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Abstract

In this paper, we study the initial boundary value problem for the nonlocal parabolic equation
with the Hardy-Littlewood—Sobolev critical exponent on a bounded domain. We are con-
cerned with the long time behaviors of solutions when the initial energy is low, critical or high.
More precisely, by using the modified potential well method, we obtain global existence and
blow-up of solutions when the initial energy is low or critical, and it is proved that the global
solutions are classical. Moreover, we obtain an upper bound of blow-up time for J,, (ug) < 0
and decay rate of HO1 and L2-norm of the global solutions. When the initial energy is high, we
derive some sufficient conditions for global existence and blow-up of solutions. In addition,
we are going to consider the asymptotic behavior of global solutions, which is similar to the
Palais-Smale (PS for short) sequence of stationary equation.
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1 Introduction and Main Results

In this paper, we consider a nonlocal parabolic initial-boundary value problem:

uy — Au = <|x|”‘ * |u|2r¢) |u|2;_2u, xe, t>0
u(x,t) =0, X€eNN, t>0 (P)
u(x,0) = up(x), xeQ

where € is a bounded domain in RV (N > 3) and 2; = 21}\,\/__2” is the critical exponent in the
sense of the Hardy—Littlewood—Sobolev inequality. Depending on suitable properties of the
initial value ug, we are interested in the long time behaviors of solutions (global existence,
blow-up in finite time) and asymptotic behavior of the global solutions.

The nonlocal parabolic equation of type (P) has important background arising from a

variety of physical, chemical and biological problems. For example, problem (P) can be

2

applied to nonlocal heat physics, where <|x|”‘ * |u|27'~) |u|27‘_ u represents the nonlocal

source, and it can also be applied to the population model with nonlocal competition, where
(le’“ * u |271) |u |2j;—2u models the individuals are competing not only with others at their

own point in space but also with individual at other points in the domain (see [10, 18, 31,
35]), and so forth.
The following parabolic initial-boundary value problem:

U —Au= f(u), x e, t>0
u(x,t) =0, xe€ed, t>0 (1.1)
ulx,0) =upx), x € Q

has been extensively studied by many author with different methods. For example, critical-
point theory by Ambrosetti-Rabinowitz [1], the potential well method which was constructed
by Payne and Sattinger [32, 33], semigroup theory by Weissler [40, 41] and classical tools by
Hoshino-Yamada [12] in a new functional analytic framework (or the monograph by Henry
[11] for more detailed).

In particular, since Sattinger [33] constructed the so called stable set, the method of
potential well was applied to study the existence of global solutions far and wide (see [7,
13-16, 29, 30, 38, 39] e.g.). Furthermore, Levine [19], Payne and Sattinger [32] considered
blowing-up properties of solutions. When f () is local source term, i.e. f(u) = |u|P " u, it
is well known that there exist choices of initial value u¢ such that the homologous solutions
global existence and the global solution tend to zero as t — oo and there exist choices of
initial value uq such that the homologous solutions blow-up. When the exponent is subcritical,
ie.l < p< %, with the help of energy functional, Nehari functional and potential well
method, there exists two invariant sets W (stable set) and V (unstable set), and the long
time behavior of solutions for (1.1) with low energy initial value (the energy of initial value
is smaller than the depth of potential well) was described. More detailed, if initial data uq
belongs to the stable set W, the associated solution is global, if initial data uy belongs to
the unstable set V, the associated solution blow-up in a finite time, and blow-up in infinite
time does not occur in this case (see [14, 15]). Dickstein et al. [5] generalized the above
results to the critical energy level initial data. When the initial data has high energy (the
energy of initial value is larger than the depth of potential well), the situation is much more
complicated, since the invariance of W and V are invalid and potential well method can
not be used. In [8], by using the comparison principle and variational methods, Gazzola
and Weth obtained the existence of global solution and blow-up in finite time of solutions
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with high energy initial value. When the exponent is critical, i.e. p = N 2, by using the
potential well method, Tan [36], Ikehata and Suzuki [14, 34] considered the problem (1.1),
they established the existence of global solutions and blow-up of solutions in finite time,
which depend on the initial value ug € HO1 (£2). Moreover, the asymptotic behavior of global
solutions was studied. In particular, we emphasize the blow-up of case of exponent subcritical
is simpler than exponent critical, since the embedding of HO1 (2) into L7 (L2) is compact for
p < % , while is non-compact for p = % From the point of view of critical point theory,
the compactness condition is a sufficient and necessary condition for the P.S condition to
hold. Moreover, it is also a necessary condition for the nontrivial solutions existence of the
stationary equation of (1.1) under conditions that do not require the geometry of the domain
from the point of view of elliptic problems. In particular, contrary to the subcritical case,
global unbounded solutions may exist for critical case (see [28]).

When f(u) is of a nonlocal source, i.e. f(u) = (x|~ V=2 % |u|?)|u|”~2u, Liu et al.
considered the global existence and blow-up in finite time of solutions for problem (1.1) with
1l<p< N +2 5 by using the potential well method. In [25], they obtained a sharp threshold for
global ex1stence and finite time blow-up of solutions with lower energy initial data. In [26],
they extended the results to case of critical energy initial value and obtained the asymptotic
behavior of solutions. Later, they also consider the case of high energy initial value and found
a criteria for global existence and blow-up in finite time of solutions respectively. Moreover,
the asymptotic profile to both solutions vanishing at infinity and blowing up in finite time
was established.

However, to the best of our knowledge, the nonlocal parabolic equation with critical
exponent has not been studied yet. Therefore, this paper aims to study the global existence
and blow-up of solution on initial value with lower energy, critical energy and high energy
for problem (P). The energy functional of problem (P) is defined by

2 i () [ Ju () |2
T (u) = /|Vu|d 22*]/ g e dxdy. (1.2)

By the Hardy-Littlewood—Sobolev inequality, J, () is well defined in the Sobolev space
Hé (). The equation corresponds to the L? gradient flow associated of this energy functional.
Then, along the flow generated by problem (P), we have

1) = 0, u) =~} (13)
For more details, see Lemma 2.4 below.

For the Hardy-Littlewood—Sobolev critical exponent case, the corresponding functional
J), does not satisfy the Palais-Smale (P S for short) condition (or (P.S), condition). From the
critical-point theory point of view, the (P .S) condition plays an important role in the proof of
the existence of critical points of J,, and that the stationary problem has solutions. However,
by Brezis and Nirenberg [4], for 2 be a bounded domain in RV, any (PS). sequence for
c < %S T s relatively compact in HOI(Q), where S is the best constant for the Sobolev
embedding HO1 (Q) < L% (). Importantly, the Brezis-Nirenberg type critical problem for
nonlinear Choquard equation was studied by Du, Gao and Yang in [6, 9], Sy ;. and the
minimax level was estimated in [9] and they classify the positive solutions of this equation in
[6], where Sy 1 is the best embedding constant in the sense of the Hardy—Littlewood—Sobolev
inequality. In [2], Alves et al. study the singularly perturbed critical Choquard equation and
establish the existence of ground states with constant coefficients. Moreover, they obtained

@ Springer



Journal of Dynamics and Differential Equations

the multiplicity of solution and the concentration behavior was characterized for perturbed
problem.

Let us recall the well-known Hardy—Littlewood—Sobolev inequality, which plays a fun-
damental role throughout this paper.

Lemma 1.1 (Hardy-Littlewood-Sobolev inequality, see [21].) Ler7,r > 1 and0 < p < N
with 1/t + /N +1/r =2. For f € L'(RN) and h € L"(RY), there exists a sharp constant
C(t, N, u, r) independent of f and h, such that

h _ _
/RN TRy 1y < e N, Pl il (14)

RN [x — y[#

_ . _ 2N
Ift =r= N then

;;.F(N Il« r( ) 1+%
CoNwr =CV =t LI 2
2

In this case, the equality in (1.4) holds if and only if f = Ch and

- —QN-w)/2
heo) = A (2 + lx —a?) 2V

forsome AeC,0#y e Randa € RV,

From the Hardy-Littlewood—Sobolev inequality, for all u € D'2(R"), one has

N-2

it () |u<y>| " e
(fRN /RN Ry P < C(N, )™ ||u3:,

where C(N, p) is defined as in Lemma 1.1 and hence we call 2}, = 21]\7 —4* the upper Hardy—

Littlewood—Sobolev critical exponent. Denote best constant by

Vu|>dx
Sw = inf Jow [Vl — (1.5)
ueHy (RN) 2 2 IN-1
( i o 100G dxdy>

Lemma 1.2 [9, Lemma 1.2] The constant Sy 1, defined in (1.5) is achieved if and only if

N-2
c b 5=
v=cl—"—) .
<b2+ |x —a|2>

where C > 0 is a fixed constant, a € RN and b € (0, 00) are parameters. Furthermore,

s
SHL=—""77,
C(N, p)2n-n

where S is the best Sobolev constant.

N-2
Asin [42],let U (x) = M be a minimizer for S, then
(14]x|? )T
-2
U=S S C(N, p) WD M (1.6)
(14 k)T
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is the unique positive minimizer for Sy that satisfies

—Au= <|x|_“ % |u|2i) %2, in RV
and
U (x) 5|0 o
RN RVl —ylt ’
Let
B N — _|__ 2 Zﬁ/—u.
For every open subset  of RV,
. |Vu|?dx
Sy.L(Q):= inf Ja = SH.L,

ueH} () 2 2
@) [u ()™
<f$2 fQ Ix—yll“ dXdy>

where Sy 1 () is never achieved except when @ = RV, see [9, Lemma 1.3].
Following [32, 36], we define stable set and unstable set as follows

W ={ue Hy(Q) | Juu) <my, I,u)>0}U{0},

and
V={ueHy(Q) | J () <my, I,u) <O0}.
where 1, (u) is the Nehari functional for problem (P) defined by
2 2
1, (u) ::/ |Vul*dx —/ dedy. (1.8)
Q elo  lx—y*

Remark1.3 (i) If 0 < J,(u) < m, and I,(u) > 0, then,we have I,,(u) > 0. Indeed, if
I,,(u) = 0, by the Hardy-Littlewood—Sobolev inequality, we have

1) P () e
u(x)|*|u 2
/ \Vu|2dx =/ WROTTIN gxdy < SHg </ |Vu|2dx> ,
Q eJa |lx—y*
2N—un
which implies that fQ |Vul>dx > Sy N " ** _ Furthermore, by the definition of J,, (1), we
2N—p
have J,, (u) > 2}2/2_1\,“:3) S F’}”L““ = m,, a contradiction.

(it) If I,,(u) > O, then J; (u) > 0. Indeed, since 1, (1) > 0, we have
2 2
/ —lu(x)| uG)| dxdy < / |Vu|2dx.
eJa lx — y[# Q

Furthermore, we can derive

/ it () |5 [ue () 1P
Q

[x — y[®

1
Ju(u) = f/ |Vul>dx — dxdy

22y

>

22* / [Vul?dx > 0.

Thus, J,(u) > 0.
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Inspired by [36], we are going to investigate the critical parabolic equation with nonlocal
interaction. By using the modified potential well method, one of the aims is to study the
global existence, blow-up of solutions for problem (P) with lower energy initial value and
decay rate of HOl and L2 norm for global solutions. Furthermore, we give an upper bound
for blow-up time for J;, (1p) < 0. Moreover, we also consider global existence and blow-
up of solutions for problem (P) with critical energy initial value and give some sufficient
conditions for the existence of global and blow-up solutions with high energy initial value.
Finally, we are going to consider the asymptotic behavior of global solutions, we shall prove
that there exists a sequence {#,} such that the asymptotic behavior of u(x, ,) as t, — 0o is
the P S sequence of stationary equation of problem (P).

Firstly, we state our main results about the global existence and blow-up of solutions with
lower energy initial value as follows.

Theorem 1.4 Ifug € H(; (2) with J, (ug) < my, I,,(ug) > 0, then, problem (P) has a global
weak solution u(x,t) € L=(0, T; H} (Q)) withu; € L*(0, T; L*(Q)) and u(x,t) € W for
0<t<oc

Theorem 1.5 Ifug € HO1 (2) with J,(u) < my, I1,(u) < 0, then, the weak solution u(x, t)
of problem (P) blow-up in finite time. In particular, there exists a T > 0 such that

'
lim / llul3ds = +o0. (1.9)
t—=T-Jo
Moreover, for J,, (up) < 0, an upper bound for blow-up time T is given by

2
l[uollz

T < v .
=425 (25, — DJp(uo)

Furthermore, we have the decay rate of the HO1 and L2-norm of the global solutions with
lower energy initial value. Then, we state our main result of this as follows.

Theorem 1.6 Under the assumption in Theorem 1.4, for the global weak solution u(x, t) of
problem (P), there exists a1, ay > 0 such that

||Vu(t)||% = 0( ), ast — oo, (1.10)
and
||u(t)||% = 0(e™ ), ast — 0. (1.11)

Under the existence of global solution, we now consider the regularity of the global weak
solutions with lower energy initial value, by applying a nonlocal version of the Brezis-Kato
estimate, we prove that the global solutions are classical for > #y > 0. The statement for
more detailed as follows.

Theorem 1.7 Let u(x,t) be a global solution. Then, u € LP(Q2 X [ty, 00)) for every p €
[2, NL—M%) In particular, u is a classical solution for t > ty > 0.

With the help of modified potential well method as in [24], we further study the global
existence and blow-up in finite time for the case of critical energy initial value, i.e. J, (1) =
m,,. Before state our main results of global existence and finite time blow-up of solutions,
we give a remark.
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Remark 1.8 1f J, (u) = my, 1,(u) > 0, then I, (1) > 0. Indeed, we can know that the
Hardy-Littlewood—Sobolev constant is not attained on a bounded domain, and hence E =

[ue H} @) usatisfies — Au = (x| s Jul?h ) a5 2w and J, () = my, | = (see [9,
Lemma 1.3]). However, the case J, (u) = m, and I, (1) = 0 means means u € E, this is
impossible.

Theorem 1.9 Let ug(x) € HY (), J,(uo) = my,. Then,

(@) If 1, (uo) > O, then the problem (P) has a global weak solution u € L*°(0, T} HO1 (2))
with u; € L*(0,T; L*()) and u(x,t) € W for 0 <t < oo. Moreover, there exists
oy, ar > 0 such that

[Vu(®)|5 = 0(e™™"), ast — oo,
and
(3 = 0(e™"), ast — oo.

(ii) If 1,,(uo) < O, then the solutions of problem (P) blows up in finite time. In particular,
there exists a T > O such that

t
lim / llul3ds = +o0.
t—=T- Jo

In view of above results, for the case J,(#g) < mj, whether or not the solution for
problem (P) exists globally is totally determined by the Nehari functional, and it is natural to
ask what will happen when J,, (o) > m,,. However, since the invariance of W and V under
the flow of (1.3) is invalid, potential well method can not be used for this case. To this end,
we now introduce the following sets as in [8], define

Ny ={ueHj(Q) |1, (u) >0} and N_ = {u € H} () | I,,(u) < 0},
and
JE = {u e Hy(Q) | Ju(u) < d}.
Furthermore, for all d > m,,, set
ha = inf{llull3 | w € Ng) and Ag = sup{llull3 | u € Ny},
Next, we also introduce the following sets

B = {uo € Hj () | the solution u = u(r) of (P) blows up in finite time} ,
g= {uo € HOI(Q) | the solution u = u(t) of (P) exist for all r > 0} ,
Go = {uo € G | u(t) — 0in Hy () as t — oo} .

Then, we can characterize the sets B, G and Gy, that is, to determine the global existence
and blow-up of the solution of (P) whose initial value u¢ in HOl (€2). Our main results for
Jy(ug) > my, are to show as follows.

Theorem 1.10 Assume that J,, (uo) > my, then the following statements hold
(i) Ifup € Ny and |luoll2 < Ajug), then ug € Go;

(ii) Ifug € N_ and |luplla = A jwy), then ug € B.
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Theorem 1.11 For 0 < u < min {4, N}. If ug € HO1 () satisfies

20% 22% .
luolly™ 2 S ) 1212 o), (1.12)
"

where rq := diam(2) = sup, ycq |x — y| < 0o. Then, ug € N_ N B.
Theorem 1.12 For any M > 0, there exists uy; € N_ such that J(up) > M and upy € B.

Finially, we consider the asymptotic behavior of the global solutions, which is similar to
the Palais-Smale (PS for short) sequence of stationary equation.

Theorem 1.13 Let u(x, t; ug) be a global solution of the problem ( P) and uniformly bounded
in H(; (2) with respect to t. Then, for any subsequence t, — 00, there exists a stationary
solution w such that u(x, t,; ug) — w in HO1 (2).

Theorem 1.14 Let u(x, t; ug) be a global solution of the problem (P). Then, its w-limit
contains a stationary solution w.

The rest of this paper is organized as follows. In Sect.2, we give some notations and
definitions, introduce potential well sets and prove local existence theorem of the problem
(P) in subsection of Sect.2. Next, we will give global existence and blow up of the problem
(P) with lower energy initial value, critical energy initial value and high energy initial value
in Sects. 3, 4, 5 respectively. In Sect. 6, we prove Theorems 1.13 and 1.14.

2 Preliminaries

In this section, let us first give some definitions of the weak solution, maximal existence
time and finite time blow-up. And then we introduce some functions and notations. Final, we
give local existence result of solutions for problem (P). Throughout this paper, we denote
I - llzag) by Il - llg for 1 < g < oo and C is a constant that can change from one line to
another.

2.1 Definitions

Definition 2.1 (Weak solution). We say that a function u = u(x, 1) is a weak solution of
problem (P)in Q7 := Q x (0, T) if and only if
u € L0, T; Hy(Q)), uw; € L*(Qr) = L*(0, T; L*(Q)),

and satisfies problem (P) in the distribution sense, that is
(W, ) + (Vi V) = (117 s 1wl ) a2, 9) . ¥ € HY(), 1 € 0,7), 2.1)
where u(x, 0) = ug(x) € Hy () and (-, -) denote the L?(2)-inner product.

Definition 2.2 (Maximal existence time). Let u(x, t) be a weak solution of problem (P). We

define the maximum existence time 7Tyax of u(x, t) as follows:

(i) ifu(x, ) exists forall 0 < 1 < o0, then Tipax = 00;

(i) if there exists t* € (0, co) such that u(x, t) exists for all 0 < ¢ < t*, but does not exist
att = r*, then Tyax = t*.
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Definition 2.3 (Finite time blow-up). Let u(x, t) be a weak solution of problem (P). We say
u(x, t) blow-up in finite time if the maximal existence time T is finite and

lim ||M(, t)”LQ(Q) = +o0.

1= Trax

Multiplying (P) by u and u; respectively and then integrating over €2, we can get

d /1 2, 2
/ W2dx / \Vul2dx = / QO U™ gy 22)
dr \2 elo lx — y|*
and

d (1 d (1 2 fu(y) P
/|ut|2dx=—— f/ Vuldx ) + < / WO ) ay) . 23
2 ar \2 a\2; JoJo x—y

Then, by (2.3), we have the following Lemma.

Lemma 2.4 (Energy identity). For0 < T < oo and let u(x, t) be a weak solution of problem
(P) on [0, T) with initial value ug € H(} (82). Then, J, (u(t)) is non-increasing with respect
to t. More precisely,

t
/ lue I53dT + T, () = T (u(s)), 2.4)

forany0 <s <t <T.

2.2 Introduction of Potential Well

In this subsection, we shall introduce a class of potential wells for problem (P). Firstly, let
us give some properties of J, (u) and I, (u).

Lemma2.5 Letu € H}(Q)\{0}. Then,

(i) limg_0 Jy, (su) = 0 and limg_, 4 o J;, (sU) = —00;
(ii) there exists a unique s = s(u) > 0 such that
iJ (su)|s=5 = 0; (2.5)
ds™" §=3 ’
(iii) Ju(su)isincreasing on0 < s < 5, decreasing ons < s < 400 and takes the maximum

ats =s.
(iv) I,(su) > 0for0 <s <s, I, (su) <O0fors <s < +ooand I,(5u) =0.

Proof (i) By the definition of J, (1) in (1.2), we can get

_ 2 1 () |2 [su(y) |2
Ju(su) = = /IV(su)I dx — 22*// P ———————————dxdy

- %/ |Vul2dx — en // Ju ()] W(Z)' “dxdy, 26)
Q lx — yl

which implies that

li = li = —o00.
si% Jy (su) = 0 and s—:r-il:loo Jyu(su) 00

Consequently, the proof of (i) is complete.

@ Springer



Journal of Dynamics and Differential Equations

(ii) By (2.6), one can derive that

7J (su)_s(/ \Vuldx — s2 —2// '“(x|)x| i'”(y” dedy). 2.7)

Therefore, there exist a unique

1/(22% -2)
Jo |Vu|?dx :

fQ fQ \u(x)‘lx"\yu(y)l i dxdy

such that (2.5) is true.

(iii) By (2.7), we get 7, (su) > 0on 0 < s < 5and £ J,(su) <0ons <5 < +o00.
Hence, J;, (su) is increasing on 0 < s < §, decreasing on § < s < +00 and takes the
maximum at s = s.

(iv) By the definition of 7, (1) in (1.8) and (2.7), we have

2% 2%
* a o d
I.(su) = 32/ |Vu|2dx — 5?2 f dedy =s—J,(su).
Q elJa  |lx—y* ds

Then, by (ii), the proof is complete. O

Now, for0 < § < 21*“ we define

2% 2%
Ly s () == 8| Vul2 — P U™ g 2.8)
", 2
aJa l[x — y[#
and
mu@) = inf S, 2.9)
W,

where

Nous = {u € Hy (\{0} | L,.5(u) = 0}.
Then, as in [24], we define modified potential wells by
Ws = {u € Hy(Q) | Ju(u) < mu(8), L) >0} U{0},
and
Vs = {u € HJ(Q) | Ju(u) < my(8), I,5(u) <0}.
Let

-2

2N—p NIXiM
r(8) = (aSHNjZ ) ;

Then, we have the following results.

Lemma2.6 Letu € H} (2)\{0}.

(i) If O < | Vull3 < r(8), then I, 5(u) > 0. In particular, if 0 < ||Vu|3 < r(1), then
I,(u) > 0.
(ii) If I, 5(u) < O, then ||[Vull3 > r(8). In particular, if I, (u) < 0, then | Vull3 > r(1).
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(iii) If I,.s(u) = O, then |Vu|3 > r(8) or |[Vull]3 = 0. In particular; if I, (u) = 0, then
IVull3 = r(1) or | Vul)5 = 0.

(iv) If I, s(u) = 0 and ||Vu||% # 0, then J,(u) > 0for0 < § < 2;, Ju(u) =0fors =27,
Jyu(u) <0foré > 2;.

Proof (i) By (2.8) and the Hardy-Littlewood—Sobolev inequality, we have

it () |2 | () [P
lx — y|#

_2N-n N—p+2
> | Vull (8 (N ) .

L.s(u) = 8||Vul3 —/ dxdy
QJIQ

Hence, we have 1, s(u) > 0, since 0 < ||Vu||% < r(6).
(ii) Since I, s(u) < 0, using (2.8) and the Hardy—Littlewood—Sobolev inequality again, we
can get

it () P | () [P _W—p 2N
511Vul2 <f QOO 4 4y < 577 (roud)
o lx—y :
Hence, ||Vu(3 > ().

(iii) Obviously, if IIVMII% = 0, then I, 5(u) = 0. So, we assume that [, s(u) = 0 and
IVu ||% # 0. By (2.8) and the Hardy-Littlewood—Sobolev inequality, one has

2 2 _2N-n 2N—
8||Vu||% =/ dedy <5, g*Z (||Vu||%)N7*2M
elJa  lx—y* '
which implies that ||Vu||% > r(4).
(iv) Sincel, s(u) = Oand ||Vu||% = 0,by (iii) above, we have ||Vu||% > r(8). Furthermore,
it follows from (1.2) that

1 1 Z %
Ju(u) = ff |Vul?dx — —/ dedy
2 Ja 228 JaJa  lx =yt
1 8 / 2 1 )
=|-—-— [Vul“dx > | = — r(8).
(2 22;5) Q 222
Consequently, the proof is complete. O

Lemma 2.7 m,(8) defined in (2.9) satisfies

(i) myu(8) = a@®)r(s) for0 <8 < 2%, where a(8) := 5 — 35-;
i
(ii) lims—om,(8) =0, mM(ZZ) =0andm,(8) <0 foré > 2%;
(iii) m,(8) is increasing on 0 < & < 1, decreasingin1 < § < 2:1 and takes the maximum
mu(8) =my(1)atéd =1

Proof (i) Foranyu € N, s, we have I, s(u) =0 and ||Vu||% # 0. It follows from Lemma
2.6 (iii) that ||Vu||% > r(8). Furthermore, we can deduce that

1 1 Z Z
7/' VP — / )7 Ju ()]
2 Ja 227 Jo o Ix—yI#

1 8 2 1 8
- — / |Vul“dx > | = — r(6).
2 225 ) Jg 2 22

J/L(M) dxdy
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(1)

(iii)

Therefore, m,, (8) > a(8)r(8), where a(8) := 5 — 55
"
Fix u € H} () and || Vul|3 # 0 and let 5u € N, 5, i.e.

i i |52 () P [Su(y) |2
0= 1,.5Gu) = 5| VG2 — / T AL dxdy.
oo |x — y|»
Then, we can derive
1/(225-2)
- 81 Vull3
§i=s(8) = — , (2.10)
n )|
Jo o 0
and
lim § = 0. Q.11)

§—0

Furthermore, by Lemma 2.5(i) and (2.11), we can get
lim J,(su) = lim J,(5u) = 0.
550 p(Suw) 500 u(Su)
Hence,
li 8) =0.
sir})m“( )
Next, by Lemma 2.6 (iv), we can get m, (22) =0andm,(8) <Ofors > 2:1.

It is enough to prove that for any 0 < §' < 8" < lorl < §" < & < 2% and for
any u € N, g, there exist a v € N, » and a constant ¢(8’, §”) such that J,(v) <
Ju () —c(8', 8"). Indeed, for u € N, 57, we define s(8) as (2.10), then I, 5(s(8)u) =0
and 5(8”) = 1. Let hi(s) = J,(su), we can get

d . 2% 2%
jh(s) = s||Vu||% _ 22l / dedy
s

oo |x — y|#

= L= IVe0 B+ Lstsw).
S

Take v = s(8")u, then v € N}, 5.
For0 < & < 8" < 1, we have

Ju() = Ju(v) = h(1) — h(s(8")
> (1=38Ms@)rE")A —s@)) =, 8").

Forl <& <§ < 2:;, we have

Ju ) = Ju(v) = h(1) = h(s(8)
> (8" = Ds(")r@") (s —1) = (8,8

Therefore, the proof of (iii) is complete. ]
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2.3 Local Existence

In this subsection, we shall give local existence result in HO1 (R2) for problem (P) by applying
the method of [12, 14]. Denote A = —A with the Dirichlet null condition in L%(£2), and
define the fractional powers A* of A and the semigroup {e’ A } ;>0 generated by A as in [37].
Before state our main result, we introduce a lemma as follows.

Lemma 2.8 [12, Lemma 2.1]
(i) Foreach 6 > 0, there exist a positive constant C1(0) such that
1A%~ Aulla < C1 (@) e |lull2

forallu e L2(Q) andt > 0.
(ii) Foreach 0 <0 < 1, there exist a positive constant C,(0) such that

e — Dully < C20)1° | A%ull»

forallu € D(A?) andt > 0.
(iii) For each 0 > 0 and u € L*(Q),

t9||AeeftAu||2 —0ast — 0.

Proposition 2.9 Suppose that 0 < p < min {N, 4}. For each ugy € H(fl (R2), there exists a
T > O such that problem (P) has a unique solution u(t) € C([0, T]; Hy (S2)) satisfying:

(i) u(t) € C((0, T]; D(A%)) N C((0, T]; D(AP));

(i1) w(t) = e~ Aug + fy e [ (1|7 5 ) %) L) P 2us) ] ds;
(iii) 1im;_0 172 | A%u(t) [l = 0 and lim; 0 1P~ 2 | APu(t) |, = 0.
Proof Note that

If @) — f)3 = fg \(|x|*“ * |u|211) Jue| 220 — (|xrﬂ * |v|271) |v|2ﬁ*2v\2dx

< [ (bt i) (i o2
Q
-1 2% 2% 2% -2 2
—|—<|x| . (lul = ol u)) o) vl dx
<2 + D), (2.12)

where f(u) = (|x|_“ % |u|221) |2 2u,

2
I :=/ ‘<|x|_“ " |u|2i) (|u|211—2u - |v|211—2v)‘ dx.
Q

and

2
* * *
L ::/ ’(|x|*ﬂ*(|u|2u—|v|2u))|u|2u %‘ dx.
Q
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By the Holder inequality, the Hardy-Littlewood—Sobolev inequality and the mean value
theorem, we have

« " . 2
I = / ‘(|x|_” * |u|2M) (|u|2u_2u — |v|2H_2v)’ dx
Q
2 " 2q' 1/q'
(f e ax)
2 \Ja

*
< C |l s uf

2*72
2% —1 2* Dq’
2% 2024 —2)q' 1 =g _ @-ng 1>q
< Cllully,; (/ g1 T d |l wP G Dax )
" Q
22% 2( ,’1— 2
< Cllullys (Nallay g + 0oy g ) e = 013y 2.13)

where & (x) is a function between |u(x)| and |v(x)|, C are different constants from one line
to another, ¢, ¢’ € [1, +00] are conjugate and r € (1, +00) satisfies
11 N —pu

= — 2.14
=t (2.14)

Similarly, by the Holder inequality, the Hardy—Littlewood—Sobolev inequality and the mean
value theorem, we also have

L= /}(|x|‘“*(|u|71—|v|*))|v|** v\zdx
(/ ‘le u* |u| 5 —|v| . dx)l/q (/ ’|v|2* ) 2q/dx>1/q,

. r 2/r 225-1)
<C(/ 1652 - v)| dx) 102 1y

*

n

2(2;, )
< Cllolgs 1y (Il + 0]z ) e = w3, (2.15)

where ¢, ¢’ and r were defined as above and C are different constants from one line to
another. Hence, it follows from (2.12)—(2.13) and (2.15) that

2 =2
1@ = @2 = Cllulyl, (lullaeg -1 + 10l2es-1g) " e = vl -ng

*

2% —1 -
+C||v||2’(2;_1)q, (Ilullz;;r + ||U||2:jr) " - vll2sr- (2.16)
Let
1 N-=2 20°1QN — ) — (N —2)(2N — 1)
o:=—-+———andf := ,
2 20 2(N — u+2)

where 6 > 0 large enough such that « > % and close to % Clearly, o, B € (%, 1) provided
that N > 2 and 0 < p < min {N, 4}. And taking

202N , 202N 2N 2072
. q = S r= :
2 —aN-w T T AN+ @eN - TN -2 21

q =
Obviously, g, ¢’ € [1, +0oc] are conjugate and r € (1, +00) satisfies (2.14).
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Since 2j,r = Nz_l\;a and 2(2}; — g = sz]\f‘ﬁ, it follows from the Sobolev imbedding
theorem (see [11]) that
lullzr < C||A%ull2, forallu € D(A%) (2.17)
and
lulla@s —1)g < CIA w2, forallu € D(AP). (2.18)

Hence, by (2.16)—(2.18), we can derive that
A 2 252
If @) — f)l2 < ClIAulY (1APull> + 1APv]2) ™~ AP (u — ) |1

21

- 2 -1
+CIIAPI T (IA%ull2 + A%V ]2) [A%(u —v)2.  (2.19)

Next, we apply the contraction mapping argument in the set

Yr.x = {u € BC((0, T]; D(A%) N D(AP)) ,

max{ sup " I|A%u(n)]2. sup PE[APu()L | < K
te(0,7T] t€(0,7T]

endowed with the norm

_1 _1
Nulllyy == maX[ sup 1“7 2| A%(t)|l2. sup 1P ZIIAﬁu(t)IIz],
te(0,T] 1e(0,T]

(Yr,k, llullly; ¢ ) is a Banach space.
Givenu € Yt g, we set

t
OLu](r) := e up + / e~ U4 £u(s))ds. (2.20)
0
We shall show that ®[u] is a strict contraction map on Y7 g. By (2.20), we have
t
IAY ®[ul(t) 2 < |AY e Yugll2 + / IAY e £ (u(5)) | 2ds. @21
0

By Lemma 2.8 and (2.19) with v = 0, we can estimate as follows
t t
f 1AY e~ 94 £ (u(s))[l2ds < Ci(y) / (t =) e f((s)) ads
0 0
! — o 2:; B 22_1
<Cr | @ —=)VIA%uG)IL 1A ul) [, ds
0

' =@ DB D2 ) 2 -1
<Ci | (t—s)7s Cu 2 u )y, ds
A ‘
< Copt V=@ DB-D -2 @) g 2251 (2.22)

where y € (0, 1) and C; > 0(i = 1, 2) are some constants.
By (2.21)—(2.22) with y = « and y = f respectively, we can derive that

IA“®[u](1) ]2 < [|A% A uglly + Cot' @~ G DB 2= g2=1 (373
and

1A D[]0 ]l2 < AP Auglly + Cor =P~ DB=D=20e=2) g22=1 (3 04y
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Hence, by (2.23) and (2.24), one has

A

1 * 1 * 1 *
|||q>[u]|||YTK < maX: Sup tafj[”A()te*tAuo||2+C2t17(1*(2H*1)(ﬁ7§)72/1(a*§)K22ﬂ71],

te(0,7T]

te(0,7]

IA

te(0,T] te(0,T]

+ CSt%—(Zz—l)(ﬂ—%)—ZZ(a—%)KZZZ—I'

1, 1 i 1
5—(2M—1)<,8—§>—2M((x—§):0,

then, we can derive that ||| ®[u]||y, , < K provided that

Note that

G,k < Kk

and

1 1
max{ sup [1“72[|A% Augllr, sup [tPT2|APe Mug,

1 * 1 * 1 *
sup $—2 [||Aﬂ€_IAM0||2 + cztlﬁ@ul)(ﬁ2)211(“2)1(22/11]}

|

(2.25)

(2.26)

max{ sup t“_%”A“e_’AuoHQ, sup tﬂ_%HAﬁe_’Auon] <K —GK*, (227)

te(0,T] t€(0,T]

which implies that ® maps Yr g into itself.

Next, we show that the mapping ® : Yr ¢ — Y7 k is a strictly contraction. For any

u,v € Yr g, it follows from (2.19) and Lemma 2.8 that
|AY D[u]() — AY P[v](1)]]2

t
< /0 A e A F(u(s)) — f(u(s)))llads

<Ci(y) fo (t — )77 (fuls)) — fs)))llads

! _ 2; 25 -2
§C2/ (t = )77 [Claull" (1APulls + 147 vll2) 1A @ = w1
0

2% —1 2%
+CIAPVIL (1A% ]2 + 1A% v]l2) ™ A% (u — v)llz] ds

t 5

<0 / (1 — )77 s~ G DE= D=2y
0 K. T
2% -2

Uil + W0l )%

1
—y —(2*—1)(B—1y)—2* (@=L 2% —1
+C3f0<r—s> K U T T

N = vlllyg rds

21
(Nulllyg 7 + Molllyg )7 Mu = vlllyg pds

* 1 * 1 *
< Cyt' Y@ DEE DR Q) 2ETD |y — |y,
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Furthermore, we have

[1®[u](r) = PIOl|yg

1 * 1 * 1 *
< max {z“*fc4t‘—“—<2u—‘><ﬂ‘f>‘2u(°“f’<2K>2<2f‘> u = lllyg
1 * 1 * 1 %
tﬁ—jC4tl—ﬂ—(zﬂ—l)(ﬁ—j)—zu(a—j)(2K)2(2u—1) Il — vl |YK,T]

< G512 D=2 ) 2D 1y — )y, .

1, 1 . 1
5—(2u—1)(,3—§>—2u(a—5)=0,

*_ 1
@[l (1) — IOy, < CsCK* 3 u = vllly,, < Sl =vlllyer,  (2.28)

Note that

S0, we obtain that

provided that
. 1
Cs2K)* %2 < > (2.29)

which implies that & : Yx 7 — Yk 7 is a strictly contraction mapping.

Now, we prove that there exists K, T > 0 such that (2.26)—(2.27) and (2.29) hold. Indeed,
by taking K > 0 small enough, we can derive that (2.26) and (2.29) hold. By Lemma 2.5(iii),
since o, B € (%, 1), one has

(472 A% AUy = 14| A 2o A ATy — 0
and

B3| AP e Ay = P3| AP 2o A ATy — 0

foru € D(A%) ast — 0. Hence, we can get there exists 7 > 0 small such that (2.27) holds.

Therefore, by applying Banach’s fixed point theorem, we can show that there exist a unique
fixed point u in Yg 7 and u is a mild solution of (2.20). The remainder of proof is similar to
[12, 14], so we omit it here. O

At the end of this section, we introduce a lemma (see [20]), which plays an important role
in the proof of blow-up.

Lemma 2.10 Suppose that 0 < T < oo and a non-negative function f(t) € C2[0,T)
satisfying

ff@ = A+ (f©)* =0
for some a > 0. If £(0) > 0 and f'(0) > 0, then

FIONS
" af0)

+00,

and f(t) > 4ooast — T.
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3 Lower Energy Initial Value

In this section, we establish the global existence and finite time blow-up of solution with
lower energy initial value. Moreover, we derive the regularity and decay estimate of global
solutions and an upper bound of blow-up time for J,, (1) < 0.

3.1 Global Existence and Blow-up of Solution

In this subsection, we give the global existence and finite time blow-up of solutions.

Proof of Theorem 1.4 From Proposition 2.9, we can derive the local existence result for prob-

lem (P) in a more general case of initial value ug € H& (Q)andu € C([0, T]; HO1 (£2)).
Now, we need to prove that u () satisfies J,, (u(t)) < m, and I, (u(t)) > O forany ¢ > 0.

On the contrary, from continuity about time, there exist #y such that u(x, zp) € 9W, that is

Ju(u(to)) = my, or I, (u(ty)) = 0, fQ |Vu(ty)|*?dx # 0. From (2.4), we easily know that

Ju(uto)) # my. It I (u(tp)) = 0, fQ |Vu(to)|?dx # 0, by Remark 1.3, we know that

Jyu(u(to)) = my,, a contradiction. Therefore, u(t) satisfies 1, (u(¢)) > 0 for any t > 0.
Furthermore, we have

Z Z
1,(u) = f |Vul>dx —/ dedy > 0. (3.1)
Q eJa lx — y[*
Furthermore, by (2.4) and (3.1), we have
N—u+2 %4
202N —p) L

! N—u+2
2 2
d — ||V < =
/Ollusllz S+2(2N )II ull; <my

Therefore, for any T > 0,

5 2N—p
N—p+2
IVul3 < Sy 7

and
N—p+2 35
202N —p) HL 7
hold, which implies that u(x, t) is a global solution of problem (P).
Next, we employ the classical concavity method to prove finite time blow-up for problem

(P) with J,, (ug) < my. The idea was inspired by Levine and Payne [22, 23] and Levine
[19], by constructing an auxiliary function. Here, we need the following lemma.

' ()l 220.7:12(2)) <

Lemma 3.1 Let u(x, t) is the solution for problem (P) with ug € V satisfies J, (ug) > 0.
Then, there exist p > 0 such that

2 2
/ / e, )7 u(y, 1)] dxdy > (1+p)/ Vutr, )[2dx. (3.2)
QLJIQ Q

lx — y[#

fort € [0, c0).

Proof Since ug € V, we have u(x,t) € V for all + > 0. Indeed, on the contrary, from
continuity about time, there exist #o such that u(x, t9) € 9V, thatis J, (u(t9)) = m, or
I, (u(tp)) = 0, fQ |Vu(ro)|2dx # 0. From (2.4), we easily know that J,, (u(tg)) # my.
If 1, (u(tp)) = 0, fQ |Vu(to)|?dx # 0, by Remark 1.3, we know that J, (u(to)) > my,
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a contradiction. Furthermore, we have [, (1) < 0. Therefore, by (1.7) and the Hardy-
Littlewood—Sobolev inequality, we have

2N—p
N—p+2
22% s 2N, _ Jq IVul*dx
2* — 1 K= "HL - 0% 2% 2}/\/\/72!,4
" L () [ Ju () [P -
(fsz Jo oy dxdy
< / |Vul?dx. (3.3)
Q
Let
Jyu (uo)
po =12,
my

we have pg > 0 since J, (ug) < m,. Furthermore, by (1.2), (1.3) and (1.8), we have

I,u.(”)

—@25 =1 /Q \VulPdx + 22 J,, (u)

< -2, /Q \Vul?dx + 22 J,, (uo)
=-@ -1 /Q |Vul*dx +22% (1 — po)my,. (3.4)
Next, we claim that
@ - 1)/ |Vul*dx — 225 (1 — poym, > pf |Vu|?dx. (3.5)
Q Q
where p := @. Indeed, since, p := (2“21)p0 , we have

(2;5—1)/Q|W|2dx—22;(1_po)mﬂ_pfgwmzdx.
— (O _1— 25 ook
=2, —1=p) | |Vul*dx =22} (1 = po)m,,

Q

>[2—1—p— @, — (- po)]/Q Vuldx >0

Therefore, the claim is hold.
Next, by (3.4) and (3.5), we have

1 = p [ (Vuldx,
Q
which implies that (3.2) is true. Consequently, the proof is complete. O

Proof of Theorem 1.5 (Part of finite time blow-up). We shall complete the proof by
considering two separate cases.

(i) For the case J, (ug) < 0. Suppose that there existence a global weak solution u(¢), i.e.
Tmax = +00, and we define a auxiliary function

t
f@) = / / u(s)’dxds. (3.6)
0 JQ
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(i)

By (2.2), we can derive

£ = / (o) Px
Q

:/ ugdx+2/ < / |Vu|>dx +/ / |’4(x|)x| ”|”(y)| Ithd)’) ds, (3.7)
R -
£l =-2 (f \Vul?dx f f '”(xl)x' i'”(y)l . dxdy) — 20, @). (8

Furthermore, it follows from (2.4) and (3.8) that

2% 2%
1) = —2/ \Vu|2dx + 2/ @I gy
Q QLJIQ

[x — y[*

and

t
=2(2; 1) f \Vul*dx — 425 J,, (uo) + 42, / / lug|*dxds. (3.9)
Q 0 JQ
Since Jy, (p) < 0, we can know that
2(25 1) /Q |Vu|*dx — 42 J, (ug) > 0. (3.10)
Furthermore, if Thax = +00, by (3.9) and (3.10), we can derive that
lim f'(t) =oocand lim f(t) = oo
1—00 1—00
We also have

t
f”(;)z42;/ / |ug|>dxds. (3.11)
0 JQ

By (3.6) and (3.11), making use of the Schwartz inequality, we have

t t
F@Of'@) =42 ( f / u(s)zdxds> < / / |us(s)|2dxds>
0 JQ 0 JQ
P 2
> 42}, (/ / uusdxds>
_42*/ / / |Vu|2dx+/ PO dy | dxdi
lx — y|#

= 42:; (f’(t) — f’(O)) . (3.12)
So by (3.12), as t — o0, there exist ¢ > 0 such that
FOL @ = A+ (). (3.13)

Then, by Lemma 2.10, there exists a T > 0 such that lim,_,7- f(#) = 400, which
contradicts Tiax = +00.

For the case 0 < J;, (1) < m,. Similar to case (i), suppose that there existence a global
weak solution u(7), i.e. Tiax—oo and let

t
f(t):/ / lu(s)|>dxds.
0 JQ
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By Lemma 3.1, there exist p > 0 such that

2z 2
// [u (e, )7 uly, 1) dxdy > (1+p)/ Vutr, )[2dx. (3.14)
QJIQ Q

lx — y|#

fort € [0, 00). Hence, by (3.8) and (3.14), we have

2, 2
£ =2 /|vu|2dx_/ WP ™
2 QJa |x — y|#

> Zp/ |Vu|?dx. (3.15)
Q

If Thax = 00, by (3.15), we can derive that
lim f'(t) =ococand lim f(¢) = oo. (3.16)
—00 1—>00

Next, similar to (3.9), we also have
t
ORI 1)/ |Vul*dx — 425 J,, (uo) +42;;/ / lug|*dxds. (3.17)
Q 0 JQ

2% 2%
By Lemma 3.1, we have [, [Vu[?dx < [y fo MM dxdy and since J, (ug) <
m,,, then, we can derive

2(25-1) /Q |Vul*dx — 425 J,, (uo)
2N—p

>2(28 - 1)/ \VulPdx —2 (2, — 1) Sy /™
o :

2N—p 7]

N—p+2
Vul|*d
> 2 (20— 1) /qu|2dx— Jo IVuldx — > 0.
Q 2% 2% 2N-n
(fsz fsz lu(X)|Lc#_7ZA‘5Ly)‘ : dﬂi)’)
) (3.18)
Hence, by (3.17) and (3.18), one has
t
£ =22 / f lug|>dxds.
o JQ
Similar to (3.12), using the Schwartz inequality, we have
2
FOf" @) =25 (f'@) = £0)°. (3.19)

Therefore, we can derive a contraction as J,, (#g) < 0. We complete the proof.

Remark 3.2 In Theorem 1.5, we can prove a more general result that if there exists 7y such
that u (o) satisfies J,, (u(tp)) <0or0 < J, (u(t9)) < m, and I, (u(t9)) > 0O, then, the weak
solution u(x, t) of problem (P) blow-up in finite time. In fact, we only need to substitute
initial time t = ¢ for + = 0 in above proof.
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Next, we give a different proof of Theorem 1.5, by using a modified potential well. Firstly,
we give the following lemmas.

Lemma 3.3 Assume that u € HO1 (2) satisfying 0 < J,(u) < my. Then, the sign of 1, s(u)
does not change for 81 < 8 < &3, where §1 < 1 < & be the two roots of m;,(8) = J, (u).

Proof Obviously, J,, () > 0 implies that || Vu ||% # 0. On the contrary, if the sign of 1, s(u)
is changeable for §; < & < &7, then there exist a § € (81, §2) such that Iu’g(u) = 0.
Therefore, we can get J, (u) > my, (5). On the other hand, by Lemma 2.7(iii), we have
Juw) =my(81) =mu(d) < mﬂ(g), a contradiction. ]

Proposition 3.4 Assume that u € H(}(Q) and 0 < o < my,. Let §1 and 8, with §| < &> be
the two roots of m,(8) = o. Then

(i) If 1,,(ug) > O, then, all weak solutions u(x, t) of the problem (P) with 0 < J, (ug) < o
belongs to Ws for§1 <8 <8, 0<t <T;

(i) If 1, (uop) < 0, then, all weak solutions u(x, t) of the problem (P) with 0 < J, (ug) < o
belongsto Vs ford1 <6 <6, 0<t <T.

Proof (i) Let u(x,t) be any weak solution of problem (P) with [, (ug) > 0 and 0 <
Ju(up) < o < my. It follows from Lemma 2.7(iii) that §; < 1 < §>. Furthermore, by
Lemma 3.3 and 1, (o) > 0, we can get I, 5(ug) > 0 for §; < § < &,. Hence, ug € Ws
for all 6; < 6 < 8. Next, we prove u(t) € Ws forall §; < § < and0 <t < T.
Otherwise, there exist a t** € (0, T) and a §* € (81, 82) such that u(t**) € 9Wsx.
Thus, either 1, s+ w(t**)) =0, [Vu(@**)|l2 # 0 or J, (u(t**)) = m,(8*). From (2.4), it
follows that

t
/ / |us|2dxds + L () = Ju(uo) <my(8), 61 <6 <8, 0<t<T, (3.20)
0 JQ

which implies that J, (u(t*™)) # m, (6%). If 1, s+ (™)) = 0, [Vu(t**)|l # 0, then
by the definition of m (), we have J, (u(t**)) > m,(8*), which contradicts (3.20).
(ii) Letu(x,t) be any weak solution of the problem (P) with I,,(ug) < 0and 0 < J,(up) <
o < my. Similar to the argument of the proof of (i), by Lemma 2.7(iii), Lemma 3.3
and 1, (up) < 0, we can get I, s(ug) < O for §; < & < 8. Hence, up € Vs for all
81 < 8 < &3. Next, we prove u(t) € Vs forall §; < § < 8, and 0 < ¢t < T. Otherwise,
there exist a t** € (0,T) and a §* € (81, 82) such that u(#**) € 9Vs«. Thus, either
Iy s+ (u(t**)) = 0or J, (u(t**)) = m, (8%). By (3.20), we can get J,, (u(t**)) # m, (6%),
hence I, s+« (u(t**)) = 0. We assume that ¢** is the first time such that I, s« (u(t)) = 0,
then 7, s+(u(t)) < Ofor 0 <t < r**. By Lemma 2.6 (ii), we have ||Vu||% > r(8*) for
0 <t < r**. Hence, ||Vu(t**)||% > r(8*), which implies that u (**) € N+ provided that
I, s+ (up++) = 0. By the definition of m, (6*), we can also obtain J, (u(t**)) > m, (6*),
a contradiction to (3.20). Consequently, the proof is complete. O

Proof of Theorem 1.5 Suppose that there existence a global weak solution u(?), i.e. Tymax =
+00, we define a auxiliary function

t
f(t):/ / lu(s)|>dxds. (3.21)
0 JQ
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By (2.2) and (3.21), we have

£l = / () Pdx
Q

=/u(2)dx+2/ ( f|Vu|2d +// |14(x|)x| “|’4(y)| MdXdY)‘iS» (3.22)
o _

2 2
() = =2 (/ |Vul2dx —/ W(x)'m(y)'dxdy) =20, (). (3.23)
Q QLJIQ

and
lx — y|*
By (2.4) and (3.23), we have
t
'@ =225 - 1)/ |Vu|’dx — 427 J,(uo) +42;;/ / lus|>dxds
Q 0 JQ

t
> 2(2 — 1) ALf/ () — 425 T (uo) + 425 fo /Q lus|dxds, (3.24)

where 1 is the first eigenvalue of problem Ag + 1p = 0, ¢|se = 0.
Note that

([ foms - & ) |
((f |u|2dx> —2/9|u|2dx/Q|uo|2dx+(/Q |Mo|2dx>>

= 2 ((F®) =27 Olluol + luoll3)

-l>\>— -M

then, we can get

P 2
2
(f'@)" =4 ( / f usudxds) + 2" lluoll3 — lluoll3. (3.25)
0 Ja
Furthermore, by (3.24)—(3.25), and making use of the Schwartz inequality, we have

@ =25 (o)

t t t 2
> 42% ( / / |ug|>dxds / / u(s)’dxds — ( / / umdxds) )
0 JQ 0 JQ 0 JQ

+2(25 = D) f/ O f (@) = 225 f'Olluoll5 — 425 T, (wo) £ (¢)
> 2(25 = 1) M f (O f(6) =225 f'Olluol3 — 425 T (wo) £ (£). (3.26)
In the following we shall complete the proof by considering two separate cases.
(i) If J,(up) <0, then
FrOF@) =25 (F/0) =225 = 1) f/(0)f @) =225 F Olluol3,  (3.27)

for all + > 0. Now, we claim that /,, (1) < O for all t > 0. Otherwise, there exist o > 0
such that 1, (u(fp)) = 0 and I,,(u(t)) < O for 0 < t < fy. Then, by Remark 1.3, we
have J,, (u(t9)) > m,,, which contradicts (2.4). Hence, by (3.23), we can get (1) > 0
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for t > 0. And since f'(0) = fQ lug|®dx > 0, then there exists a fo > 0 such that
f'(tp) > 0. For t > 1y, we derive that

@) = f(t0)t —t0) > f(0)(t — t0).
Therefore, for ¢ large enough, we can get
(28 =) A f@) > 25 lluoll3.

Furthermore, by (3.27), we have

1 f@) =25 (f/0)° > 0.

@ii) If0 < Jy(ug) < my, then it follows from Proposition 3.4 that u(t) € Vsfor1 < § < &
and t+ > 0, where 8, is the large root of m,(§) = J,(uo). Hence, I, s(u) < O for
1 <8 < 8 and t > 0. Furthermore, by Lemma 2.6 (ii), we have ||Vu||% > r(§) for
1 <8 <dandt > 0. Hence, I, s5,(u) < 0and ||Vu||% > r(8) fort > 0.
By (3.23), we can get

£ = =21, (u) = 2085 — DI Vull3 — 21,15, ()
> 2(62— Dr(s2), t = 0.
Furthermore, we have
/(@) = (82— Dr(&)t + f/(0) = (82 — Dr(82)z, 1 = 0,
and
NOE %(52 — Dr(s)e*, t > 0.
Therefore, for ¢ large enough, we deduce that
(2, — DAf () > 225 lluoll3 and (25, — D1 f' (1) > 425, J (uo).
Then, from (3.26) it follows that
FrOF@) =25 (F/0) 2 2(25 = 1) A f/@0) f0) =225 /(1) luolI3
—425 7, (o) f (1)
= (@5 — DAL (0) =225 uoll3) (1)

+ (@ = Darf(0) — 4250 (uo)) £ (1)
> 0.

Then, by Lemma 2.10, there exists a 7 > 0 such that lim,_,7- f(#) = 400, which
contradicts Tiax = +00.

Proof of Theorem 1.5 (Upper bound estimate of blow-up time). Next, we prove an
upper bound for blow-up of J,, (1p) < 0. Define g(1) = fQ |u|2dx, by (2.2), we have

2% 2
g = 2/ uudx = —2/ |Vu|2dx +2/ dedy
Q Q ela  |lx—yl*

2 2
_22;';/ \Vu2dx +2/ PO gy
Q oJo |x — y|#

= ho), (3.28)

v
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where
2 2
h(t) == —22;/ |Vu|2dx—|—2/ Llolusie)les
Q eJa  |lx—y*

By (2.3) and standard computation, we have

dxdy = —42} J, (u).

2*
W (@) —42;;/ ww,dx+42;;f / T o) P2 yugdxdy
Q aJalx =yt

423 / lus)?dx > 0, (3.29)
Q

which implies that 4(¢) > h(0) = —42; Jy(ug) > 0 forall r > 0 provided that J,, (ug) < 0.
Next, by (3.28) and Schwarz’s inequality, we obtain

g (1) :42;/ |u,|2dx/ u|>dx
Q Q

2
> 42, ( /Q uu) =2,(8' (1) = 258 (Oh (1), (3.30)

Integrating (3.30) from O to # and by (3.28), we have
g0 hO) 42T, 0)

(@7~ GO g3
Integrating from O to ¢ again, we can derive

1 1 —42% J, (uo)
— < T P | B
(g%~ 7 (gopt g

Then, let ¢ tends to T, one has

2
lluoll, ™

luoll3
—425 (2% — 1) Ju(uo)

Consequently, the proof is complete.
Next, by (1.9) and the Poincaré inequality A1 ||« ||% < ||Vu ||%, we further have the following
corollary.

Corollary 3.5 Under the conditions of Theorem 1.5, we also have

lim || Vu(@®)|2 = 4o0.
t—T-

3.2 Decay Estimate of Global Solutions
In this section, we prove decay rate of the H(} and L2 norm of the global solutions for problem
(P). Firstly, we give the following lemma.

Lemma 3.6 Let u(x,t) is the solution for problem (P) with uy € H(} (2) satisfies J, (up) <
my and I, (ug) > 0. Then

/ | ()| 5 [t () PP
QLJIQ

dxdy < (1 — x)/ |Vul*dx, (3.31)
lx — y|# Q

fort € [0, 00), where k € (0, 1).
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Proof Since ug € HO1 (82) satisfies J,, (up) < my and I, (ug) > 0, as in the proof of Theorem

1.4, we have 1, (u(t)) > 0 for all + > 0. Furthermore, we can get

1 1 Z %
Juu) = 7/ |Vu|zdx—2—/ PO
Q

2 lx — y|#
N 2
Sl / \Vuldx. (3.32)
2(2N —
By (2.4), (3.32) and the Hardy—thtlewood—Sobolev inequality
2 lu(y) [P o L
/ lu ()7 u ()] dxdy < Sy (/ |Vu|2dx> ,
elJa |lx—y*

we can derive

| ()| 5 e () PP 22N — )
/QQWM”’“ (N J”)

/ [Vu|?dx

142
/ |Vu|2dx
Q
N—p+2

-3 eN—w N2
Letk :==1—Sy 7 ( N—pi2 J,Auo)) , then we complete the proof of (3.31).

N
<Syr

(2(21\7 1)

N
) Ju(”O))

Next, since

N—p+2 35
202N — ) L

we can derive that ¥ € (0, 1). Consequently, the proof is complete.

Ju(up) <my, =

)

[}

Proof of Theorem 1.6 Under the condition in Theorem 1.4, let u be a global solution. By

Lemma 3.6, we have

2 2
/ @ O™ | / Vul2dsx, (3.33)
eJa g

lx — y|#

and so, we ca derive

1, () > K/ |Vul?dx > 0. (3.34)
Q

Furthermore, by (1.2), (1.8) and (3.34), we have

1 ) Jue, )P Ju(y, )%
Ju(u(@)) = 7/ [Vu(t)|“dx — 22* / P~ dxdy
o / Vu(o) W)
2
> 22* / [Vu(t)|“dx. (3.35)
By (3.34) and (3.35), we can also derive
2* — 1 ;
Ju(u(r)) < 27k + % (W (t)). (3.36)
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Let T > 0 be an arbitrary number but fixed, by (2.2) and Poincare’s inequality, we have

! 2 1 2
2/Q|u(T)| dx + 2/Q|u(t)| dx

1 2 1 2
=5 | lu@®fdx = — [ [Vu@®)|"dx, (3.37)
2 Q 2 Q

T
/ 1, (u(s))ds
t

A

where A is the first eigenvalue of —A with homogeneous Dirichlet boundary condition.
It follows from (3.35) and (3.37) that

*

T 2
/t L, (u(s))ds < W“_I)Ju(u(r)), for0<r<T. (3.38)

Therefore, by (3.36) and (3.38), we can derive

g 2 Ly
J ds < el | t)), forO0<r<T.
/t w(u(s))ds < 27 +22ii PCTAY wu()), for0 <t <

Since the arbitrariness of 7 > 0, we can have

o0
/ Ju(u(s))ds < CJ(u(t)),
t
= (21 1 2
where C = (ﬁﬁ + m) W{:l)

Next,taking Ty > 0 large enough such that C < Tp, then we have
o
/ Ju(u(s))ds < ToJy (u(t)) fort > 0. (3.39)
t
Let
o0
F() = / Ju(u(s))ds.
t

Then, F'(t) = —J,(u(t)). By (3.35), we have J,, (u(r)) > 0 for ¢ > 0. Integrating (3.39)
from Ty to ¢, we have

F() < F(Ty)e' 7,
for all t > Ty. That is

/oo Juu(s))ds < /OO L u(s))dse' T, 1> Ty, (3.40)
t

To

Next, by (1.3) and (3.39), for r > Ty, we have

/T Ju(u(s)ds < ToJ, (u(To)) < ToJy(uo). (3.41)
0

Therefore, by (3.40) and (3.41), we can derive

t

/ T u(s))ds < Tody(ug)e' 7, (3.42)
t

forallt > Ty.
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On the other hand, using (1.3) again, we obtain

00 To+t
/ Ju(u(s))ds > / ’ Ju(u(s))ds > ToJ, (u(To +1)). (3.43)
t t
It follows from (3.42) and (3.43) that

Ju(u(To+1)) < Jﬂ(uo)eli%o forall t > Tp.

Furthermore, by (3.35), we can get

* *

L g (T + 1) < 2 T (ugye' o,
21 21

/ |Vu(Ty + 1)|Pdx <
Q

j2a

L
which implies the decay of global solution IIVu(t)II% < Ce " forsome C > 0andr > Ty
large enough. So, we complete the proof of (1.10).
Next, multiplying (2.1) by any d(¢) € [0, c0), we can get
1y, d(0)) + (Vu, V(@) = (117 1) 102, d @) Yo € HY (@),
vd(t) € C[0, 00),

and

;. w) + (Vit, Vi) = <<|x|_“ x |u|2i) |22, w), Yw € L0, 0o; HL(Q)).

(3.44)
Letting w = u, by (3.44), one has
4 ax + / \Vul2dx = / @ uII™ (3.45)
2dt Jg Q elJa |lx—y*
It follows from Lemma 3.6 and (3.45) that
d 2
— / uldx < —2/(/ |Vu|2dx < K / |u|2dx, (3.46)
dt Jo Q 1 Ja

where A1 is the first eigenvalue of —A with homogeneous Dirichlet boundary condition.
Integrating (3.46) on (0, ¢), we obtain

2kt
2 2 %
lu(®)lly < lluollze *r.

So, we complete the proof of (1.11).

3.3 Regularity of Global Solutions

In this section, we shall prove the regularity of global solutions with lower energy initial
value by applying a nonlocal version of the Brezis-Kato estimate (see [3, 27]).

2N 2N
Proposition3.7 If H, K € LN-#(Q) + LV-1#F2(Q) and u € L*(0, oo; HOI(Q)) with u; €
L2(0, 00; L2(Q)) be a global solution of

u— Au= (Ix|™" « Hu) K. (3.47)

Then, u € LP(Q2 x [tg, 00)) for every p € [2, NLW%)
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Proof For M > 0, we define the function u s by

—M, u(x) < —M,
uy(x) =3 ulx), —-M <ulx) <M,
—M, ulx)> M.

And for any fixed tp > 0 and T > 0, choosing n € C*°(0,T) with0 < n < 1in (0, 7),

n=1lin[to, T],n =0in[0, $Tand |n,| < L

10"
Taking p(x,t) = |uM|1’_2uMn as a test function to (3.47), we can obtain

T
/ / [urp + VuVe — (Jx| ™" * Hu) Kpldxdt = 0. (3.48)
0 Q

By manipulation, we have

T
/ / urpdxdt
0 Q

T 1 T
/ f welup|P 2upyndxdt = — f [ (lup|P)ndxdt
0 Q P Jo Q

1 [T 1 (7
f/ /(|MM|pn)thdt_ f/ / lup|Pnedxde,  (3.49)
P Jo Q P Jo Q

and
T T
/ /Vquadxdt:/ /VuV(IuMlpfzuMn)dxdt
0 Q 0 Q
4p-1 [T )
- (1’72)/ /|V|MM|’7|2ndxdz. (3.50)
p 0 Jo

If p < A%—ivﬂ, by [27, Lemma 3.2] with 0 = %, one can get

T
/ /(|x|7“*Hu)K<pdxdt
0 Q
T
=/ /(|x|_“*Hu)K|uM|p_2uMndxdt
0 Q
T
< [0 [ @7 Hua Kluass P
0 Q

T
+/ n | (xI™" % Hup) K lup|P " 2updxdt
0 Ay

2 1 T T
50’72)/ n/ |V|uM|%|2+Cf /IluMlglzndxdt
p 0 Q 0 Q

+ sup (Ix|™" % Hup) K lup|P"2updxdt (3.51)
t Jay

for some C > 0, where Ay := {x € Q |u(x)| > M}.
By the Hardy-Littlewood—Sobolev inequality, one has

lim sup (x|™" % Hup) K lup [P 2updxdt = 0. (3.52)
M—oo ¢ Ay
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From (3.48)—(3.52), we have

1 2p—1) [T
fsup/ lup|Pndxdr + (p . ) f / |V|uM|g|2ndxdt
Pt Ja P 0 Jo

1 T T
< —/ / IuMlpn[dxdt—i-C/ / lupr|Pndxdt (3.53)
P Jo Q 0 Q

Next, by the Sobolev inequality, we have

T NN N
(/ / |u|mnmdxdt)
0 Q

1 T T
< f/ / IVl 2ndxdt < C/ / u|P ndxdt (3.54)
St Ja 0o Ja

By iterating over p a finite number of times, we cover the range p € [2, NL_M %). O
Proofof Theorem 1.7 Let H = K = Iulszzu. By Proposition 3.7, u(x,t) € LP(Q2 x
[to, 00)) for every p € [2, N_ N ). Then |u|2ﬂ € L9(Q2 x [ty, 00)) for every g €

N—nx N—=2
2(N-2) _N_ 2N . 2(N-2) N N 2N - 2*
[2N—u - 2N—u)' Since W < Non < N—pan—u» We have |x| * |lulr €

L% (2 x [t, 00)). By the classical bootstrap method, we have u(x, t) € Wrz’1 (2 x [tg, 0))
for every r > 1. Applying the Schauder estimate in [17], we can derive u(x,t) €
CZOLD (Q x [ty, 00)). Therefore, u(x, t) is a classical solution for all # > 5 > 0.

4 Critical Energy Initial Value

In this section, we consider the global existence and blow-up of solution with critical energy
initial value, i.e. J,, (ug) = m, and the decay estimate of global solutions.

Proof of Theorem 1.9(i) Since J,, (1) = m,, we can see that ||u ||§ # 0. Choose a sequence
{Br}suchthat0 < B < 1,k =1,2,--- and By — lask — oo, andletug x (x) = Bruo(x).
Consider the initial and boundary value problem as follows:

Uy — Au = (|x|”‘ * |u|271) |u|27‘_2u, xe, t>0
u(x, 1) =0, x €N, t>0 (4.1)
u(x,0) = ug r(x), xeQ

Since I, (up) > 0 by Lemma 2.5, there exist a § := s(ug) > 1 such that I,,(sug) = 0.
Thus, since By < 1 < 5, we can deduce that I, (ugx) = I, (Bruo) > 0 and Jy (o) =
Ju(Bruo) < Jy (o) = my,. It follows from Theorem 1.4 that for each k, Eq. (4.1) admits a
global weak solution ug (1) € L>(0, T; Hj () with (u); € L*(Qr) = L*(0, T; L*(Q))
and uy(t) € W for 0 <t < oo satisfying
(@i)es v) + (Vat, Vo) = (17 ) g P22, v) L Vo € HY(@), 1> 0,
4.2)

and

t
/ / |(up)s P dxds + J (ug) = J (o) < my. 4.3)
0 JQ
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From (4.3) and

_ 2
J(up) = 22* / [Vu|“dx + 2221(%),
we can get

/ / |(up)s|>dxds + / |Vur|?dx < J(uox) < my. (4.4)

This implies that

2N—p
/ \Vug?dx < S5 }7,, 0<1t < oo, (4.5)
o ,
—u+2 G

f ui)e 13T < Z(ZN oSS 0t < oo, 4.6)

and by the Hardy-Littlewood—Sobolev inequality, we have

2N
— * *_ N+2
(R I
Q
_® N—p+2
— 2% %NTH N+2 ok _p 2N N+2 N+2
= ([ (s b ) 7 ax (I 20 ¥ 75052
Q Q

e N—p+2 2*
0% 2N N+2 ON_ N+2 ) 2
< lug|™*2N-rdx lug| ¥-2dx <C |Vug|“dx . @7
Q Q Q
u’ — uin L*(0, oo; HOl (2)) weak star and a.e. in Q = Q x [0, 00),

Therefore, there exist a u and a subsequence {u"} such that
u; — u; in L%(0, o0; L*(£2)) weakly star

erﬂ*mw%)mw%—%“—>erﬂ*mﬁﬁ|m%—%nnLN«meL%%an)wwkmm
In (4.2), we fixed s and letting k = v = oo, we can get
w“¢g+4vm,V@):(er#*mﬁﬂ|m%—%h@),vszlg,-,
and
whu)+(thvU):(er“*nn%)mF?JMJQ,vUebgan,vL

Moreover, (4.2) gives u(x, 0) = ug(x) in HO1 (£2). The reminder proof is similar to the case
of J,(up) < my,, here we omit it. Consequently, the proof is complete.

Proof of Theorem 1.9(ii) Letu(t) be any weak solution of the problem (P) with J,, (o) = m,,

and 1, (up) < 0, we shall prove Tinax < 00, where Tnax be the existence time of u (7). On the
contrary, we suppose Tmax = 00, and we define a auxiliary function

t
g(t):/ /u(s)zdxds.
0 JQ
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By (2.2) and standard manipulation, we have

¢ = f () Pdx
Q

=/u(2)dx+2f /|Vu|2dx+// )P ) WO TN geay ) ds, (4.8
Q |x — y|#

¢(1) = _2/ |Vu|2dx +2/ f Ju ()] “Iu(y)l T " o = o1 w). 4.9)

[x — y[#

and

By (2.4) and (4.9), we have
t
g1 =2(2 - 1)/ \Vul*dx — 427 J,, (uo) +42;/ / lug|*dxds
Q 0 Ja

t
>2(25 — 1) hig'@) —425my, + 42;[0 /Q |ug|dxds. (4.10)

L[4 )
< /|u|2dx —2/ |u|2dx/ |u0|2dx+</ |u0|2dx>>

= 1 (€ ®) =28 Olluol + o)

Note that

([ L)

Il
-b\»—* 4>\~ /\

then, we can get

' 2
(g/(z>)2=4( /0 fg usudxds> + 28 (O lluoll3 — lluoll3. .11

Furthermore, by (4.10)—(4.11) and the Schwartz inequality, we have

g (g — 25 (')’

t t t 2
> 427, (/ / |u,|2dxds/ / u(s)’dxds — </ / umdxds) )
0 JQ 0 JQ 0 JQ

+2 (25 = 1) 1g (Dg(t) — 2258 (D luoll3 — 42m g ()
>2(25 — 1) Mg (Dg(t) — 2258 (D lluoll3 — 425,m . g(t)
= (@ = Darg(t) — 225 luoll3) &' () + (2 — Drig/ (1) — 425my,) g(1).  (4.12)

Since J, (o) = m, and I,,(up) < 0, and by the continuity of J,, and I, with respect
to ¢, there exists a sufficiently small #; > 0 such that J, (u(t)) > 0 and I, (u(t)) < O for
0 <t <t.Then, (u;,u) = —1I,(u) > 0, and ||u,||% > 0for0 <t < t;. Hence

1
2 ~
Ju(u(tl)) =my _/0 llucll5dT = my < ny.

Thus, we choose t = #; as the initial time and by Proposition 3.4, we have u(t) € V;
for8; < < d2and 1 <t < oo, where é; and §; are two roots of m, (§) = m,. Hence,
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I, 5(u) < 0and ||Vu||% > r(§)ford; <8 <drandt <t < oo. Hence, I, s,(u) < 0 and
[Vull3 > r(8) fort; <t < oo.
By (4.9), we can get

g" ()

2 2
—2||Vu||%+2/ [t Q)7 |u(y)] dxdy
aJa lx — y[#

282 = DIIVull3 — 21,5, w)
> 26 — Dr(dy), 1 <t < o0.

Furthermore, we have

g(1) =202 — Dr(8)(t —n) + &'(t) =282 — Dr6)(t — 1), 11 <1 < 0,
and

g(t) = (82— Dr(82)(t —11)* + (1) > (82 — Dr(82)(t —11)*, 11 <t < 00.
Therefore, for ¢ large enough, we can get that

(2;‘; —Drig@) > 22,*L||u0||% and (2; —Drg') > 42:1’"#-
Then, from (4.12) it follows that
g (Dg(t) — 2%, (8'1)* > 0.

Then, by Lemma 2.10, there existsa 7 > Osuchthatlim,_, 7— f(¢) = +o00, which contradicts
Tmax = +00.

5 High Energy Initial Value

In this section, we investigate the conditions to ensure the existence of global or finite time
blow-up of solutions to problem (P) with high energy initial value, i.e. J,(ug) > m. As
mentioned in Introduction, we define

Ny ={ueHj(Q)|1,(u) >0} and N_ = {u € H}(RQ) | I,,(u) < 0},
and the level set of J, as follows:
JE = {u e Hy(Q) | Ju(u) < d}.
Obviously, we have

202N — wyd

Ng=NnJ¢=1ueN||Vul?
f {u [IVull; < N2

} #0, ford > my.

Furthermore, for all d > m,,, we set
g = inf{llull3 | u € Ng}and Ag = sup{|lull3 | u € Na}.

It is clear that A4 is nonincreasing and A is nondecreasing in d.
If Thhax = 00, we denote by

(o) = ({u): s =1)

t>0
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the w-limit set of ug € HOl (2). Finally, we introduce the following sets
B = {uo € HOl (2) | the solution u = u(t) of (P) blows up in finite time} ,
G = {uo € Hy () | the solution u = u(t) of (P) exist forall t > 0} ,
Go = {uo € G | u(t) — 0in Hy () as t — oo} .
Clearly, HO1 (2) = GUB. Now, we give two lemmas, which play important roles in the proof
of the main results.

Lemma 5.1 We have
(i) 0is away from both N and N_, i.e. dist(0, N') > 0 and dist(0, N_) > 0;
(ii) Foranyd > 0, the set Ja N N is bounded in HO1 ().

Proof (i) For any u € N/, we have

1 1 it () |2 | () |
— Vul|*dx — / — " dxd
/' uhe oy

N—-—pn+2 2
= d
22N — ) /' *

which implies that there exists a constants ¢ > 0 such that dis?(0, N)) = inf,cpnr
IVulla > 0. For any u € N_ , that is I,,(u) < 0, we have ||Vulls # 0. Then, it
follows the Hardy-Littlewood—Sobolev inequality that

2* 2* ZN*H 2N—p

u(x)||u n — A

IVul? < QOO 44y < 5277 (1vu2) ¥
2 ala |x — y|* H’ 2

my < J;L(u)

2N—p

which implies that [|[Vu|3 > Sy /. Therefore, dist(0, N-) = inf,ep- [|Vull2 > 0.

(ii) Forany u € Jin N, that is Jﬂ(u) < d and I,,(u) > 0. Then, it follows from this and
the Hardy-Littlewood—Sobolev inequality that

1 2 Z
d>J,(u) = 7/ IVulzdx — / dedy
2 Jq 223 x — yl#
N—pn+2 2 1
= — Vul|“d —1
20N — ) | ul“dx + 2 1w (u)
N — 2
ik / \Vul?dx,
22N — ) )
which implies that
22N — nyd
[Vul3 < ————.
N—-—pn+2
Consequently, the proof is complete. O
Lemma5.2 Let ug € HJ (). Then,
d
E”u”% = =21, (u), forallt € (0, Tnax). 5.1

Proof Multiplying (P) by u(¢) and integrating by parts immediately, we can complete the
proof. O

Now, the proof of Theorem 1.10-1.12 are to show as follows.
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Proof of Theorem 1.10 (i) Assume that ug € NV} with [[ugl2 < Ajug). We claim that u(r) €
N5 for all ¢ € [0, Typax). On the contrary, there is a fo > 0 such that u(t) € N} for
0 <t < tgand u(fy) € N, then (1.3) and (5.1) imply that

luto)ll2 < lluoll2 = Ayqwe)» Ju(u(to)) < Ju(uo).

This cintradicts the definition of A ;(,,) and proves the claim. By Lemma 5.1 (ii), we
have that the orbit {u« ()} remains bounded in HO1 (2) for [0, Tax), so that Ti.x = —+00.
Now, for any w € w(up), by (1.3) and (5.1), we have

lwll2 < )“J#(M()) and J/L(w) = J;L(u0)~

By the definition of 4., (), we can get that @ (1) NN = @, hence w (ug) = {0}. In other
words, ug € Go.
(ii) uo € N— and |lupll2 < Aj(ug)- A similar argument as (i), one can get that u(¢) € N_
for all t € [0, Tiax)-
Next, by contradiction, if Tiyax = 00, then for every w € w(uy), it follows from (1.3) and
(5.1) that

lwll2 > Ay, and Jy (w) < Jy(uo).

By the definition of A , (4, we derive that w (uo) NN = (. However, since dist (0, N_) > 0
in Lemma 5.1 (i), we also have 0 ¢ w (ug). This gives w(ug) = @, contrary to the assumption
that u(¢) is a global solution. Hence, Tih,x < 0o and the proof is complete.

Proof of Theorem 1.11 For

/ it () | % | () 1P dxdy.
QLJIQ

lx — y|#

1
hwy:ime%x—n*
i

Since rqg = SUP; veQ |[x — y|, forany u € HOl (€2), there hold
|u ()] '*Iu(y)l " _ 22
/ / I ——————dxdy > (rq) "Ilullzi“~ (5.2)

By (1.12) and (5.2) and using the Holder inequality, for u < 4, we get

v

26,2
|t |7 |uo|“x _ 22% _ TN 22
/ oo dxdy = (re) Mlugllp" > (r@) ™11 [luglly ™
ala x—yl z

22%

55— Juo)
25— 1

Then, we readily infer that [, [, %dxdy > || Vuo |13, which implies that ug € N_.
Next, we shall show uy € B. Since up € N_, by Theorem 1.10, we only need to prove
that |luglla2 = A For any u € Ny, i.e. u € N and J, (u) < J,(up), by the Holder

inequality, we have

2% 2% 2%
lu )7 u(y)| dedy < “ll(uo).

ey 2D% _ 22%
ro) QU uly ™ < r) M llully < m
" elJa  |lx—yl 2y

Therefore, taking the supremum over Ay, we immediately get

224 22% . 2%

2% -2 1
iy = 727 ) 1915 (w0) < ol
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Therefore, |lugll2 > A ju,) and we complete the proof by Theorem 1.10.

Proof of Theorem 1.12 Let M > 0 and €21, 2, be two arbitrary disjoint open subdomain of

Q. Furthermore, let v € HOl (1) C HO1 (£2) be an arbitrary nonzero function. Then, we can

22 20% _ .
choose a large enough such that [av|l, " > 525 (rg)“|$2|271 >M and J (av) < 0. Fix such
n

o > 0 and pick a function w € HOl (2) with J(w) = M — J(av). Then, uy == w + av
satisfies J (upy) = J(w) + J(av) = M and

* * *

22 2 22 «
" 2% =2
lumlly ™ = llevll, * = TR (r)" 11572 J (upm),
"

By Theorem 1.11, it is seen that uy; € N_ N B. This complete the proof.

6 The Proof of Theorem 1.13 and Theorem 1.14

Proof of Theorem 1.13 Let us denote u,, := u(x,t,). Since {u,} is uniformly bounded in
H(} (R2), then there exists a subsequence (here we still denote by {u,} ) and a function w €
Hg () such that

up—w in Hy ()
up — w in LX(Q)

U, — w ae.in Q.

Let U, := u(t, + s) fors € (0, 1). Clearly, U, is uniformly bounded in HO1 (2), we show
U, — win L*(R).

Indeed, for s € (0, 1), by (2.4), we have

/0 e 13T + J () = Jyuug) < oo,

which means u; € LZ(Q). So

S+iy
/ |Uy — un|dx = r/ / luz|*dxdt — 0,
Q In Q

for0 < s < 1ast, — oo, which implies that |[u(s + #,) — u(t,)||2 — 0 ast, — oo for
0 < s < 1. Therefore, we have

U, — win L*().
and
U, — wa.e.in Q.
Since {Uy} is uniformly bounded in Hj(S2), by (4.7), we also have (|x|*" * |U,1|27L)
Uy 1%~2U,, is bounded in L7+, and
('xl_ﬂ * |U”|22) U 572U = <|x|—u * |w|22> lw)? 2w in LA%(Q) weak star.

6.1)
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In order to show that w is an equilibrium, we pass to the limit (as 7, — o0) in the identity
(2.1) with a suitably chosen test function. Let

Pt —t)W(X), 1> 1y, X €Q,
0, 0<tr<t, xe,

b0, 1) = {
where
1
Ve HY(), p e C3O, 1), p = o,/ p(s)ds = 1.
0

Take ¢ as test function in (2.1), we have

th+1 B B
/ / [u,o/(t — 1)V — p(t — 1,)VuVW + <|x|_“ X |u|2u> 2 2up(r — t,,)\l/] dxdt = 0.
In Q

Furthermore, by transforming about 7, we get

/01 /Q [Unp’qf — pVU VW + (lxl_“ % |U,,|2i) |Un|2’&—2U,,pxp] dxdt =0. (6.2)
From the choice of p, we can derive
/Q [vunvw + (|x|*“ * |U,,|211> |Un|2?1—2U,,\IJ] dx = o(1), asn — oo.
Consequently, the assertion follows then from (6.1).

Proof of Theorem 1.14 Let u = u(t, x) be a global solution of problem (P). Then, we have

o0
/ / uldxdt < C < oo. (6.3)
0 Q

And hence, there exists a sequence {f,} satisfying #, — 0o as n — oo such that
/ lut; (tn, x)|*dx — 0, asn — oo. (6.4)
Q

Indeed, on the contrary, if there exist ¢ > 0 such that fQ |u; (t,, x) |2dx > casn — oo, then,
we can derive a contradiction with (6.3).

Next, let u,, := u(t,, x). By Theorem 1.4 and Remark 1.3, we have J, (u(t)) > O for
t > 0. Then, by (2.4), we have

0 < Ju(u() < Jyu(uop).
Therefore, we have for the sequence {#,} hold
0 < J(u(ty)) < Jy(up). (6.5)

Then, (6.4) and (6.5) implies that u,, := u(z,, x) is a P.S sequence related to the stationary
equation of problem (P). similar to the argument of [9], it is easy to prove that there exists a
constant C such that

/ |Vu,|?dx < C,
Q

and then there exists a subsequence (denote still by {u,} ) and a function w such that

up—w, in Hy (),
u, — w, inLY(Q)Q2 <qg <2%).
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Furthermore, u, — w # 0in H(} (£2), which means that w is a nontrivial stationary solution.
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