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Xiao Luo�1, Vicenţiu D. Rădulescu�∗2,3,4,5,6 and Maoding Zhen�1

1School of Mathematics, Hefei University of Technology, Hefei 230009, China

2Faculty of Applied Mathematics

AGH University of Science and Technology, 30-059 Kraków, Poland

3Brno University of Technology, Faculty of Electrical Engineering and Communication
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Abstract. In this paper, we develop an exhaustive analysis on standing waves

with prescribed mass for the coupled Hartree-Fock system, which is introduced
by Hartree in the 1920’s and developed by Fock for describing large systems

of identical fermions. By transforming this problem into different types of

constrained variational problems based on the width of the Hartree kernel,
we establish several existence, multiplicity and asymptotic properties under

suitable conditions on the corresponding physical parameters.

1. Introduction and main results. In this paper, we study the following coupled
Hartree-Fock system{

−∆u+ λ1u = µ1(|x|−α ∗ |u|2)u+ ρ(|x|−β ∗ |v|2)u in RN ,

−∆v + λ2v = µ2(|x|−α ∗ |v|2)v + ρ(|x|−β ∗ |u|2)v in RN ,
(1)

under the additional conditions∫
RN

u2dx = b21 and

∫
RN

v2dx = b22. (2)

Here, b1, b2 > 0 are prescribed, µ1, µ2, ρ > 0 and the frequencies λ1, λ2 are
unknown and will appear as Lagrange multipliers.

Problem (1) comes from the research of standing waves for the following nonlinear
Hartree-Fock model of two particles in R+ × RN{

−i∂tφ1 = ∆φ1 + µ1(|x|−α ∗ |φ1|2)φ1 + ρ(|x|−β ∗ |φ2|2)φ1,

−i∂tφ2 = ∆φ2 + µ2(|x|−α ∗ |φ2|2)φ2 + ρ(|x|−β ∗ |φ1|2)φ2,
(3)
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where i is the imaginary unit, parameters µi(i = 1, 2) and ρ describe the self-
interaction between charged particles as a repulsive force if positive, and an attrac-
tive force if negative. Physically, |x|−α and |x|−β are the nonlocal response function
which possess information on the mutual interaction between the particles. Their
widths determine the degree of nonlocality, see [36]. (3) appears in several physical
models, such as in the nonlinear optics [37] and in the study of a two-component
Bose-Einstein Condensate [13]. The rigorous time-dependent Hartree-Fock theory
has been developed first by Chadam and Glassey [9] for (3) with α = β.

Recently, when α = β = 1, N = 3, J. Wang and J. Shi [48] proved the existence
and non-existence of positive ground state for (1) under optimal conditions along
with various qualitative properties of ground states. The uniqueness of the positive
solution or the positive ground state solution are also obtained in some special cases.
When α = β = 4, λ1 = V1(x), λ2 = V2(x), F. Gao et. al. [15] studied the high
energy positive solutions for (1). By using moving sphere arguments in integral
form, they gave a complete classification of the positive solutions and proved the
uniqueness of positive solutions up to translation and dilation when λ1 = λ2 = 0.
Then using the uniqueness property, they established a nonlocal version of the global
compactness lemma and proved the existence of a high energy positive solution for
the system under suitable conditions.

When N = 3, α = β = 1, or N = 5, α = β = 3, by using a two-dimensional
linking argument, Wang [47] proved the existence of a normalized solution for
0 < ρ < ρ1. D. Cao, H. Jia and X. Luo [8] studied standing waves with pre-
scribed mass for the Schrödinger equations with van der Waals type potentials,
under different assumptions, they proved several existence, multiplicity and asymp-
totic behavior of solutions and the stability of the corresponding standing waves
for the related time-dependent problem was discussed. The case of standing waves
for the pseudo-relativistic Hartree equation with Berestycki-Lions nonlinearity was
studied by F. Gao, V. Rădulescu, M Yang and Y. Zheng [16]. Since it seems almost
impossible for us to provided a complete list of references, we refer the readers only
to [6, 10, 11, 12, 33, 34, 39, 41, 43, 44, 22, 49, 26, 27, 1, 2, 4, 3] and reference
therein. Inspired by the analysis developed in [27, 26, 8], we focus in the present
paper with qualitative analysis of standing waves with prescribed norm for the cou-
pled Hartree-Fock system. Clearly, the energy functional associated with problem
(1)–(2) is given by

J(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

on the constraint Tb1 × Tb2 , where for b > 0 we define

Tb :=

{
u ∈ D1,2(RN ) :

∫
RN

u2 = b2
}
.

Firstly, we consider the case of 0 < α, β < 2, in which the energy functional is
bounded from blow on the product of L2-spheres, we define

m(b1, b2) = inf
(u,v)∈Tb1

×Tb2

J(u, v) (4)

and then we prove the following result.
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Theorem 1.1. When 0 < α, β < 2, ρ, µi > 0(i = 1, 2), then −∞ < mβ(b1, b2) < 0
is achieved. In addition any minimizing sequence for (4) is, up to translation,
strongly convergent in H1(RN )×H1(RN ) to a solution of (1)-(2).

Next, we turn to the case of 0 < α < β = 2. In this case, the energy functional
is not always bounded on Tb1 ×Tb2 , relating to the values b1 and b2. We prove the
existence of normalized solutions to (1). From (1.6) of [8], for any ξ ∈ (0,min{N, 4}),∫

RN

∫
RN

u2(x)u2(y)

|x− y|ξ
dxdy ≤ 2

∥Qξ∥2L2(RN )

(∫
RN

|∇u|2dx
) ξ

2
(∫

RN

|u|2dx
) 4−ξ

2

(5)

where equality holds for u = Qξ, and Qξ is a nontrivial solution of

−ξ
2
∆Qξ +

4− ξ

2
Qξ = (|x|−ξ ∗ |Qξ|2)Qξ, x ∈ RN .

The main results on this aspect can be stated as follows.

Theorem 1.2. When 0 < α < β = 2 and ρb1b2 < ∥Q2∥2L2(RN ), for any µi > 0(i =

1, 2), then 0 > m(b1, b2) > −∞ is achieved. In addition, any minimizing sequence
for (4) is, up to translation, strongly convergent in H1(RN )×H1(RN ) to a solution
of (1)-(2).

Remark 1.3. When 0 < β < α = 2, the energy functional is bounded from below
on the product of L2-spheres under suitable conditions, therefore we expect the
constrained minimization method developed by L. Jeanjean [18] can be used to
obtained a normalized ground state. However, when 0 < β < α = 2, Theorem 1.1
in [52] indicates that there exists b∗1 = ∥Q2∥L2(RN ) such that when b1 > b∗1 then
m(b1, 0) = −∞, when 0 < b1 ≤ b∗1, then m(b1, 0) = 0 and the single equation
has no ground normalized solution if b1 ̸= b∗1. To establish the compactness of the
minimizing sequences, m(b1, 0) < 0 and the single equation has ground normalized
solution play crucial role. So, it seems difficult to prove the compactness of the
minimizing sequences (or Palais-Smale sequences). We believe that when 0 < β <
α = 2, the existence of normalized solutions to (1) is an expected interesting result.

Now, we deal with the case of 0 < α < 2 < β < min{N, 4} or 0 < β < 2 < α <
min{N, 4}. In this case, m(b1, b2) = −∞ for any b1, b2 > 0 and the energy function
J(u, v) is unbounded both from above and from below on Tb1 × Tb2 . In order to
search two normalized solutions, we use the ideas introduced by N. Soave [44, 43]
to study the corresponding fibering maps Ψu,v(t) (see (11)), which has the same
Mountain pass structure as the original functional. To show our main results, we
give following conditions(

µ1b
4−α
1 + µ2b

4−α
2

)
ρ

2−α
β−2 b

(4−β)(2−α)
2(β−2)

1 b
(4−β)(2−α)

2(β−2)

2 (6)

<
β − 2

β − α

(
2− α

2(β − α)

) 2−α
β−2

∥Qβ∥
2(2−α)
β−2

L2(RN )
∥Qα∥2L2(RN ).

ρ
(
µ1b

4−α
1 + µ2b

4−α
2

) β−2
2−α b

4−β
2

1 b
4−β
2

2 <
α− 2

α− β

(
2− β

2(α− β)

) 2−β
α−2

∥Qβ∥2L2(RN )∥Qα∥
2(2−β)
α−2

L2(RN )
.

(7)

Theorem 1.4. When ρ, µi > 0(i = 1, 2), 0 < α < 2 < β < min{N, 4} and (6)
holds, or 0 < β < 2 < α < min{N, 4} and (7) holds, then (1)-(2) has at least two
positive normalized solutions, one is a ground state (ûµ1 , v̂µ2), the other is an excited
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state (ũµ1 , ṽµ2). Moreover, J(ûµ1 , v̂µ2) → 0+,
∫
RN (|∇ûµ1 |2 + |∇ûµ2 |2)dx → 0 as

µ1, µ2 → 0+, and (ũµ1
, ṽµ2

) → (ũ, ṽ) strongly in H1(RN )×H1(RN ) as µ1, µ2 →
0+, where (ũ, ṽ) is a positive radial ground state solution of following problem{

−∆u+ λ1u = ρ(|x|−β ∗ |v|2)u in RN ,

−∆v + λ2v = ρ(|x|−β ∗ |u|2)v in RN ,

satisfying the additional conditions∫
RN

u2dx = b21 and

∫
RN

v2dx = b22.

Remark 1.5. Theorem 1.4 indicates that when the lower power perturbation terms
are mass subcritical with a product of the perturbation coefficients and masses being
controlled from above, problem (1)-(2) possesses at least two normalized solutions,
one ground state and one excited state (whose energy is strictly larger than that
of ground state). Furthermore, the first solution will disappear and the second
solution will converge to the normalized solution of system (1) with µ1 = µ2 = 0.

Furthermore, we give a mass collapse behavior of the ground states obtained in
Theorem 1.4.

Theorem 1.6. Assume that the assumptions in Theorem 1.4 hold, b1, b2 → 0 with
b1 ∼ b2 and (ub1,b2 , vb1,b2) is a ground state for (1)-(2). Up to a subsequence, we
have

(L−1
1 ub1,b2((λ1,b1,µ1

)−
1
2x), L−1

2 vb1,b2((λ2,b2,µ2
)−

1
2x)) → (ω, ω),

where

λ1,b1,µ1 = µ
2

2−α

1

(
b21

∥ω∥2L2

) 2
2−α

, λ2,b2,µ2 = µ
2

2−α

2

(
b22

∥ω∥2L2

) 2
2−α

,

L1 = µ
N

4−2α

1

(
b21

∥ω∥2L2

)N+2−α
4−2α

, L2 = µ
N

4−2α

2

(
b22

∥ω∥2L2

)N+2−α
4−2α

,

and ω is a positive solution of −∆u+ u = (|x|−α ∗ |u|2)u, u ∈ H1(RN ).

Now, we deal with the L2-critical case and L2-supercritical case. In this case,
m(b1, b2) = −∞ under suitable condition of b1, b2 and the energy function J(u, v)
is unbounded both from above and from below on Tb1 × Tb2 . The main results on
this aspect can be state as follows

Theorem 1.7. When ρ, µi(i = 1, 2) > 0, if one of following conditions holds:
i) β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ),

ii) α = 2 < β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ),

iii) 2 < α, β < min{N, 4},
then (1)-(2) has a positive ground state solution.

Throughout the paper, H1
r denotes the subspace of functions in H1 which are

radially symmetric with respect to 0, and Tbi,r = Tbi ∩ H1
r , i = 1, 2. a ∼ b if

C1a ≤ b ≤ C2a, where Ci, i = 1, 2 are constants. The rest of this paper is organized
as follows. In section 2, we prove Theorem 1.1-Theorem 1.2. In section 3, we prove
Theorem 1.4. In section 4, we prove Theorem 1.6. Finally, Theorem 1.7 will be
proved in section 5.
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2. Proof of Theorem 1.1 and Theorem 1.2. To prove Theorems 1.1-1.2, we
use the ideas introduced in [17, 18]. We recall the definition and some properties
of the coupled rearrangement results of M. Shibata [42] as presented in [20, 23].
Let u be a Borel measurable function on RN . It is said to vanish at infinity if the
level set |{x ∈ RN : |u(x)| > t}| < +∞ for every t > 0. Here |A| stands for the N-
dimensional Lebesgue measure of a Lebesgue measurable set A ⊂ RN . Considering
two Borel mesurable functions u, v which vanish at infinity in RN , for t > 0, we
define A⋆(u, v : t) := {x ∈ RN : |x| < r}, where r > 0 is chosen so that

B(0, r) = |{x ∈ RN : |u(x)| > t}|+ |{x ∈ RN : |v(x)| > t}|,

and {u, v}⋆ by

{u, v}⋆(x) :=
∫ ∞

0

χA⋆(u,v:t)(x)dt,

where χA(x) is a characteristic function of the set A ⊂ RN .

Lemma 2.1 ([20] Lemma A.1, [23] Lemma 2.2). (1) The function {u, v}⋆ is radially
symmetric, non-increasing and lower semi-continuous. Moreover, for each t > 0
there holds {x ∈ RN : {u, v}⋆ > t} = A⋆(u, v : t).

(2) Let Φ : [0,∞) → [0,∞) be non-decreasing lower semi-continuous, continuous
at 0 and Φ(0) = 0. Then {Φ(u),Φ(v)}⋆ = Φ({u, v}⋆).

(3) ∥{u, v}⋆∥p
Lp(RN )

= ∥u∥p
Lp(RN )

+ ∥v∥p
Lp(RN )

for 1 ≤ p <∞.

(4) If u, v ∈ H1(RN ), then {u, v}⋆ ∈ H1(RN ) and

∥∇{u, v}⋆∥2L2(RN ) ≤ ∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ).

In addition, if u, v ∈ (H1(RN ) ∩ C1(RN )) \ {0} are radially symmetric, positive
and non-increasing, then∫

RN

|∇{u, v}⋆|2dx <
∫
RN

|∇u|2dx+

∫
RN

|∇v|2dx.

(5) ∫
RN

∫
RN

({u, v}⋆)2(x)({u, v}⋆)2(y)
|x− y|α

dxdy

=

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy.

(6) Let u1, u2, v1, v2 ≥ 0 be Borel measurable functions which vanish at infinity,
then ∫

RN

∫
RN

u21(x)u
2
2(y)

|x− y|α
dxdy +

∫
RN

∫
RN

v21(x)v
2
2(y)

|x− y|α
dxdy

≤
∫
RN

∫
RN

({u1, v1}⋆)2(x)({u2, v2}⋆)2(y)
|x− y|α

dxdy.

Firstly, we show that m(b1, b2) < 0.

Lemma 2.2. When 0 < α, β < 2, for any µi > 0(i = 1, 2), ρ > 0, we have

m(b1, b2) = inf
(u,v)∈Tb1

×Tb2

J(u, v) < 0.
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Proof. For any (u, v) ∈ Tb1 × Tb2 , we define t ⋆ u = e
Nt
2 u(etx) and t ⋆ (u, v) =

(t ⋆ u, t ⋆ v), it is easy to see that (t ⋆ u, t ⋆ v) ∈ Tb1 × Tb2 and

J(t ⋆ (u, v)) =
e2t

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1e
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2e
αt

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρeβt

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

Since 0 < α, β < 2, we see that for some t≪ −1, J(t ⋆ (u, v)) < 0, so m(b1, b2) <
0.

By the similar argument as Lemma 2.4 in [26] can also see Lemma 3.1 in [17],
we have following lemma.

Lemma 2.3. (i) If (dn1 , d
n
2 ) is such that (dn1 , d

n
2 ) → (d1, d2) as n → +∞ with

0 ≤ dni ≤ bi for i = 1, 2, we have m(dn1 , d
n
2 ) → m(d1, d2) as n→ +∞ .

(ii) Let di ≥ 0, bi ≥ 0, i = 1, 2 such that b21 + d21 = c21, b
2
2 + d22 = c22, then

m(b1, b2) +m(d1, d2) ≥ m(c1, c2).

When we obtain Lemma 2.1, by the very similar argument as Lemma 2.5 in [26],
we have following lemma.

Lemma 2.4. Let (un, vn) ⊂ H1(RN )×H1(RN ) be a sequence such that

J(un, vn) → m(b1, b2) and

∫
RN

u2ndx = b21,

∫
RN

v2ndx = b22,

then {(un, vn)} is relatively compact in H1(RN )×H1(RN ) up to translations, that
is there exists a subsequence (unk

, vnk
), a sequence of points {yk} ⊂ RN and a

function (ũ, ṽ) ∈ H1(RN ) × H1(RN ) such that (unk
(· + yk), vnk

(· + yk)) → (ũ, ṽ)
strongly in H1(RN )×H1(RN ).

To deal with the coupling terms, we recall the following classical Hardy-Littlewood-
Sobolev inequality (see Lemma 2.1 of [46]).

Lemma 2.5. Assume that f ∈ Lp(RN ) and g ∈ Lp(RN ). Then one has∫
RN

∫
RN

f(x)g(y)

|x− y|t
dxdy ≤ c(p, q, t)∥f∥Lp(RN )∥g∥Lq(RN ),

where 1 < p, q <∞, 0 < t < N and 1
p + 1

q + t
N = 2.

By the same argument as Lemma 2.3 in [46], we have following lemma.

Lemma 2.6. For u, v ∈ H1(RN ) and 0 < ξ < N , we have that∫
RN

∫
RN

u2(x)v2(y)

|x− y|ξ dxdy ≤
(∫

RN

∫
RN

u2(x)u2(y)

|x− y|ξ dxdy

) 1
2
(∫

RN

∫
RN

v2(x)v2(y)

|x− y|ξ dxdy

) 1
2

.

From (5) and Lemma 2.6, when ρ > 0, we can deduce that

J(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≥ 1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2
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− ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

.

Thus, if 0 < α < β = 2 and ρb1b2 < ∥Q2∥2L2(RN ), then J(u, v) is coercive and

bounded from below.

Lemma 2.7. When 0 < α < β = 2 and ρb1b2 < ∥Q2∥2L2(RN ), for any µi > 0(i =

1, 2), ρ > 0, we have

m(b1, b2) = inf
(u,v)∈Tb1

×Tb2

J(u, v) < 0.

Proof. For any (u, v) ∈ Tb1 ×Tb2 , it is easy to see that (t ⋆ u, t ⋆ v) ∈ Tb1 ×Tb2 and

J(t ⋆ (u, v)) =
e2t

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1e
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2e
αt

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρeβt

2

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

When 0 < α < β = 2, we see that for some t ≪ −1, J(t ⋆ (u, v)) < 0, so
m(b1, b2) < 0.

Proof of Theorem 1.1. Let {wn, σn} be any minimizing sequence for the functional
J on Tb1×Tb2 . By Lemma 2.4, we know that there {yn} ⊂ RN such that (wn, σn)⇀
(w, σ) in H1(RN ) × H1(RN ) and (wn, σn) → (w, σ) in Lp(RN ) × Lp(RN ) for 2 <
p < 2∗. Hence, by the weak lower semi-continuity of the norm, we have J(w, σ) ≤
m(b1, b2) < 0, which implies that (w, σ) ̸= (0, 0). To show the compactness of
{wn, σn} in H1(RN ) × H1(RN ), it suffices to prove that (w, σ) ∈ Tb1 × Tb2 . If∫
RN |w|2dx = b21 and

∫
RN |σ|2dx = b22, we are done. Assume by contradiction that

there exists b1 < b1 and b2 < b2 such that
∫
RN |w|2dx = b

2

1 < b21, or
∫
RN |σ|2dx =

b
2

2 < b22. Then, by the definition of m(b1, b2), we have m(b1, b2) ≤ J(w, σ). By the
same argument as Lemma 2.2, we have m(b1, 0) < 0( resp. m(0, b2) < 0) for any
b1(b2) > 0. From [42], we know that m(b1, 0)( resp. m(0, b2)) can be achieved by
some function u ∈ Tb1(v ∈ Tb2) which are real valued, positive, radially symmetric
and radially decreasing.

If
∫
RN |w|2dx = b

2

1 < b21 and
∫
RN |σ|2dx = b

2

2 < b22. By Lemma 2.2 and (ii) of

Lemma 2.3, we have J(w, σ) ≤ m(b1, b2) ≤ m(b1, b2) + m(

√
b21 − b

2

1,

√
b22 − b

2

2) <

m(b1, b2) ≤ J(w, σ), a contradiction.

If
∫
RN |w|2dx = b21 and

∫
RN |σ|2dx = b

2

2 < b22. By Lemma 2.2 and (ii) of

Lemma 2.3 and m(0,

√
b22 − b

2

2) < 0, we have Jβ(w, σ) ≤ m(b1, b2) ≤ m(b1, b2) +

m(0,

√
b22 − b

2

2) < m(b1, b2) ≤ J(w, σ), a contradiction.

If
∫
RN |w|2dx = b

2

1 < b21 and
∫
RN |σ|2dx = b22. By Lemma 2.2 and (ii) of

Lemma 2.3 and m(

√
b21 − b

2

1, 0) < 0, we have J(w, σ) ≤ m(b1, b2) ≤ m(b1, b2) +

m(

√
b21 − b

2

1, 0) < m(b1, b2) ≤ J(w, σ), a contradiction.

Therefore, (w, σ) ∈ Tb1 × Tb2 .

Proof of Theorem 1.2. The proof is similar as the proof of Lemma 2.4 and the proof
of Theorem 1.1. Indeed, when 0 < α < β = 2, for the single equation, the problem
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is L2 subcritical, for any b1, b2 > 0, we have

m(b1, 0) < 0 and m(0, b2) < 0.

Moreover, m(b1, 0), m(0, b2) can be achieved by some function u ∈ Tb1 and v ∈
Tb2 , which is real valued, positive, radially symmetric and radially decreasing.

3. Proof of Theorem 1.4. Define the set

Pb1,b2 :=

{
(u, v) ∈ Tb1 × Tb2 : Pb1,b2(u, v) = 0

}
,

where

Pb1,b2(u, v) =

∫
RN

(|∇u|2 + |∇v|2)dx− µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

The following auxiliary result shows the role of Pb1,b2 .

Lemma 3.1. If (u, v) is a solution of problem (1)–(2) for some λ1, λ2 ∈ R, then
(u, v) ∈ Pb1,b2 .

Proof. It is easy to obtain that∫
RN

(|∇u|2 + |∇v|2)dx+

∫
RN

(λ1u
2 + λ2v

2)dx (8)

= µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy + µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

+ 2ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

By the similar argument as Lemma 2.4 in [50], we can get

N − 2

2

∫
RN

(|∇u|2 + |∇v|2)dx+
N

2

∫
RN

(λ1u
2 + λ2v

2)dx (9)

=
(2N − α)

4
µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

(2N − α)

4
µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

+
(2N − β)

2
ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

By (8) and (9), we have∫
RN

(|∇u|2 + |∇v|2)dx− µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy (10)

− µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy = 0.

Let t ⋆ u = e
Nt
2 u(etx), then t ⋆ u ∈ Tb, we define t ⋆ (u, v) = (t ⋆ u, t ⋆ v), then

Ψu,v(t) = J(t ⋆ (u, v)) =
e2t

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1e
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α dxdy

(11)

− µ2e
αt

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α dxdy − ρeβt

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β dxdy,
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Ψ′
u,v(t) = e2t

∫
RN

(|∇u|2 + |∇v|2)dx− µ1αe
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2αe
αt

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβeβt

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

and

Ψ′
u,v(t) = Pb1,b2(t ⋆ u, t ⋆ v), Pb1,b2 = {(u, v) ∈ Tb1 × Tb2 : Ψ′

u,v(0) = 0}.

We decompose Pb1,b2 into three disjoint unions

Pb1,b2 = P+
b1,b2

∪ P0
b1,b2 ∪ P−

b1,b2
,

where

P+
b1,b2

:= {(u, v) ∈ Tb1 × Tb2 , (u, v) ∈ Pb1,b2 : Ψ′′
u,v(0) > 0},

P0
b1,b2 := {(u, v) ∈ Tb1 × Tb2 , (u, v) ∈ Pb1,b2 : Ψ′′

u,v(0) = 0},

P−
b1,b2

:= {(u, v) ∈ Tb1 × Tb2 , (u, v) ∈ Pb1,b2 : Ψ′′
u,v(0) < 0}.

From (5) and Lemma 2.6, when ρ > 0 we have

µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy ≤ µ1

2∥Qα∥2L2(RN )

b4−α
1

(∫
RN

|∇u|2dx
)α

2

, (12)

µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy ≤ µ2

2∥Qα∥2L2(RN )

b4−α
2

(∫
RN

|∇v|2dx
)α

2

, (13)

ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy (14)

≤ ρ

2

(∫
RN

∫
RN

u2(x)u2(y)

|x− y|β
dxdy

) 1
2
(∫

RN

∫
RN

v2(x)v2(y)

|x− y|β
dxdy

) 1
2

≤ ρ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

(∫
RN

|∇u|2dx
) β

4
(∫

RN

|∇v|2dx
) β

4

≤ ρ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[(∫
RN

|∇u|2dx
)2

+

(∫
RN

|∇v|2dx
)2
] β

4

≤ ρ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

.

From (12) and (13), we have

µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy (15)

≤ µ1

2∥Qα∥2L2(RN )

b4−α
1

(∫
RN

|∇u|2dx
)α

2

+
µ2

2∥Qα∥2L2(RN )

b4−α
2

(∫
RN

|∇v|2dx
)α

2

≤ µ1b
4−α
1

2∥Qα∥2L2(RN )

[∫
RN

|∇u|2dx+

∫
RN

|∇v|2dx
]α

2
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+
µ2b

4−α
2

2∥Qα∥2L2(RN )

[∫
RN

|∇u|2dx+

∫
RN

|∇v|2dx
]α

2

≤ µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

.

Thus, from (14) and (15), if ρ > 0, we have

J(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy (16)

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≥ 1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

− ρ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

≥ h

((∫
RN

(|∇u|2 + |∇v|2)dx
) 1

2

)
,

where h(t) : (0,+∞) → R defined by

h(t) =
1

2
t2 −D1t

α −D2t
β , (17)

and

D1 =
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

, D2 =
ρ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2 .

Lemma 3.2. When 0 < α < 2 < β < min{N, 4} and condition (6) or 0 < β <
2 < α < min{N, 4} and (7) hold, then h(t) has exactly two critical points, one is
a local minimum at negative level, the other one is a global maximum at positive
level. Further, there exists 0 < R0 < R1 such that h(R0) = h(R1) = 0, h(t) > 0 if
and only if t ∈ (R0, R1).

Proof. When 0 < α < 2 < β < min{N, 4}, from h(t) = tα
[
1
2 t

2−α −D2t
β−α −D1

]
,

we have h(t) > 0 if and only if φ(t) > D1, where φ(t) = 1
2 t

2−α − D2t
β−α. Since

φ′(t) = 2−α
2 t1−α−(β−α)D2t

β−α−1, we see that φ(t) has a unique global maximum

point at t̃ =

(
2(β−α)
2−α

ρ
∥Qβ∥2

L2(RN )

) 1
2−β

b
4−β

2(2−β)

1 b
4−β

2(2−β)

2 and

φ(t̃) =
1

2

β − 2

β − α

(
2(β − α)

2− α

) 2−α
2−β

(
ρ

∥Qβ∥2L2(RN )

) 2−α
2−β

b
(4−β)(2−α)

2(2−β)

1 b
(4−β)((2−α))

2(2−β)

2 .

Therefore h(t) is positive on an open interval (R0, R1) if and only if φ(t̃) > D1,
which means that

1

2

β − 2

β − α

(
2(β − α)

2− α

) 2−α
2−β

(
ρ

∥Qβ∥2L2(RN )

) 2−α
2−β

b
(4−β)(2−α)

2(2−β)

1 b
(4−β)((2−α))

2(2−β)

2 >
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

,

(18)

so, (
µ1b

4−α
1 + µ2b

4−α
2

)
ρ

2−α
β−2 b

(4−β)(2−α)
2(β−2)

1 b
(4−β)(2−α)

2(β−2)

2



STANDING WAVES FOR THE COUPLED HARTREE-FOCK SYSTEM 11

<
β − 2

β − α

(
2− α

2(β − α)

) 2−α
β−2

∥Qβ∥
2(2−α)
β−2

L2(RN )
∥Qα∥2L2(RN ).

Since h′(t) = tα−1
[
t2−α − βD2t

β−α − αD1

]
= tα−1g(t), it is easy to see that

g(0) < 0, g(+∞) = −∞ and g(t) has a unique global maximum point at positive

level in t =

(
β(β−α)
2−α

ρ
∥Qβ∥2

L2(RN )

) 1
2−β

b
4−β

2(2−β)

1 b
4−β

2(2−β)

2 we can deduce that when

g(t) =
β − 2

β − α

(
β(β − α)

2− α

) 2−α
2−β

(
ρ

∥Qβ∥2L2(RN )

) 2−α
2−β

b
(4−β)(2−α)

2(2−β)

1 b
(4−β)((2−α))

2(2−β)

2 (19)

> α
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

,

then h(t) has exactly two critical points, one is a local minimum at negative level,
the other one is a global maximum at positive level. It is easy to see that when (18)
holds, then (19) also holds.

By the similar argument as above, we can deduce that when 0 < β < 2 < α <
min{N, 4} and (7) hold, the conclusions also hold.

Lemma 3.3. When (6) or (7) holds, then P0
b1,b2

= ∅ and Pb1,b2 is a C1 submanifold

in H1(RN )×H1(RN ) with codimension 3.

Proof. We only consider the case of (6), the discussion for case (7) is similar to the
case of (6). Assume by contradiction that there exists a (u, v) ∈ P0

b1,b2
such that∫

RN

(|∇u|2 + |∇v|2)dx− µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy (20)

− µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy = 0,

and

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1α
2

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy (21)

− µ2α
2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβ2

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy = 0.

From (20) and (21), we obtain

α

2
(1− α

2
)µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

α

2
(1− α

2
)µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

(22)

= β(
β

2
− 1)ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

If 0 < α < 2 < β, then from Pb1,b2(u, v) = 0, (22), Lemma 2.5 and Lemma 2.6,
we have∫

RN

(|∇u|2 + |∇v|2)dx =

(
β − α

2− α

)
ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy (23)

≤
(
β − α

2− α

)
ρβ

2

(∫
RN

∫
RN

u2(x)u2(y)

|x− y|β
dxdy

) 1
2
(∫

RN

∫
RN

v2(x)v2(y)

|x− y|β
dxdy

) 1
2
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≤
(
β − α

2− α

)
ρβ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

(∫
RN

|∇u|2dx
) β

4
(∫

RN

|∇v|2dx
) β

4

≤
(
β − α

2− α

)
ρβ

∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

and∫
RN

(|∇u|2 + |∇v|2)dx (24)

=

(
β − α

β − 2

)[
αµ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

αµ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

]
≤
(
β − α

β − 2

)[
αµ1b

4−α
1

2∥Qα∥2L2(RN )

(∫
RN

|∇u|2dx
)α

2

+
αµ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

|∇v|2dx
)α

2
]

≤ α

2

(
β − α

β − 2

)
µ1b

4−α
1 + µ2b

4−α
2

∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

.

Thus, from (23) and (24), we have(
1

β

(
2− α

β − α

) ∥Qβ∥2L2(RN )

ρ
b

β−4
2

1 b
β−4
2

2

) 2
β−2

≤
∫
RN

(|∇u|2 + |∇v|2)dx (25)

≤

(
α

2

(
β − α

β − 2

)
µ1b

4−α
1 + µ2b

4−α
2

∥Qα∥2L2(RN )

) 2
2−α

,

so (
µ1b

4−α
1 + µ2b

4−α
2

) 2
2−α ρ

2
β−2 b

4−β
β−2

1 b
4−β
β−2

2 (26)

≥
(

2− α

2(β − α)

2

β

) 2
β−2

(
2

α

(β − 2)

β − α

) 2
2−α

∥Qβ∥
4

β−2

L2(RN )
∥Qα∥

4
2−α

L2(RN )

≥
(

2− α

2(β − α)

) 2
β−2

(
β − 2

β − α

) 2
2−α

∥Qβ∥
4

β−2

L2(RN )
∥Qα∥

4
2−α

L2(RN )
.

Thus,

(µ1b
4−α
1 + µ2b

4−α
2 )ρ

2−α
β−2 b

(4−β)(2−α)
2(β−2)

1 b
(4−β)(2−α)

2(β−2)

2

≥ β − 2

β − α

(
2− α

2(β − α)

) 2−α
β−2

∥Qβ∥
2(2−α)
β−2

L2(RN )
∥Qα∥2L2(RN ),

which contradicts with the assumption (6), where we use the fact that(
2

β

) 2
β−2

(
2

α

) 2
2−α

≥ 1.

Indeed, for any 0 < α < β < N , log x
x−1 is a monotone decreasing function of

x > 0, so 2
β−2 log

β
2 − 2

α−2 log
α
2 ≤ 0, which implies that

(
β
2

) 2
β−2 (α

2

) 2
2−α ≤ 1, thus(

2
β

) 2
β−2 ( 2

α

) 2
2−α ≥ 1 , which implies that Pb1,b2 = ∅. Next, we show that Pb1,b2 is

a smooth manifold of codimension 3 on H1(RN )×H1(RN ). Since Pb1,b2 is defined
by Pb1,b2(u, v) = 0, G(u) = 0, F (u) = 0, where G(u) =

∫
RN u

2dx − b1, F (v) =
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2dx − b2. Since Pb1,b2(u, v), G(u) and F (u), are class of C1, we only need to

check that d(Pb1,b2(u, v), G(u), F (v)) : H → R3 is surjective. If this is not true,
dPb1,b2(u, v) has to be linearly dependent from dG(u) and dF (v) i.e. there exist a
ν1, ν2 ∈ R such that

2
∫
RN ∇u∇φ+ ν1uφ = µ1α

∫
RN

∫
RN

u2(y)
|x−y|αu(x)φ(x)dydx

+ρβ
∫
RN

∫
RN

v2(y)
|x−y|β u(x)φ(x)dydx in RN ,

2
∫
RN ∇v∇ψ + ν2vψ = µ2α

∫
RN

∫
RN

v2(y)
|x−y|α v(x)ψ(x)dydx

+ρβ
∫
RN

∫
RN

u2(y)
|x−y|β v(x)ψ(x)dydx in RN ,

for every (φ,ψ) ∈ H1(RN )×H1(RN ), so{
−2∆u+ 2ν1u = µ1α(|x|−α ∗ |u|2)u+ ρβ(|x|−β ∗ |v|2)u in RN ,

−2∆v + 2ν2v = µ2α(|x|−α ∗ |v|2)v + ρβ(|x|−β ∗ |u|2)v in RN ,

by the similar argument as (8), (9) and (10), we know that the Pohozaev identity
for above system is∫

RN

(|∇u|2 + |∇v|2)dx =
µ1α

2

8

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

+
µ2α

2

8

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy +

ρβ2

4

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

that is (u, v) ∈ P0
b1,b2

, a contradiction. Hence, Pb1,b2 is a natural constraint.

Lemma 3.4. When 0 < α < 2 < β, for every (u, v) ∈ Tb1 × Tb2 , the function
Ψu,v(t) has exactly two critical points su,v < tu,v ∈ R and two zeros cu,v < du,v ∈ R
with su,v < cu,v < tu,v < du,v. Moreover,

(1) su,v ⋆ (u, v) ∈ P+
b1,b2

and tu,v ⋆ (u, v) ∈ P−
b1,b2

, and if t ⋆ (u, v) ∈ Pb1,b2 , then
either t = su,v or t = tu,v.

(2) (
∫
RN (|∇(t ⋆ u)|2 + |∇(t ⋆ v)|2)dx) 1

2 ≤ R0 for every t ≤ cu,v, and

J(u, v)(su,v ⋆ (u, v))

= min

{
J(t ⋆ (u, v) : t ∈ R and (

∫
RN

(|∇(t ⋆ u)|2 + |∇(t ⋆ v)|2)dx) 1
2 < R0

}
< 0.

(3) We have

J(tu,v ⋆ (u, v)) = max{J(t ⋆ (u, v)) : t ∈ R} > 0

and Ψu,v(t) is strictly decreasing and concave on (tu,v,+∞). In particular, if
tu,v < 0, then Pb1,b2(u, v) < 0.

(4) The maps (u, v) ∈ Tb1 × Tb2 : su,v ∈ R and (u, v) ∈ Tb1 × Tb2 : tu,v ∈ R are
of class C1.

Proof. The proof is similar as the proof of Lemma 4.4 in [26], so we omit the details
here.

For k > 0, set

Ak =

{
(u, v) ∈ Tb1 × Tb2 :

(∫
RN

(|∇u|2 + |∇v|2)dx
) 1

2

< k

}
,
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and
m+(b1, b2) = inf

(u,v)∈AR0

J(u, v).

From Lemma 3.4, we have following corollary

Corollary 3.5. The set P+
b1,b2

is contained in

AR0
=

{
(u, v) ∈ Tb1 × Tb2 :

(∫
RN

(|∇u|2 + |∇v|2)dx
) 1

2

< R0

}
,

and
sup

P+
b1,b2

J(u, v) ≤ 0 ≤ inf
P−

b1,b2

J(u, v).

By the similar arguments as Lemma 4.5 in [26], we give following lemma without
the details of the proof.

Lemma 3.6. We have m+(b1, b2) ∈ (−∞, 0) that

m+(b1, b2) = inf
Pb1,b2

J(u, v) = inf
P+

b1,b2

J(u, v) and m+(b1, b2) < AR0
\AR0−σJ(u, v).

Lemma 3.7. Under the assumption (6) or (7), we have

m+(b1, b2) < min{m+(b1, 0),m
+(0, b2)}.

Proof. From [25], we know that m+(0, b2) can be achieved by v∗ ∈ Tb2 and v∗ is
radially symmetric and decreasing. We choose aproper test function u ∈ Tb1 such
that (t ⋆ u, v∗) ∈ Tb1 × Tb2 . From Lemma 3.4, we obtain

h(t) < h1(t) =
1

2
t2 − µ2b

4−α
2

2

2∥Qα∥2L2(RN )

tα. (27)

By direct calculations, there exists 0 < t∗ < R0 such that h1(t
∗) = 0. From [25],

we have m+(0, b2) = infv∈P+
0,b2

J(0, v) = infv∈Tb2
∩B(t∗) J(0, v). Therefore, from the

analysis in Lemma 3.2, we have

∥∇v∗∥L2 ≤ t∗ < R0 < t̃ =

(
β(β − α)

2− α

ρ

2∥Qβ∥2L2(RN )

) 1
2−β

b
4−β

4(2−β)

1 b
4−β

4(2−β)

2 .

Since h(R0) = h(R1) = 0 and the monotonicity of h(t), we deduce that (t⋆u, v∗) ∈
Tb1 × Tb2 ∩AR0 for t≪ −1, therefore,

m+(b1, b2) = inf
(u,v)∈Tb1

×Tb2
∩AR0

J(u, v) ≤ J(t ⋆ u, v∗)

=
1

2

∫
R3

|∇v∗|2dx− 1

4
µ2

∫
RN

∫
RN

(v∗)2(x)(v∗)2(y)

|x− y|α
dxdy

− ρ

2

∫
RN

∫
RN

(t ∗ u)2(x)(v∗)2(y)
|x− y|β

dxdy

+
e2t

2

∫
R3

|∇u|2dx− µ1e
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy < J(0, v∗) = m+(0, b2).

Similarly, we have m+(b1, b2) < m+(b1, 0). Hence, the proof is completed.

Lemma 3.8. Let {(un, vn)} ⊂ Sa,r = Tb1 × Tb2 ∩H1(RN )×H1(RN ) be a Palais-
Smale sequence for J(u, v)|Tb1

×Tb2
at level m+(b1, b2). Then {(un, vn)} is bounded

in H1(RN )×H1(RN ).
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Proof. Since Pb1,b2(un, vn) → 0, we have

Pb1,b2(un, vn) =

∫
RN

(|∇un|2 + |∇vn|2)dx− µ1α

4

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dxdy = on(1).

Thus, from (15), we have

J(un, vn) = (
1

2
− 1

β
)

∫
RN

(|∇un|2 + |∇vn|2)dx+ (
α

β
− 1)

[
µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α dxdy

+
µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α dxdy

]
+ on(1)

≥ (
1

2
− 1

β
)

∫
RN

(|∇un|2 + |∇vn|2)dx− µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

.

Since {(un, vn)} is a Palais-Smale sequence for J(u, v)|Tb1
×Tb2

at levelm+(b1, b2),

we have J(un, vn) ≤ m+(b1, b2) + 1 for n large. Hence

(
1

2
− 1

β
)

∫
RN

(|∇un|2 + |∇vn|2)dx

≤ µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

+m+(b1, b2) + 2

so {(un, vn)} is bounded in H1(RN )×H1(RN ). This completes the proof.

Lemma 3.9. Let {(un, vn)} ⊂ Sa,r = Tb1 × Tb2 ∩H1(RN )×H1(RN ) be a Palais-
Smale sequence for J(u, v)|Tb1

×Tb2
at level m+(b1, b2) with additional properties

Pb1,b2(un, vn) → 0 and u−n , v
−
n → 0 a.e. in RN , then up to a subsequence {(un, vn)}

→ (u, v) in H1(RN )×H1(RN ), where (u, v) is a positive solution of (1) for some
λ1, λ2 > 0.

Proof. By principle of symmetric criticality (Theorem 1.28 in [45]), the solutions
for (1)-(2) in function space H1

r (RN ) × H1
r (RN ) are also those in function space

H1(RN )×H1(RN ). So, we can chosen the radial minimizing sequence.
Step 1. We claim λ1 > 0, λ2 > 0. From Lemma 3.8, we known that {(un, vn)} is
bounded in H1(RN )×H1(RN ), thus, by the Sobolev embedding theorem, we have
H1

r ↪→↪→ Lp
r(RN ) for 2 < p < 2∗ = 2N

N−2 , thus there exists a (u, v) ∈ H1
r (RN ) ×

H1
r (RN ) such that (un, vn) → (u, v) in Lp

r(RN ) × Lp
r(RN ) for 2 < p < 2∗ and

(un, vn)⇀ (u, v) inH1
r (RN )×H1

r (RN ) and Lp(RN )×Lp(RN ), and (un, vn) → (u, v)
a.e in RN . Hence u, v ≥ 0 are radial functions. Since J ′ |Tb1

×Tb2
(un, vn) → 0, by

the Lagrange multipliers rule, we know that there exists a sequence (λ1,n, λ2,n) ∈ R2

such that∫
RN

(∇un∇φ+∇vn∇ψ)dx+

∫
RN

(λ1,nunφ+ λ2,nvnψ)dx (28)

− µ1

∫
RN

∫
RN

u2n(y)

|x− y|α
un(x)φ(x)dydx− µ2

∫
RN

∫
RN

v2n(y)

|x− y|α
vn(x)ψ(x)dydx

− ρ

∫
RN

∫
RN

v2n(y)

|x− y|β
un(x)φ(x)dydx− ρ

∫
RN

∫
RN

u2n(y)

|x− y|β
vn(x)ψ(x)dydx

= o(1)∥(ψ,φ)∥H1 in RN ,
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for every (φ,ψ) ∈ H1(RN )×H1(RN ). Using (un, 0) and (0, vn) as text function in
(28), we have∫

RN

λ1,nu
2
ndx =−

∫
RN

|∇un|2dx+ µ1

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy

+ ρ

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dydx+ o(1)∥φ∥H1 ,

∫
RN

λ2,nv
2
ndx =−

∫
RN

|∇vn|2dx+ µ2

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy

+ ρ

∫
RN

∫
RN

u2n(y)v
2
n(x)

|x− y|β
dydx+ o(1)∥ψ∥H1 ,

so ∫
RN

(λ1,nu
2
n + λ2,nv

2
n)dx =−

∫
RN

(|∇un|2 + |∇vn|2)dx (29)

+ µ1

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy

+ µ2

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy (30)

+ 2ρ

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dydx,

by the boundedness of {(un, vn)} and (12), (14), (15), we have (λ1,n, λ2,n) is
bounded, hence up to a subsequence (λ1,n, λ2,n) → (λ1, λ2) ∈ R2, passing to limits
in (28), we can deduce that (u, v) is a nonnegative solutions of (1), so∫

RN

(λ1u
2 + λ2v

2)dx+

∫
RN

(|∇u|2 + |∇v|2)dx

= µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy + µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

+ 2ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dydx.

From (9), we can get

N − 2

2

∫
RN

(|∇u|2 + |∇v|2)dx+
N

2

∫
RN

(λ1u
2 + λ2v

2)dx

=
(2N − α)

4
µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

(2N − α)

4
µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

+
(2N − β)

2
ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy,

so ∫
RN

(λ1u
2 + λ2v

2)dx =
4− α

4
µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy (31)

+
4− α

4
µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy +

4− β

2
ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.
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From Pb1,b2(un, vn) → 0, we have∫
RN

(|∇un|2 + |∇vn|2)dx− µ1α

4

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy (32)

− µ2α

4

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dxdy = on(1).

Together (29) with (32), we can get

λ1,nb
2
1 + λ2,nb

2
2 =

4− α

4
µ1

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy (33)

+
4− α

4
µ2

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy +

4− β

2
ρ

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dxdy,

it is easy to see that at least one sequence of (λi,n) is positive and bounded away
from 0. Let n→ +∞ in (33), we have

λ1b
2
1 + λ2b

2
2 =

4− α

4
µ1

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy (34)

+
4− α

4
µ2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy +

4− β

2
ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

We know that at least one sequence of (λi) is positive and bounded away from
0. Without loss of generate, we assume λ1 > 0, now we argue by contradiction and
assume that λ2 ≤ 0 and

−∆v = −λ2v + µ2(|x|−α ∗ |v|2)v + ρ(|x|−β ∗ |u|2)v ≥ 0,

using a Liouville type theorem [[20], Lemma A.2] , we can deduce that v = 0, so, u
satisfies that 

−∆u+ λ1u = µ1(|x|−α ∗ |u|2)u in RN ,

u > 0, in RN ,∫
RN u

2dx = b21 in RN .

By Lemma 2.5, we have∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy ≤ c(N,α)∥un∥4

L
4N

2N−α (RN )
,∫

RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy ≤ c(N,α)∥vn∥4

L
4N

2N−α (RN )
,

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dxdy

≤
(∫

RN

∫
RN

u2n(x)u
2
n(y)

|x− y|β
dxdy

) 1
2
(∫

RN

∫
RN

v2n(x)v
2
n(y)

|x− y|β
dxdy

) 1
2

≤ c(N, β)∥un∥2
L

4N
2N−β (RN )

∥vn∥2
L

4N
2N−β (RN )

.

When N ≥ 3, H1
r ↪→ Lp is compact for p ∈ (2, 2∗), we have that un → u strongly

in L
4N

2N−α and L
4N

2N−β . So, we obtain that

m+(b1, b2) = lim
n→+∞

J(un, vn)

= lim
n→+∞

[
µ1

4
(
α

2
− 1)

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy
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+
µ2

4
(
α

2
− 1)

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy +

ρ

2
(
β

2
− 1)

∫
RN

∫
RN

u2n(x)v
2
n(y)

|x− y|β
dxdy

]
=
µ1

4
(
α

2
− 1)

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy = m+(b1, 0).

Thus, it contracts with Lemma 3.7. So λ1 > 0, λ2 > 0. Similarly, we have if
λ2 > 0, then λ1 > 0. Hence λ1 > 0, λ2 > 0. Similarly, we have if λ2 > 0, then
λ1 > 0, so λ1 > 0, λ2 > 0.
Step 2. Prove the L2 convergence. From (31) and (34), we have

λ1

(
b21 −

∫
RN

u2dx

)
+ λ2

(
b22 −

∫
RN

v2dx

)
= 0,

so ∫
RN

u2 = b21 > 0,

∫
RN

v2 = b22 > 0.

Step 3. Prove the H1 convergence. From Pb1,b2(un, vn) → 0, we have

m+(b1, b2) = lim
n→+∞

J(un, vn) = lim
n→+∞

[
(
1

2
− 1

β
)

∫
RN

(|∇un|2 + |∇vn|2)dx

− β − α

β

(
µ1

4

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy +

µ2

4

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy

)]
.

From Step 2, we know that u ̸= 0 and v ̸= 0. Let ũn = un − u, ṽn = vn − v, it
is easy to see that∫

RN

∫
RN

ũ2n(x)ũ
2
n(y)

|x− y|α
dxdy (35)

=

∫
RN

∫
RN

u2n(x)u
2
n(y)

|x− y|α
dxdy −

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy + on(1),

∫
RN

∫
RN

ṽ2n(x)ṽ
2
n(y)

|x− y|α
dxdy (36)

=

∫
RN

∫
RN

v2n(x)v
2
n(y)

|x− y|α
dxdy −

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy + on(1).

So, by Brezis-Lieb lemma, (35) and (36), we have

0 = Pb1,b2(un, vn) + o(1) = Pb1,b2(ũn, ṽn) + Pb1,b2(u, v) + o(1)

=

∫
RN

(|∇ũn|2 + |∇ṽn|2)dx− µ1α

4

∫
RN

∫
RN

ũ2n(x)ũ
2
n(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

ṽ2n(x)ṽ
2
n(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

ũ2n(x)ṽ
2
n(y)

|x− y|β
dxdy + o(1).

Hence, we know that

m+(b1, b2) = lim
n→+∞

J(un, vn) = lim
n→+∞

J(ũn, ṽn) + J(u, v)

= lim
n→+∞

[
(
1

2
− 1

β
)

∫
RN

(|∇ũn|2 + |∇ṽn|2)dx

− β − α

β

(
µ1

4

∫
RN

∫
RN

ũ2
n(x)ũ

2
n(y)

|x− y|α dxdy +
µ2

4

∫
RN

∫
RN

ṽ2n(x)ṽ
2
n(y)

|x− y|α dxdy

)]
+ J(u, v)

≥ lim
n→+∞

[
(
1

2
− 1

β
)

∫
RN

(|∇ũn|2 + |∇ṽn|2)dx
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− β − α

β

(
µ1

4
c(N,α)∥ũn∥4

L
4N

2N−α (RN )
+

µ2

4
c(N,α)∥ṽn∥4

L
4N

2N−α (RN )

)]
+ J(u, v)

≥ lim
n→+∞

(
1

2
− 1

β
)

∫
RN

(|∇ũn|2 + |∇ṽn|2)dx+ J(u, v) ≥ m+(b1, b2).

Thus, J(u, v) = m+(b1, b2) and (un, vn) → (u, v) in H1(RN )×H1(RN ).

Next, we prove the existence of second critical point of mountain pass type for
J(u, v) |Tb1

×Tb2
. By the similar argument as Lemma 4.10 in [26], we give following

lemmas without the details of the proof.

Lemma 3.10. We have

m−(b1, b2) := inf
(u,v)∈P−

b1,b2

J(u, v) > 0.

To exclude the semi-trivial solution of the mountain psss solution, we give fol-
lowing lemma.

Lemma 3.11. When 0 < α < 2 < β and the assumption (6) holds, we have

m−(b1, b2) < min{m−(b1, 0),m
−(0, b2)}.

Proof. From [25], we know that m−(b1, 0) can be achieved by u∗ ∈ Tb1 . We choose
aproper test function v ∈ Tb2 such that (u∗, t ⋆ v) ∈ Tb1 × Tb2 . From Lemma 3.4,
there exists t∗ ∈ R such that t∗ ⋆ (u∗, t ⋆ v) ∈ P−

b1,b2
, then we have

e(2−α)t∗
∫
RN

(|∇u∗|2 + |∇(t ⋆ v)|2)dx− µ1α

4

∫
RN

∫
RN

(u∗)2(x)(u∗)2(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

(t ⋆ v)2(x)(t ⋆ v)2(y)

|x− y|α
dxdy

− ρβe(β−α)t∗

2

∫
RN

∫
RN

(u∗)2(x)(t ⋆ v)2(y)

|x− y|β
dxdy = 0.

Thus, et
∗ → 1 as t→ −∞. If t≪ −1, we have

m−(b1, b2) = inf
(u,v)∈P−

b1,b2

J(u, v) ≤ J(t∗ ⋆ (u∗, t ⋆ v)

=
e2t

∗

2

∫
RN

(|∇u∗|2 + |∇(t ⋆ v)|2)dx− µ1αe
αt∗

4

∫
RN

∫
RN

(u∗)2(x)(u∗)2(y)

|x− y|α
dxdy

− µ2αe
αt∗

4

∫
RN

∫
RN

(t ⋆ v)2(x)(t ⋆ v)2(y)

|x− y|α
dxdy

− ρβeβt
∗

2

∫
RN

∫
RN

(u∗)2(x)(t ⋆ v)2(y)

|x− y|β
dxdy

< J(u∗, 0) = m−(b1, 0).

Similarly, we have m−(b1, b2) < m−(0, b2). Hence, the proof is completed.

Lemma 3.12. There is a radial symmetric Palais-Smale sequence of J |Tb1
×Tb2

at

level m−(b1, b2) with the additional properties P (un, vn) → 0 and u−n , v
−
n → 0 a.e.

in RN . Then up to a subsequence (un, vn) → (u, v) in H1(RN ) × H1(RN ), where
(u, v) is a positive solution of (1) for some λ1, λ2 > 0.
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Proof. By the similar argument as Lemma 4.12 in [26], we can get a radial Palais-
Smale sequence (ũn, ṽn) of J |Tb1,r×Tb2,r

and hence a radial symmetric Palais-Smale

sequence of J |Tb1
×Tb2

at level m−(b1, b2).

Next, we prove that up to a subsequence (ũn, ṽn) → (u, v) in H1(RN )×H1(RN ),
where (u, v) is a positive solution of (1) for some λ1, λ2 > 0. When we get Lemma
3.11, by the similar argument as Step 1 in Lemma 3.9, we can prove that λi > 0(i =
1, 2). From (31) and (34), we have

λ1

(
b21 −

∫
RN

u2dx

)
+ λ2

(
b22 −

∫
RN

v2dx

)
= 0,

so ∫
RN

u2 = b21 > 0,

∫
RN

v2 = b22 > 0.

From Pb1,b2(ũn, ṽn) = 0, we have

m−(b1, b2)

= lim
n→+∞

[
(
1

2
− 1

α
)

∫
RN

(|∇ũn|2 + |∇ṽn|2)dx+
ρ

2
[
β

α
− 1]

∫
RN

∫
RN

ũ2
n(x)ṽ

2
n(y)

|x− y|β dxdy

]
.

Let wn = ũn − u, σn = ṽn − v, it is easy to see that∫
RN

∫
RN

w2
n(x)w

2
n(y)

|x− y|α
dxdy

=

∫
RN

∫
RN

ũ2n(x)ũ
2
n(y)

|x− y|α
dxdy −

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy + on(1),

∫
RN

∫
RN

σ2
n(x)σ

2
n(y)

|x− y|α
dxdy

=

∫
RN

∫
RN

ṽ2n(x)ṽ
2
n(y)

|x− y|α
dxdy −

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy + on(1).

∫
RN

∫
RN

w2
n(x)σ

2
n(y)

|x− y|β
dxdy

=

∫
RN

∫
RN

ũ2n(x)ṽ
2
n(y)

|x− y|β
dxdy −

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy + o(1).

So, by Brezis-Lieb lemma, we have

0 = Pb1,b2(ũn, ṽn) + o(1) = Pb1,b2(wn, σn) + Pb1,b2(u, v) + o(1)

=

∫
RN

(|∇wn|2 + |∇σn|2)dx− µ1α

4

∫
RN

∫
RN

w2
n(x)w

2
n(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

σ2
n(x)σ

2
n(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

w2
n(x)σ

2
n(y)

|x− y|β
dxdy + o(1).

Hence, we know that

m−(b1, b2) = lim
n→+∞

J(un, vn) = lim
n→+∞

J(wn, σn) + J(u, v)

= lim
n→+∞

[
(
1

2
− 1

β
)

∫
RN

(|∇wn|2 + |∇σn|2)dx

− β − α

β

(
µ1

4

∫
RN

∫
RN

w2
n(x)w

2
n(y)

|x− y|α dxdy +
µ2

4

∫
RN

∫
RN

σ2
n(x)σ

2
n(y)

|x− y|α dxdy

)]
+ J(u, v)
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≥ lim
n→+∞

[
(
1

2
− 1

β
)

∫
RN

(|∇wn|2 + |∇σn|2)dx

− β − α

β

(
µ1

4
c(N,α)∥wn∥4

L
4N

2N−α (RN )
+

µ2

4
c(N,α)∥σn∥4

L
4N

2N−α (RN )

)]
+ J(u, v)

≥ lim
n→+∞

(
1

2
− 1

β
)

∫
RN

(|∇wn|2 + |∇σn|2)dx+ J(u, v) ≥ m−(b1, b2).

Thus, J(u, v) = m−(b1, b2) and (un, vn) → (u, v) in H1(RN ) × H1(RN ). Thus,
J(u, v) = m−(b1, b2) and (ũn, ṽn) → (u, v) in H1(RN )×H1(RN ).

Proof of Theorem 1.4. From Lemma 3.9, we only need to prove the existence of
radial Palais-Smale sequence for J |Tr

b1
×Tr

b2
at level m(b1, b2) with additional prop-

erties Pb1,b2(un, vn) → 0 and u−n , v
−
n → 0 a.e. in RN . Let us consider a minimizing

sequence (un, vn) for J(u, v) |AR0
, we assume that (un, vn) ∈ Tb1 × Tb2 is ra-

dial decreasing for every n. Furthermore, by Lemma 3.4, for every n we can take
sun,vn ∗ (un, vn) ∈ P+

b1,b2
such that (

∫
RN (|∇(sun,vn ⋆un)|2+ |∇(sun,vn ⋆vn)|2)dx)

1
2 ≤

R0 and

J(su,v ⋆ (un, vn))

= min

{
J(t ⋆ (un, vn) : t ∈ R and (

∫
RN

(|∇(t ⋆ un)|2 + |∇(t ⋆ vn)|2)dx)
1
2 < R0

}
< J(un, vn).

Thus, we obtain a new minimizing sequence {wn, σn} = {sun,un ⋆ vn, sun,vn ⋆ vn}
with (wn, σn) ∈ Tr

b1
× Tr

b2
∩ P+

a,µ radially decreasing for every n. By Lemma 3.6,

we have
(∫

RN (|∇wn|2 + |∇σn|2)dx
) 1

2 ≤ R0 for every n and hence by Ekeland’s
variational principle in a standard way, we know the existence of a new minimiz-
ing sequence for {un, vn} ⊂ AR0

for m(b1, b2) with ∥(un, vn) − (wn, σn)∥ → 0 as
n → +∞, which is also a Palais-Smale sequence for J(u, v) on Tb1 × Tb2 . By
the boundedness of {(wn, σn)}, ∥(un, vn) − (wn, σn)∥ → 0, Brézis-Lieb lemma and
Sobolev embedding theorem, we have

Pb1,b2(un, vn) = Pb1,b2(wn, σn) + o(1) → 0 and u−n , v
−
n → 0 a.e.in RN .

From Lemma 3.6, we know that (u, v) is a ground normalized solution. From
Lemma 3.12, we get a second critical point of mountain pass type for J(u, v) |Tb1

×Tb2
.

Next, we prove the second part of Theorem 1.4, that is the limit behavior of the
normalized solution as µ1 → 0, µ2 → 0.

For b1, b2 > 0 fixed, from the proof Lemma 3.2, we can deduce that when µ1 →
0, µ2 → 0, then R0(b1, b2, ρ, µ1, µ2) → 0. By corollary 3.5, when (û, v̂) is the ground

normalized solution obtained in Theorem 1.4, then
(∫

RN (|∇û|2 + |∇û|2)dx
) 1

2 <
R0(b1, b2, ρ, α1, α2) → 0, and

0 > m+(b1, b2) = J(û, v̂) ≥ h

((∫
RN

(|∇û|2 + |∇v̂|2)dx
) 1

2

)
→ 0,

som+(b1, b2) → 0. The prove of the limit behavior of the second solution as µ1, µ2 →
0 are similar as the proof Theorem 1.3 in [26], so we omit the details here.
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4. Proof of Theorem 1.6. We first give a refined upper of m+(b1, b2) and search
for (λ1,b1,b2 , λ2,b1,b2 , ub1,b2 , vb1,b2) solving{

−∆u+ λ1u = µ1(|x|−α ∗ |u|2)u in RN ,

−∆v + λ2v = µ2(|x|−α ∗ |v|2)v in RN ,
(37)

satisfying the additional conditions∫
RN

u2dx = b21 and

∫
RN

v2dx = b22. (38)

Denote

J̃(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy,

on the constraint Tb1 × Tb2 .

P̃b1,b2(u, v) :=

{
(u, v) ∈ Tb1 × Tb2 : P̃b1,b2(u, v) = 0

}
,

where

P̃b1,b2(u, v) =

∫
RN

(|∇u|2 + |∇v|2)dx− µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy.

Then, the solution of (37)-(38) can be found as minimizers of

m̃(b1, b2) = inf
Tb1

×Tb2

J0(u, v) > −∞.

Let ω be a positive solution of the following equation

−∆u+ u = (|x|−α ∗ |u|2)u in RN .

Lemma 4.1. (37)-(38) has a positive solution

(λ1,b1,µ1
, λ2,b2,µ2

, L1ω((λ1,b1,µ1
)

1
2x), L2ω((λ2,b2,µ2

)
1
2x)),

where

λ1,b1,µ1
= µ

2
2−α

1

(
b21

∥ω∥2L2

) 2
2−α

, λ2,b2,µ2
= µ

2
2−α

2

(
b22

∥ω∥2L2

) 2
2−α

,

L1 = µ
N

4−2α

1

(
b21

∥ω∥2L2

)N+2−α
4−2α

, L2 = µ
N

4−2α

2

(
b22

∥ω∥2L2

)N+2−α
4−2α

.

Moreover,

m̃(b1, b2) = J̃(L1ω((λ1,b1,α1)
1
2 x), L2ω((λ2,b2,α2)

1
2 x)

= −
(
1

α
− 1

2

)[
µ

2
2−α
1

(
b21

∥ω∥2
L2

) 4−α
2−α

+ µ
2

2−α
2

(
b22

∥ω∥2
L2

) 4−α
2−α

]
∥∇ω∥2L2(RN ).
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Proof. By elementary calculation, we have

(λ1,b1,α1
, λ2,b2,α2

, L1ω((λ1,b1,α1
)

1
2x), L2ω((λ2,b2,α2

)
1
2x)),

is a positive solution of (37)-(38). Furthermore, we have

m̃(b1, b2) = J̃(L1ω((λ1,b1,α1)
1
2x), L2ω((λ2,b2,α2)

1
2x)

= −
(
1

α
− 1

2

) L2
1

λ
N−2

2

1,b1,µ1

∫
RN

|∇ω|2dx+
L2
2

λ
N−2

2

2,b2,µ2

∫
R3

|∇ω|2dx


= −

(
1

α
− 1

2

) L2
1

λ
N−2

2

1,b1,µ1

+
L2
2

λ
N−2

2

2,b2,µ2

 ∥∇ω∥2L2(RN )

= −
(
1

α
− 1

2

)[
µ

2
2−α

1

(
b21

∥ω∥2L2

) 4−α
2−α

+ µ
2

2−α

2

(
b22

∥ω∥2L2

) 4−α
2−α

]
∥∇ω∥2L2(RN ).

Lemma 4.2. We have

m+(b1, b2)

< m̃(b1, b2) = −
(
1

α
− 1

2

)[
µ

2
2−α
1

(
b21

∥ω∥2
L2

) 4−α
2−α

+ µ
2

2−α
2

(
b22

∥ω∥2
L2

) 4−α
2−α

]
∥∇ω∥2L2(RN ).

Proof. Since

J̃(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

≥ 1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

≥ h̃

((∫
RN

(|∇u|2 + |∇v|2)dx
) 1

2

)
,

where h̃(t) : (0,+∞) → R defined by h̃(t) = 1
2 t

2 − D1t
α, and D1 =

µ1b
4−α
1 +µ2b

4−α
2

2∥Qα∥2
L2(RN )

.

So, when t ∈ (0, t) we have h̃(t) < 0 and t ∈ (t,+∞) we have h̃(t) > 0, where t =(
µ1b

4−α
1 +µ2b

4−α
2

∥Qα∥2
L2(RN )

) 1
2−α

. So, J̃(L1ω((λ1,b1,µ1
)

1
2x), L2ω((λ2,b2,µ2

)
1
2x) = m̃(b1, b2) < 0,

implies that[∫
RN

|∇L1ω((λ1,b1,µ1
)

1
2x)|2dx+

∫
RN

|∇L2ω((λ2,b2,µ2
)

1
2x)|2dx

] 1
2

< t̃.

From the definition of h(t)( see (17)) and the definition of R0 in Lemma 3.2, we

have t̃ < R0, thus

∥L1ω((λ1,b1,µ1)
1
2x)∥2L2(RN ) = b21, ∥L2ω((λ2,b2,µ2)

1
2x)∥2L2(RN ) = b22,[∫

RN

|∇L1ω((λ1,b1,µ1
)

1
2x)|2dx+

∫
RN

|∇L2ω((λ2,b2,µ2
)

1
2x)|2dx

] 1
2

< t̃ < R0.
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Hence,

m+(b1, b2) = inf
AR0

J(u, v) ≤ J(L1ω((λ1,b1,µ1
)

1
2x), L2ω((λ2,b2,µ2

)
1
2x)

< J̃(L1ω((λ1,b1,µ1
)

1
2x), L2ω((λ2,b2,µ2

)
1
2x) = m̃(b1, b2)

= −
(
1

α
− 1

2

)[
µ

2
2−α

1

(
b21

∥ω∥2L2

) 4−α
2−α

+ µ
2

2−α

2

(
b22

∥ω∥2L2

) 4−α
2−α

]
∥∇ω∥2L2(RN ).

Proof of Theorem 1.6. Let b1,k, b2,k → 0+ k → +∞ and Let (ub1,k,b2,k , vb1,k,b2,k) ∈
AR0

be a positive minimizer of m+(b1,k, b2,k, R0) for each k ∈ N. From

Pb1,b2(ub1,k,b2,k , vb1,k,b2,k) = 0,

we have

J(ub1,k,b2,k , vb1,k,b2,k ) =
1

2

∫
RN

(|∇ub1,k,b2,k |
2 + |∇vb1,k,b2,k |

2)dx

− µ1

4

∫
RN

∫
RN

u2
b1,k,b2,k

(x)u2
b1,k,b2,k

(y)

|x− y|α dxdy − µ2

4

∫
RN

∫
RN

v2b1,k,b2,k (x)v
2
b1,k,b2,k

(y)

|x− y|α dxdy

− ρ

2

∫
RN

∫
RN

u2
b1,k,b2,k

(x)v2b1,k,b2,k (y)

|x− y|β dxdy

=

[
(
1

2
− 1

β
)∥∇ub1,k,b2,k∥

2
L2(RN ) + ∥∇vb1,k,b2,k∥

2
L2(R3)

+ (
α

β
− 1)

[
µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α dxdy +
µ2

4

∫
RN

∫
RN

v2b1,k,b2,k (x)v
2
b1,k,b2,k

(y)

|x− y|α dxdy

]]
=

[
(
1

2
− 1

α
)∥∇ub1,k,b2,k∥

2
L2(RN ) + ∥∇vb1,k,b2,k∥

2
L2(R3)

+ (
β

α
− 1)

ρ

2

∫
RN

∫
RN

u2
b1,k,b2,k

(x)v2b1,k,b2,k (y)

|x− y|β dxdy

]

< −
(
1

α
− 1

2

)µ 2
2−α
1

(
b21,k

∥ω∥2
L2

) 4−α
2−α

+ µ
2

2−α
2

(
b22,k

∥ω∥2
L2

) 4−α
2−α

 ∥∇ω∥2L2(RN ).

Thus, µ 2
2−α

1

(
b21,k

∥ω∥2L2

) 4−α
2−α

+ µ
2

2−α

2

(
b22,k

∥ω∥2L2

) 4−α
2−α

 ∥∇ω∥2L2(RN )

≤ ∥∇ub1,k,b2,k∥2L2(RN ) + ∥∇vb1,k,b2,k∥2L2(R3)

and

∥∇ub1,k,b2,k∥2L2(RN ) + ∥∇vb1,k,b2,k∥2L2(R3) ≤

(
β − α

β − 2

µ1b
4−α
1,k + µ2b

4−α
2,k

∥Qα∥2L2(RN )

) 2
2−α

. (39)

When b1,k ∼ b2,k, we have∫
RN

(|∇ub1,k,b2,k |2 + |∇vb1,k,b2,k |2)dx ∼ b
2(4−α)
2−α

1,k + b
2(4−α)
2−α

2,k . (40)
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From (14) and (39), we get

ρ

2

∫
RN

∫
RN

u2b1,k,b2,k(x)v
2
b1,k,b2,k

(y)

|x− y|β
dxdy

≤ ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1,k b
4−β
2

2,k

[∫
RN

(|∇ub1,k,b2,k |2 + |∇vb1,k,b2,k |2)dx
] β

2

≤ ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1,k b
4−β
2

2,k

(
β − α

β − 2

µ1b
4−α
1,k + µ2b

4−α
2,k

∥Qα∥2L2(RN )

) β
2−α

→ 0

as k → +∞. From

m+(b1,k, b2,k) < −
(
1

α
− 1

2

)µ 2
2−α
1

(
b21,k

∥ω∥2
L2

) 4−α
2−α

+ µ
2

2−α
2

(
b22,k

∥ω∥2
L2

) 4−α
2−α

 ∥∇ω∥2L2(RN ),

we get

−
(
1

α
− 1

2

)µ 2
2−α
1

(
b21,k

∥ω∥2
L2

) 4−α
2−α

+ µ
2

2−α
2

(
b22,k

∥ω∥2
L2

) 4−α
2−α

 ∥∇ω∥2L2(RN ) (41)

> m+(b1,k, b2,k) = J(ub1,k,b2,k , vb1,k,b2,k )

=
1

2

∫
RN

(|∇ub1,k,b2,k |
2 + |∇vb1,k,b2,k |

2)dx− µ1

4

∫
RN

∫
RN

u2
b1,k,b2,k

(x)u2
b1,k,b2,k

(y)

|x− y|α dxdy

− µ2

4

∫
RN

∫
RN

v2b1,k,b2,k (x)v
2
b1,k,b2,k

(y)

|x− y|α dxdy − ρ

2

∫
RN

∫
RN

u2
b1,k,b2,k

(x)v2b1,k,b2,k (y)

|x− y|β dxdy

≥ inf
Tb1,k

×Tb2,k

{
1

2

∫
R3

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α dxdy

}
− ρ

2

∫
RN

∫
RN

u2
b1,k,b2,k

(x)v2b1,k,b2,k (y)

|x− y|β dxdy (42)

= −
(
1

α
− 1

2

)µ 2
2−α
1

(
b21,k

∥ω∥2
L2

) 4−α
2−α

+ µ
2

2−α
2

(
b22,k

∥ω∥2
L2

) 4−α
2−α

 ∥∇ω∥2L2(RN )

− ρ

2

∫
RN

∫
RN

u2
b1,k,b2,k

(x)v2b1,k,b2,k (y)

|x− y|β dxdy.

When b1,k ∼ b2,k, we get

m+(b1,k, b2,k) ∼ b
2(4−α)
2−α

1,k + b
2(4−α)
2−α

2,k , (43)

and

1

2

∫
RN

(|∇ub1,k,b2,k |2 + |∇vb1,k,b2,k |2)dx− µ1

4

∫
RN

∫
RN

u2b1,k,b2,k(x)u
2
b1,k,b2,k

(y)

|x− y|α
dxdy

(44)

− µ2

4

∫
RN

∫
RN

v2b1,k,b2,k(x)v
2
b1,k,b2,k

(y)

|x− y|α
dxdy ∼ b

2(4−α)
2−α

1,k + b
2(4−α)
2−α

2,k

as k → +∞. The Lagrange multipliers rule implies the existence of some λ1,k, λ2,k ∈
R such that ∫

R3

(∇ub1,k,b2,k∇φ)dx+

∫
R3

(λ1,kub1,k,b2,kφ)dx
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= µ1

∫
RN

∫
RN

u2b1,k,b2,k(y)

|x− y|α
ub1,k,b2,k(x)φ(x)dydx

+ ρ

∫
RN

∫
RN

v2b1,k,b2,k(y)

|x− y|β
ub1,k,b2,k(x)φ(x)dydx,∫

R3

(∇vb1,k,b2,k∇ψ)dx+

∫
R3

(λ2,kvb1,k,b2,kψ)dx

= µ2

∫
RN

∫
RN

v2b1,k,b2,k(y)

|x− y|α
vb1,k,b2,k(x)ψ(x)dydx

+ ρ

∫
RN

∫
RN

u2b1,k,b2,k(y)

|x− y|β
vb1,k,b2,k(x)ψ(x)dydx,

for each φ,ψ ∈ H1(R3). Taking φ = ub1,k,b2,k and ψ = vb1,k,b2,k , we have

λ1,kb
2
1,k = −

∫
R3

|∇ub1,k,b2,k |2dx+ µ1

∫
RN

∫
RN

u2b1,k,b2,k(x)u
2
b1,k,b2,k

(y)

|x− y|α
dydx (45)

+ ρ

∫
RN

∫
RN

u2b1,k,b2,k(x)v
2
b1,k,b2,k

(y)

|x− y|β
ub1,k,b2,k(x)dydx,

λ2,kb
2
2,k = −

∫
R3

|∇vb1,k,b2,k |2dx+ µ2

∫
RN

∫
RN

v2b1,k,b2,k(x)v
2
b1,k,b2,k

(y)

|x− y|α
dydx (46)

+ ρ

∫
RN

∫
RN

u2b1,k,b2,k(y)v
2
b1,k,b2,k

(x)

|x− y|β
ub1,k,b2,k(x)dydx.

From Pb1,b2(ub1,k,b2,k , vb1,k,b2,k) = 0, (45), (46) and b1,k ∼ b2,k, we have

−
∫
R3

(|∇ub1,k,b2,k |2 + |∇vb1,k,b2,k |2)dx

≤ λ1,kb
2
1,k + λ2,kb

2
2,k =

4− α

α

∫
R3

(|∇ub1,k,b2,k |2 + |∇vb1,k,b2,k |2)dx

− 2(β − α)

α
ρ

∫
RN

∫
RN

u2b1,k,b2,k(y)v
2
b1,k,b2,k

(x)

|x− y|β
ub1,k,b2,k(x)dydx,

combing with (40) and (44), we get

λ1,kb
2
1,k + λ2,kb

2
2,k ∼ b

2(4−α)
2−α

1,k + b
2(4−α)
2−α

2,k .

When b1,k ∼ b2,k, we have

λ1,k ∼ b
4

2−α

1,k , λ2,k ∼ b
4

2−α

2,k .

Denote

λ1,b1,k,µ1
= µ

2
2−α

1

(
b21,k

∥ω∥2L2

) 2
2−α

, λ2,b2,k,µ2
= µ

2
2−α

2

(
b22,k

∥ω∥2L2

) 2
2−α

,

L1,k = µ
N

4−2α

1

(
b21,k

∥ω∥2L2

)N+2−α
4−2α

, L2,k = µ
N

4−2α

2

(
b22,k

∥ω∥2L2

)N+2−α
4−2α

.

Define

ũb1,k,b2,k = L−1
1,kub1,k,b2,k ((λ1,b1,k,α1)

− 1
2 x), ṽb1,k,b2,k = L−1

2,kvb1,k,b2,k ((λ2,b2,k,α2)
− 1

2 x),
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then∫
RN

(|∇ũb1,k,b2,k |
2 + |∇ṽb1,k,b2,k |

2)dx (47)

=
λ

N−2
2

1,b1,k,µ1

L2
1,k

∫
RN

|∇ub1,k,b2,k |
2dx+

λ
N−2

2
2,b2,k,µ2

L2
2,k

∫
RN

|∇vb1,k,b2,k |
2dx

≤

µ −2
2−α
1

(
b21,k

∥ω∥2
L2

)α−4
2−α

+ µ
−2
2−α
2

(
b22,k

∥ω∥2
L2

)α−4
2−α

∫
R3

(|∇ub1,k,b2,k |
2 + |∇vb1,k,b2,k |

2)dx

≤

µ −2
2−α
1

(
b21,k

∥ω∥2
L2

)α−4
2−α

+ µ
−2
2−α
2

(
b22,k

∥ω∥2
L2

)α−4
2−α

(β − α

β − 2

µ1b
4−α
1,k + µ2b

4−α
2,k

∥Qα∥2L2(RN )

) 2
2−α

,

∫
R3

(|ũb1,k,b2,k |
2 + |ṽb1,k,b2,k |

2)dx =
λ

N
2
1,b1,k

L2
1,k

∫
R3

|ub1,k,b2,k |
2dx+

λ
N
2
2,b2,k

L2
2,k

∫
R3

|vb1,k,b2,k |
2dx

(48)

= 2∥ω∥2L2(R3).

By the definition of λ1,b1,k,µ1
, λ2,b2,k,µ2

, L1,k, L2,k, it is easy to see that

µ1

4

∫
RN

∫
RN

ũ2
b1,k,b2,k

(x)ũ2
b1,k,b2,k

(y)

|x− y|α dxdy +
µ2

4

∫
RN

∫
RN

ṽ2b1,k,b2,k (x)ṽ
2
b1,k,b2,k

(y)

|x− y|α dxdy

(49)

=
µ1

4

λ
N−α

2
1,b1,k

L4
1,k

∫
RN

∫
RN

u2
b1,k,b2,k

(x)u2
b1,k,b2,k

(y)

|x− y|α dxdy

+
µ2

4

λ
N−α

2
2,b2,k

L4
2,k

∫
RN

∫
RN

v2b1,k,b2,k (x)v
2
b1,k,b2,k

(y)

|x− y|α dxdy → +∞ as k → +∞.

From (47)- (48), we know that (ũb1,k,b2,k , ṽb1,k,b2,k) is bounded in H1(RN ) ×
H1(RN ). Then, we have(

ũb1,k,b2,k(x), ṽb1,k,b2,k(x)
)
⇀ (ū, v̄) ̸= (0, 0),

for some (ū, v̄) ∈ H1(RN )×H1(RN ). Since (ũb1,k,b2,k(x), ṽb1,k,b2,k(x)) satisfies

−∆ũb1,k,b2,k +
λ1,k

λ1,b1,k,µ1
ũb1,k,b2,k = µ1

L2
1,k

λ
N+2−α

2
1,b1,k,µ1

(|x|−α ∗ |ũb1,k,b2,k |2)ũb1,k,b2,k

+ρ
L2

2,k

λ1,b1,k,µ1
λ

N−β
2

2,b2,k,µ2

∫
RN

|ṽb1,k,b2,k
(y)|2

|(
λ1,b1,k,µ1
λ2,b2,k,µ2

)−
1
2 x−y|β

ũb1,k,b2,k(x)

−∆ṽb1,k,b2,k +
λ2,k

λ2,b2,k,µ2
ṽb1,k,b2,k = µ2

L2
2,k

λ
N+2−α

2
2,b2,k,µ2

(|x|−α ∗ |ṽb1,k,b2,k |2)ṽb1,k,b2,k

+ρ
L2

1,k

λ2,b2,k,µ2
λ

N−β
2

1,b1,k,µ1

∫
RN

|ũb1,k,b2,k
(y)|2

|x−(
λ2,b2,k,µ2
λ1,b1,k,µ1

)−
1
2 y|β

ṽb1,k,b2,k(x).

(50)
By the definition of λ1,b1,k,µ1 , λ2,b2,k,µ2 , L1,k, L2,k, when b1,k → 0, b2,k → 0 and

b1,k ∼ b2,k, we have

µ1

L2
1,k

λ
N+2−α

2
1,b1,k,µ1

= 1, µ2

L2
2,k

λ
N+2−α

2
2,b2,k,µ2

= 1, ρ
L2

2,k

λ1,b1,k,µ1λ
N−β

2
2,b2,k,µ2

→ 0, ρ
L2

1,k

λ2,b2,k,µ2λ
N−β

2
1,b1,k,µ1

→ 0,
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and there exists λ∗1 > 0 and λ∗2 > 0 such that

λ1,k
λ1,b1,k,µ1

→ λ∗1,
λ2,k

λ2,b2,k,µ2

→ λ∗2 as k → +∞.

Therefore, (ū, v̄) solves that{
−∆u+ λ∗1u = (|x|−α ∗ |u|2)u in RN ,

−∆v + λ∗2v = (|x|−α ∗ |v|2)v in RN .
(51)

Since 0 ≤ ū, 0 ≤ v̄ and (ū, v̄) ̸= (0, 0), it follows from the strong maximum
principle that 0 < ū, 0 < v̄. We know that

ū = (λ∗1)
N+2−α

4 ω((λ∗1)
1
2x), v̄ = (λ∗2)

N+2−α
4 ω((λ∗2)

1
2x).

Texting (50) and (51) with ũb1,k,b2,k − ū, ṽb1,k,b2,k − v̄ respectively, we obtain∫
RN

|∇(ũb1,k,b2,k − ū)|2dx+

∫
RN

(
λ1,k

λ1,b1,k,µ1

ũb1,k,b2,k − λ∗1ū)(ũb1,k,b2,k − ū) (52)

=

∫
RN

|∇(ũb1,k,b2,k − ū)|2dx+ λ∗1

∫
RN

|ũb1,k,b2,k − ū|2 = ok(1),

∫
RN

|∇(ṽb1,k,b2,k − v̄)|2dx+

∫
RN

(
λ2,k

λ2,b2,k,µ2

ṽb1,k,b2,k − λ∗2v̄)(ṽb1,k,b2,k − v̄) (53)

=

∫
RN

|∇(ṽb1,k,b2,k − v̄)|2dx+ λ∗2

∫
RN

|ṽb1,k,b2,k − v̄|2 = ok(1).

Therefore

(λ∗1)
2−α
2 ∥ω∥2L2 = ∥(λ∗1)

N+2−α
4 ω((λ∗1)

1
2x)∥2L2(RN ) = ∥ū∥2L2(RN )

= lim
k→+∞

∫
RN

|ũb1,k,b2,k |2dx = lim
k→+∞

λ
N
2

1,b1,k,µ1

L2
1,k

∫
RN

|ub1,k,b2,k |2dx = ∥ω∥2L2 ,

(λ∗2)
2−α
2 ∥ω∥2L2 = ∥(λ∗2)

N+2−α
4 ω((λ∗2)

1
2x)∥2L2(RN ) = ∥v̄∥2L2(R3)

= lim
k→+∞

∫
RN

|ṽb1,k,b2,k |2dx = lim
k→+∞

λ
N
2

2,b2,k,µ2

L2
2,k

∫
RN

|vb1,k,b2,k |2dx = ∥ω∥2L2 ,

therefore

λ∗1 = λ∗2 = 1.

From (50), (51) ,(52) and (53), we have that

(ũb1,k,b2,k , ṽb1,k,b2,k) → (ω, ω) in H1(RN )×H1(RN ).

Moreover, as the limit function (ω, ω) is independent of the sequence that we
choose, so the convergence is true for the whole sequence. Therefore(

ũb1,k,b2,k , ṽb1,k,b2,k
)
= (L−1

1 ub1,b2((λ1,b1,α1)
− 1

2 x), L−1
2 vb1,b2((λ2,b2,α2)

− 1
2 x) → (ω, ω),

in H1(RN )×H1(RN ) as b1,k, b2,k → 0 and b1,k ∼ b2,k.
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5. Proof of Theorem 1.7.

Lemma 5.1. When β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ), or α = 2 <

β < min{N, 4} and max{µ1b1, µ2b2} < ∥Q2∥2L2(RN ), or 2 < α, β < min{N, 4}, then
for every (u, v) ∈ Tb1 ×Tb2 , there exists t(u,v) such that t(u,v) ⋆ (u, v) ∈ Pb1,b2 . t(u,v)
is the unique critical point of the function Ψu,v and is a strict maximum point at
positive level. Moreover:

(1) Ψ′′
u,v(0) < 0 and Pb1,b2(u, v) < 0 iff t(u,v) < 0.

(2) Ψu,v is strictly increasing in (−∞, t(u,v)).

(3) The map (u, v) 7→ t(u,v) ∈ R is of class C1.

Proof. Case 1. β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ), since

Ψu,v(t) =
e2t

2

∫
RN

(|∇u|2 + |∇v|2)dx− ρe2t

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy

− µ1e
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy − µ2e

αt

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

≥ e2t
[
1

2
− ρ

2∥Q2∥2L2(RN )

b1b2

] [∫
RN

(|∇u|2 + |∇v|2)dx
]

− eαt
[
µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy +

µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy

]
.

When ρb1b2 < ∥Q2∥2L2(RN ), it is easy to see that Ψu,v(t) has a unique critical point

t(u,v), which is a strict maximum point at positive level. Since t ⋆ (u, v) ∈ Pb1,b2

if and only if Ψ′
u,v(t) = 0. If (u, v) ∈ Pb1,b2 , then 0 is a maximum point, we

have that Ψ′′
u,v(0) ≤ 0. We claim that Ψ′′

u,v(0) < 0. Assume by contradic-

tion, that is Ψ′
u,v(0) = Ψ′′

u,v(0) = 0, then α(α − 2)

[
µ1

4

∫
RN

∫
RN

u2(x)u2(y)
|x−y|α dxdy +

µ2

4

∫
RN

∫
RN

v2(x)v2(y)
|x−y|α dxdy

]
= 0, which is not possible because (u, v) ∈ Tb1 × Tb2 .

Thus, Ψ′′
u,v(0) < 0.

Case 2. α = 2 < β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ),

Ψu,v(t) =
e2t

2

∫
RN

(|∇u|2 + |∇v|2)dx− ρeβt

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy

− µ1e
2t

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|2
dxdy − µ2e

2t

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|2
dxdy

≥ e2t
[
1

2
− µ1b1 + µ2b2

2∥Q2∥2L2(RN )

] [∫
RN

(|∇u|2 + |∇v|2)dx
]

− ρeβt

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy.

When µ1b1+µ2b2 < ∥Q2∥2L2(RN ), it is easy to see that Ψu,v(t) has a unique critical

point t(u,v), which is a strict maximum point at positive level. Since t⋆(u, v) ∈ Pb1,b2

if and only if Ψ′
u,v(t) = 0. If (u, v) ∈ Pb1,b2 , then 0 is a maximum point, we have

that Ψ′′
u,v(0) ≤ 0. We claim that Ψ′′

u,v(0) < 0. Assume by contradiction, that is

Ψ′
u,v(0) = Ψ′′

u,v(0) = 0, then β(β − 2)ρ2
∫
RN

∫
RN

u2(x)v2(y)
|x−y|2 dxdy = 0, which is not

possible because (u, v) ∈ Tb1 × Tb2 . Thus, Ψ
′′
u,v(0) < 0.
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Case 3. 2 < α < β < min{N, 4} or 2 < β < α < min{N, 4}. Since

Ψu,v(t) =
e2t

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1e
αt

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2e
αt

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρeβt

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy.

It is easy to see that Ψu,v(t) has a unique critical point t(u,v), which is a strict
maximum point at positive level. Since t ⋆ (u, v) ∈ Pb1,b2 if and only if Ψ′

u,v(t) = 0.
If (u, v) ∈ Pb1,b2 , then 0 is a maximum point, we have that Ψ′′

u,v(0) ≤ 0. We
claim that Ψ′′

u,v(0) < 0. Assume by contradiction, that is Ψ′
u,v(0) = Ψ′′

u,v(0) =

0, then α(α − 2)

[
µ1

4

∫
RN

∫
RN

u2(x)u2(y)
|x−y|α dxdy + µ2

4

∫
RN

∫
RN

v2(x)v2(y)
|x−y|α dxdy

]
+ β(β −

2)ρ2
∫
RN

∫
RN

u2(x)v2(y)
|x−y|2 dxdy = 0, which is not possible because (u, v) ∈ Tb1 × Tb2 .

Thus, Ψ′′
u,v(0) < 0.

As in the proof of Lemma 3.4 shows that the map (u, v) ∈ Tb1 ×Tb2 7→ t(u,v) ∈ R
is of class C1. Finally, Ψ′

u,v(t) < 0 if and only if t > t(u,v), then Pb1,b2(u, v) =
Ψ′

u,v(0) < 0 if and only if t(u,v) < 0.

Lemma 5.2. When β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ), or α =

2 < β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ), or 2 < α, β < min{N, 4},
then the set Pb1,b2 is a C1-submanifold of codimension 1 in Tb1 × Tb2 , and it is a
C1-submanifold of codimension 3 in H1(RN )×H1(RN ).

Proof. The proof is similar to that of Lemma 3.3. We can check that Pb1,b2 is a
smooth manifold of codimension 1 in Tb1 ×Tb2 . By Lemma 5.1, we have Ψ′′

u,v(0) <
0. Since Pb1,b2 is defined by Pb1,b2(u, v) = 0, G1(u) = 0 and G2(v) = 0, where
G1(u) = ∥u∥2L2(RN )−b

2
1 and G2(v) = ∥v∥2L2(RN )−b

2
2. Since Pb1,b2 , G1 and G2 are

class of C1, the proof is completed by showing that d(Pb1,b2 , G1, G2) : H1(RN ) ×
H1(RN ) to RN is a surjective. If this is not true, then dPb1,b2 has to be linearly
dependent from dG1 and dG2, i.e., there exist ν̄1, ν̄2 ∈ R such that (u, v) is a solution
to Since Pb1,b2(u, v), G(u) and F (u), are class of C1, we only need to check that
d(Pb1,b2(u, v), G(u), F (v)) : H → RN is surjective.
Case 1. β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ). If this not true,

dPb1,b2(u, v) has to be linearly dependent from dG(u) and dF (v) i.e. there exist a
ν1, ν2 ∈ R such that

2
∫
RN ∇u∇φ+ ν1uφ = µ1α

∫
RN

∫
RN

u2(y)
|x−y|αu(x)φ(x)dydx

+2ρ
∫
RN

∫
RN

v2(y)
|x−y|2u(x)φ(x)dydx in RN ,

2
∫
RN ∇v∇ψ + ν2vψ = µ2α

∫
RN

∫
RN

v2(y)
|x−y|α v(x)ψ(x)dydx

+2ρ
∫
RN

∫
RN

u2(y)
|x−y|2 v(x)ψ(x)dydx in RN ,

for every (φ,ψ) ∈ H1(RN )×H1(RN ), for every (φ,ψ) ∈ H1(RN )×H1(RN ), so{
−2∆u+ 2ν1u = µ1α(|x|−α ∗ |u|2)u+ 2ρ(|x|−2 ∗ |v|2)u in RN ,

−2∆v + 2ν2v = µ2α(|x|−α ∗ |v|2)v + 2ρ(|x|−2 ∗ |u|2)v in RN ,
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by the similar arguments as (9), (8) and (10), we know that the Pohozaev identity
for above system is∫

RN

(|∇u|2 + |∇v|2)dx =
µ1α

2

8

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

+
µ2α

2

8

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy + ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy.

that is Ψ′′
u,v(0) = 0, which contradicts with Ψ′′

u,v(0) < 0. Hence, Pb1,b2(u, v) is a
natural constraint.
Case 2. α = 2 < β < min{N, 4} and max{µ1b1, µ2b2} < ∥Q2∥2L2(RN ). By the

similar arguments as Case 1, we get Ψ′′
u,v(0) = 0, which contradicts with Ψ′′

u,v(0) <
0. Hence, Pb1,b2(u, v) is a natural constraint.
Case 3. 2 < α, β < min{N, 4}. By the similar arguments as Case 1, we get
Ψ′′

u,v(0) = 0, which contradicts with Ψ′′
u,v(0) < 0. Hence, Pb1,b2(u, v) is a natural

constraint.

Lemma 5.3. When β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ), or α = 2 <

β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ), or 2 < α, β < min{N, 4}, then

m(b1, b2) := inf
(u,v)∈Pb1,b2

J(u, v) > 0.

Proof. Case 1. β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ). If (u, v) ∈ Pb1,b2 ,

then by (14) and (15), we have∫
RN

(|∇u|2 + |∇v|2)dx =
µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

+
µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy + ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy

≤
[

ρ

∥Q2∥2L2(RN )

b1b2

] [∫
RN

(|∇u|2 + |∇v|2)dx
]

+ α
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

.

Moreover, ρb1b2 < ∥Q2∥2L2(RN ) and ∥∇u∥2L2(RN )+∥∇v∥2L2(RN ) ̸= 0 (since (u, v) ∈
Tb1 × Tb2), we get

inf
(u,v)∈Pb1,b2

∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) ≥ C > 0.

So
m(b1, b2) = inf

(u,v)∈Pb1,b2

Jβ(u, v)

= inf
(u,v)∈Pb1,b2

(
1

2
− 1

α
)

[
∥∇u∥2L2(RN ) + ∥∇v∥2L2(R3) − ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2 dxdy]

]

≥ inf
(u,v)∈Pb1,b2

(
1

2
− 1

α
)

[
1−

[
ρ

∥Q2∥2L2(RN )

b1b2

]]
∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) ≥ C > 0.

Case 2. α = 2 < β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ). If (u, v) ∈ Pb1,b2 ,

then by (14) and (15), we have∫
RN

(|∇u|2 + |∇v|2)dx =
µ1

2

∫
RN

∫
RN

u2(x)u2(y)

|x− y|2
dxdy
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+
µ2

2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|2
dxdy +

ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≤ µ1b1 + µ2b2
∥Q2∥2L2(RN )

[∫
RN

(|∇u|2 + |∇v|2)dx
]

+ β
ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

.

Moreover, µ1b1 + µ2b2 < ∥Q2∥2L2(RN ) and ∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) ̸= 0 (since

(u, v) ∈ Tb1 × Tb2), we get

inf
(u,v)∈Pb1,b2

∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) ≥ C > 0.

So

m(b1, b2) = inf
(u,v)∈Pb1,b2

Jβ(u, v)

= inf
(u,v)∈Pb1,b2

(
1

2
− 1

β
)

[
∥∇u∥2L2(RN ) + ∥∇v∥2L2(R3)

−
[
µ1

2

∫
RN

∫
RN

u2(x)u2(y)

|x− y|2 dxdy +
µ2

2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|2 dxdy

]]
≥ inf

(u,v)∈Pb1,b2

(
1

2
− 1

β
)

[
1− µ1b1 + µ2b2

∥Q2∥2L2(RN )

]
∥∇u∥2L2(R3) + ∥∇v∥2L2(R3) ≥ C > 0.

Case 3. 2 < α < β < min{N, 4} or 2 < β < α < min{N, 4}. If (u, v) ∈ Pb1,b2 ,
then by (14) and (15), we have∫

RN

(|∇u|2 + |∇v|2)dx =
µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

+
µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy +

ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≤ ρβ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

+ α
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

.

Moreover, ∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) ̸= 0 (since (u, v) ∈ Tb1 × Tb2), we get

inf
(u,v)∈Pb1,b2

∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) ≥ C > 0.

If 2 < β < α < min{N, 4}, we have

m(b1, b2) = inf
(u,v)∈Pb1,b2

Jβ(u, v)

= inf
(u,v)∈Pb1,b2

[
(
1

2
− 1

β
)∥∇u∥2L2(RN ) + ∥∇v∥2L2(R3)

+ (
α

β
− 1)

[
µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α dxdy +
µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α dxdy

]]
≥ inf

(u,v)∈Pb1,b2

(
1

2
− 1

β
)∥∇u∥2L2(R3) + ∥∇v∥2L2(R3) ≥ C > 0.
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If 2 < α < β < min{N, 4}, we have

m(b1, b2) = inf
(u,v)∈Pb1,b2

Jβ(u, v)

= inf
(u,v)∈Pb1,b2

[
(
1

2
− 1

α
)∥∇u∥2L2(RN ) + ∥∇v∥2L2(R3)

+ (
β

α
− 1)

ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

]
≥ inf

(u,v)∈Pb1,b2

(
1

2
− 1

α
)∥∇u∥2L2(R3) + ∥∇v∥2L2(R3) ≥ C > 0.

Thus,

m(b1, b2) := inf
(u,v)∈Pb1,b2

J(u, v) > 0.

Lemma 5.4. When β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ), or α = 2 <

β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ), or 2 < α, β < min{N, 4}, then
there exists k > 0 sufficiently small such that

0 < sup
Ak

J(u, v) < m(b1, b2) and (u, v) ∈ Ak ⇒ J(u, v), Pb1,b2(u, v) > 0,

where Ak := {(u, v) ∈ Tb1 × Tb2 : ∥∇u∥2L2(RN ) + ∥∇v∥2L2(RN ) < k}.

Proof. Case 1. β = 2 < α < min{N, 4} and ρb1b2 < ∥Q2∥2L2(RN ). From (14), (15)

and ρb1b2 < ∥Q2∥2L2(RN ), we get

J(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy

≥

(
1

2
−
[

ρ

2∥Q2∥2L2(RN )

b1b2

])∫
R3

(|∇u|2 + |∇v|2)dx

− µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

> 0,

P (u, v) =

∫
RN

(|∇u|2 + |∇v|2)dx− µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|2
dxdy

− µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|2
dxdy − ρ

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy

≥

(
1−

[
ρ

∥Q2∥2L2(RN )

b1b2

])∫
R3

(|∇u|2 + |∇v|2)dx

− α
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

> 0,
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Case 2. α = 2 < β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ). From (14), (15),
we get

J(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≥

(
1

2
− µ1b1 + µ2b2

2∥Q2∥2L2(RN )

)∫
R3

(|∇u|2 + |∇v|2)dx

− ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

> 0,

P (u, v) =

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

2

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

2

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|2
dxdy

≥

(
1−

[
ρ

∥Q2∥2L2(RN )

b1b2

])∫
R3

(|∇u|2 + |∇v|2)dx

− β
ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

> 0,

Case 3. 2 < α, β < min{N, 4}. From (14), (15), we get

J(u, v) =
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− µ1

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≥ 1

2

∫
RN

(|∇u|2 + |∇v|2)dx− ρ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

− µ1b
4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

,

P (u, v) =

∫
RN

(|∇u|2 + |∇v|2)dx− µ1α

4

∫
RN

∫
RN

u2(x)u2(y)

|x− y|α
dxdy

− µ2α

4

∫
RN

∫
RN

v2(x)v2(y)

|x− y|α
dxdy − ρβ

2

∫
RN

∫
RN

u2(x)v2(y)

|x− y|β
dxdy

≥ 1

2

∫
RN

(|∇u|2 + |∇v|2)dx− ρβ

2∥Qβ∥2L2(RN )

b
4−β
2

1 b
4−β
2

2

[∫
RN

(|∇u|2 + |∇v|2)dx
] β

2

− α
µ1b

4−α
1 + µ2b

4−α
2

2∥Qα∥2L2(RN )

(∫
RN

(|∇u|2 + |∇v|2)dx
)α

2

.
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If u ∈ Ak with k small enough. If necessary replacing k with a smaller quantity.
From Lemma 5.3, we have m(b1, b2) > 0, so we also have

J(u, v) ≤
∫
R3

(|∇u|2 + |∇v|2)dx < m(b1, b2).

The proof is now complete.

Now, we are ready to show that the infimum is attained by nontrivial positive
radial functions.

Lemma 5.5. Let µi, bi > 0(i = 1, 2), β = 2 < α < min{N, 4} and ρb1b2 <
∥Q2∥2L2(RN ), or α = 2 < β < min{N, 4} and µ1b1 + µ2b2 < ∥Q2∥2L2(RN ), or 2 <

α, β < min{N, 4}, then m(b1, b2) can be achieved by some function (ub1 , vb2) ∈
Tb1 ×Tb2 which is real valued, positive, radially symmetric and radially decreasing.

Proof. By similar arguments as in Lemma 3.12, or similar arguments as in the proof
of Theorem 1.6 in [43], we can also find a radial Palais-Smale sequence for J

∣∣
Tb1

×Tb2

at level m(b1, b2) such that P (un, vn) → 0 and u−n , v
−
n → 0 a.e. in RN . The rest of

the proof is similar to that of Lemma 3.11 and Lemma 3.12.

Proof of Theorem 1.7. The proof is completed by using Lemma 5.5.
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36 XIAO LUO, VICENŢIU D. RĂDULESCU AND MAODING ZHEN

[12] Z. Chen and W. Zou, Positive least energy solutions and phase separation for coupled
Schrödinger equations with critical exponent: Higher dimensional case, Calc. Var. Partial

Differential Equations, 52 (2015), 423-467.

[13] B. Esry, C. Greene, J. Burke Jr. and J. Bohn, Hartree-Fock theory for double condensates,
Phys. Rev. Lett., 78 (1997), 3594-3597.

[14] V. Fock, N̊aherungsmethode zur lösung desquantenmechanischen Mehrkörperproblems, Z.
Physik, 61 (1930), 43-64.

[15] F. Gao, H. Liu, V. Moroz and M. Yang, High energy positive solutions for a coupled Hartree

system with Hardy-Littlewood-Sobolev critical exponents, J. Differential Equations, 287
(2021), 329-375.
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