(RN ). 
After excluding the vanishing case of the Cerami sequence {un}, they verified carefully the properties that

φ′(ũn)(ũn − u) → 0 and
∫
RN

f(ũn)(ũn − u)dx → 0 as n → +∞,

where u is the weak limit of the translated sequence {ũn}, and φ is the energy functional of equation (4). 
These properties contributed to obtaining the convergence ũn → u in X ′, where X ′ is the subspace of 
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W s,p(RN ). Moreover, they verified that there exists a constant C such that ‖v(x + yn)‖X′ ≤ C‖un‖, where 
v is an arbitrary element in X ′. Then it is easy to check that u is a nontrivial critical point of φ in X ′. In 
the second part of [10], they used the genus theory to prove the multiplicity result. Here, we also refer the 
reader to [37,51] and the references therein for the relative progress of such problems.

Finally, it is worth mentioning that there has been increasing interests into the study of fractional p-
Laplacian and non-local operators of elliptic type in recent years. Such type of operators arise in a quite 
natural way in many different applications, such as optimization, finance, phase transitions, stratified mate-
rials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable membranes, flame propagation, 
conservation laws and water waves. See [21,24,31,47,48] and the references therein for more detailed intro-
ductions and applications on the fractional p-Laplacian. We also refer to the work by Molica Bisci, Rădulescu 
& Servadei [32] for a comprehensive analysis of nonlocal fractional problems.

1.2. Main goal and difficulties

In this paper, we are concerned with the following fractional p-Laplacian Choquard logarithmic problems 
with exponential critical or subcritical Stein-Weiss type nonlinearity,

(−Δ)spu + V (x)|u|p−2u + (ln | · | ∗ |u|p)|u|p−2u =

⎛
⎝∫
RN

F (y, u)
|y|β |x− y|μ dy

⎞
⎠ f(x, u)

|x|β in RN , (5)

where N = sp ≥ 2, s ∈ (0, 1), 0 < μ < N , β ≥ 0, 2β +μ ≤ N and (−Δ)sp denotes the fractional p-Laplacian 
operator, which, up to normalization factors, can be defined as

(−Δ)spu(x) = C(N, s) lim
ε↘0

∫
RN\Bε(x)

|u(x) − u(y)|p−2(u(x) − u(y))
|x− y|N+sp

dy

for x ∈ RN , where Bε(x) := {y ∈ RN : |x − y| < ε}. Throughout this paper we omit the normalizing 
constant to simplify the expressions. The potential V ∈ C(RN , [0, ∞)), and f : RN × R → R is continuous 
nonlinearity with exponential critical and subcritical growth, and with primitive F (x, t) =

∫ t

0 f(x, τ)dτ .
Here we point out that the Choquard Logarithmic term together with the Stein-Weiss type nonlinearity 

with the exponential critical growth brings some difficulties in our analysis, which can be summarized as 
follows.

i) To overcome the obstacle caused by the sign-changing and unbounded potential∫
RN

∫
RN

ln(|x− y|)|u(x)|p|u(y)|pdxdy,

following the methods in [12,17,44], we shall use the smaller Hilbert space

X =

⎧⎨
⎩u ∈ W s,p(RN ) :

∫
RN

[V (x) + ln(1 + |x|)]updx < ∞

⎫⎬
⎭

and the norm ‖ · ‖∗ that will be introduced in Section 2. However, the norm ‖ · ‖∗ lacks translation 
invariance. Even if we could overcome this difficulty by applying the symmetric bilinear form∫ ∫

ln(1 + |x− y|)|u(x)|p|v(y)|pdxdy,

RN RN
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this problem still exists due to the appearance of the Stein-Weiss convolution term.
ii) One of the main difficulties comes from dealing with the exponential growth case. We need to verify 

that if un ⇀ ū in X, then

lim
n→∞

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx

converges to

lim
n→∞

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))ū(x)

|x|β dx,

which was adopted to find the ground state solution of the equation (5). However, our problem is raised 
in the exponential growth case, and it does not hold even if un → ū in Lq(RN ) for q ∈ [p, +∞) since 
the inequality introduced in Lemma 2 needs the critical exponent α0 to be less than α∗.

iii) We will be working with an exponential term. In order to guarantee that the Cerami sequence for 
the ground state satisfies the exponential estimates, we need to give a detailed analysis by using the 
fractional Trudinger-Moser type inequality in the whole space RN . However due to the appearance of 
the Choquard logarithmic term and the Stein-Weiss term, controlling the minimax levels and excluding 
the case that the Palais-Smale sequence is vanishing become more complicate and difficult.

When N = 2, p = 2, s = 1, and the nonlinearity term is the general nonlinearity f(x, u), problem (5)
reduces to the following Schrödinger equation

−Δu + V (x)u +

⎛
⎝∫
R2

ln |x− y|u2(y)dy

⎞
⎠u = f(x, u), x ∈ R2. (6)

Similarly, one typical feature of the equation is the appearance of the sign-changing and unbounded loga-
rithmic term, which leads to a situation where the corresponding energy function of equation (6) could not 
be well-defined on H1(R2). Inspired by [44], Cingolani & Weth [17] developed a variational framework for 
such kinds of problems, that is to consider the smaller Hilbert space

X∗ =

⎧⎨
⎩u ∈ H1(R2) :

∫
R2

ln(1 + |x|)u2dx < ∞

⎫⎬
⎭ ,

which contributes to overcome the difficulty caused by the typical feature of equation (6). After this work, a 
series of subsequent studies have been done on the existence and multiplicity of the solutions to the nonlinear 
Choquard Logarithmic equations, see for example [13,14,16,19]. For problems with the exponential critical 
growth, we refer to [4,6,15,45]. Chen & Tang [15] first obtained the existence of solution with an axially 
symmetric setting, instead of radial symmetry. In particular, they investigated equation (6) under the 
conditions (V ′

0) and (F ′
0), where

(V ′
0) V ∈ C(R2, [0, ∞)), V (x) = V (x1, x2) = V (|x1|, |x2|) for all x ∈ R2 and lim inf |x|→∞ V (x) > 0,

(F ′
0) f(x, t) := f(x1, x2, t) = f(|x1|, |x2|, t) for all (x, t) ∈ R2 ×R,
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then they could introduce the following smaller space

H1
ps = {u ∈ H1(R2) : u(x) := u(x1, x2) = u(|x1|, |x2|), ∀x ∈ R2}.

With the help of [46, Theorem 1.28], they could show that X∗ ∩H1
ps is a natural constraint of X. Another 

advantage of using axially symmetry is that they could control the part of the Logarithmic term
∫
R2

∫
R2

ln(|x− y|)u2(x)u2(y)dxdy

from below by a standard term which consists partially of the norm of space X∗. Applying certain new 
tricks, they obtained the existence of the nontrivial solution, the ground state solution of Nehari-type, and 
infinitely many solutions to the above system under some weak assumptions on V and f . Notice that very 
recently, Cao, Dai & Zhang [12] considered the following Schrödinger-Newton equation in R2,

−Δu + a(x)u + γ

2π (ln(| · |) ∗ |u|p) |u|p−2u = b|u|q−2u,

where infR2 a > 0, γ > 0, b ≥ 0, p ≥ 2 and q ≥ 2. They obtained the existence of ground state solutions 
and mountain pass solutions to the above equations for p ≥ 2 and q ≥ 2p − 2 via variational methods.

Inspired by the axially symmetric setting explored in Chen & Tang [15], we make the hypotheses.

(V0) V ∈ C(RN , [0, ∞)), V (x) = V (x1, x2, ..., xn) = V (|x1|, |x2|, ..., |xn|) for all x ∈ RN and 
lim inf |x|→∞ V (x) > 0.

(F0) f(x, t) := f(x1, x2, ..., xn, t) = f(|x1|, |x2|, ..., |xn|, t) for all (x, t) ∈ RN ×R.

Together with Proposition 6 illustrated in next section, we could avoid the problem i). However, it is far from 
understood whether the equation (5) still possesses nontrivial solutions under the exponential subcritical 
and critical cases since the appearance of the Stein-Weiss type convolution and whether the variational 
method developed in Chen & Tang [15] can be extended to the nonlinear Choquard Logarithmic equation 
(5). In particular, although we could rely on the approach explored in [15] to surmount difficulty ii), but 
there still exists a problem for verifying whether the fact that

lim
n→∞

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))u(x)

|x|β dx →
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx

holds when un ⇀ u in W s,p(RN ). In order to obtain the above fact, there is the only paper that dealing 
with the nonlinear equation with Stein-Weiss convolution term [9], where they used the Radon-Nikodym 
theorem to obtain that when un ⇀ u in W s,p(RN ),

lim
n→∞

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))φ(x)

|x|β dx =
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))φ(x)

|x|β dx

holds for every φ ∈ C∞
0 (RN ). However, since the appearance of the Choquard Logarithmic term and since 

we can not prove that

lim
n→∞

∫ ∫
ln(|x− y|)|un(x)|p|un(y)|p−2unφdxdy →

∫ ∫
ln(|x− y|)|u(x)|p|u(y)|p−2uφdxdy,
RN RN RN RN
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the arguments explored in [9] is not available in our problem, which implies that we need some new tricks 
and approaches.

1.3. Main results

To state our results, at the beginning, we introduce some assumptions. In the subcritical exponential 
growth case, namely (F1) holds, in addition to (V0) and (F0), we also assume that f satisfies the following 
conditions:

(F2) limt→0
f(x,t)

t
(2N−2β−μ)p

2N
= 0 uniformly in x ∈ RN ;

(F3) there exists θ > 2p such that f(x, t)t ≥ θF (x, t) > 0, for all t > 0.

The first main result in this paper establishes the existence of solutions of (5) in the subcritical case.

Theorem 4. Assume that V and f satisfy (V0) and (F0)-(F3). Then (5) has an axially symmetric solution 
ū ∈ X \ {0}.

In the critical exponential growth case, namely (F1′) holds, in order to find positive solutions of equation 
(5), we assume that f ∈ C(RN ×R, R) and for a.e. x ∈ RN , f(x, s) = 0 for s ≤ 0 and f(s) > 0 for s > 0. In 
addition to (F0), (F1′) and (F2), we also assume that V and f satisfy:

(V1) V ∈ C(RN , [1, ∞)), V (x) = V (x1, x2, ..., xn) = V (|x1|, |x2|, ..., |xn|) for all x ∈ RN and 
lim inf |x|→∞ V (x) > 0;

(F4) f(x,t)
|t|2p−1 is nondecreasing on (0, +∞);

(F5) there exist M0 and t0 > 0 such that for any |t| ≥ t0, F (t) ≤ M0|f(t)|;
(F6) lim inft→∞ f(t)/eα0t

N
N−s = κ, and κ satisfies that

⎡
⎣C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

+ 1

⎤
⎦O

(
1

lnn

)
+ (N − s) + C1 ln[Λκ−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn

−
C3α

∗
s,N (N − s)

2α0Ns lnn

[
2α0N

(2N − 2β − μ)α∗
s,N

]N−s
s

+ 1 −
(
αN,s

α∗
s,N

)N−s
s

< 0,

where n is large enough and Λ, C̃, V∞, ρ, αN,s, δn will be explained in Section 4.

Remark 2. By (F3)-(F4), we can obtain that F (x, t) ≥ 0, 1
2pf(x, t)t −F (x, t) ≥ 0 and F (x,t)

t2p is nondecreasing 
on (−∞, 0) ∪ (0, +∞). We would like to point out that the conditions (F3)-(F4) can be weakened. However, 
we do not involve the weakening conditions in our work, since we are aiming to figure out the feature of 
the Choquard Logarithmic term (ln | · | ∗ |u|p)|u|p−2u and the feature of exponential critical growth on the 
Stein-Weiss nonlinearity, in which weakening conditions (F3)-(F4) do not bring any effective changes to 
these aspects.

Remark 3. We shall use the weaker assumption (F6) to control the energy level of the Cerami sequence by 
a fine threshold, which needs a more complicated process compared with (f) and (f ′), see Lemma 16. This 
kind of condition like (F6) somehow reveals more essential features of the exponential critical growth given 
in (F1′).

Next, we give the second result in the exponential critical case.



10 S. Yuan et al. / J. Math. Anal. Appl. 526 (2023) 127214
Theorem 5. Assume that V and f satisfy (V1), (F0), (F1′), (F2) and (F4)-(F6). Then (5) has an axially 
symmetric positive solution ū ∈ N such that I(ū) = m := infN I when β < μ, where

N := {u ∈ E \ {0} : 〈I ′(u), u〉 = 0},

E := X ∩W s,p
as and

W s,p
as = {u ∈ W s,p(RN ) : u(x) := u(x1, x2, ..., xN ) = u(|x1|, |x2|, ..., |xN |), ∀ x ∈ RN}.

Remark 4. In view of the [9, Remark 1.5], we could conclude that if potential term V satisfies the compact-
coercive case, or radially symmetric case, or asymptotic case of a periodic function, then we could use the 
arguments explored in [9]. It is worth mentioning here that by (V0)(or (V1)) our framework is far from the 
radially symmetric case. Compared with the condition (V0), condition (V1) ensures that infx∈RN V (x) ≥ 1, 
which contributes to establish the relationship between two norms illustrated later.

The present paper is organized as follows. In Section 2, we discuss the variational setting and some 
preliminary results. Section 3 is devoted to establishing the mountain pass geometry and some analysis 
with the mountain pass level. In Section 4, we prove the existence of the axially symmetric solution of the 
equation (5) in the exponential subcritical case. In Section 5, we show the existence of the axially symmetric 
positive solution of the equation (5) in the exponential critical case after some refined analysis.

Notation. Throughout this paper, we make use of the following notations:

• C, c, Ci, ci (i = 1, 2, ..., ) denote positive constants which may vary from line to line.
• For any exponent p > 1, p′ denotes the conjugate of p and is given as p′ = p/(p − 1).
• Br(x) denotes the ball of radius r centered at x ∈ RN .
• The arrows ⇀ and → denote the weak convergence and strong convergence, respectively.
• Ls(RN )(1 ≤ s < +∞) denotes the Lebesgue space with the norm ‖u‖s = (

∫
RN |u|sdx)1/s.

2. Preliminary results

In this section we recall some preliminary results. We first recall that the fact 0 < s < 1 and sp = N , 
and the Sobolev space W s,p(RN ) is defined by

W s,p(RN ) = {u ∈ Lp(RN ) : [u]p
W s,p(RN ) < +∞},

where [u]W s,p(RN ) is the Gagliardo seminorm

[u]W s,p(RN ) :=

⎛
⎝∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|N+sp

dxdy

⎞
⎠

1
p

.

It is well-known that the space (W s,p(RN ), ‖ · ‖W s,p(RN )), where ‖ · ‖p
W s,p(RN ) = [·]ps,p +‖ · ‖pp, is an uniformly 

convex Banach space, particularly reflexive, and separable. We also remind the reader that C∞
0 (RN ) is 

dense in W s,p(RN ), see [2, Theorem 7.38].
Note that if u ∈ W s,p(RN ) is a weak solution for (5), that is for every v ∈ W s,p(RN ),

∫ ∫ |u(x) − u(y)|p−2(u(x) − u(y))(v(x) − v(y))
|x− y|2N dxdy +

∫
V (x)|u|p−2uvdx
RN RN RN
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+
∫
RN

∫
RN

ln(|x− y|)|u(x)|p|u(y)|p−2u(y)v(y)dxdy

−
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))v(x)

|x|β dx = 0.

In this sense, we consider the associated energy functional associated to the problem (5),

I(u) =1
p

∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|2N dxdy + 1

p

∫
RN

V (x)|u|pdx

+ 1
2p

∫
RN

∫
RN

ln(|x− y|)|u(x)|p|u(y)|pdxdy

− 1
2

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx.

(7)

Then, the critical points of I will be weak solutions for (5). However, one can see that I is not well defined 
over the whole space W s,p(RN ) due to the appearance of the Choquard logarithmic term. Hence, following 
the ideas introduced by Stubbe [44], we consider the slightly smaller space

X =

⎧⎨
⎩u ∈ W s,p(RN ) :

∫
RN

[V (x) + ln(1 + |x|)] |u(x)|pdx < +∞

⎫⎬
⎭ . (8)

Let

‖u‖p := [ · ]ps,p + ‖ · ‖pV,p,

where ‖u‖pV,p =
∫
RN V (x)|u|pdx. We define, for any measurable function u : RN → R

‖u‖∗ =
∫
RN

ln(1 + |x|)|u(x)|pdx ∈ [0,∞]. (9)

Then ‖u‖E := (‖u‖p +‖u‖p∗)
1
p is a norm on X. The space (X, ‖ · ‖E) is uniformly convex and reflexive. Here, 

we give the useful embedding properties in X as [9, Proposition 2.1] and [15, Lemma 2.1].

Proposition 6. Assume that (V0) holds, then there exists γ0 > 0 such that

γ0‖u‖W s,p(RN ) ≤ ‖u‖,∀ u ∈ X,

and the space X is continuous embedded in W s,p(RN ). Moreover, the space X is compactly embedded in 
Lω(RN ), for all ω ≥ p.

Next, we consider the property of the continuity of the functional I. The following lemma contributes to 
controlling the exponential term.

Lemma 7. Let (φn) ⊂ X and φ ∈ X. Then,
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(a) if φn → φ in W s,p or φn ⇀ φ in X, then there exists a subsequence (φnk
) ⊂ (φn) and a function 

h ∈ W s,p(RN ) such that φnk
→ φ(x) a.e. in RN and |φnk

(x)| ≤ h(x) for all k ∈ N and a.e. in RN .
(b) if φn → φ in X, then there exists a subsequence (φnk

) ⊂ (φn) and a function h ∈ X such that 
φnk

(x) → φ(x) a.e. in RN and |φnk
| ≤ h(x), for all k ∈ N and a.e. in RN .

We define the operators Υ : W s,p(RN ) ×W s,p(RN ) → R by

Υ(u, v) :=
∫
RN

∫
RN

|u(x) − u(y)|p−2(u(x) − u(y))(v(x) − v(y))
|x− y|2N dxdy, ∀u, v ∈ W s,p(RN )

and Υ̃ : W s,p(RN ) ×W s,p(RN ) → R is defined by

Υ̃(u, v) = Υ(u, v) +
∫
RN

V (x)|u|p−2uvdx, ∀u, v ∈ W s,p(RN ).

One can easily verify that Υ̃(u, v) ≤ ‖u‖p−1‖v‖ and Υ̃(u, u) = ‖u‖ for all u, v ∈ W s,p(RN ).
Inspired by [17], we define the following symmetric bilinear forms

(u, v) �→ A1(u, v) =
∫
RN

∫
RN

ln(1 + |x− y|)u(x)v(y)dxdy,

(u, v) �→ A2(u, v) =
∫
RN

∫
RN

ln
(

1 + 1
|x− y|

)
u(x)v(y)dxdy,

u �→ A0(u, v) = A1(u, v) −A2(u, v) =
∫
RN

∫
RN

ln(|x− y|)u(x)v(y)dxdy,

where the definition is restricted, in each case, to measurable functions u, v : RN → R such that the 
corresponding double integral is well defined in Lebesgue sense. Noting that 0 ≤ ln(1 + r) ≤ r for r ≥ 0, it 
follows from the Hardy-Littlewood-Sobolev inequality that

|A2(u, v)| ≤
∫
RN

∫
RN

1
|x− y| |u(x)||v(y)|dxdy ≤ C1‖u‖2N/(2N−1)‖v‖2N/(2N−1) (10)

with a constant C1 > 0. Using above three symmetric bilinear forms, we define three auxiliary functions 
V1 : W s,p(RN ) → [0, ∞), V2 : L

2Np
2N−1 (RN ) → [0, ∞) and V0 : W s,p(RN ) → R ∪ {∞}, given by

u �→ V1(u) = A1(|u|p, |u|p) =
∫
RN

∫
RN

ln(1 + |x− y|)|u(x)|p|u(y)|pdxdy,

u �→ V2(u) = A2(|u|p, |u|p) =
∫
RN

∫
RN

ln
(

1 + 1
|x− y|

)
|u(x)|p|u(y)|pdxdy,

u �→ V0(u) = A0(|u|p, |u|p) = V1(u) − V2(u) =
∫
RN

∫
RN

ln(|x− y|)|u(x)|p|u(y)|pdxdy.

Remark 5. (i) As a consequence of Hardy-Littlewood-Sobolev Inequality (HLS) [29], with α = β = 0 and 
λ = 1, we have 1

q + 1
t + 1

N = 2. So, making a natural choice for q and t, that is q = t = 2N/(2N − 1), we 
obtain that
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|V2(u)| ≤ K0‖u‖2p
2Np

2N−1
, ∀ u ∈ L

2Np
2N−1 (RN ), (11)

so V2 takes finite values over L
2Np

2N−1 (RN );

(ii) V1(u) ≤ 2‖u‖p∗‖u‖pp′ , since ln(1 + |x − y|) ≤ ln(1 + |x|) + ln(1 + |y|);

(iii)
∫
R2N ln(1 + |x − y|)|u(x)|p|v(y)|pdxdy ≤ ‖u‖p∗‖v‖pp + ‖v‖p∗‖u‖pp′ .

According to the arguments explored in [9] and [10], we can obtain that V0, V1, V2 are of class C1(X, R), 
with

V ′
1(u)(v) = 2p

∫
RN

∫
RN

ln(1 + |x− y|)|u(x)|p|u(y)|p−2u(y)v(y)dxdy

and

V ′
2(u)(v) = 2p

∫
RN

∫
RN

ln
(

1 + 1
|x− y|

)
|u(x)|p|u(y)|p−2u(y)v(y)dxdy.

From the assumptions (F1)(or (F1′)) and (F2), we obtain that for any ε > 0, q ≥ p, there exist positive 
constants C(q, ε) > 0 and α > 0 (or α > α0 > 0) such that

|F (x, s)| ≤ ε|u|
(2N−2β−μ)p

2N + C(q, ε)|s|q
[
exp(α|s| N

N−s ) − Skp−2(α, s)
]

for all (x, s) ∈ RN ×R. (12)

Thus, in light of the Sobolev embedding, for any u ∈ W s,p(RN ), F (x, u) ∈ Lq(RN ) for any q ≥ 2N/(2N −
2β − μ). In view of Proposition 1 with t = s and ϑ = β, we can obtain

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx ≤ C(N,μ, β)‖F (·, u)‖2
2N/(2N−2β−μ). (13)

By Lemma 3, (12), (13) and the standard arguments, we can obtain that I is well defined and I ∈
C1(X, R), and

I(u) = 1
p
‖u‖p + 1

2pV0(u) − 1
2

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx, ∀ u ∈ X, (14)

〈I ′(u), v〉 =
∫
RN

∫
RN

|u(x) − u(y)|p−2(u(x) − u(y))(v(x) − v(y))
|x− y|2N dxdy +

∫
RN

V (x)|u|p−2uvdx

+ A0(|u|p, |u|p−2uv) −
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))v(x)

|x|β dx, ∀ u, v ∈ X, (15)

and

〈I ′(u), u〉 = ‖u‖p + V0(u) −
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx, ∀ u ∈ X. (16)

Hence, the solutions of the equation (5) are the critical points of the functional (7).
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3. Mountain pass geometry and technical results

In this section we will investigate the geometry of I and provide some technical results. First, we give the 
following version of the mountain pass Theorem, by which we can verify the mountain pass geometry of I.

Lemma 8. Let Y be a real Banach space and let I ∈ C1(Y, R). Let S be a closed subset of Y which disconnects 
(archwise) Y in distinct connect components Y1 and Y2. Suppose further that I(0) = 0 and
(i) 0 ∈ Y1 and there is α > 0 such that I|S ≥ α,
(ii) there is e ∈ Y2 such that I(e) ≤ 0.
Then I possesses a (Ce)c sequence with c ≥ α > 0 given by

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)),

where

Γ = {γ ∈ C([0, 1], Y ) : γ(0) = 0, γ(1) = e}.

Now we choose w0 ∈ E \ {0}, then it is easy to show that limt→∞ I(tw0) = −∞ due to (F3). To make 
the notation concise, we set, for α > 0 and t ∈ R,

H(α, t) = exp(α|t| N
N−s ) − Skp−2(α, t) =

+∞∑
k=kp−1

αk

k! |t|
Nk
N−s ,

where Skp−2(α, t) =
∑kp−2

k=0
αk

k! |t|
Nk
N−s and kp = min{k ∈ N; k ≥ p}.

Lemma 9. Assume that (V0), (F0), (F1) (or (F1′)), (F2) and (F3) hold, then there exist a constant c̄ ∈
(0, supt≥0 Φ(tw0)] and a sequence {un} ⊂ E satisfying

Φ(un) → c̄, ‖Φ′(un)‖E∗(1 + ‖un‖E) → 0. (17)

Proof. By Proposition 6, the embedding X ↪→ Lw(RN ) is continuous for w ∈ [p, ∞), which implies that 
there exists γw > 0 such that

‖u‖w ≤ γw‖u‖, ∀ u ∈ X.

By (F1)(or (F1′)) and (F2), for each ε > 0, there exists some constants α > 0, q > p and Cε > 0 such 
that

|F (x, u)| ≤ ε|u|
(2N−2β−μ)p

2N + Cε|u|qH(α, u).

In view of Lemma 3, for all ‖u‖W s,p satisfies

4Nα‖u‖
N

N−s

W s,p(RN )

2N − 2β − μ
< α∗,

we have

⎧⎨
⎩
∫
RN

H

⎛
⎝4Nα‖u‖

N
N−s

W s,p(RN )

2N − 2β − μ
,

∣∣∣∣ u

‖u‖W s,p(RN )

∣∣∣∣
⎞
⎠ dx

⎫⎬
⎭

2N−2β−μ
2N

< +∞.
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Hence, jointly with the Sobolev embedding, we can obtain that

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx

≤ C(N,μ, β)
∥∥∥ε|u| (2N−2β−μ)p

2N + Cε|u|qH(α, u)
∥∥∥2

L
2N

2N−2β−μ (RN )

≤ C(N,μ, β)

⎡
⎣2

2N
2N−2β−μ

⎧⎨
⎩ε

2N
2N−2β−μ

∫
RN

|u|pdx

+C
2N

2N−2β−μ
ε

∫
RN

|u|
2Nq

2N−2β−μH
(

2Nα

2N − 2β − μ
, u

)
dx

⎫⎬
⎭
⎤
⎦

2N−2β−μ
N

≤ C1(N,μ, β, ε)

⎡
⎢⎣‖u‖ (2N−2β−μ)p

N

Lp(RN ) + ‖u‖2q

L
4Nq

2N−2β−μ (RN )

⎧⎨
⎩
∫
RN

H
(

4Nα

2N − 2β − μ
, u

)
dx

⎫⎬
⎭

2N−2β−μ
2N

⎤
⎥⎦

≤ C2(N,μ, β, ε)

⎡
⎢⎣‖u‖ (2N−2β−μ)p

N + ‖u‖2q

⎧⎨
⎩
∫
RN

H
(4Nα‖u‖W s,p(RN )

2N − 2β − μ
,

u

‖u‖W s,p(RN )

)
dx

⎫⎬
⎭

2N−2β−μ
2N

⎤
⎥⎦

≤ C3(N,μ, β, ε)
(
‖u‖

(2N−2β−μ)p
N + ‖u‖2q

)
.

Using (11) and the Sobolev embedding, we have that for ‖u‖W s,p(RN ) ≤
(

(2N−2β−μ)α∗
4Nα

)N−s
N , then

I(u) = 1
p
‖u‖p + 1

2p [V1(u) − V2(u)] − 1
2

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx

≥ 1
p
‖u‖p − 1

2C3(N,μ, β, ε)
(
‖u‖

(2N−2β−μ)p
N + ‖u‖2q

)
− CK0‖u‖2p.

Hence, there exists κ0 > 0 and 0 < ρ <
(

(2N−2β−μ)α∗
4Nα

)N−s
N such that I(u) ≥ κ0 for all u ∈ E with ‖u‖ = ρ. 

Since limt→∞ I(tw0) = −∞, we can choose T > 0 such that e = Tw0 ∈ Y2 := {u ∈ E : ‖u‖ > ρ} and 
I(e) < 0, then in view of Lemma 8 with Y = E and Y1 := {u ∈ E : ‖u‖ < ρ}, we deduce that there exist 
c̄ ∈ [κ0, supt≥0I(tw0)] and a sequence {un} ⊂ E satisfying (17). �
Lemma 10. Let (un) ⊂ X satisfying (17). Then, the sequence {un} is bounded in X.

Proof. From (17) and (F3), we have

d + o(1) ≥ I(un) − 1
2p 〈I

′(un), un〉

≥ 1
2p‖un‖p + 1

2p

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x) − pF (x, u(x))

|x|β dx (18)

≥ 1
2p‖un‖p
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for all n ∈ N. Therefore, {un} is bounded in X. �
Next, to find the ground state solutions for (5), we shall establish the following inequality.

Lemma 11. Assume that (V0), (F0), (F1) (or (F1′)) and (F4) hold, then

I(u) ≥ I(tu) + 1 − t2p

2p 〈I ′(u), u〉 + (1 − tp)2

2p ‖u‖p (19)

for all u ∈ E and t ≥ 0.

Proof. First, we can verify that

I(u) − I(tu) = 1 − tp

p

∫
R2N

|u(x) − u(y)|p
|x− y|2N dxdy + 1 − tp

p

∫
RN

V (x)|u|pdx

+ 1 − t2p

2p

∫
RN

∫
RN

ln(|x− y|)|u(x)|p|u(y)|pdxdy

− 1
2

∫
RN

∫
RN

F (y, u(y))F (x, u(x)) − F (y, tu(y))F (x, tu(x))
|x|β |x− y|μ||y|β dxdy

= 1 − t2p

2p 〈I ′(u), u〉 + (1 − tp)2

2p ‖u‖p

+ 1
2

⎧⎨
⎩1 − t2p

p

∫
RN

∫
RN

F (y, u(y))f(x, u(x))u(x)
|x|β |x− y|μ|y|β dxdy

+
∫
RN

∫
RN

F (y, tu(y))F (x, tu(x)) − F (y, u(y))F (x, u(x))
|x|β |x− y|μ|y|β dxdy

⎫⎬
⎭ .

To verify the Lemma 11, next, we just need to claim that for any t > 0 and any u ∈ W s,p(RN ), we have

Φ(t, u) =1 − t2p

2p

∫
RN

∫
RN

F (y, u(y))f(x, u(x))u(x)
|x|β |x− y|μ|y|β dxdy

+
∫
RN

∫
RN

F (y, tu(y))F (x, tu(x)) − F (y, u(y))F (x, u(x))
|x|β |x− y|μ|y|β dxdy ≥ 0.

Indeed, by (F4) and Remark 2, we can obtain that

d
dtΦ(t, u) =

∫
RN

∫
RN

−t2p−1F (y, u(y))f(x, u(x))u(x)
|x|β |x− y|μ|y|β dxdy

+
∫
RN

∫
RN

F (y, tu(y))f(x, tu(x))u(x)
|x|β |x− y|μ|y|β dxdy

= t4p−1
∫ ∫ [u(x)]2p

|x|β |x− y|μ|y|β
F (y, tu(y))

t2p

(
f(x, tu(x))

t2p−1[u(x)]2p−1 − f(x, u(x))
[u(x)]2p−1

)
dxdy
RN RN
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+ t4p−1
∫
RN

∫
RN

[u(x)]2p|u(y)|2p
|x|β |x− y|μ|y|β

f(x, u(x))
[u(x)]2p−1

[
F (y, tu(y))
t2p|u(y)|2p − F (y, u(y))

|u(y)|2p
]

dxdy

+
(
t4p−1 − t2p−1) ∫

RN

∫
RN

F (y, u(y))f(x, u(x))u(x)
|x|β |x− y|μ|y|β dxdy

{
≥ 0, t ≥ 1;
≤ 0, 0 < t < 1,

which implies that Φ(t, u) ≥ Φ(1, u) = 0 for t > 0. From Remark 2, we can easily know

Φ(0, u) =
∫
RN

∫
RN

F (y, u(y))[ 1
2pf(x, u(x))u(x) − F (x, u(x))]
|x|β |x− y|μ|y|β dxdy ≥ 0.

This shows that Φ(t, u) ≥ 0 holds for t ≥ 0. Therefore, for any u ∈ E and any t ≥ 0, we have

I(u) − I(tu) ≥ 1 − t2p

2p 〈I ′(u), u〉 + (1 − tp)2

2p ‖u‖p .

We have completed the proof. �
Lemma 12. Assume that (V0), (F0), (F1) (or (F1′)) and (F4) hold, then for every u ∈ N ,

I(u) ≥ max
t≥0

I(tu).

Lemma 13. Assume that (V0), (F0), (F1) (or (F1′)) and (F4) hold. Then for any u ∈ E \ {0}, there exists 
a unique t > 0 such that tu ∈ N .

Proof. Let u ∈ E \ {0} be fixed and define a function ϑ0(t) := 〈I ′(tu), tu〉 on [0, ∞). It is easy to verify that 
ϑ0(0) = 0, ϑ0(t) > 0 for t > 0 small and ϑ0(t) < 0 for t large. Therefore, there exists t = tu > 0 such that 
ϑ0(tu) = 0 and tuu ∈ N .

We can conclude that tu is unique for any u ∈ E \ {0}. In fact, for any given u ∈ E \ {0}, let t1, t2 > 0
such that ϑ0(t1) = ϑ0(t2) = 0. By (19) for all t > 0, u ∈ E \ {0}, taking t = t2/t1, one has

I(t1u) ≥ I(t2u) + (tp1 − tp2)2

2ptp1
‖u‖p

≥ I(t1u) + (tp2 − tp1)2

2ptp2
‖u‖p + (tp1 − tp2)2

2ptp1
‖u‖p,

which implies that t1 = t2. �
In view of Lemmas 12 and 13, we obtain that

inf
u∈N

I(u) := m = inf
u∈E\{0}

max
t≥0

I(tu). (20)

For any u ∈ N , it is easy to verify that I(tu) < 0 for large t > 0 by (F1′). Hence, we can prove the 
following lemma by the standard argument explored by [14, Lemma 3.2].
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Lemma 14. Assume that (V0), (F0), (F1′), (F2) and (F4) hold. Then there exist a constant c∗ ∈ (0, m) and 
a sequence {un} ⊂ E satisfying

I(un) → c∗, ‖I ′(un)‖E∗(1 + ‖un‖E) → 0, (21)

where m is defined in Theorem 5.

4. Subcritical case

This section is devoted to proving the Theorem 4. We first give the following property, which contributes 
to proving the boundedness of the sequence in E, in the sense of the norm ‖ · ‖∗.

Lemma 15. Assume that (V0) holds. Then

A1(|u|p, |v|p) ≥
1

2N ‖u‖pp‖v‖p∗, ∀ u, v ∈ E. (22)

Proof. Let I(i1,i2,...,in) = {(x1, x2, ..., xn) ∈ RN : x1(i1), x2(i2), ..., xn(in)}, and

xj(ij) =
{
xj ≥ 0, when ij = 1,
xj < 0, when ij = −1,

where j = 1, ..., n. Then it follows from the definition of E that

A1(|u|p, |v|p) =
∫
RN

∫
RN

ln(1 + |x− y|)|u(x)|p|v(y)|pdxdy

≥
∑

ij∈{−1,1},j=1,...,n

∫
I(i1,i2,...,in)

|u(y)|pdy
∫

I(−i1,−i2,...,−in)

ln(1 + |x− y|)|v(x)|pdx

≥
∑

ij∈{−1,1},j=1,...,n

∫
I(i1,i2,...,in)

|u(y)|pdy
∫

I(−i1,−i2,...,−in)

ln(1 + |x|)|v(x)|pdx

≥ 1
2N

∫
RN

|u(y)|pdy
∫
RN

ln(1 + |x|)|v(x)|pdx

≥ 1
2N ‖u‖pp‖v‖p∗, ∀ u, v ∈ E.

We have completed the proof. �
Proof of Theorem 4. Applying Lemmas 9 and 10, we deduce that there exists a bounded sequence {un} ⊂ E

satisfying (17). Thus there exists a constant C > 0 such that ‖un‖p ≤ C. If δ0 := limsupn→∞‖un‖p = 0, 
then from the Gagliardo-Nirenberg inequality explored in [36, Proposition, page 261]:

‖un‖qq ≤ Cq‖un‖pp‖(−Δ) s
2un‖q−p

p , (23)

we derive that un → 0 in Lq(RN ) for q ∈ [p, +∞).
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Taking α enough small in (12), and then it follows from the arbitrariness of the ε that

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx

≤ C(N,μ, β)
∥∥∥ε|un|

(2N−2β−μ)p
2N + Cε|un|qH(α, un)

∥∥∥2

L
2N

2N−2β−μ (RN )

≤ C(N,μ, β)

⎡
⎣2

2N
2N−2β−μ

⎧⎨
⎩ε

2N
2N−2β−μ

∫
RN

|un|pdx

+C
2N

2N−2β−μ
ε

∫
RN

|un|
2Nq

2N−2β−μ

{
H
(

2Nα

2N − 2β − μ
, un

)}
dx

⎫⎬
⎭
⎤
⎦

2N−2β−μ
N

≤ 4ε2C4(N,μ, β)

⎛
⎝∫
RN

|un|pdx

⎞
⎠

2N−2β−μ
N

+ 4C4(N,μ, β)C2
ε

⎛
⎝∫
RN

|un|
4Nq

2N−2β−μ dx

⎞
⎠

2N−2β−μ
2N

⎡
⎣∫
RN

{
H
(

4Nα

2N − 2β − μ
, un

)}
dx

⎤
⎦

2N−2β−μ
2N

≤ 4ε2C4(N,μ, β)‖un‖
(2N−2β−μ)p

N
p

+ 4C4(N,μ, β)C2
ε‖un‖2q

4Nq
2N−2β−μ

⎡
⎣∫
RN

{
H
(

4Nα

2N − 2β − μ
, un

)}
dx

⎤
⎦

2N−2β−μ
2N

= 4ε2C4(N,μ, β)‖un‖
(2N−2β−μ)p

N
p

+ 4C4(N,μ, β)C2
ε‖un‖2q

4Nq
2N−2β−μ

⎡
⎣∫
RN

⎧⎨
⎩H

⎛
⎝4Nα‖un‖

N
N−s

W s,p(RN )

2N − 2β − μ
,

un

‖un‖W s,p(RN )

⎞
⎠
⎫⎬
⎭dx

⎤
⎦

2N−2β−μ
2N

≤ c̄

2 + o(1).

Now from the inequality (11), one has

c̄ + o(1)

= I(un) − 1
p
〈I ′(un), un〉

= 1
2p [V2(un) − V1(un)] +

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ 1

pf(x, un(x))un(x) − 1
2F (x, un(x))

|x|β dx

≤ c̄

2p + o(1).



20 S. Yuan et al. / J. Math. Anal. Appl. 526 (2023) 127214
This contradiction show that δ0 > 0. By (11), (16), (17) and (18), one has

V1(un) ≤ V2(un) +
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx + o(1) ≤ C,

which together with Lemma 15, implies that {‖un‖∗} is bounded, and thus {un} is bounded in E. We may 
thus assume, passing to a subsequence again if necessary, that un ⇀ ū in E, un → ū in Lq(RN ), q ∈ [p, +∞)
and un → ū a.e. on RN .

By Proposition 1, we have

∫
RN

⎛
⎝∫
RN

F (y, ū(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, ū(x))(un(x) − ū(x))

|x|β dx

−
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))(un(x) − ū(x))

|x|β dx

=
∫
RN

⎛
⎝∫
RN

F (y, ū(y)) − F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))(un(x) − ū(x))

|x|β dx

+
∫
RN

⎛
⎝∫
RN

F (y, ū(y))
|y|β |x− y|μ dy

⎞
⎠ (f(x, ū(x)) − f(x, un(x)))(un(x) − ū(x))

|x|β dx

≤ C(N,μ, β)‖F (y, ū(y)) − F (y, un(y))‖ 2N
2N−2β−μ

‖f(x, un(x))(un(x) − ū(x))‖ 2N
2N−2β−μ

+ C(N,μ, β)‖F (y, ū(y))‖ 2N
2N−2β−μ

‖(f(x, ū(x)) − f(x, un(x)))(un(x) − ū(x)))‖ 2N
2N−2β−μ

.

In particular, by (F1), we can take enough small α in (12), and then we have

‖F (y, ū(y)) − F (y, un(y))‖ 2N
2N−2β−μ

‖f(x, un(x))(un(x) − ū(x))‖ 2N
2N−2β−μ

≤

⎛
⎝∫
RN

{
4

2β+μ
2N−2β−μ ε

2N
2N−2β−μ (|ū|p + |un|p)

+4
2β+μ

2N−2β−μC
2N

2N−2β−μ
ε

[
|ū|

2Nq
2N−2β−μH

(
2Nα

2N − 2β − μ
, ū

)

+|un|
2Nq

2N−2β−μH
(

2Nα

2N − 2β − μ
, un

)]}
dx
) 2N−2β−μ

2N

×

⎛
⎝∫
RN

∣∣∣ε|un|
(2N−2β−μ)p

2N −1 + Cε|un|q−1H(α, un)
∣∣∣ 4N
2N−2β−μ dx

⎞
⎠

2N−2β−μ
4N

×

⎛
⎝∫
RN

|un − ū| 4N
2N−2β−μ dx

⎞
⎠

2N−2β−μ
4N

≤

⎧⎪⎨
⎪⎩C1

ε

(
‖ū‖

(2N−2β−μ)p
2N

p + ‖un‖
(2N−2β−μ)p

2N
p

)
+ C2

ε

⎛
⎝∫

N

|ū|
2Nq

2N−2β−μH
(

2Nα

2N − 2β − μ
, ū

)
dx

⎞
⎠

2N−2β−μ
2N
R
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+C2
ε

⎛
⎝∫
RN

|un|
2Nq

2N−2β−μH
(

2Nα

2N − 2β − μ
, un

)
dx

⎞
⎠

2N−2β−μ
2N

⎫⎪⎬
⎪⎭

× ‖un − ū‖ 4N
2N−2β−μ

{
C3

ε‖un‖
(2N−2β−μ)

2N −1
2p− 4N

2N−2β−μ

+C4
ε

⎡
⎣∫
RN

|un|
4N(q−1)

2N−2β−μH
(

4Nα

2N − 2β − μ
, un

)
dx

⎤
⎦

2N−2β−μ
4N

⎫⎪⎬
⎪⎭ ·

≤

⎧⎪⎨
⎪⎩C1

ε

(
‖ū‖

(2N−2β−μ)p
2N

p + ‖un‖
(2N−2β−μ)p

2N
p

)
+ C2

ε‖ū‖q 4Nq
2N−2β−μ

⎡
⎣∫
RN

H
(

4Nα

2N − 2β − μ
, ū

)
dx

⎤
⎦

2N−2β−μ
4N

+C2
ε‖un‖q 4Nq

2N−2β−μ

⎡
⎣∫
RN

H
(

4Nα

2N − 2β − μ
, un

)
dx

⎤
⎦

2N−2β−μ
4N

⎫⎪⎬
⎪⎭

× ‖un − ū‖ 4N
4N−2β−μ

{
C3

ε‖un‖
(2N−2β−μ)

2N −1
2p− 4N

2N−2β−μ

+C4
ε‖un‖q−1

8N(q−1)
2N−2β−μ

⎡
⎣∫
RN

H
(

8Nα

2N − 2β − μ
, un

)
dx

⎤
⎦

2N−2β−μ
8N

⎫⎪⎬
⎪⎭ ·

≤ C(ε,N, α, β, μ)‖un − ū‖ 4N
4N−2β−μ

= o(1).

Similarly, we can deduce that

‖F (y, ū(y))‖ 2N
2N−2β−μ

‖(f(x, ū(x)) − f(x, un(x)))(un(x) − ū(x))‖ 2N
2N−2β−μ

= o(1).

To prove our results, we need to recall the well-known Simon inequality

(|a|p−2a− |b|p−2b)(a− b) ≥ kp|a− b|p, kp > 0, ∀ a, b ∈ R

for p ≥ 2. By the Simon inequality, we thus have

Υ(un, un − u) − Υ(u, un − u) ≥ kpΥ(un − u, un − u) = kp[un − u]ps,p

and ∫
RN

V (x)(|un|p−2un − |u|p−2u)(un − u)dx ≥ kp

∫
RN

V (x)|un − u|pdx.

It follows from (15) that

o(1) = 〈I ′(un) − I ′(ū), un − ū〉

= Υ(un, un − ū) − Υ(ū, un − ū) +
∫
RN

V (x)(|un|p−2un − |ū|p−2ū)(un − ū)dx

+ A0(|un|p, |un|p−2un(un − ū)) −A0(|ū|p, |ū|p−2ū(un − ū))
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−
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))(un(x) − ū(x))

|x|β dx

+
∫
RN

⎛
⎝∫
RN

F (y, ū(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, ū(x))(un(x) − ū(x))

|x|β dx

≥ kp‖un − ū‖p + kpA1(|un|p, |un − ū|p)
+ A1(|un|p, |ū|p−2ū(un − ū)) −A1(|ū|p, |ū|p−2ū(un − ū))

−A2(|un|p, |un|p−2un(un − ū)) + A2(|ū|p, |ū|p−2ū(un − ū)) + o(1).

It is easy to verify that

|A1(|un(x)|p, |ū(y)|p−2ū(y)(un(y) − ū(y)))|

=

∣∣∣∣∣∣
∫
RN

∫
RN

ln(1 + |x− y|)|un(x)|p|ū(y)|p−2ū(y)(un(y) − ū(y))dxdy

∣∣∣∣∣∣
≤

∫
RN

∫
RN

[ln(1 + |x|) + ln(1 + |y|)]|un(x)|p|ū(y)|p−2ū(y)(un(y) − ū(y))dxdy

≤ ‖un‖∗‖ū‖p−1
p ‖un − ū‖p + ‖un‖pp

∫
RN

ln(1 + |y|)|ū(y)|p−1|un(y) − ū(y)|dy

≤ ‖un‖∗‖ū‖p−1
p ‖un − ū‖p + ‖un‖pp ln(1 + R)‖ū(y)‖p−1

p ‖un − ū‖p

+ ‖un‖pp‖un − ū‖
1
p
∗

⎡
⎢⎣ ∫
RN\BR(0)

ln(1 + |y|)|ū(y)|pdy

⎤
⎥⎦
p−1

≤ ‖un‖∗‖ū‖
p−1
p

p ‖un − ū‖p + on(1) + oR(1), as n → ∞, R → ∞.

Similarly,

A1(|ū|p, |ū|p−2ū(un − ū))] = o(1).

By Hölder inequality and (10), we have

A2(|un|p, |un|p−2un(un − ū)) ≤ K1‖un‖p
2

2Np
2N−1

‖|un|p−2un(un − ū)‖p 2N
2N−1

= o(1).

Similarly,

A2(|ū|p, |ū|p−2ū(un − ū) = o(1).

Thus, by Lemma 15,

o(1) = 〈I ′(un) − I ′(ū), un − ū〉
≥ kp‖un − ū‖p + kpA1(|un|p, |un − ū|p) + o(1)

≥ kp‖un − ū‖p + kp
2N ‖un‖pp‖un − ū‖p∗ + o(1),
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which together with δ0 = limsupn→∞‖un‖p > 0, implies that un → ū in E. Hence, 0 < c̄ = limn→∞I(un) =
I(ū) and I ′(ū) = 0.

Next, we point out that the ū we obtained on E is actually the critical point of I on X. We define a set 
{as1, ..., asn} where asi is the reflection at the coordinate axis xi for i = 1, ..., n. Let G = P ({as1, ..., asn}), 
which means that G is the power set of {as1, ..., asn}, and then define a map Θ on the set A = {F1, ..., Fn}, 
where Fi(i = 1, 2, ..., n) are maps.

Θ(A) = Πi=n
i=1Fi.

Thus, Ḡ =
⋃

o∈G Θ(o) is a transform group. The action of Ḡ on W s,p(RN ) is defined by

g(u)(x) := u(g−1x).

Then it is easy to verify that for any g1, g2, g ∈ Ḡ and u ∈ W s,p(RN ),

(id)u = u, (g1g2)u = g1(g2u), u �→ gu is linear, ‖gu‖W s,p(RN ) = ‖u‖W s,p(RN );

Fix(Ḡ) := {u ∈ W s,p(RN ) : gu = u, ∀ g ∈ Ḡ} = W s,p
as (RN ).

In virtue of (V0) and (F0), we have I(gu) = I(u) for all g ∈ Ḡ and u ∈ W s,p(RN ). Therefore, in view of 
[46, Theorem 1.28], one has that if u is a critical point of I restricted to E, then u is a critical point of I on 
X, which shows that E is a natural constraint of X. Thus, we have completed the proof of Theorem 4. �
5. Exponential critical

In this Section, we shall consider the problem (5) in the exponential critical case. In the previous work 
[25], Kozono et al. proved that for all α > 0 and u ∈ W s,Ns (RN ), there holds

∫
RN

⎛
⎝eα|t|

N
N−s −

jp−2∑
j=0

αj |t|
jN

N−s

j!

⎞
⎠ dx ≤ ∞,

where jp = min{j ∈ N : j ≥ p}. Moreover, there exist positive constants αN,s and CN,s depending on N
and s such that

∫
RN

⎛
⎝eα|t|

N
N−s −

jp−2∑
j=0

αj |t|
jN

N−s

j!

⎞
⎠ dx ≤ CN,s, ∀ α ∈ (0, αN,s), (24)

for all u ∈ W s,N/s(RN ) with ‖u‖W s,N/s(RN ) ≤ 1. The inequality (24) is better for us to consider the behaviors
of a sequence compared with Lemma 3, and it is obvious that αN,s ≤ α∗ ≤ α∗

s,N .
Let ρ ∈ (0, 1/2). Similar to [37, Section 5], we define the Moser type functions wn(x) supported in Bρ(0)

as follows:

wn(x) =
(

N

α∗
s,N

)N−s
N

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
| lnn|N−s

N if |x| ≤ ρ
n ,∣∣∣ln ρ

|x|

∣∣∣
| lnn|

s
N

if ρ
n ≤ |x| ≤ ρ,

0 if |x| ≥ ρ,

which belong to W s,p
0 (RN ). For s ∈ (0, 1), as explored in [37], we cannot expect that [wn]s,p is constant. 

Following the estimation in [37] and after some basic calculations, we know that
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[wn]p
W s,p(RN ) = 1 + O

(
1

log n

)
+ O

(
1

nN−1

)
+ O

(
(logn)p−1

nN

)

≤ 1 + O
(

1
log n

)
(25)

and

∫
RN

V (x)|wn(x)|pdx ≤ wNV∞ρN

(
N

α∗
s,N

)N−s
s (lnn)N−s

s

nN
− wN

(lnn)N−s
s

nN

−
k+1∑
m=2

Cm(N, s)wN
(lnn)N

s −m

nN
+ C̃N,s

N
s − (k + 1)

N

lnn∫
0

t
N
s −(k+1)e−Ntdt

≤ wNV∞ρN

(
N

α∗
s,N

)N−s
s (lnn)N−s

s

nN
− wN

(lnn)N−s
s

nN

−
k+1∑
m=2

Cm(N, s)wN
(lnn)N

s −m

nN

≤ C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

O
(

1
lnn

)
, (26)

where V∞ := sup|x|≤ρ V (x), and k =
[
N
s

]
, which implies that Ns − (k + 1) < 0. Thus we have

‖wn‖p ≤1 +

⎡
⎣C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

+ 1

⎤
⎦O

(
1

lnn

)

:=1 + C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

δn, (27)

where δn =
(

1 + (α∗
s,N )

N−s
s

C̃wNV∞ρNN
N−s

s

)
O
( 1

lnn

)
.

Following the arguments explored by [9], we know that

∫
Bρ/n(0)

∫
Bρ/n(0)

1
|x|β |y|β |x− y|μ dxdy ≥ C(μ, β,N)

( ρ
n

)2N−2β−μ

,

where C(μ, β, N) is a positive constant. Inspired by the work [40,52], we have the following lemma.

Lemma 16. Assume that (F1′), (V0), (F0), (F2) and (F5)-(F6) hold. Then there exists n̄ ∈ N such that

max
t≥0

I(twn̄) < s

N
·
[
(2N − 2β − μ)αN,s

2Nα0

]N−s
s

. (28)

Proof. Let us argue by contradiction and suppose (28) does not hold, so that for all n let tn > 0 be such 
that
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I(tnwn) = max
t≥0

I(twn) ≥ s

N
·
[
(2N − 2β − μ)αN,s

2Nα0

]N−s
s

, (29)

where tn satisfies d
dtI(twn)

∣∣
t=tn

= 0 and together with the estimation (27), then we have

tpn

⎛
⎝1 + C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

δn

⎞
⎠ ≥

[
(2N − 2β − μ)αN,s

2Nα0

]N−s
s

. (30)

From now on, in the sequel, all inequalities hold for large n ∈ N, and it is obvious tnwn ≥ tε under this 
condition. From (F6) and (29) we have

tpn

⎛
⎝1 + C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

δn

⎞
⎠

≥ tpn‖wn‖p

≥
∫
RN

⎛
⎝∫
RN

F (y, tnwn(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, tnwn(x))tnwn(x)

|x|β dx

≥
∫

Bρ/n(0)

⎛
⎜⎝ ∫
Bρ/n(0)

F (y, tnwn(y))
|y|β |x− y|μ dy

⎞
⎟⎠ f(x, tnwn(x))tnwn(x)

|x|β dx

≥ (κ− ε)2t
N−2s
N−s
n (lnn)

N−2s
N

C(μ, β,N)(N − s)ρ2N−2β−μ

N
2s
N α0(α∗

s,N )N−2s
s

exp

⎡
⎣
⎛
⎝2Nα0t

N
N−s
n

a∗s,N

⎞
⎠ lnn

⎤
⎦n−(2N−2β−μ)

= (κ− ε)2t
N−2s
N−s
n (lnn)

N−2s
N

C(μ, β,N)(N − s)ρ2N−2β−μ

N
2s
N α0(α∗

s,N )N−2s
s

exp

⎡
⎣2α0t

N
N−s
n N lnn

α∗
s,N

− (2N − 2β − μ) lnn

⎤
⎦ ,

which implies that there exists a constant C1 > 0 such that
⎡
⎣2α0t

N
N−s
n N

α∗
s,N

− (2N − 2β − μ)

⎤
⎦ lnn ≤ C1,

that is

tpn ≤
[ (2N − 2β − μ)α∗

s,N

2Nα0

]N−s
s
(

1 + C2

log n

)
. (31)

Combining (30) with (31), one can obtain that for any small ε > 0 we have

[
(2N − 2β − μ)αN,s

2Nα0

]N−s
s

(1 − ε) ≤ tpn ≤
[ (2N − 2β − μ)α∗

s,N

2Nα0

]N−s
s

(1 + ε),

then we have

I(tnwn) = 1
p
tpn‖wn‖p −

1
2

∫ ∫
F (y, tnwn(y))F (x, tnwn(x))

|x|β |y|β |x− y|μ dxdy

RN RN
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≤ 1
p
tpn

⎛
⎝1 + C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

δn

⎞
⎠

− 1
2

∫
Bρ/n(0)

∫
Bρ/n(0)

F (y, tnwn(y))F (x, tnwn(x))
|x|β |y|β |x− y|μ dxdy

≤ 1
p
tpn

⎛
⎝1 + C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

δn

⎞
⎠

− (N − s)2

2N2α2
0C(μ, β,N)

( ρ
n

)2N−2β−μ (k − ε)2e2α0t
N

N−s
n N(α∗

s,N )−1 lnn

t
2s

N−s
n

(
N

α∗
s,N

) 2s
N (lnn) 2s

N

≤ 1
p
tpn

⎛
⎝1 + C̃wNV∞ρN

(
N

α∗
s,N

)N−s
s

δn

⎞
⎠

− (N − s)2

21− 2s
N N2α

2− 2s
N

0 C(μ, β,N)(2N − 2β − μ) 2s
N

( ρ
n

)2N−2β−μ (k − ε)2e2α0t
N

N−s
n N(α∗

s,N )−1 lnn

(lnn) 2s
N

:= ϕ(tn),

and now we take the following notations.
Let

A := C̃wN

(
N

α∗
s,N

)N−s
s

and

B := (N − s)2ρ2N−2β−μ

21− 2s
N N2α

2− 2s
N

0 C(μ, β,N)(2N − 2β − μ) 2s
N

.

Thus,

ϕ(tn) = 1
p
tpn(1 + AV∞ρNδn) −B

(k − ε)2e2α0t
N

N−s
n N(α∗

s,N )−1 lnn

(lnn) 2s
N n2N−2β−μ

,

and there exists t̂n such that ϕ′(t̂n) = 0. Thus we have

t̂
N−s

s
n (1 + AV∞ρNδn) = B

(k − ε)2e2α0 t̂
N

N−s
n N(α∗

s,N )−1 lnn

(lnn) 2s
N n2N−2β−μ

2α0N
2 lnnt̂

s
N−s
n

α∗
s,N (N − s) ,

which implies that

e2α0 t̂
N

N−s
n N(α∗

s,N )−1 lnn =
t̂
N−s

s − s
N−s

n (1 + AV∞ρNδn)(lnn) 2s
N n2N−2β−μα∗

s,N (N − s)

B(k − ε)22α0N2 lnnt̂
s

N−s
n

.

Thus,
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t̂
N
s
n ≤

[ (2N − 2β − μ)α∗
s,N

2α0N

]N−s
s
[
1 + (N − s)C1 ln[Λ(κ− ε)−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn

]
,

where Λ = α∗
s,N (N−s)
2Bα0N2 . Furthermore, one has

ϕ(t̂n) = 1
p
t̂pn(1 + AV∞ρNδn) −

t̂
N−s

s − s
N−s

n (1 + AV∞ρNδn)α∗
s,N (N − s)

2α0N2 lnn

≤ 1
p
t̂pn(1 + AV∞ρNδn) − (1 + AV∞ρNδn)

C3α
∗
s,N (N − s)

2α0N2 lnn

= 1
p
(1 + AV∞ρNδn)

[
t̂pn −

C3α
∗
s,N (N − s)

2α0Ns lnn

]

≤ 1
p
(1 + AV∞ρNδn)

⎡
⎣[ (2N − 2β − μ)α∗

s,N

2α0N

]N−s
s

(
1 + (N − s)C1 ln[Λ(κ− ε)−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn

)
−

C3α
∗
s,N (N − s)

2α0Ns lnn

]

=1
p

[ (2N − 2β − μ)α∗
s,N

2α0N

]N−s
s

(1 + AV∞ρNδn)

[(
1 + (N − s)C1 ln[Λ(κ− ε)−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn

)

−
C3α

∗
s,N (N − s)

2α0Ns lnn

(
2α0N

(2N − 2β − μ)α∗
s,N

)N−s
s

⎤
⎦

=1
p

[ (2N − 2β − μ)α∗
s,N

2α0N

]N−s
s

−
C3α

∗
s,N (N − s)

2α0N2 lnn
+ 1

p

[ (2N − 2β − μ)α∗
s,N

2α0N

]N−s
s

AV∞ρNδn

+ 1
p

[ (2N − 2β − μ)α∗
s,N

2α0N

]N−s
s (N − s)C1 ln[Λ(κ− ε)−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn
+ O

(
1

log2 n

)

=1
p

[ (2N − 2β − μ)α∗
s,N

2α0N

]N−s
s

[
1 + AV∞ρNδn + (N − s) + C1 ln[Λ(κ− ε)−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn

−
C3α

∗
s,N (N − s)

2α0Ns lnn

[
2α0N

(2N − 2β − μ)α∗
s,N

]N−s
s

⎤
⎦+ O

(
1

log2 n

)
.

Recall that δn =
(

1 + (α∗
s,N )

N−s
s

C̃wNV∞ρNN
N−s

s

)
O
( 1

lnn

)
. From (F6) and taking suitable ρ ∈ (0, 1/2) we know 

that there exists ε enough small such that

⎡
⎣CwNV∞ρN

(
N

α∗
s,N

)N−s
s

+ 1

⎤
⎦O

(
1

lnn

)
+ (N − s) + C1 ln[Λ(κ− ε)−2C2(1 + V∞ρNAδn)]

s(2N − 2β − μ) lnn
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−
C3α

∗
s,N (N − s)

2α0Ns lnn

[
2α0N

(2N − 2β − μ)α∗
s,N

]N−s
s

<

(
αN,s

α∗
s,N

)N−s
s

− 1,

then we have

I(tnwn) ≤ ϕ(tn) < s

N

[
(2N − 2β − μ)αN,s

2α0N

]N−s
s

,

which is a contradiction with (29). Therefore we have finished this Lemma. �
From Lemmas 13, 16 and the definition of m, we have the following corollary immediately.

Corollary 17. Assume that (F1′), (V0), (F0), (F2) and (F5)-(F6) hold. Then

m <
s

N
·
[
(2N − 2β − μ)αN,s

2Nα0

]N−s
s

.

To finish the proof of Theorem 5, we need the following two Lemmas.

Lemma 18. Assume that {un} is bounded in E, un ⇀ u in E and

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ C. (32)

Then we have

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx →
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx.

Lemma 19. Under the same condition as Lemma 18, we have

lim
n→∞

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))u(x)

|x|β dx

→
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx. (33)

To prove the Lemma 19, we need the following

Lemma 20. Assume that β < μ, un ⇀ u in E and

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ K

for some constant K > 0. Then for every φ ∈ C∞
0 (RN ), we have

lim
n→∞

∫ ⎛
⎝∫ F (y, un(y))

|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))φ(x)

|x|β dx =
∫ ⎛
⎝∫ F (y, u(y))

|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))φ(x)

|x|β dx.

RN RN RN RN
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Proof. By the Fatou’s Lemma we have

∫
RN

⎛
⎝∫
RN

F (y, u(y)
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx ≤ K.

Take Ω = supp φ, for any given ε > 0, let Mε := K‖φ‖∞ε−1, then it follows that for n large enough,

∫
(|un|≥Mε)∪(|u|=Mε)

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))φ(x)|

|x|β dx

≤2ε
K

∫
|un|≥Mε

2

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ 2ε

and

∫
|u|≥Mε

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ |f(x, u(x))φ(x)|

|x|β dx

≤ ε

K

∫
|u|≥Mε

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx ≤ ε.

Since |f(x, un)|χ|un|≤Mε
→ |f(x, u)|χ|u|≤Mε

a.e. in Ω \Dε, where Dε = {x ∈ Ω : |u(x)| = Mε}, and

|f(x, un)|χ|un|≤Mε
≤ max

|t|≤Mε

|f(x, t)| < ∞, ∀ x ∈ Ω,

the Lebesgue dominated convergence theorem leads to

lim
n→∞

∫
(Ω\Dε)∪{|un|≤Mε}

|f(x, un(x))| 2N
2N−2β−μ dx =

∫
(Ω\Dε)∪{|u|≤Mε}

|f(x, u(x))| 2N
2N−2β−μ dx.

Here, we choose Kε > t0 such that

‖φ‖∞
(
M0K
Kε

) 1
2

⎡
⎣2C0

∫
Ω

|f(u)| 2N
2N−2β−μ dx

⎤
⎦

2N−2β−μ
2N

< ε

and
∫

|u|≤Mε

[
F (y, u(y))χ|u|≥Kε

|y|β |x− y|μ dy
]
|f(x, u(x))φ|

|x|β dx < ε.

With the help of the Cauchy-Schwartz inequality introduced in [40], we have

∫ ⎛
⎝∫

N

F (y, un(y))χ|un|≥Kε

|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))φ|

|x|β dx

(|un|≥Mε)∩(|u|
=Mε) R



30 S. Yuan et al. / J. Math. Anal. Appl. 526 (2023) 127214
≤‖φ‖∞

⎡
⎣∫
RN

⎛
⎝∫
RN

F (y, un(y))χ|un|≥Kε

|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))χ|un|≥Kε

|x|β dx

⎤
⎦

1
2

×

⎡
⎣∫
RN

⎛
⎝∫
RN

|f(y, un(y))|χ(Ω\Dε)∩{|un|≤Mε}
|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))|χ(Ω\Dε)∩{|un|≤Mε}

|x|β dx

⎤
⎦

1
2

,

then from (F5) and Proposition 1, one has

∫
(|un|≥Mε)∩(|u|
=Mε)

⎛
⎝∫
RN

F (y, un(y))χ|un|≥Kε

|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))φ|

|x|β dx

≤‖φ‖∞

⎡
⎢⎣ ∫
|un|≥Kε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

⎤
⎥⎦

1
2

×

⎡
⎣∫
RN

⎛
⎝∫
RN

|f(y, un(y))|χ(Ω\Dε)∩{|un|≤Mε}
|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))|χ(Ω\Dε)∩{|un|≤Mε}

|x|β dx

⎤
⎦

1
2

≤‖φ‖∞

⎡
⎢⎣ ∫
|un|≥Kε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

⎤
⎥⎦

1
2

×

⎡
⎢⎣C(N,μ, β)

∫
(Ω\Dε)∩{|un|≤Mε}

|f(un)| 2N
2N−2β−μ dx

⎤
⎥⎦

2N−2β−μ
2N

≤‖φ‖∞

⎡
⎢⎣M0

Kε

∫
|un|≥Kε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx

⎤
⎥⎦

1
2

×

⎡
⎣2C(N,μ, β)

∫
Ω

|f(u)| 2N
2N−2β−μ dx + o(1)

⎤
⎦

2N−2β−μ
2N

≤‖φ‖∞
(
M0K
Kε

) 1
2

⎡
⎣2C(N,μ, β)

∫
Ω

|f(u)| 2N
2N−2β−μ dx

⎤
⎦

2N−2β−μ
2N

+ o(1) < ε + o(1).

For any x ∈ RN , define ζn(x) and ζ̄(x) as follows,

ζn(x) :=
∫
RN

|F (y, un(y))|χ|un|≤Kε

|y|β |x− y|μ dy

and

ζ̄(x) :=
∫
RN

|F (y, u(y))|χ|u|≤Kε

|y|β |x− y|μ dy.
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Let us first point out some relationships here. For fixed x ∈ RN , we consider the term

∫
|x−y|≤R

1
|y|βp1 |x− y|μp1

dy.

When x ∈ RN/B2R(0), y ∈ BR(x), thus |x − y| < |y|. Select p1 such that (μ +β)p1 < N , and thus we have,

∫
|x−y|≤R

1
|y|βp1 |x− y|μp1

dy ≤
∫

|x−y|≤R

1
|x− y|(μ+β)p1

dy = O
(
RN−(μ+β)p1

)
.

When x ∈ B2R(0), one has

∫
|x−y|≤R

1
|y|βp1 |x− y|μp1

dy ≤
∫

|y|≤R

1
|y|(μ+β)p1

dy +
∫

|x−y|≤3R

1
|x− y|(β+μ)p1

dy = O
(
RN−(μ+β)p1

)
.

That is ∫
|x−y|≤R

1
|y|βp1 |x− y|μp1

dy ≤ O
(
RN−(μ+β)p1

)
.

Choosing q such that βq < N < μq, one has

∫
|x−y|≥R

1
|y|βq|x− y|μq dy

=
∫

(RN\BR(x))∩BR(0)

1
|y|βq|x− y|μq dy +

∫
(RN\BR(x))∩(RN\BR(0))

1
|y|βq|x− y|μq dy

≤ 1
Rμq

∫
|y|≤R

1
|y|βq dy + 1

Rβq

∫
RN\BR(x)

1
|x− y|μq dy = O

(
RN−(β+μ)q

)
.

Then from (12), we have

|ζn(x) − ζ̄(x)| ≤
∫
R

∣∣|F (y, un(y))|χ|un|≤Kε
− |F (y, u(y))|χ|u|≤Kε

∣∣
|y|β |x− y|μ dy

≤

⎡
⎢⎣ ∫
|x−y|≤R

∣∣|F (un)|χ|un|≤Kε
− |F (ū)|χ|ū|≤Kε

∣∣p′
1 dy

⎤
⎥⎦

1
p′1

×

⎛
⎜⎝ ∫
|x−y|≤R

1
|y|βp1 |x− y|μp1

dy

⎞
⎟⎠

1
p1

+

⎡
⎢⎣ ∫ ∣∣|F (un)|χ|un|≤Kε

− |F (ū)|χ|ū|≤Kε

∣∣q′ dy

⎤
⎥⎦

1
q′
|x−y|>R
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×

⎛
⎜⎝ ∫
|x−y|>R

1
|y|βq|x− y|μq dy

⎞
⎟⎠

1
q

≤ O
(
RN/p1−β−μ

)⎡⎢⎣ ∫
|x−y|≤R

∣∣|F (un)|χ|un|≤Kε
− |F (ū)|χ|ū|≤Kε

∣∣p′
1 dy

⎤
⎥⎦

1
p′1

+ O
(
RN/q−β−μ

)⎛⎜⎝ ∫
|x−y|>R

∣∣|F (un)|χ|un|≤Kε
− |F (ū)|χ|ū|≤Kε

∣∣q′ dy

⎞
⎟⎠

1
q′

≤ O
(
RN/p1−β−μ

)⎡⎢⎣ ∫
|x−y|≤R

∣∣|F (un)|χ|un|≤Kε
− |F (ū)|χ|ū|≤Kε

∣∣p′
1 dy

⎤
⎥⎦

1
p′1

+ O
(
RN/q−β−μ

)[
‖un‖

(2N−2β−μ)p
2N

(2N−2β−μ)pq′
2N

+ ‖ū‖
(2N−2β−μ)p

2N
(2N−2β−μ)pq′

2N

]

≤ O
(
RN/p1−β−μ

)
on(1) + O

(
RN/q−β−μ

)
, ∀ x ∈ RN ,

which implies that for any x ∈ RN , we have ζn(x) → ζ̄(x). For any x ∈ RN , we know that

|ζn(x)| ≤
∫
RN

|F (x, un(x))|χ|un|≤Kε

|y|β |x− y|μ dy

≤

⎡
⎢⎣ ∫
|x−y|≤R

∣∣F (x, un(x))χ|un|≤Kε

∣∣p′
2 dy

⎤
⎥⎦

1
p′2
⎡
⎢⎣ ∫
|x−y|≤R

1
|y|βp2 |x− y|μp2

dy

⎤
⎥⎦

1
p2

+

⎡
⎢⎣ ∫
|x−y|>R

∣∣F (x, un(x))χ|un|≤Kε

∣∣p′
3 dy

⎤
⎥⎦

1
p′3
⎡
⎢⎣ ∫
|x−y|>R

1
|y|βp3 |x− y|μp3

dy

⎤
⎥⎦

1
p3

≤
(
ω(N)RN

) 1
p′2 O

(
RN/p2−β−μ

)
max
|t|≤Kε

|F (x, t)| + CO
(
RN/p3−β−μ

)
‖un‖

(2N−2β−μ)p
2N

(2N−2β−μ)pp′3
2N

≤ C.

It follows that

∣∣∣∣ζn(x)f(x, un(x))φ(x)χ|un|≤Mε

|x|β

∣∣∣∣ ≤ C

∣∣∣∣φ(x) max|t|≤Mε
|f(x, t)|

|x|β

∣∣∣∣ ≤ C ′

|x|β , ∀ x ∈ Ω.

By β < N , it is easy to verify that 1
|x|β ∈ L1

loc(RN ). Therefore, together with ζn(x) → ζ̄(x) and the Lebesgue 
dominated convergence theorem, we have

∫ ⎛
⎝∫

N

F (x, un(x))χ|un|≤Kε

|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))φ(x)|

|x|β dx

(|un|≤Mε)∩(|ū|
=Mε) R
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→
∫

|ū|<Mε

⎛
⎝∫
RN

F (x, u(x))χ|u|≤Kε

|y|β |x− y|μ dy

⎞
⎠ |f(x, u(x))φ(x)|

|x|β dx.

From the arguments above all and by the arbitrariness of ε > 0, we can conclude this Lemma. �
The proof of Lemma 18. In view of Proposition 6, we know un → u in Lq(RN ), where q ≥ p. By [46, 
Theorem A.1], there exists g ∈ Lq(RN ) such that

|un(x)| ≤ g(x), |u(x)| ≤ g(x), a.e. x ∈ RN .

For any given ε ∈ (0, M0/t0), it follows from (F5) that

∫
|un|≥M0ε−1

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

≤ M0

∫
|un|≥M0ε−1

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ |f(x, un(x))|

|x|β dx

≤ ε

∫
|un|≥M0ε−1

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ Cε.

Similarly, one has

∫
|u|≥M0ε−1

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx ≤ Cε.

Now, we can choose Rε > 0 such that

∫
RN\BRε

∣∣∣∣∣∣
⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β

∣∣∣∣∣∣dx < ε

and

∫
RN\BRε

∣∣∣∣∣∣
⎛
⎝∫
RN

|u(y)|q
|y|β |x− y|μ dy

⎞
⎠ |u(x)|q

|x|β

∣∣∣∣∣∣ dx < ε.

Let C be the constant in (32) and choose K ≥ max{CM0/ε, t0} such that

∫
|u|≤M0ε−1

⎛
⎜⎝ ∫
|u|≥K

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, u(x))

|x|β dx < ε. (34)

By (F5), one has
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∫
|un|≤M0ε−1

⎛
⎜⎝ ∫
|un|≥K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))χBRε

|x|β dx

≤ 1
K

∫
|un|≤M0ε−1

⎛
⎜⎝ ∫
|un|≥K

F (y, un(y))un(y)
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))χBRε

|x|β dx

≤M0

K

∫
|un|≤M0ε−1

⎛
⎜⎝ ∫
|un|≥K

f(y, un(y))un(y)
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))χBRε

|x|β dx

≤M0

K

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ ε. (35)

By (F2), we know that there exist C > 0 and q̃ > (2N−2β−μ)p
2N such that for all x ∈ RN , |t| ≤ K,

|F (x, t)| ≤ C|t|q̃+1. (36)

Thus we have

∫
{RN\BRε}∩{|un|≤M0ε−1}

⎛
⎜⎝ ∫
|un|≤K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))

|x|β dx

≤C

∫
RN\BRε

⎛
⎜⎝ ∫
|un|≤K

uq̃+1
n

|y|β |x− y|μ dy

⎞
⎟⎠ uq̃+1

n

|x|β dx

≤C

∫
RN\BRε

⎛
⎜⎝ ∫
|un|≤K

gq̃+1

|y|β |x− y|μ dy

⎞
⎟⎠ gq̃+1

|x|β dx ≤ Cε,

which leads to

∣∣∣∣∣∣∣
∫

{RN\BRε}∩{|un|≤M0ε−1}

⎡
⎣
⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β

−

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β

⎤
⎦dx

∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣
∫

{RN\BRε}∩{|un|≤M0ε−1}

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
∫

N −1

⎛
⎝∫

N

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx

∣∣∣∣∣∣∣
{R \BRε}∩{|un|≤M0ε } R



S. Yuan et al. / J. Math. Anal. Appl. 526 (2023) 127214 35
< ε +
∫

{RN\BRε}∩{|un|≤M0ε−1}

⎛
⎜⎝ ∫
|un|≤K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x)

|x|β dx

+
∫

{RN\BRε}∩{|un|≤M0ε−1}

⎛
⎜⎝ ∫
|un|≥K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))

|x|β dx < (2 + C)ε.

On the other hand,
∣∣∣∣∣∣∣
∫

BRε

⎡
⎣
⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β −

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β

⎤
⎦dx

∣∣∣∣∣∣∣
≤ 2Cε +

∣∣∣∣∣∣∣
∫

BRε∩{|un|≤M0ε−1}

(
F (y, un(y))
|y|β |x− y|β dy

)
F (x, un(x))

|x|β dx

−
∫

BRε∩{|u|≤M0ε−1}

(
F (y, u(y))
|y|β |x− y|β dy

)
F (x, u(x))

|x|β dx

∣∣∣∣∣∣∣ .

It remains to prove that as n → ∞,

∫
{|un|≤M0ε−1}

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))χBRε

|x|β dx

→
∫

{|u|≤M0ε−1}

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))χBRε

|x|β dx. (37)

Combining (34) with (35), we can see that

∣∣∣∣∣∣∣
∫

|un|≤M0ε−1

⎧⎪⎨
⎪⎩

∫
|un|≥K

F (y, un(y))
|y|β |x− y|μ dy

F (x, un(x))χBRε

|x|β

−
∫

|u|≥K

⎛
⎝∫
RN

F (y, u(y))
|x− y|μ dy

⎞
⎠ F (x, u(x))χBRε

|x|β

⎫⎪⎬
⎪⎭ dx

∣∣∣∣∣∣∣ ≤ 2ε.

In order to prove (37), it remains to verify that as n → +∞ there holds

∫
{|un|≤M0ε−1}

⎛
⎜⎝ ∫
|un|≤K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))χBRε

|x|β dx

→
∫

{|u|≤M0ε−1}

⎛
⎜⎝ ∫
|u|≤K

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, u(x))χBRε

|x|β dx.
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Indeed, it can be easily verified that as n → ∞,

⎛
⎜⎝ ∫
|un|≤K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))

|x|β χ{BRε∩|un|≤M0ε−1}

→

⎛
⎜⎝ ∫
|u|≤K

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, u(x))

|x|β χ{BRε∩|u|≤M0ε−1} pointwise a.e.

From (36), we have

∫
BRε∩|un|≤M0ε−1

⎛
⎜⎝ ∫
|un|≤K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))

|x|β dx

≤C

∫
BRε∩|un|≤M0ε−1

⎛
⎜⎝ ∫
|un|≤K

|un(y)|q̃+1

|y|β |x− y|μ dy

⎞
⎟⎠ |un(x)|q̃+1

|x|β dx

≤C

∫
RN

⎛
⎝∫
RN

|un(y)|q̃+1(y)
|y|β |x− y|μ dy

⎞
⎠ |un(x)|q̃+1

|x|β dx

≤C · C(N,μ, β)‖un‖2(q̃+1)
2N(q̃+1)

2N−2β−μ

→ C · C(N,μ, β)‖u‖2(q̃+1)
2N(q̃+1)

2N−2β−μ

, as n → ∞.

From [11, Theorem 4.9], there exists F ∈ L1(RN ) such that up to a subsequence, still denoted by {un}, for 
each n ∈ N, we have

∣∣∣∣∣∣∣
⎛
⎜⎝ ∫
|un|≤K

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎟⎠ F (x, un(x))

|x|β χ{BRε∩|un|≤M0ε−1}

∣∣∣∣∣∣∣ ≤ |F(x)|.

So, using the Lebesgue dominated convergence theorem, we can conclude our proof of Lemma 18. �
The proof of Lemma 19. For any given ε > 0, noting that u ∈ E, we can choose φε ∈ C∞

0 (RN ) ∩ E such 
that ‖φε − u‖E < ε. Hence, from and the fact that {‖un‖2

E} is bounded, we have

o(1) = 〈I ′(un), φε − u〉

=
∫

R2N

|un(x) − un(y)|p−2(un(x) − un(y))((φε − u)(x) − (φε − u)(y))
|x− y|2N dxdy

+
∫
RN

V (x)|un|p−2un(φε − u)dx + A1(|un|p, |un|p−2un(φε − u))

−A2(|un|p, |un|p−2un(φε − u)) −
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))((φε − u)(x))

|x|β dx

≤ ‖un‖p−1‖φε − u‖
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+
∫
RN

∫
RN

[ln(1 + |x|) + ln(1 + |y|)]|un(x)|p|un(y)|p−2|un(y)||φε(y) − u(y)|dxdy

+ C1‖un‖p2Np
2N−1

‖un‖p−1
2Np

2N−1
‖φε − u‖ 2Np

2N−1

−
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))((φε − u)(x))

|x|β dx

≤ ‖un‖p−1‖φε − u‖ + ‖un‖p∗‖un‖p−1
p ‖φε − u‖p + ‖un‖pp‖un‖p−1

∗ ‖φε − u‖∗
+ C1‖un‖p2Np

2N−1
‖un‖p−1

2Np
2N−1

‖φε − u‖ 2Np
2N−1

−
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))((φε − u)(x))

|x|β dx.

That is ∣∣∣∣∣∣
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))(φε − u)(x))

|x|β dx

∣∣∣∣∣∣
≤ ‖un‖p−1‖φε − u‖ + Cε + o(1) ≤ Cε + o(1).

It is easy to verify that ∣∣∣∣∣∣
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))((φε − u)(x))

|x|β dx

∣∣∣∣∣∣ ≤ Cε.

By Lemma 20, we can obtain that for any φ ∈ C∞
0 (RN ),

∣∣∣∣∣∣
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))u(x)

|x|β dx−
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))(φε − u)(x)

|x|β dx

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))(φε − u)(x)

|x|β dx

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))φε(x)

|x|β dx

−
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))φε(x)

|x|β dx

∣∣∣∣∣∣ ≤ 2Cε + o(1).

Thus, we have concluded the proof of Lemma 19. �
Proof of Theorem 5. Note that by Lemmas 10 and 14, we can deduce that there exists a sequence {un} ⊂ E

satisfying ‖un‖ ≤ C1. It follows from (F3) and (18) that
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∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ 2pF (x, un(x))

|x|β dx ≤
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ C2.

Let un = u+
n − u−

n , where u+
n = max{un(x), 0} and u−

n = − min{un(x), 0}. Since f(x, t) = 0 for all t ≤ 0, 
by taking vn = −u−

n and using the fact that {un} satisfies (17), we obtain

on(1) =〈I ′(un),−u−
n 〉

= −
∫
RN

∫
RN

|un(x) − un(y)|p−2(un(x) − un(y))(u−
n (x) − u−

n (y))
|x− y|2N dxdy

−
∫
RN

V (x)|un|p−2unu
−
n dx−A0(|un|p, |un|p−2unu

−
n )

≥ ‖u−
n ‖p,

where we have used that u+
n , u

−
n ≥ 0. Thus, ‖u−

n ‖ → 0, as n → ∞. Hence, we have that

∫
RN

∫
RN

|u+
n (x) − u+

n (y)|p−2(u+
n (x) − u+

n (y))(u−
n (x) − u−

n (y))
|x− y|2N dxdy → 0, as n → ∞,

which implies that ‖un‖ = ‖u+
n ‖ +on(1). Therefore, {u+

n } also satisfies (17). For this reason, we may suppose, 
without loss of generality, that {un} is a nonnegative sequence.

If δ0 := limsupn→∞‖un‖p = 0, then from the Gagliardo-Nirenberg inequality explored in [36, Proposition]:

‖un‖qq ≤ Cq‖un‖pp‖(−Δ) s
2un‖q−p

p , (38)

we derive that un → 0 in Lq(RN ) for q ∈ [p, +∞). For any given ε ∈ (0, M0C2/t0), we choose Mε > M0C2/ε, 
then it follows from (F5) that

∫
|un|≥Mε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

≤ M0

Mε

∫
|un|≥Mε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx < ε.

Using (F1′) and (F2), we have

∫
|un|≤Mε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ 2pF (x, un(x))

|x|β dx

≤
∫

|un|≤Mε

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx

≤ Cε
∫ ⎛

⎝∫
N

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ |un(x)| (2N−2β−μ)p

2N

|x|β dx

|un|≤Mε R
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≤ Cε

⎛
⎝∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

⎞
⎠

1
2

×

⎛
⎝∫
RN

⎛
⎝∫
RN

|un(y)| (2N−2β−μ)p
2N

|y|β |x− y|μ dy

⎞
⎠ |un(x)| (2N−2β−μ)p

2N

|x|β dx

⎞
⎠

1
2

≤
√
C2CεC(N, β, μ)

C2
‖un‖

(2N−2β−μ)p
N

p = o(1).

Due to the arbitrariness of ε > 0, thus we obtain

∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, u(x))

|x|β dx = o(1).

Hence,

‖un‖p ≤‖un‖p + 1
2A1(|un|p, |un|p)

≤ pm + 1
2A2(|un|p, |un|p) + o(1)

≤ pm + K0‖un‖2p
2Np

2N−1
+ o(1) = pm + o(1) ≤

[
(2N − 2β − μ)αN,s

2Nα0

]N−s
s

(1 − 3ε̄) + o(1).

Now, we choose γ ∈ (1, 2) satisfying that

(1 + ε̄)(1 − 3ε̄)γ
1 − ε̄

< 1.

By (F1′), there exists C3 > 0 such that

|f(x, t)t| ≤ C3|t|qH (α0(1 + ε̄), t) , ∀ x ∈ RN , |t| ≥ 1,

and

∫
|un|≥1

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx

≤

⎛
⎝∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx

⎞
⎠

1
2

×

⎛
⎜⎝ ∫
|un|≥1

⎛
⎜⎝ ∫
|un|≥1

f(x, un(y))un(y)
|y|β |x− y|μ dy

⎞
⎟⎠ f(x, un(x))un(x)

|x|β dx

⎞
⎟⎠

1
2

≤ C
1
2
4 C(N,μ, β) 1

2 ‖f(x, un)un‖ 2N
2N−2β−μ

≤ C
1
2
4 C(N,μ, β) 1

2

⎛
⎝∫ C3|un|

2Nq
2N−2β−μH

(
2Nα0(1 + ε̄)
2N − 2β − μ

, un

)
dx

⎞
⎠

2N−2β−μ
2N
RN
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= C
1
2
4 C(N,μ, β) 1

2

⎛
⎝∫
RN

C3|un|
2Nq

2N−2β−μH

⎛
⎝2Nα0(1 + ε̄)‖un‖N/(N−s)

W s,p(RN )

2N − 2β − μ
,

un

‖un‖W s,p(RN )

⎞
⎠ dx

⎞
⎠

2N−2β−μ
2N

≤ C5

⎛
⎝∫
RN

|un|
2Nqγ′

2N−2β−μ dx

⎞
⎠

2N−2β−μ
2Nγ′ ⎛

⎝∫
RN

H

⎛
⎝2Nα0γ(1 + ε̄)‖un‖N/(N−s)

W s,p(RN )

2N − 2β − μ
,

un

‖un‖W s,p(RN )

⎞
⎠ dx

⎞
⎠

2N−2β−μ
2Nγ

.

By (V1), we have

‖un‖pW s,p(RN ) ≤
[
(2N − 2β − μ)αN,s(1 − 3ε)

2Nα0

]N−s
s

⇒
2Nα0γ(1 + ε̄)‖un‖

N
N−s

W s,p(RN )

2N − 2β − μ
< 1 − ε̄.

Then we have

∫
|un|≥1

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx ≤ C6‖un‖q 2Nqγ′
2N−2β−μ

,

and it is easy to verify

∫
|un|≤1

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx = o(1).

Therefore, we get

∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))un(x)

|x|β dx = o(1).

Thus we have

c∗ + o(1) = I(un) − 1
p
〈I ′(un), un〉

= − 1
2pA1(|un|p, |un|p) + 1

2pA2(|un|p, |un|p)

+
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ 1

pf(x, un(x))un(x) − 1
2F (x, un(x))

|x|β dx ≤ o(1),

and this contradiction means that δ0 > 0. Furthermore, we can obtain that

V1(un) ≤ ‖un‖p + V1(un) = V2(un) +
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ F (x, un(x))

|x|β dx + o(1) ≤ C7,

which together with (22) implies that {‖un‖∗} is bounded. Hence, {un} is bounded in E. We may thus 
assume passing to a subsequence again if necessary, that un ⇀ u > 0 in E, un → u in Lq(RN ) for 
q ∈ [p, +∞) and un(x) → u(x) a.e. on RN .
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From (11), we can obtain

A2(|un|p, (|un|p−2un − |u|p−2u)u) = o(1) and A2(|un|p − |u|p, |u|p) = o(1).

Inspired by the arguments in [51], we could know that for any ϕ ∈ C∞
0 (RN ), we have

lim
n→∞

∫
RN

∫
RN

|un(x) − un(y)|p−2(un(x) − un(y))(ϕ(x) − ϕ(y))
|x− y|2N dxdy

=
∫
RN

∫
RN

|u(x) − u(y)|p−2(u(x) − u(y))(ϕ(x) − ϕ(y))
|x− y|2N dxdy

and

lim
n→∞

∫
RN

V (x)|un|p−2unϕdx =
∫
RN

V (x)|u|p−2uϕdx.

Recalling Lemma 7 and the property that Υ̃(u, v) ≤ ‖u‖p−1‖v‖, together with the Lemma 19 and the 
Fatou’s lemma, we can obtain

o(1) = 〈I ′(un), u〉

=
∫
RN

∫
RN

|un(x) − un(y)|p−2(un(x) − un(y))(u(x) − u(y))
|x− y|2N dxdy +

∫
RN

V (x)|un|p−2unudx

+ A1(|un|p, |un|p−2unu) −A2(|un|p, |un|p−2unu)

−
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, un(x))u(x)

|x|β dx

=
∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|2N dxdy +

∫
RN

V (x)|u|pdx + A1(|un|p, |un|p−2unu) −A2(|u|p, |u|p)

−
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx + o(1)

≥
∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|2N dxdy +

∫
RN

V (x)|u|pdx + A1(|u|p, |u|p) −A2(|u|p, |u|p)

−
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ dy

⎞
⎠ f(x, u(x))u(x)

|x|β dx + o(1)

= 〈I ′(u), u〉 + o(1),

which implies that 〈I ′(u), u〉 ≤ 0. Since u > 0, it follows from Lemma 13 that there exists tu > 0 such that 
tuu ∈ N . Noting that 〈I ′(u), u〉 ≤ 0, then by the weak continuity of the norm and Fatou’s lemma, we have

m ≥ c∗ = lim
[
I(un) − 1 〈I ′(un), un〉

]

n→∞ 2p
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= lim
n→∞

⎧⎨
⎩ 1

2p‖un‖p +
∫
RN

⎛
⎝∫
RN

F (x, un(x))
|y|β |x− y|μ dy

⎞
⎠ 1

2pf(x, un(x))un(x) − F (x, un(x))
|x|β dx

⎫⎬
⎭

≥ 1
2p‖u‖

p +
∫
RN

⎛
⎝∫
RN

F (x, u(x))
|y|β |x− y|μ dy

⎞
⎠ 1

2pf(x, u(x))u(x) − F (x, u(x))
|x|β dx

= I(u) − 1
2p 〈I

′(u), u〉

≥ I(tuu) − t2pu
2p 〈I

′(u), u〉

≥ m− t2pu
2p 〈I

′(u), u〉 ≥ m,

which implies that

I(u) = m, 〈I ′(u), u〉 = 0.

Next, we verify that V1(|un|p, |u|p−2u(un − u)) = on(1). Indeed, from the boundedness of {‖un‖∗} and 
{‖un‖}, we can easily know

∫
RN

ln(1 + |y|)|u(y)|p−2|u(y)||un(y) − u(y)|dy

≤ ln(1 + R)‖u‖p−1
p ‖un − u‖p + ‖un − u‖∗

⎡
⎢⎣ ∫
RN\BR(0)

ln(1 + |y|)|u(y)|pdy

⎤
⎥⎦

p−1
p

=on(1) + oR(1), as n → ∞, R → ∞,

which implies
∫
RN

ln(1 + |y|)|u(y)|p−2|u(y)||un(y) − u(y)|dy = o(1).

By ‖un − u‖p → 0, we have

∣∣V1(|un|p, |u|p−2|u||un − u|)
∣∣

≤
∫
RN

∫
RN

[ln(1 + |x|) + ln(1 + |y|)]|un(x)|p|u(y)|p−2|u(y)||un(y) − u(y)|dxdy

≤ ‖un‖p∗‖u‖p−1
p ‖un − u‖p + ‖un‖pp

∫
RN

ln(1 + |y|)|u(y)|p−2|u(y)||un(y) − u(y)|dy

= on(1).

Then by Fatou’s lemma and the Simon inequality, we know that

A1(|un|p, |un|p) −A1(|u|p, |u|p)
= A1(|un|p, |un|p) −A1(|un|p, |u|p−2unu) −A1(|un|p, |un|p−2unu) + A1(|un|p, |u|p)
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+ A1(|un|p, |u|p−2unu) + A1(|un|p, |un|p−2unu) −A1(|un|p, |u|p) −A1(|u|p, |u|p)

≥ kpA1(|un|, |un − u|p) + A1(|un|p, |u|p−2u(un − u)) + A1(|un|p, |un|p−2unu) −A1(|u|p, |u|p)

≥ kp
2N ‖un‖pp‖un − u‖p∗ + A1(|un|p, |un|p−2unu) −A1(|u|p, |u|p) + on(1)

≥ kp
2N ‖un‖pp‖un − u‖p∗ + on(1).

By (10) and a simple calculation, we know that

A2(|un|p, |un|p) −A2(|u|p, |u|p) = on(1).

From (22), and the Brezis-Lieb Lemma, we then derive that

m + o(1) ≥ c∗ + o(1) = I(un)

= 1
p
‖un‖p + 1

2p [V1(un) − V2(un)] −
∫
RN

⎛
⎝∫
RN

F (y, un(y))
|y|β |x− y|μ

⎞
⎠ F (x, un(x))

|x|β dx

≥ 1
p
‖u‖p + 1

2p [V1(u) − V2(u)] −
∫
RN

⎛
⎝∫
RN

F (y, u(y))
|y|β |x− y|μ

⎞
⎠ F (x, u(x))

|x|β dx

+ 1
p
‖un − u‖p + 1

2p [A1(|un|p, |un|p) −A1(|u|p, |u|p)]

+ 1
2p [A2(|u|p, |u|p) −A2(|un|p, |un|p)] + o(1)

≥ I(u) + 1
p
‖un − u‖p + kp

2N+1p
‖un‖pp‖un − u‖p∗ + o(1)

= m + 1
p
‖un − u‖p + kp

2N+1p
‖un‖pp‖un − u‖p∗ + o(1),

which implies that un → u in E. Hence, I(u) = m and I ′(u) = 0. �
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