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ABSTRACT. In this paper, we develop an exhaustive analysis on standing waves
with prescribed mass for the coupled Hartree-Fock system, which is introduced
by Hartree in the 1920’s and developed by Fock for describing large systems
of identical fermions. By transforming this problem into different types of
constrained variational problems based on the width of the Hartree kernel,
we establish several existence, multiplicity and asymptotic properties under
suitable conditions on the corresponding physical parameters.

1. Introduction and main results. In this paper, we study the following coupled
Hartree-Fock system

—Au+ Au = p(Jo] = * [ul)u+ p(Jz| =7+ Jo[*)u in RY, 1)
—Av + Av = pa(|z| 7 % [v|2)v + p(|2| 7 * [u)?>)v  in RV,

under the additional conditions

/N udz = b3 and /N v?dr = b3. (2)
R R

Here, by,by > 0 are prescribed, pi1, po, p > 0 and the frequencies A1, Ao are
unknown and will appear as Lagrange multipliers.

Problem (1) comes from the research of standing waves for the following nonlinear
Hartree-Fock model of two particles in RT x RV

—i0ip1 = A1 + pa (2] * o1 [))pr + p(|z] 7 * [pa*) 1, 3)
—i0pa = Ao + pa (||~ * [pa|*) g2 + p(|2] =7 * 1]z,
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where ¢ is the imaginary unit, parameters p;(i = 1,2) and p describe the self-
interaction between charged particles as a repulsive force if positive, and an attrac-
tive force if negative. Physically, ||~ and || ~# are the nonlocal response function
which possess information on the mutual interaction between the particles. Their
widths determine the degree of nonlocality, see [36]. (3) appears in several physical
models, such as in the nonlinear optics [37] and in the study of a two-component
Bose-Einstein Condensate [13]. The rigorous time-dependent Hartree-Fock theory
has been developed first by Chadam and Glassey [9] for (3) with o = .

Recently, when o = 8 =1, N = 3, J. Wang and J. Shi [48] proved the existence
and non-existence of positive ground state for (1) under optimal conditions along
with various qualitative properties of ground states. The uniqueness of the positive
solution or the positive ground state solution are also obtained in some special cases.
When oo = 8 =4, A\ = Vi(x), A2 = Va(z), F. Gao et. al. [15] studied the high
energy positive solutions for (1). By using moving sphere arguments in integral
form, they gave a complete classification of the positive solutions and proved the
uniqueness of positive solutions up to translation and dilation when A1 = Ay = 0.
Then using the uniqueness property, they established a nonlocal version of the global
compactness lemma and proved the existence of a high energy positive solution for
the system under suitable conditions.

When N =3, a=p8=1,or N =5, o« = = 3, by using a two-dimensional
linking argument, Wang [47] proved the existence of a normalized solution for
0 < p < p1. D. Cao, H. Jia and X. Luo [8] studied standing waves with pre-
scribed mass for the Schrodinger equations with van der Waals type potentials,
under different assumptions, they proved several existence, multiplicity and asymp-
totic behavior of solutions and the stability of the corresponding standing waves
for the related time-dependent problem was discussed. The case of standing waves
for the pseudo-relativistic Hartree equation with Berestycki-Lions nonlinearity was
studied by F. Gao, V. Ridulescu, M Yang and Y. Zheng [16]. Since it seems almost
impossible for us to provided a complete list of references, we refer the readers only

o [6, 10, 11, 12, 33, 34, 39, 41, 43, 44, 22, 49, 26, 27, 1, 2, 4, 3] and reference
therein. Inspired by the analysis developed in [27, 26, 8], we focus in the present
paper with qualitative analysis of standing waves with prescribed norm for the cou-
pled Hartree-Fock system. Clearly, the energy functional associated with problem
(1)=(2) is given by

2 2
J(u,v)zl/ (|VU|2+|W|2)dx—&/ / dedy
2 gy Jry |7 y|

/ / @) by / / L @) gy,
RN JRN |x*y|a RN JRN |:1:—y|

on the constraint Tp, x T},, where for b > 0 we define

T, := {UEDI’Q(RN):/ u2—b2}.
RN

Firstly, we consider the case of 0 < «, 8 < 2, in which the energy functional is
bounded from blow on the product of L2-spheres, we define

b1,b2) = inf J 4
m(by, ba) (u,v)el%,lebQ (u,v) (4)

and then we prove the following result.
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Theorem 1.1. When 0 < o, 8 <2, p, p; > 0(i = 1,2), then —oco < mg(b1,b2) <0
is achieved. In addition any minimizing sequence for (4) is, up to translation,
strongly convergent in H'(RYN) x HY(RY) to a solution of (1)-(2).

Next, we turn to the case of 0 < o < g = 2. In this case, the energy functional
is not always bounded on T}, x T},, relating to the values b; and by. We prove the
existence of normalized solutions to (1). From (1.6) of [8], for any £ € (0, min{N,4}),

fo e g (L wetee) ([Loee) ™ o

where equality holds for u = Q¢, and Q¢ is a nontrivial solution of

~E8Qe+ 150 = (el S+ 1QeP)Qc @ e RN,

The main results on this aspect can be stated as follows.

Theorem 1.2. When 0 < a < =2 and pbi1bs < ||Q2||%2(RN), for any p; > 0(i =
1,2), then 0 > m(by,ba) > —oo is achieved. In addition, any minimizing sequence
for (4) is, up to translation, strongly convergent in H'(RY) x HY(R™) to a solution
of (1)-(2).

Remark 1.3. When 0 < § < a = 2, the energy functional is bounded from below
on the product of L?-spheres under suitable conditions, therefore we expect the
constrained minimization method developed by L. Jeanjean [18] can be used to
obtained a normalized ground state. However, when 0 < 8 < o = 2, Theorem 1.1
in [52] indicates that there exists b} = ||Q2|| 2~y such that when b; > b} then
m(b1,0) = —oo, when 0 < b; < b}, then m(b1,0) = 0 and the single equation
has no ground normalized solution if b; # b;. To establish the compactness of the
minimizing sequences, m(by,0) < 0 and the single equation has ground normalized
solution play crucial role. So, it seems difficult to prove the compactness of the
minimizing sequences (or Palais-Smale sequences). We believe that when 0 < 8 <
« = 2, the existence of normalized solutions to (1) is an expected interesting result.

Now, we deal with the case of 0 < a <2 < f <min{N,4} or0 < <2< a<
min{N,4}. In this case, m(b1,ba) = —oo for any b1,by > 0 and the energy function
J(u,v) is unbounded both from above and from below on Ty, x Tp,. In order to
search two normalized solutions, we use the ideas introduced by N. Soave [44, 43]
to study the corresponding fibering maps ¥, ,(t) (see (11)), which has the same
Mountain pass structure as the original functional. To show our main results, we
give following conditions

d—a d—a) 2=% 42(%)(22 = (4—2(12(7227)@
(naby™® + p2by ™) p7=21, by (6)

2—a

ﬁ_2 2 —« B—2 23 ;
“B-a (2(5_0)) 1Qs1l g Qa7 2 rv)-

2
4 oy BZ2 4B 48 a—2 2-5 a— 22=5)

p (b~ 4 p2by )27 by % by 2 Rl Na—5) HQﬂ”LQ(RN)”QaHLzRN)
(7)

Theorem 1.4. When p,u; > 06 = 1,2), 0 < a < 2 < § < min{N, 4} and (6)
holds, or 0 < f < 2 < a < min{N, 4} and (7) holds, then (1)-(2) has at least two
positive normalized solutions, one is a ground state (U, ,V,,), the other is an excited
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state (Up,,Up,). Moreover, J(ty,,0u,) — 07, [on (Vi > + |Vi,|?)dz — 0 as
pa, po — 0, and (T, ,0,,) — (@,0) strongly in HY(RY) x HY(RYN) as p1, po —
0T, where (u,) is a positive radial ground state solution of following problem

—Au+ Mu=p(|lz| P * |v]>)u in RY,
—Av + Xv = p(|z| B * [u|P)v  in RY,

satisfying the additional conditions
/ udz = b3 and vidx = b3.
RN RN

Remark 1.5. Theorem 1.4 indicates that when the lower power perturbation terms
are mass subcritical with a product of the perturbation coefficients and masses being
controlled from above, problem (1)-(2) possesses at least two normalized solutions,
one ground state and one excited state (whose energy is strictly larger than that
of ground state). Furthermore, the first solution will disappear and the second
solution will converge to the normalized solution of system (1) with p; = ps = 0.

Furthermore, we give a mass collapse behavior of the ground states obtained in
Theorem 1.4.

Theorem 1.6. Assume that the assumptions in Theorem 1.4 hold, by, by — 0 with
by ~ by and (Up, by, Vby by) 45 a ground state for (1)-(2). Up to a subsequence, we
have

_ _1 _ _1
(L7 My by (M by ) "2 ), Ly 0y 5y (A2, 1) " 22)) = (w,w),

2 (B \TE 2o b \T*®
Al,bl,#l = Hq (||W||%2> ) )‘2,172,#2 = Mo <||w||i2) )

N42—a Nt2—a
N ( b% )42a I 41\;@( b% >42a

L — 4—2« — A5~

SRR RN THTTE !

and w is a positive solution of —Au +u = (|z|~% * [u|*)u, u € H'(RN).

where

Now, we deal with the L?-critical case and L2-supercritical case. In this case,
m(by,by) = —oo under suitable condition of by, by and the energy function J(u,v)
is unbounded both from above and from below on T}, X Tp,. The main results on
this aspect can be state as follows

Theorem 1.7. When p, p;(i = 1,2) > 0, if one of following conditions holds:
i) 8 =2 < a<min{N,4} and pbiby < ||Q2H%2(RN),
ZZ) a=2<p< min{N, 4} and p1by + pobe < HQQH%Q(RN),
i) 2 < a, B < min{ N, 4},

then (1)-(2) has a positive ground state solution.

Throughout the paper, H} denotes the subspace of functions in H! which are
radially symmetric with respect to 0, and Ty, = Tp, N H},i = 1,2. a ~ b if
Cia < b < Csa, where C;,i = 1,2 are constants. The rest of this paper is organized
as follows. In section 2, we prove Theorem 1.1-Theorem 1.2. In section 3, we prove
Theorem 1.4. In section 4, we prove Theorem 1.6. Finally, Theorem 1.7 will be
proved in section 5.
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2. Proof of Theorem 1.1 and Theorem 1.2. To prove Theorems 1.1-1.2, we
use the ideas introduced in [17, 18]. We recall the definition and some properties
of the coupled rearrangement results of M. Shibata [42] as presented in [20, 23].
Let u be a Borel measurable function on RY. It is said to vanish at infinity if the
level set [{z € RN : |u(x)| > t}| < +oo for every ¢ > 0. Here |A| stands for the N-
dimensional Lebesgue measure of a Lebesgue measurable set A C RY. Considering
two Borel mesurable functions u,v which vanish at infinity in RV, for ¢ > 0, we
define A*(u,v : t) := {z € RY : |z| < r}, where r > 0 is chosen so that

B(0,r) = [{z ¢ RN : |u(x)| > t}| + {z € RY : |u(x)| > t}],
and {u,v}* by
o0
{’LL,’U}*(.’L') ::/ XA* (u,v:t) (l’)dt,
0
where y () is a characteristic function of the set A C R,

Lemma 2.1 ([20] Lemma A.1, [23] Lemma 2.2). (1) The function {u,v}* is radially
symmetric, non-increasing and lower semi-continuous. Moreover, for each t > 0
there holds {x € RN : {u,v}* >t} = A*(u,v : t).

(2) Let ® : [0,00) — [0,00) be non-decreasing lower semi-continuous, continuous
at 0 and ®(0) = 0. Then {®(u), ®(v)}* = D({u,v}*).

(3) ety o} ey = Nl + 1012, o, Jor 1< p < oc.

(4) If u,v € HY(RN), then {u,v}* € H*(RYN) and

90,0} By < V03w, + V0] e

In addition, if u,v € (H*(RY) N CYHRN)) \ {0} are radially symmetric, positive

and non-increasing, then

/ |V{u,v}*|2dx</ |Vu\2dx+/ |Vo|2dz.
RN RN RN

[ e |m_)(§fiv} Py >dxdy

/ / dmd +/ / d dy.
RN JRN - RN JRN -

(6) Let uy,us,v1,v2 > 0 be Borel measurable functions which vanish at infinity,

then
RN JRN |£E RN JRN |x ‘

/RN /RN {U1,v1}* @ ) ({uz, v2}*)?(y )d:vdy.

-yl

(5)

Firstly, we show that m(by,b2) < 0.
Lemma 2.2. When 0 < a, 8 < 2, for any p; > 0(i = 1,2), p >0, we have
m(by, b)) = inf J(u,v) < 0.

(u,v) €Ty X T,
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Proof. For any (u,v) € Ty, x Ty,, we define t xu = 2 u(e'z) and t * (u,v) =
(t*xu,t*v), it is easy to see that (t xu,txv) € Ty, x Tp, and

ﬂmwwrfﬁ/<ww+ww S [ ) gy
’ 2 RN JRN |x—y|°‘ Y

at ,Bt
_ hae / / @) W) g, - P / / B @) by
4 Jgy Jyy o |z —yl@ RN JRN |93 - y|

Since 0 < a, 8 < 2, we see that for some t < —1, J(t*(u,v)) < 0, 80 m(by,by) <
0. O

By the similar argument as Lemma 2.4 in [26] can also see Lemma 3.1 in [17],
we have following lemma.

Lemma 2.3. (i) If (dV,d%) is such that (d},dy) — (di,d2) as n — +oo with
0 <dl <b; fori=1,2, we have m(d},dy) — m(dy,dz) as n — +oo .

(ii) Let d; > 0, b; > 0,3 = 1,2 such that b3 + d3 = 3, b3 + d3 = 3, then
m(by,ba) + m(dy,ds) > m(cy,ca).

When we obtain Lemma 2.1, by the very similar argument as Lemma 2.5 in [26],
we have following lemma.

Lemma 2.4. Let (up,v,) C HY(RY) x HY(RYN) be a sequence such that

J (U, vn) = m(by,b2) and / uldr = b3, / vidr = b3,
RN RN

then {(un,vn)} is relatively compact in H*(RN) x HY(RN) up to translations, that
is there erists a subsequence (un,,vn,), a sequence of points {yr} C RN and a
function (u,v) € HY(RN) x HY(RYN) such that (un, (- + Yr), vn, (- + yr)) — (@, 0)
strongly in H*(RN) x HY(RY).

To deal with the coupling terms, we recall the following classical Hardy-Littlewood-
Sobolev inequality (see Lemma 2.1 of [46]).

Lemma 2.5. Assume that f € LP(RY) and g € LP(RY). Then one has
)
d d < [ 8} P a )
/RN . |x—y|t zdy < c(p, q )||fHL (]RN)”g”L (RN)
where 1 < p,g< o0, 0 <t <N and%—i—%—i—%zl

By the same argument as Lemma 2.3 in [46], we have following lemma.

Lemma 2.6. For u,v € H'(RY) and 0 < f < N, we have that

[, S ([ 550’ (], [ )
RN JRN |x—y\5 RN JRN ‘JC—Z/|‘E RN JRN -

From (5) and Lemma 2.6, when p > 0, we can deduce that

1
J(u,v) = / Vul? + |Vo|?)dz — / / ddy
(wo) =3 [ (Vul*+ o) ] |x__ma

12
_ k2 7d;vdy77/ / w@)W) g
4 /]RN /]RN |z —yl® 2 Jgn Jry |z —yl?

1 b47a b4foz 3
> f/ (IVul? + |Vof2)de — P21t 12 (/ (|Vu|2+|Vv|2)dx>
2 RN 2||Q0HL2(RN RN

[N
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B

p 4-8 4-8 [/ 9 9 2

S N (IVul? + |Vo]?)dz
AQo g, 27 [fa V]

Thus, if 0 < a < 8 = 2 and pbiby < [|Q2[|72 (g, then J(u,v) is coercive and
bounded from below.
Lemma 2.7. When 0 < a < =2 and pbiby < HQQH%Q(RN), for any p; > 00 =
1,2),p > 0, we have

b1,by) = inf J 0.
m( L 2) (1L,11)€1”}‘11,1><Tb2 (’U/7’U) <

Proof. For any (u,v) € Tp, x Ty,, it is easy to see that (t*u t*v) € Tb1 x Ty, and
2t

e ple
J(t* (u,v :—/ Vul? + |Vv|?) // dd
(tx(w0) = 5 [ (9ul? +]V0P)d [ Wi
Bt
// dd pe / u(x)v(ﬁ)d dy.
RN JRN |95— |a RV |7 — Y

When 0 < a < 8 = 2, we see that for some t <« —1, J(t * (u,v)) < 0, so
m(bl,bg) < 0. O

Proof of Theorem 1.1. Let {w,,0,} be any minimizing sequence for the functional
J on Ty, X Tp,. By Lemma 2.4, we know that there {y,, } C R such that (w,,o,) —
(w,o) in HYRN) x HY(RY) and (w,,0,) — (w,0) in LP(RN) x LP(RYN) for 2 <
p < 2*. Hence, by the weak lower semi-continuity of the norm, we have J(w, o) <
m(by,b2) < 0, which implies that (w,o) # (0,0). To show the compactness of
{wy,0,} in HY(RN) x Hl(]RN), it suffices to prove that (w,o) € Ty, x Tp,. If
S~ [w|?dz = b3 and [y |o]*dz = b3, we are done. Assume by contradiction that
there exists by < by and by < by such that [, |w|?dz = Bf <bi,or [onlofPde =

Eﬁ < b3. Then, by the definition of m(by,bz), we have m(by,b2) < J(w, o). By the
same argument as Lemma 2.2, we have m(b1,0) < 0( resp. m(0,b2) < 0) for any
b1(b2) > 0. From [42], we know that m(by,0)( resp. m(0,b3)) can be achieved by
some function u € Ty, (v € Tp,) which are real valued, positive, radially symmetric
and radially decreasing.

If [on lw|?dz = Bi < b} and [pn |o]?dz = 53 < b3. By Lemma 2.2 and (ii) of

Lemma 2.3, we have J(w,c) < m(by,by) < m(by,bs) + m(\/b% 75? \/b% 753) <
m(by,be) < J(w, o), a contradiction.
If [on|w]?de = b7 and [y |o]?de = B; < b3. By Lemma 2.2 and (ii) of

Lemma 2.3 and m(0, \/b3 —Ei) < 0, we have Jg(w,o) < m(b1,ba) < m(b1,ba) +
m(0,/b3 — 5;) < m(by,by) < J(w, ), a contradiction.

If [on |w|?de = 5? < b} and  [pn |o*dz = b3. By Lemma 2.2 and (ii) of
Lemma 2.3 and m(4/b? —E?,O) < 0, we have J(w,o) < m(by,by) < m(by,by) +

m(y\/b? — 5?, 0) < m(by,bs) < J(w,0o), a contradiction.
Therefore, (w,0) € Ty, x T,. O

Proof of Theorem 1.2. The proof is similar as the proof of Lemma 2.4 and the proof
of Theorem 1.1. Indeed, when 0 < a < 8 = 2, for the single equation, the problem
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is L? subcritical, for any b1, by > 0, we have
m(b1,0) < 0 and m(0,b2) < 0.

Moreover, m(b1,0), m(0,bs) can be achieved by some function u € Ty, and v €
T},, which is real valued, positive, radially symmetric and radially decreasing. O

3. Proof of Theorem 1.4. Define the set
Py by 1= {(u,v) € Ty, X T, : Poy by (u,v) = 0},

where
Py, vy (u,v) = / (|Vul* + |Vo|*)d - e / / o da:dy
RN JRN |$ - y\

Hza/ / d dy _,05/ / d dy.
RN JRN |x—y\"‘ RN JRN -

The following auxiliary result shows the role of P, p,.

Lemma 3.1. If (u,v) is a solution of problem (1)—(2) for some A\, Ay € R, then
(u,'v) € Poy by -

Proof. Tt is easy to obtain that
/ (|Vu|? + |Vv|?)dz +/ (Au? 4+ v dx (8)

2 2
_m/ / dxdyw/ / @) gy
RN JRN |x— ry T —y|*
+2p/ / 7ﬁdxdy.
gy Jry |7 =yl

By the similar argument as Lemma 2.4 in [50], we can get

N -2 N
T/ (|Vu|2+|Vv\2)dac+—/ (M2 + Apv?)da )

2
LN a //7u()dd+2N // V@)W gy
RN JRN |$— |a RN JRN |$—y|a

2N75

—_— 7d dy.
T2 p/RN/RN o —yp?
By (8) and (9), we have

/ (Vul? + |Vo|?)d ‘“O‘/ / @) gy (10)
RN JRN |$—y|a

“20‘/ / dd——/ / ﬁdxdy—O
RN JRN |:17—y\°‘ RN JRN |l”—?/|

Let ¢t u = = u(e'z), then t xu € Ty, we define ¢ * (u,v) = (t *u t*v) then

2t at
Wyo(t) = J(t* (u,v)) = e—/ (|Vul® + |Vo*)dz — e / / dxdy
2 RN 4 RN JRN |.CL‘ -
(1

“26 // ddyfpe // w @O W) gy
RN JRN ‘a &N JrN -

1)
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W, (1) = /<|Vu|2+\w Sect [ O W,

Bt 2
 ppce® / / *(y) drdy pBe / / (z)v (By)dxdy
4 RN JRN |9U—Z/|a 2 Jew Jry |z Y

\I"/u,,v(t) = thbQ (t*u,t*v), thbrz = {(u, U) S Tb1 X sz : \I/;hv (O) = 0}

and

We decompose Py, 1, into three disjoint unions
_ pt 0 -
Pouba = Py oy U Pry by U Py

where

Pl:m = {(u,v) € Ty, x Tpy, (u,v) € Py, p, : \I/Z’U(O) > 0},
Pl?l,bg = {(uvv) € Tbl X sza (u,v) € thbg : \IJ’Z,’U(O) = O}v
Py by = {(u,v) € Ty, X Tpy, (u,v) € Pp, b, : \I/Z’U(O) < 0}.

From (5) and Lemma 2.6, when p > 0 we have

a
d dy < ——— b} (/ |Vu2d:£> , (12)
/RN AN |l‘—y|0‘ 2HQQ||L2(RN RN

-3
2

ddy e </ w%;) , 13
L TN AR VAL 43

/R ) /R o L@ W) g (14)
</sz /]RN Iw—ylﬁ e dy) (/]RN /]RN Ix—ylﬁ dxdy)

p

2050 2 2
0, % by |Vu|*dx |Vul“dx
HQﬂHm(RN) RN RN

4-8 4-8 2 2
<P 57, \Vul?dz ) + \Vo[2dz
2
||QﬁHL2(]RN) RN RN

p 58 48 2 2 5
0% by / (IVul* + |Vv|*)dx
”Q5HL2(RN N

From (12) and (13) we have

“1/ / ddy+’“‘2/ / @) gy
RN JRN |9C - ?J|a RN JRN |JU - y|a
M1 4—a H2 d—a 2 o
S ooz (/ [Vl dx) + b} (/ Vo dx)
201 QallZ 2y RN 2)|QallZ2 gy RN

b4 [eY 5
L [/ \Vu|?dx +/ |Vv|2dx}
2||Qa||L2 (RN) RN

SIS

[

—~

15)
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a

/.L2b47a b3
+ o [/ |Vul>dz —|—/ |Vv|2dx}
2||Qa||L2(RN) RN RN

b47a b47a Z
< M1 a0 (/ (|Vu|2+|Vv|2)dx> .
2||QO¢HL2(RN RN

Thus, from (14) and (15), if p > 0, we have
1 2
= Vul|)d d d 1
S =5 [ v+ weae -t [ L |x_y|a rdy (16)

2
- = 7dacd —f/ / 7dxd
4// =yl VT2 fon Jon Jr—yP Y

1 b47a b47a 5
> / (IVul? + |Vof2)de — P21t 12 (/ (|Vu|2+|Vv|2)dx>
2 2||Qa||L2(RN RN

B

4—8 4-—8
D b7 b, [/RN(|Vu|2+|VUQ)d:E]

- HQﬁHLz(RN)

> h ((/RN(WUF + |Vv|2)dx)é> ,

where h(t) : (0, +00) = R defined by

1
h(t) = 5t2 — Dyt — Dot?, (17)
and 41— 41—
b~ by~ 4-8 4-p
py= ML _FHy  p P s
2||Qa||L2 (RN) ||Qﬁ||L2(]RN)

Lemma 3.2. When 0 < a < 2 < § < min{N,4} and condition (6) or 0 < 8 <
2 < a < min{N,4} and (7) hold, then h(t) has exactly two critical points, one is
a local minimum at negative level, the other one is a global marimum at positive
level. Further, there exists 0 < Ry < Ry such that h(Ro) = h(R1) =0, h(t) > 0 if
and only if t € (Ro, R1).

Proof. When 0 < a < 2 < 8 < min{N, 4}, from h(t) = [1t2_°‘ — DytB— — Dl] ,
we have h(t) > 0 if and only if ¢(t) > D1, where ¢(t) = 1¢27% — Dyt#~. Since
O(t) = Q_Tatlfa (8- a)Dgtﬁ =1 we see that (t) has unique global maximum

1
23 _4-p8 _

_4-p
; 7_ [ 208=9) p 2(2-5) 2(2 B)
point at t = < - |Qﬁ|iZ(RN)> by bs and

~ 18-2(2(8-a) =3 P =5 b<42€2><26>a>b<4 DICED)
o(t) = 5 B) 3 1 2 .
B—a -« ||Q/3||L2(RN)

Therefore h(t) is positive on an open interval (Rg, R) if and only if ¢(t) > Dj,
which means that
2—a Z-qo — s - —a —a —a
18-2 (Q(B—a)>m p e e el e
26—« 2 —« 1 2

”QB”%2(RN) 2”Q0¢”i2(]RN) 7
(18)
S0,
(4—pB)2—a) (“4—B)(2—«a)
(bt + paby ™) p=2b, 70y O
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p—2 2 -« 2 2(2—a)
“i-a (2(3 - a)) 1Q8 L2 @n 1QallF2 vy -

Since h/(t) = t*7! [t27® — BDytP~> — aD;] = t*g(t), it is easy to see that

9(0) < 0, g(+00) = —co and g(t) has a unique global maximum point at positive
Py 4-8 4-8
level in = 2= s ) b7 b4 we can deduce that when
L2(RrN)
= =5 (4-8)(2—a) (A-B)((2—a))
g(f) _ ﬁ -2 (ﬂ(ﬁ _ O‘)) P bl 2(2-5) b2 2(2—5) (19)
f—a 2-a ||Q/3||%2(RN)

fi1bi™* + paby

2”@0‘”%2(]}{1\’) ’

then h(t) has exactly two critical points, one is a local minimum at negative level,
the other one is a global maximum at positive level. It is easy to see that when (18)
holds, then (19) also holds.

By the similar argument as above, we can deduce that when 0 < < 2 < a <
min{N, 4} and (7) hold, the conclusions also hold. O

>«

Lemma 3.3. When (6) or (7) holds, then Py, , =0 and Py, v, is a C* submanifold
in HY(RYN) x HY(RN) with codimension 3.

Proof. We only consider the case of (6), the discussion for case (7) is similar to the
case of (6). Assume by contradiction that there exists a (u,v) € Py, ;, such that

/ (IVul? + |Vo2)d ‘“0‘/ / @) 4y (20)
RN JRN |$—y|a

“Qa// dd——// dedyo
RN JRN \x—y|°‘ RN JRN |a:—y\

/(|Vu|2+\Vv| ‘”O‘/ / @) 4y (21)
RN JRN |=’E—y|a

2
— H20” / / 7dxdy — 5 / / dxdy =0.
4 Jen Joy |z =yl RN JRN -

From (20) and (21), we obtain

ul/ / d dy + M2/ / d dy
RN JRN |5U— \O‘ RN JRN |~T—y|a @
2 2
fl)p/ / %’v(ﬁy)dzdy.
ry Jry |7 =y

If 0 < @« <2 < B, then from Py, p,(u,v) =0, (22), Lemma 2.5 and Lemma 2.6,
we have
2( )\ py2
a %/ / v @) (y) dxdy (23)
« RN ]RN |33 - |ﬂ

/N<|w2 +|Vo2)de = (/23
<(5=0)% <// |z—y\ﬁ ddy) <// |z—y\ﬁ ddy)

and

2)
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8 B8
- 4-8 4-p 4 1
(’B_ < ) 02,3 by 2 by? (/ Vu|2da:> (/ |Vv|2dx)
2-« HQﬁHLZ(]RN) RN RN
s
8-« ) pB 4-8 4-8 {/ ) ) B
b2 by? (IVul® 4+ |Vu|*)dz
(2_O‘ HQBH?;z(RN) o RN

(|Vu|2 + |Vo|?)dx (24)

(_a>[a“1// dd+a“2// ddy}
RN JRN |JU—7J|O‘ RN JRN -

IN

IN

and

%\

<( ) [ apbi™® (/ |Vu|2d:r) +W27W (/ Vo) dm>2]
2||Qa||L2 (RN) RN 2||Qa||L2(RN) RN
B b4 a+ﬂ b47a 5
<B chz ||2 22 (‘VU|2+ |V"U|2)d$ .
allL2(rN) RN
Thus, from (23) and (24), we have
2
4 pa\ P2
(; (;_a ) ”Qﬁ”;z(R”)b 4b224> < AN(\Vul2+|vU|2)dx (25)
_2
< (O‘ (»3—a > pby”® +M2b§°‘> o
- 2 5_2 HQQHiQ(]RN) ’
S0
a-p
(,u1b4 a+u b4 a>2 mpﬁ Qb/a Qbﬁ 2 (26)
2-a 2\7F (2(8-2)\TF 4
> (s=m3) (G5=2) " 100l
2 _2
2—a \F2/pB—2\2«
> (s=) " (522) 7 10al o Qe
Thus,

ey oyt e, S i
e ey
( 1b +M2b )pﬁ 2b b2

2—«a
B 2 — o 2 22-0)
> L (5m) Il IQelaem,
which contradicts with the assumptlon (6), where we use the fact that
2 2
— — > 1.
() ()"

Indeed, for any 0 < @ < 8 < N, Of“ is a monotone decreasing function of

523 2
x>0, so ﬁ log§ — ﬁ log § < 0, which implies that (g) o (%) 2= <1, thus

73 2
(2) o (2)** > 1, which implies that Py, ;, = 0. Next, we show that Py, 5, is

a smooth manifold of codimension 3 on H'(RY) x HY(RY). Since Py, 5, is defined
by Py, b, (u,v) = 0, G(u) = 0, F(u) = 0, where G(u) = [pn u?dz — by, F(v) =
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Jan v3dx — by. Since Py, p,(u,v), G(u) and F(u), are class of C', we only need to
check that d(Py, p,(u,v),G(u), F(v)) : H — R?® is surjective. If this is not true,
dPy, b, (u,v) has to be linearly dependent from dG(u) and dF(v) i.e. there exist a
v1, Vs € R such that

2 fon VUV + viup = e fon fon poeu(@)p(e)dyde

erﬁfRN fRN = yl)ﬁ (z)p(z)dydx in RN,
2 o VOV + 190 = 1200 fo [ 1oL v(2)p () dyd
"‘pﬁf]RN I]RN \m_y|)ﬁv( ) (z)dydx in RN»

for every (p,1) € HY(RY) x HY(RY), so

—2Au + 2v1u = pra(z] = x [ul?)u + pB(lz|# * [v]?)u  in RN,
—2Av + 290 = pga(|z] = x [v|2)v + pB(Jz| 8 * [ul?)v  in RN,

by the similar argument as (8), (9) and (10), we know that the Pohozaev identity
for above system is

/(|Vu|2+|Vv| ‘“0‘/ / w@NW) 4y
RN JRN |$*y\

2
+“20‘/ / 7dxdy+pﬂ// ﬁddy
8 Jrv Jry |z —yl* RN JRN |x—y|

that is (u,v) € Py , , a contradiction. Hence, Py, p, is a natural constraint. O

Lemma 3.4. When 0 < a < 2 < 3, for every (u,v) € Ty, X Ty,, the function
U, »(t) has exactly two critical points sy, < ty., € R and two zeros ¢y < dy, € R
With Sy < Cyp < typ < dy,y. Moreover,

(1) syp* (u,v) € ”Pl;i’bz and ty, x (u,v) € Py . and if tx (u,v) € Ppy by, then
either t = sy, 01t =ty .
(2) (Jan (IV(E*w)* + [V(t%0)|2)dz)? < Ry for every t < ¢, and

I (u, 0) (S0 * (u,v))
= min{](t* (u,v) : t € R and (/RN(|V(t*u)\2 FV(t*0)P)dz)? < RO} < 0.
(3) We have

Ity * (w,v)) = max{J(t * (u,v)) :t € R} >0

and W, ,(t) is strictly decreasing and concave on (ty ,,+00). In particular, if
tuw <0, then Py, p,(u,v) <O0.
(4) The maps (u,v) € Ty, X Tp, 1 8y € R and (u,v) € Ty, X Ty, 1ty € R are

of class C*.
Proof. The proof is similar as the proof of Lemma 4.4 in [26], so we omit the details
here. O

For k > 0, set

D=

A = {(U»U) € Ty, x T, : (/ (IVul? + |Vv|2)dx) < k},
RN
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and
bi,by) = inf  J(u,v).
m™ (b1, ba) (W)l)e o (u,v)

From Lemma 3.4, we have following corollary

Corollary 3.5. The set 77;;71)2 is contained in
1
3
ARO = {(u,v) S Tb1 X sz : (/ (|VU|2 + |Vv|2)dx) < Ro},
RN

and
sup J(u,v) <0< inf J(u,v).
P;rl,bQ P;l b2

By the similar arguments as Lemma 4.5 in [26], we give following lemma without

the details of the proof.
Lemma 3.6. We have m™ (b1, bs) € (—o0,0) that
mT(by,bg) = 73inf J(u,v) = inf J(u,v) and m*(by,by) < A, \ Ary—oJ (u,v).

by,ba by ,bo

Lemma 3.7. Under the assumption (6) or (7), we have
m™T(by,by) < min{m™(by,0),m"(0,b)}.
Proof. From [25], we know that m™(0,b2) can be achieved by v* € Ty, and v* is
radially symmetric and decreasing. We choose aproper test function u € T}, such
that (t *u,v*) € Tp, x Tp,. From Lemma 3.4, we obtain
4—a
1 ‘u2bT
h(t) < h(t) = =t* — te.
2" 2QulEa,

(27)

By direct calculations, there exists 0 < t* < Ry such that hi(t*) = 0. From [25]
inf,er,,nB(t+) J(0,v). Therefore, from the

we have m*(0,by) = inf, . J(0,v) =
(J
analysis in Lemma 3.2, we have
=7
-~ — P a4 a-p
HV’U*HLQ S t* < RO <t= B(ﬂ O[) [)2 b4(27/3) bél(z*ﬁ).
2-« 2||Qﬁ||L2(]RN)

Since h(Ro) = h(R;) = 0 and the monotonicity of h(t), we deduce that (txu,v*) €

Ty, x Ty, N Ap, for t < —1, therefore,
mt(by,bs) = inf J(u,v) < J(t*u,v*
( ! 2) (u,v)ETbl XTb2ﬂARO ( ) - ( )

1 2
== |Vv*|2dxf 7”2\/ / (3 € )dxdy
2 ]RN RN |95 -yl

_7/ / (t % u)2(2) (v*)2(y D dudy

RN JRN |x— |ﬂ

+< |Vu|2d ’“e / / dxdy < J(0,0") =
2 RN JRN |I*

Slmllarly, we have m (bl, ba) < m™*(b1,0). Hence, the proof is completed.

Lemma 3.8. Let {(tn,v,)} C Sar = T, x Tp, N HLRYN) x HY(RY) be a Palais-
Smale sequence for J(u,v)|r, xt,, at level m*(by,bz). Then {(un,vn)} is bounded

m™(0,by).

O

in H'(RN) x H'(RV).
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Proof. Since Py, p,(tn,vn) — 0, we have
a
Phanfimvn) = [ | (7l 9P e | / weleal) gy
]RN RN |$* |

’W// dd—pﬁ// Un (@) g o0 1),
RN JRN |x—y\" RN JRN |$—

Thus, from (15), we have

T (s vn) = (% - %)/ (IVunl? + |Vou|?)dz + (% _1) [% /RN /RN %dmdy

/nw /RN |m— |a dmd@/}JrOn()

1 4—a %
> (L 7)/ (IVtn|? + [Von| )dm—w / (IVul? + |Vo|2)dz ) .
2 6 RN 2||Q0t||L2(]RN) RN

Since {(un,vy)} is a Palais-Smale sequence for J(u, v)|1, xT,, atlevel m™ (b, b),
we have J(uy,v,) < mT(b1,by) + 1 for n large. Hence
1 1

G-3) [ (VunP 4190, )i

b470¢ b4*0‘ g
< K10y '2“2 2 </ (|Vul® + |Vv|2)dx> +m* (b1, by) + 2
2||Qa||L2(]RN) RN

50 {(tn,v,)} is bounded in H'(RY) x H'(RY). This completes the proof. O

Lemma 3.9. Let {(un,vn)} C Sar = T, ¥ Tb2 NHY(RYN) x HY(RY) be a Palais-
Smale sequence for J(u, ”)|Tb1be at level m™(by,by) with additional properties
Py, b, (Un,vn) = 0 and u,, ,v;, — 0 a.e. in RN then up to a subsequence {(un,v,)}
= (u,v) in HY(RN) x HY(RY), where (u,v) is a positive solution of (1) for some
A1, A2 > 0.

Proof. By principle of symmetric criticality (Theorem 1.28 in [45]), the solutions
for (1)-(2) in function space H}(RY) x H}(R™) are also those in function space
HY(RN) x HY(RY). So, we can chosen the radial minimizing sequence.

Step 1. We claim \; > 0, Ay > 0. From Lemma 3.8, we known that {(un,v,)} is
bounded in H(RY) x HY(RY), thus, by the Sobolev embedding theorem, we have
H! << LP(RV) for 2 < p < 2* = 28 thus there exists a (u,v) € H}(RY) x
HY(RY) such that (upn,v,) — (u,v) in L2(RY) x LE(RYN) for 2 < p < 2* and
(U, vp) = (u,v) in HYRN)x HY(RN) and LP(RY) x LP(RY), and (ty, vn) — (u, )
a.e in RY. Hence u,v > 0 are radial functions. Since J' |1, x1,, (tn,vn) = 0, by
the Lagrange multipliers rule, we know that there exists a sequence (A1 5, A2.,) € R?
such that

/ (Vu, Vo + Vo, Vi) dz + / (M nUnp + )\g,nvnw)dx (28)

—m/ / —un(z)p( dydw—uz/ / ~Un () (z)dydz
RN JRN |x—y| RN JRN |x—y|
U, x)dydx — / / Un dydx
ol L @l [ e

=o(@, @)l in RY,
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for every (p,v) € HY(RY) x HY(RY). Using (uy,0) and (0,v,) as text function in
(28), we have

2 2
/ )\Lnuidx = / |Vu,|?de 4+ py / / Mdmdy
RN Ry T —yl®

wp [ ] D e o,
RN JRN |$*

/ )\gmvfbdaz:—/ Vo, dz+u/ / d dy
RN RN RN |$_

wp [ 0 ey o,
RN JRN |$*

SO
/ ()\Lnui—k)\g’nvi)dx:—/ (|Vun\2+\an|2)dx (29)
RN
g [ ) gy
RN JRN |33—?/|
+ iz / / %dmy (30)
Ry Jry T — Yl

2 2
vop [ [ GGy,
RN JRN \x—y|

by the boundedness of {(un,v,)} and (12), (14), (15), we have (A1 n,A2n) is
bounded, hence up to a subsequence (A1, A2n) = (A1, A2) € R2, passing to limits
n (28), we can deduce that (u,v) is a nonnegative solutions of (1), so

/ (i + Ao )dx+/ (1Vul? + |Vo[2)da

2 2
/ / dxdy + po / / Mdmdgy
RN JRN |$ - |a Ry T —y|®
RN JRN |95 - y|

From (9), we can get

N -2 N
T/ (|Vu|2+|Vv\2)d:r+—/ (A1u2+)\2v2)dz

2
(2Na// u()dd+2]\7 // PV 4
gy Jry T —y|* RN JRN |$—y|a
2N —
+(7Bp/ / 7(5)dwdy,
2 gy Jry T —

/ (Au? 4+ Av?)dr = ,ul/ / da:dy (31)
RN RN JRN |=’E—y|a

. . 2
@ / / dxdy —l— p/ / 7)1} (ﬁy) dxdy.
RN JRN - 2 RN JRN \55 - y|

SO
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From Py, p,(tn,v,) — 0, we have

/ (|IVun* + |Vo,|?)dz — ,ula/ / d dy (32)
RN JRN \x—y|a

”2“/ / 2ol 5, g, —pﬁ/ / a0 ) 44y = o, (1).
RN JRN |$ y\ RN JRN |CE

Together (29) with (32) we can get

“ [ / Enlinly) gy (33)
]RN RN |$_ |
4 — « n n
ug/ / 7adxd —l—ip/ / ﬁ d dy,
4 RN JRN \13 - 3/| RN JRN |l” - Z/|

it is easy to see that at least one sequence of ();,,) is positive and bounded away
from 0. Let n — 400 in (33), we have

Ml/ / dxdy (34)
RN ]RN |$—y|a

4 — _ 2 2
a,ug/ / 7adxdy+ Jp/ / %U(ﬂy)dxdy.
4 gy Jry T =Y 2 gy Jry [T =yl

We know that at least one sequence of (\;) is positive and bounded away from
0. Without loss of generate, we assume A; > 0, now we argue by contradiction and
assume that Ay < 0 and

ALnbi + Ao b3 =

A1bT 4+ Aob3 =

—Av = =Xgu + pz (|27 oo + p(ja] ™7 x ) > 0,
using a Liouville type theorem [[20], Lemma A.2] , we can deduce that v =0, so, u
satisfies that
—Au+ Mu = py(J2] 7 * [u[>)u  in RV,
u>0, in RY,
Jpn wPdz = b3 in RV,

By Lemma 2.5, we have

dd < n
// |$_y|a vy < N,

2

'U IZ'U
/ / @) gy < (N ol
vy Jry |z —yl@ L2N=a (RN)

<// |x—yv3 e dy) <// |x—y|ﬂ e dy)

o(N; B)unll? &

lenl?
(RN) LzN B (RN)

When N >3, H! < LP is compact for p € (2,2*), we have that u,, — u strongly
in L*=& and LV-7. So, we obtain that

m+(b1, b)) = nl{r_{loo J(Un, vn)

2 2
= lim &(g — 1)/ / 7un(as)un(y) dxdy
n—too | 4 2 RN JRN |1’ — y|a
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+—7—1// dd+p§—1// Un(@)0nY) 4o
RN ]RN |l’ RN JRN |$—
—1 7dxd =m™T(by,0).
)/]RN/RN |z —y|* Y (b1,0)

Thus, it contracts with Lemma 3.7. So A\; > 0, A2 > 0. Similarly, we have if
Ao > 0, then Ay > 0. Hence A\; > 0, Ay > 0. Similarly, we have if Ay > 0, then
A1 > 0,80 A1 >0, Ay > 0.

Step 2. Prove the L? convergence. From (31) and (34), we have

A (b? 7/ u2d:c> + Ao <b§ f/ vzdz> =0,
RN RN
/ u? =b? >0, / v? =03 > 0.
RN RN

Step 3. Prove the H! convergence. From P, ;,(uy,v,) — 0, we have

1 1
+ - . o . L1 2 2
m*(by,by) = ngr-ir-loo J (U, vp) = ngr-lr—loo [(2 ﬂ) (IVun|* + [Vo,|*)dx

_ —0‘(“1// Un(@)ny) g M2 // dxdyﬂ
RN JRN |»T— |a RN JRN |5U—

From Step 2, we know that u # 0 and v # 0. Let u, = u,, — u, Uy, = v, — v, it
is easy to see that

SO

[ J. |““ e
/]RN/RN |x—y|a ddy /RN/RN — dxderon(l)
[ L w0

:/RN /RN dedy—/w/w dedy+on(1),

So, by Brezis-Lieb lemma, (35) and (36), we have
0= Pb1,b2(un7vn) + O( ) By, bz(“’?’wv’ﬂ + B, bz(u ’U) + 0( )

/ (IVnl? + V5 ?) dx*’“a/ / ey
RN JRN |9C—ZU|O‘

’LLQQ/ / dxdy — / / dxdy+ o(1).
RN JRN |5E—y\o‘ RN JRN |$—

Hence, we know that
m™T (b, bo) = lirf J(un,vn) = lim J(Un,on) + J(u,v)

n—-+oo

=M %—%)/ (IVtin|? + V5 [*)d
_B-afm
B (4 /RN/RN |ac— |a d dy+ 7 ~/RN/]RN |$_ dﬂ?dy)}-ﬁ-t](uw)
>t [(G-5) [ (VP + 195 P
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- ; e (%C(N a) |l " +E2e(N, o)Enl” (RN))} +J(u,0)

L2N 2N—a (RN) 4

> lim (1—1)/ (VT |? + [V [2)da + J(u, 0) > m* (b, bo).
2 B Jgn
Thus, J(u,v) = m7T(by,bs) and (uy,v,) — (u,v) in HY(RY) x HY(RN). O

Next, we prove the existence of second critical point of mountain pass type for
J(u,v) |1, xT,,- By the similar argument as Lemma 4.10 in [26], we give following
lemmas without the details of the proof.

Lemma 3.10. We have

m~(b1,b2) ;== inf  J(u,v) >0.
(u,v)EPb_l,bZ

To exclude the semi-trivial solution of the mountain psss solution, we give fol-
lowing lemma.

Lemma 3.11. When 0 < a < 2 < 8 and the assumption (6) holds, we have
m™ (b1, b2) < min{m™(b1,0),m™(0,b2)}.

Proof. From [25], we know that m™~ (b, 0) can be achieved by u* € T;,. We choose
aproper test function v € Ty, such that (u*,txv) € Tp, X Tp,. From Lemma 3.4,
there exists t* € R such that t* x (u*,t xv) € Py b, then we have

2
e(zfo‘ﬁ*/ (|Vu* 2 + |V (t % v)|?)dz — 'ula/ / w)"y )dasdy
RN JRN

Iw—yla‘
(t )(t *v)?
Mza/ [ e,
]RN RN |$*Z/|a

(B—
pﬁe / / t*:) (y )dxdyzo.
RN JRN |$_ |

Thus, e — 1 as t — —oco. If t < —1, we have

m~(by,bs) = inf  J(u,v) < J{E" * (v, txv)
u,'u)EPbilez

€2t* / ,Ltlaeo‘t )2( )
=5 Vu 2 + [V(txv T — / / 2 dxdy
(V02 + [V 25 0))d e
,ugaeo‘t / / (t % v)? t*v)z(y) dedy
RN ]RN |97j —yl*

Bt* 2
pﬁe / / t*;f) (y)dxdy
RN JRN |95 -yl
< J(u 0) bl, O)

Similarly, we have m™ (b1, b2) < m™(0,b2). Hence, the proof is completed. O

Lemma 3.12. There is a radial symmetric Palais-Smale sequence of J|Tb1 xTy, Of
level m™= (b1, ba) with the additional properties P(up,v,) — 0 and u,, ,v,, — 0 a.e.
in RN. Then up to a subsequence (un,v,) — (u,v) in HY(RYN) x HY(RY), where

(u,v) is a positive solution of (1) for some Ay, Az > 0.
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Proof. By the similar argument as Lemma 4.12 in [26], we can get a radial Palais-
Smale sequence (Uy, Uy,) of J |Tb”be21T and hence a radial symmetric Palais-Smale
sequence of J|Tb1 T, at level m~ (b1, b2).

Next, we prove that up to a subsequence (i, v, ) — (u,v) in H*(RN) x HY(RY),
where (u,v) is a positive solution of (1) for some A1, Ay > 0. When we get Lemma
3.11, by the similar argument as Step 1 in Lemma 3.9, we can prove that A; > 0(i =
1,2). From (31) and (34), we have

A (b% —/ u2dm> + A <b§ —/ v%zm) =0,
RN RN
/ u? =b? >0, / v? =03 > 0.
RN RN

From Py, p,(Un, Up) = 0, we have

SO

m” (b1, b2)
I R ()7 ()
= nglfoo {(5 — E)/RN(IVU"F + |V0,|?)dx + 5[5 —1] /JRN /]RN 2=yl dzdy| .

Let w, = u, —u, 0, = v, — v, it is easy to see that

2 2

[ ] e,

RN JRN |z—y\°‘
/ / ddy / / da:deron(l)
RN JRN |33—Z/|a RN JRN -

2 2

[ [ Ao,

RN JRN \x—y|a
/ / d dy — / / dxdy+on( ).
RN JRN |x— RN JRN -

So, by Brezis-Lieb lemma, we have

OZPbl;b2(an75n)+0< ) Pbl,bz(wn’an +Pb17bz(u ’U)—i—O( )

/ (IVwal* + [Vou|*)d ma/ / o Lale)enly) g, dy
RN JRN |33— |

“20‘/RN/RN |x_ dd—pﬁ/RN/RNkr_é)dxdy+o()

Hence, we know that

m~ (by,b2) = hm J(Un,vn) = IIT J(wn,on) + J(u,v)
n—

Ianl +[Von|*)de

1 1

2 E

n [ [ N e [ )
(4 / RN |$* | dedy + 7 4 /RN/RN |l — y| dady )| + J(u,v)

= lim {
n—-+oo
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> lim_ [<§ = 5) [ (VP + Vo s
B—a M1 M2 4
SIS (BNl gy eVl Y|+ o)

lim (2 —7)/ (IVwnl? + [Vou|2)dz + J(u,v) > m~ (b1, ba).
RN

Thus, J(u,v) = m~(by,b2) and (un,v,) — (u,v) in HY(RY) x HY(RY). Thus,
J(u,v) = m~(by,bs) and (U, 0n) — (u,v) in HY(RY) x HY(RN). O

Proof of Theorem 1.4. From Lemma 3.9, we only need to prove the existence of
radial Palais-Smale sequence for J |T’£1 Xy, at level m(by, bs) with additional prop-

erties Py, p, (tUn,v,) — 0 and u,,,v;; — 0 a.e. in RY. Let us consider a minimizing
sequence (un,vn) for J(u,v) [a,, , we assume that (un,vn) € Tp, X Tp, is ra-
dial decreasing for every n. Furthermore, by Lemma 3.4, for every n we can take
Suyy vy, * (Un,y Up) € Pli’bz such that ([on (|V (S0, *un) 2 +[V(Su, 0, *vn)|2)dx)% <

Ry and
I (Sy,p * (U, vp))
= min {J(t* (tn,v,) : t € R and (/N(\V(t*un)\2 [V (t*vn)|?)da)? < Ro}
< J(Un, vy). )

Thus, we obtain a new minimizing sequence {wy, on} = {Su, un * Uns Su,,v, * Un }
with (wy,,0,) € Ty, x Ty N 77;7 ., radially decreasing for every n. By Lemma 3.6,
we have ([ (|Vwn|? + |Van|2)dm)% < Ry for every n and hence by Ekeland’s
variational principle in a standard way, we know the existence of a new minimiz-
ing sequence for {un,v,} C Ag, for m(by,be) with ||(un,v,) — (wp,0,)|| = 0 as
n — —o00, which is also a Palais-Smale sequence for J(u,v) on Ty, X Tp,. By
the boundedness of {(wn,on)}, ||(un,vn) — (Wn,op)|| — 0, Brézis-Lieb lemma and
Sobolev embedding theorem, we have

Py, by (U, v3) = Py, py (W, 00) +0(1) = 0 and u,,v,, — 0 a.ein RY.

From Lemma 3.6, we know that (u,v) is a ground normalized solution. From
Lemma 3.12, we get a second critical point of mountain pass type for J(u, v) [T, xT,, -

Next, we prove the second part of Theorem 1.4, that is the limit behavior of the
normalized solution as u; — 0, us — 0.

For by,bs > 0 fixed, from the proof Lemma 3.2, we can deduce that when p; —
0, po — 0, then Ro(by, ba, p, 1, 2) — 0. By corollary 3.5, when (@, D) is the ground

1
normalized solution obtained in Theorem 1.4, then ([on(|VaU|* + |Vu*)dz)? <
Ro(b1,b2, p, a1, a2) — 0, and

0> m*(by,by) = J(@,3) > h ((/ (Va2 + va|2)da;> ) 0,
RN

som™(by,b2) — 0. The prove of the limit behavior of the second solution as p1, 1o —
0 are similar as the proof Theorem 1.3 in [26], so we omit the details here. O
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4. Proof of Theorem 1.6. We first give a refined upper of m* (b, b3) and search
for (A1,py bas A2,b1,b2> Uby s Uby by) SOIVING

—Au+ Mu = pi (2|7 [u/P)u in RV, (37)
—Av+ Xov = pa(Jz| = * [v]*)v  in RV,
satisfying the additional conditions
/ u?dx = b? and / v2dr = b3. (38)
RN RN

Denote

Fu )2 L i v (2)u?(y)
Ju,v:f/ Vu2+Vv2dx——/ / ——————>dxd
(wo) =5 | (Vul +[VoPyde— G | [ (S dudy

20, N2
L[ [ A,
4 Jry Jry |z —yle

on the constraint Ty, x T},.
ﬁbl,bz (u,v) := {(u,v) €Ty, x Ty, : ]5;,17;,2 (u,v) = O},

where
ﬁbl,bz(u,v):/ (IVul* + |Vo[*)d ’””a/ / - v @) gy
RN JRN |$*y\

Nza/ / d dy.
RN JRN |$—y‘a

Then, the solution of (37)-(38) can be found as minimizers of

m(b1,be) = TbirxlfTb Jo(u,v) > —o0.
1 2

Let w be a positive solution of the following equation
—Au+u=(z|7%*[u*u in RV,
Lemma 4.1. (37)-(38) has a positive solution

(Mot A2,z L1011 ) 22 Low (Mg ) 2 2)),

where
2 2
2 b2 2—a L b2 2—a
A =y (1> Y —a <2)

1,b1,01 H ||W||%2 y A2ba,pue — M2 ||w||2L2 ’

Nt2—a Nt2—a

L 4 N2a b% 4—2aa L _ 4—N2a bg 4_2(’&

IR T el
Moreover,

1
2

(b, b2) = T(L16((Aby.ar) 22), Lo ((A2,by,00) 2 7)

14—« [
=———z ) |p + Vw .
(3 2)[ wlIE, 2 oz, | TVellzzey
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Proof. By elementary calculation, we have
()‘1,5717041 ) )‘27172,042 ) Llw(()\lyblaal )%x)v LQW(()‘Q,bmaQ)%l'))a
is a positive solution of (37)-(38). Furthermore, we have

(b1, b2) = J(Liw(( M pya0) 22), Low((A2,by 0,) 2 )

11 L3 L3
=— ( - ) —1 / |Vw|?dz + —-2 / |Vw|?dx
@ 2 A2 RN A2 R3

L7 1,b1,p1 2,b2,p2

1 1 L? L3
== < - ) Ni}z + N—22 ”VWH%Z(RN)

2 2
_>\1»b1 H1 )\27172#2

- 44—« 44—«
1 1 2E ( b% > 2 2E ( b% > 2me 2
- (=-= Y [ R S G B Vo :
(a2) ) e )| TV

O

Lemma 4.2. We have
m+ (bl7 b2)

4—a d—a
1 1 _2 b2 2—a _2 b2 2—a

~ bs. b — _ - = 2—a 1 2—«a 2 V 2 )
<m( 1, 2) <a 2) |:/“L1 (Hw”iQ) + s (HUJH%} H wHL2(RN)

Proof. Since

. 1 2 2
J(u,v) = 7/ (IVul? + |Vo|?)dz — &/ / dedy
2 RN 4 RN JRN |$

,y|a
20 N2
[,
4 Jen Jyy o |z =yl

1 b4—a b4—oz
> 7/ (IVul? + |Vof?)de — £ J;”Q 2 (/ (IVul? + |VU|2)da:>
2 RN 2||Q04HL2(RN) RN

7 ((/RN(WUF + |Vv|2)dx)é> ,

where h(t) : (0,400) — R defined by h(t) =

wlR

v

b47a tb47a
t 7D1ta, and Dl = %
21Qal% 2 )

2
So, when t € (0,%) we have h(t) < 0 and ¢ € (£, +00) we have h(t) > 0, where f =

1

—a —a 2—a ~
(M> . S0, J(Liw((Apypy)

2
QaTZ2 v,

1
(

[NIE

‘T)’LQ‘JJ(()‘ZZE,AQ)%‘%) = ﬁﬂb(blvbQ) <0,
implies that

1

[ L) tolde + [ VEs(Oa o] <
RN RN

From the definition of h(t)( see (17)) and the definition of Ry in Lemma 3.2, we
have t < Ry, thus

1 1
||L1W(()\1,b1,u1)233)||2L2(1RN) = b3, HL2W(()‘2,Z)27M2)2m)||%2(RN) = b,

[/ \VLlw(()\Lbhm)%x)Fdx—k/ |VL2w((A2,bm)%m)2dx] <1< Ry.
RN RN



24 XIAO LUO, VICENTIU D. RADULESCU AND MAODING ZHEN

Hence,

m* (b1, b2) = inf J(u,0) < T(Liw((Ary ) 2 2), Lo ((A2,0.00) )

Ro

< T(Liw(A g ) ), Low (Ao pip) 2 ) = 721, bo)

4—a
1 1 -2 b% ) 2-a 2 ( b% ) -a 0
= — —_— = = - + e Vw *
(a 2) [Ul (”w”%2 Ho HWH?22 || HL2(RN)

O

Proof of Theorem 1.6. Let by g, by — 07 k — +o0 and Let (Up, , by s Uby 1 ,bs) €
AR, be a positive minimizer of m™ (by i, b2 i, Ro) for each k € N. From

Pbl,bz (ubLk,bz,kvvbl,k,bzk) =0,

we have

1 2 2
J(ubl,kvbz,k7vb1,kvb2,k) = 5/ (|Vub1,kvb2,k| +|va1,kvb2,k| )dz

2
a2y / / ub1 kb2 k )ub1 kvb2,k(y K2 / / U’n kb2, k Ub1 ksb2,k(y) dady
RN JRN |33—y|a RN JRN |z —yl®

/ / ub1 kb2 K ) Uby i, bz,k(y) dady
RN JRN lz —yl?

!
= (5 B)Hvuh kb2, k”L?(IRN) + ||vvb1 kb2 k HLz(R?’)

+ g [Pfl/ / dd +Hf2/ / vblkbzk blkab2k( )d;tdyH
RN JRN |$_?J|a RN JRN |z —y[*

)Hvuln kb2, k”LZ(]RN) + vabl kb2 ||L2(R3)

2
21 P / / ubl kb2, k )Ublﬁlmbz,k (y) dmdy]
RN JRN |z — yl

4—a 4
1 1 2% b%k 2 2% b%k e 2
<—(==2) |pF | 2L 4z 2 Vwl|22 gz
(a 2) 1 <|w||12 2 el Ivele @,

Thus,
9 d—a 9 4—a
a2 b 2—« o b 2—«
= 1,k = 2,k
/1'12 ( 2 ) —|—,u22 <||w||%2> ”va%Q(RN)

< ||Vubl,k7b2,k H%Q(]RN) + vabl,k,bz,k H%Q(Rd)

Il
—
I\DM—\
Q\H

and

41— 41—\ 2—a

B — o paby " 4 paby

||vub1,k7b2,k H%Z(]RN) + vabl,k7b2,k ||2L2(R3) = (5 —9 1Q ”2 :
[e% LQ(RN)

When by ;, ~ by 1, we have

) ) 2(24:0) 2(24:a)
/RN(|Vub1,k7b2,k| + |va1,k,b2,k| )dl‘ ~ bl,k ° +b2,k . (40)
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From (14) and (39), we get

2
r / / ubl kb2 ke ) Uy, b2k (y) d.’Edy

4— 4—

@

PR R s [ / <|Vub1,k,b2,k|2+|wb1,k,b2,k|2>dx}
2||Q5||L2(RN) RN

B8
14— 4—a\ 2—a
p i a-s [ B — o puaby "+ poby
< —F—b,2 b,2 —0
2||Q6||2L2(RN) Lk "2k (ﬁ -2 ||Qa||L2 (RN)

as k — 4o00. From

— 44—«
1 1 P b2 — P b2 2—a
+ I-a 1,k Py 2,k 2
m” (b1k, b2k <—<7—7) + i Vw R
( 1 2 ) « 2 M1 HC‘J”%/2 2 ||w‘|i2 H HLZ(]RN)

we get

d4—a

1 1 P iy \7° = by, \°° 2

(R by e (B pure (B IVl e (41)
(a 2) ! <|w||i2 2 llwll? AR

> m+(b1,k762,k) = J(ubl.k’bzk’Ubl,kabz.k)

2 2
U Y
= 1/ (|v“b1 k’b2k‘ +|V'Ub1 Imb2k| ) L= e / blk’b2k( ) blk,b2’k( )d$dy
2 RN JRN

4 Iw -yl
/ / vbl kb2, k Ub1 kb2, k d dy— P / / ubl kb2 ke )vblﬁkvbz,k(y) dady
RN JRN |z —yl® RN ]RN |3C—Z/‘
. 1 2 2 H1 / /
> nf = Vul” + |Vu|%)dx — — d:cd
>, {5 [0vur v wopae -t [ [ ) y

M2 / Uz(m)UZ( / / ubl kb2 K )Ubl kb2 k (y) dad (42)
4 Jegn Jry oz — y|a RN JRN |z — yl? Y
4-a
11\ | 22 [ b =8 2 b V7 2
=—|—-——z « - + * : Vw
(0& 2) M1 <||W|i2 /142 HW| i2 H HLZ(RN)

2
- 7/ / ubl kb2 K )Ubl kabZ,k(y) dady
RN JRN lz —yl?

When by j; ~ by, we get

2(4—a) 2(4—a)

m+(b1,k, bg,k) ~ blfkﬂl + b2,2,;a s (43)

and

2
1 vu bl k> b2 k )ub1 kb2 k(y)
—+ V — = 302, l l
2/]R ! b1k7b2k| | vb1k7b2k| e /]RN /]RN |z — y|® v

(44)

2 —

/ / blkbzk ) b1k7b2,k( )dxdy~b2(4 5) +b22(z£—a)
RN JRN |z —y|* ’

as k — 400. The Lagrange multipliers rule implies the existence of some A; 1, Ao 1 €
R such that

/(Vubl,k,bz,kVW)dl’Jr/ (AL kUby 4 by )T
R3 R3
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Ub1 b
_/1'1/ / B Qka bl,k,bz,k(m)@(x)dydx
RN JRN |33—?J|
bl kb2, k
: dyd.
+p/]RN /RN |x—y\5 ub1,k,b2,k(x)‘p($) yax,
/ (valkbzkv¢)dl?+/ (A2,k0by o 1 W)

v b
= MQ/ / L k o Uby kb2 ($)¢($)dyd$
RN JRN |95 - y\

blk b2k
: dydz,
+p/]RN /RN |x—y|3 Ubl,k7b2,k(x)¢(x) yax

for each ¢, € H'(R®). Taking ¢ = up, , p,, and ¢ = vy, k7b2 ., we have

(y)
Al,kbik _ _/ |vub1,k,b2,k |2d1‘ + ,Ufl/ /N b1 kb2, k b1 PRENS dydx
RN JR

lfr - yl“

b b b b (y)

’ p/]RN /]RN o Tx - yllﬁk = Upy by, (T)dyd,
(v)
/\27]“6%776 = 7/ ‘vvbl,kabQ,k ‘de + /LZ/ / bl kb2, k bloz“b?’k dydl‘
RN JRN |z — y|

b b b b (z)

" p/JRN /RN - TJJ - y]ﬁk = Upy . bs , (T)dyde.

From Py, p, (Ub, by s Vby 4 b2) = 0, (45), (46) and by p ~ by x, we have

- /Rg(‘vub1,k7b2,k|2 + |vvb1,k7b2,k|2)d‘r

4—«
<)\1kb1k+/\2kb2k—

/R Vit o |2+ V001 12

—a blkb’zk blkbzk(x)
- —u x)dydz,
/RN /RN |z —y|? AN COLLT

combing with (40) and (44), we get

2(4—a) 2(4—a)

2 2 o 5=
ALibT g+ Ao by ~ b 7" by

When by, ~ by, we have

4 4
2—a 2—a
Ak~ bLka’ A2k~ b27ka'

Denote

9 2
Al,bl,k,m = uf‘“ (HWHQQ> ’ )‘2752,k7#2 = MS—Q ‘|w|i22 ’
2 L
Ni2—o Nt2-—a
_N

Define

~ -1 _1 ~ -1
Uby j,bo ) — Ll,kubl,kﬁbZ,k(()‘Lbl,kval) 2x), Uby j,b2 . — L?,kvbl,kvbQ,k((Avaz,kaOQ)

(45)

(46)

1
“2m),
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then
~ 2 ~ 2

/N(|vub1,k1b2,k| + |vvb1,k7b2,k‘ )dm (47)
R

N_2 N2

AL A, 2

201 ko1 2 2,b2 512 2
= L%,k /JRN |Vub1,kvb2,k‘ dr + Lg’k /]RN |vvb1,kvb2,k‘ dx

= b% i = = b3 1 = 2 2
<l (i) e () | L OV V0 e

llwll? 2 lwllZ RS
a—4 a—4 4 n 2

< M% b, o\ 4uE == e B — a paby ,* 4 p2by T\ 2T
— b

! [wll7» : H H B=2 Qallfz@gw,

X N
l b 2 2,ba, 2
/ (|ub1 kb2, k| + |vb1 kb2, k| ) - Lzl - / |ub1,kvb2,k| dz + L22 t / |vb1,kab2,k| dzx
R3 1,k Jr3 2k JR3
(48)
2
= 2||WHL2(R3)~

By the definition of A1, , u1s A2,b0 020 L1k, L2k, it is easy to see that

~2 ~2
M1 / / ubl kb2 ke )ubl k1b2,k( dady + 2 / / vbl kb2 ke (z)v blak’b2,k () dady
RN JRN |z — y|> RN JRN |z — yl

(49)
2
1 bl k / / ubl kibo ke )ubl ks b21k(y) dmdy
RN JRN |z — yl*

2

M— 2b2"/ / Ublkak )vblk’bz’k(y)dmdy—)—i—oo as k — +oo.
4 L RN JRN |z — y|*

(4

From (47)- (48), we know that (Up, , by, 06 . ,bs,) 18 bounded in H'Y(RY) x
HY(RY). Then, we have

(abl,kbe,k(x)75b1,k;b2,k(x)) - (’U’?T)) 7é ( )
for some (,v) € H*(RN) x HY(RN). Since (U, , by, (T), U, by, (T)) satisfies
1,k:b2,k 1,k:02,k

2
~ A1k ~ _ Ll,k —« ~ 2\
_Aubl,k;bz,k + X1by ot Uby jo,ba — M1 Niz2-a (|.’L‘| * |ubl,k,b2,k| )ubl,k;bz,k
Y lvblék’ﬂl
L3, [P0 4 .bg . (W) ~
+p N2—[3 f]R by gomr \— 1 Bubl,k,bzk(‘r)
Lkl S
Al:bl,kwﬂl)‘z,bzk,uz |(/\2 \bo ks h2 ) 2=yl
~ Aok~ L3k =~ 2\
_A,Ubl,kvb2,k + X265 g2 Uby 1,,ba, = H2 Nf2—a (||~ |vb1,k,b2,k| )vbl,k7b2,k
’ 2, b22k NT5)
LT Wbl koboi (W) ~
+p N—B f]RN 22,by iz 1 o Ubl,kabz,k<x)'
A2,b5 om2 ML, by o1 | 7(>\1 17171‘ “1) 2y

(50)
By the definition of A1 p, , 1y A2,b5 4,000 L1k, Lok, When by, — 0, b — 0 and
b1,k ~ ba i, we have
Lis L3k L3k LT
M—Fme =L be—Fwm =L p w5 0, p———F—F— 0,

2 5 ==£ 2
Alabl,kaﬂl )\2762,k7ﬂ2 )‘l’bl,k*“l)\lbz,k,#z )\27b2~k*“2>\17b1,k7u1
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and there exists A} > 0 and A§ > 0 such that
Ak A2k

*
SV — AL, \
1,b1 5,11 2,b2 k12

— A as k — +oo.

Therefore, (u,v) solves that

{Au +Au = (Jz|7* [ul>)u  in RV, (51)

—Av+Xv = (|Jz|7** [v|*)v  in RV,

Since 0 < @, 0 < o and (u,v) # (0,0), it follows from the strong maximum
principle that 0 < @, 0 < v. We know that

N+2—«

w((A)z), o= 1 w((A)ia).

Texting (50) and (51) with @, , b, , — U, Up, 4 b, , — U respectively, we obtain

N4+2—«a

u= (A1)

_ _ Ak~ .~ _
L9t = 0P+ [ G2 = N0y — 1) (52
01, k511

- / V(@ sy — 0)2de + ] / iy s — 0% = 04(1),
RN RN

~ _ Aok~ .~ _
LGt =Pt [ (G = A50) i —0) (53
02,k 12

= [ VG = Pl X5 [ B~ 0P = ou(0)
RN RN
Therefore

oy 2oa sy Nt2-a sy L _
D77 iz = )T W) 22)|Z2@yy = 1@l 72@y)

N

A

2
. ~ . 1,b Skl
=t [ oo = i S P = ol

2—a N+t2—a 1 B
(A3) 7= fwlize = 115) 1 w((A3)22) |1 22@y = 101172 gy
Az
. ~ . 2,b2 k1
= o [Pz = T =7 / by P = ],
therefore

Al=X2 =1
From (50), (51) ,(52) and (53), we have that
(abl,k,bQ,k’gbl,k7b2,k> — (wvw) in Hl(RN) X Hl(RN)'

Moreover, as the limit function (w,w) is independent of the sequence that we
choose, so the convergence is true for the whole sequence. Therefore

~ ~ — _1 _ _1
(ubl,kvbzk?Ubl,kva,k) = (L1 lublvb2((>\1vb170¢1) 2z), Ly lvblybz(()‘lbzyaz) 2z) = (w,w),

in HI(RN> X HI(RN) as by i,b2r — 0 and by i ~ bo i O
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5. Proof of Theorem 1.7.

Lemma 5.1. When 8 =2 < o < min{N, 4} and pbiby < ||Q2||2L2(RN), ora=2<
B < min{N,4} and max{p1b1, uabs} < HQQH%Q(RN), or 2 < o, <min{N,4}, then
for every (u,v) € Ty, x Ty,, there exists t, ) such that te, ,y*(u,v) € Py, by tuw)

is the unique critical point of the function V¥, , and is a strict mazimum point at
positive level. Moreover:

(1) w3 ,(0) <0 and Py, p,(u,v) <0 iff t(y) <O0.
(2) W,y is strictly increasing in (—00,t(y,v))-
(3) The map (u,v) — t(,.) € R is of class C*.

Proof. Case 1. 8 =2 < o <min{N,4} and pbi1bs < ||C)22||2L2(RN)7 since

2t

2t 2 2
e pe u?(z)v*(y)
\I/uvt:—/ Vul? + Vdex——/ / " W rd
W)= RN(I I” + [Vv[) > Jon fox =g Yy
at 2 2 at 2 2
e / / u(z)u (y)dﬁdy_uze / / v (z)v (y)dxdy
4 Jgn Jgy |z —yl® 4 Jgn Jgy |z —yl®
1
Zezt{ be/ Vu2+Vv2dx]
TN - e | fou Vel 1ve

2 20 N2
_ ot {Ml/ / (z)u*(y) dudy + @/ / v (x)v*(y) dxdy].
4 Jry Jry |z —yl* 4 Jen Jry o |z —y|*

When pb1by < ||Q2 \|%2(RN), it is easy to see that ¥, ,(t) has a unique critical point

t(u,v), Which is a strict maximum point at positive level. Since ¢ x (u,v) € Poy by
if and only if W (t) = 0. If (u,v) € Py, p,, then 0 is a maximum point, we
have that Wy (0) < 0. We claim that ¥ (0) < 0. Assume by contradic-

tion, that is W) ,(0) = ¥/ (0) = 0, then a(a — 2) { Jan S~ @) gy gy +

lz—y[*
B fon fow = |;)Z(y)dxdy} = 0, which is not possible because (u,v) € Tp, X Tp,.
Thus, 7 ,(0) < 0.
Case 2. a =2 <  <min{N,4} and p1by + p2by < HQgH%z(RN),

e?t peﬁt U2 €T U2 Y
\Ilum(t) - 7 /RN(|VU|2 + |vv|2)d$ B 2 /]RN /]RN ‘izy|(2)dxdy

e C)y) o e @)
2 2
4 RN JRN |95 - y\ 4 RN JRN |$ - ?J|

1 by + pabe
i gt 1] (s o
> 5~ diart ] [ [ e+ e

Bt 2 2
_pe / / @) g
2 Jry Jry |z —y

When 1151 +p2be < [|Q2 H%?(]RN)’ it is easy to see that ¥,, ,(¢) has a unique critical

point Z(, ), which is a strict maximum point at positive level. Since tx(u,v) € Py, p,
if and only if W/, ,(t) = 0. If (u,v) € Py, p,, then 0 is a maximum point, we have
that W7 (0) < 0. We claim that W}/ (0) < 0. Assume by contradiction, that is

v, ,(0) = ¥ (0) = 0, then 3(3 )5 Jan S dedy = 0, which is not

le—y|?
possible because (u,v) € Ty, X Tb2. Thus, vy ,(0) <0.
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Case 3. 2 < a < ff <min{N,4} or 2 < 8 < a < min{N, 4}. Since

th

Wyo(t) :7/ (|Vul® + |Vo|*)d /RN /RN |x_y|a dxdy

ot Bt 2
/ / @) gy P / / w(z)v*(v) %)d dy.
RN JRN |a gy Jry |7 =yl

It is easy to see that W, ,(t) has a unique critical point £, ), which is a strict
maximum point at positive level. Since t x (u,v) € Py, p, if and only if W7 () = 0.
If (u,v) € Py, p,, then 0 is a maximum point, we have that W7 (0) < 0. We
claim that ¥} (0) < 0. Assume by contradiction, that is ¥;, ,(0) = ¥ (0) =
0, then a(a —2 [4 Jen Jan Wlay)dxdy + L2 [on Jon vm)v(y)dxdy} + B(B -

|z—y[*

2)5 Jon Jan %dxdy = 0, which is not possible because (u,v) € Ty, X Th,.
Thus, ¥ ,(0) < 0.

As in the proof of Lemma 3.4 shows that the map (u,v) € Tp, X Tp, — tuw) ER
is of class C'. Finally, ¥}, ,(t) < 0 if and only if ¢ > t(,.), then Py, p,(u,v) =
W, ,(0) <0 if and only if #(,,,) < 0. O

Lemma 5.2. When § = 2 < o < min{N,4} and pbiby < ||Q2||2L2(RN), or a =
2 < B < min{N,4} and p1by + p2be < ||Q2||%2(RN), or 2 < a,f < min{N,4},

then the set Py, p, is a Ct-submanifold of codimension 1 in Ty, x Ty,, and it is a
Cl-submanifold of codimension 8 in H'(RYN) x H*(RY).

Proof. The proof is similar to that of Lemma 3.3. We can check that Py, 3, is a
smooth manifold of codimension 1 in Ty, x Tp,. By Lemma 5.1, we have Wy  (0) <
0. Since Py, p, is defined by Py, p,(u,v) = 0, G1(u) = 0 and Ga(v) = 0, where
Gi(u) = ||u||%2(RN) —b? and Ga(v) = Hv||iQ(RN) —b2. Since Py, 4,, G1 and G are
class of C!, the proof is completed by showing that d(Py, ;,,G1,G2) : HY(RY) x
HY(RY) to RY is a surjective. If this is not true, then dPy, j, has to be linearly
dependent from dG; and dGa, i.e., there exist 71, 72 € R such that (u, v) is a solution
to Since Py, 4, (u,v), G(u) and F(u), are class of C1, we only need to check that
d(Py, p, (u,v),G(u), F(v)) : H— RN is surjective.

Case 1. 3 =2 < a < min{N,4} and pbiby < HQ2||L2(RN) If this not true,
dPy, v, (u,v) has to be linearly dependent from dG(u) and dF(v) i.e. there exist a
v1, Vo € R such that

2f]RN VuVe + VluSO i f]RN fRN = y|au($)9@(x)dydx

+20 fan Jon 1oz 5?2“( ) (x)dydz in RV,
2 [on VOV + 1/21)1/) 2 fon [on |: (5‘)av(a?)w(x)dydx
+20 Jav Jov Tz y|)2”( ¥ (z)dyda in RV,

for every (p,1) € HY(RYN) x HY(RYN), for every (p,1) € HY(RY) x HY(RN), so

—2Au + 2v1u = praf|z| = * |u|?)u + 2p(Jx| 72 * [v]?)u  in RV,
—2Av + 2u9v = poa(|z| 7 * [v]2)v + 2p(Jx| 72 * [u/*)v  in RV,



STANDING WAVES FOR THE COUPLED HARTREE-FOCK SYSTEM 31

by the similar arguments as (9), (8) and (10), we know that the Pohozaev identity
for above system is

2 2 2
/ (IVul2 + [Vo?)de = ﬂ/ / dedy
RN JRN |$—y|a

Mza / / dxdy+p/ / 2 da:dy
RN JRN |33— | RN JRN |5'3— |

that is Wy (0) = 0, which contradicts with W7 (0) < 0. Hence, Py, p,(u,v) is a
natural constraint.

Case 2. a =2 < 8 < min{N,4} and max{p1by, pabo} < [|Q2]%2 ®y)- By the
similar arguments as Case 1, we get W7/ (0) = 0, which contradicts with ¥/ (0) <
0. Hence, Py, p,(u,v) is a natural constraint.

Case 3. 2 < «,8 < min{N,4}. By the similar arguments as Case 1, we get
Wy ,(0) = 0, which contradicts with W/ (0) < 0. Hence, Py, p,(u,v) is a natural
constraint. O
Lemma 5.3. When =2 < a < min{N, 4} and pb1bs < ||Q2||%2(RN), ora=2<
B < min{N,4} and pnby + pobe < [|Q2|72gwy, or 2 < o, B < min{N, 4}, then

m(by,bsy) := inf J(u,v) > 0.
( ! 2) (u,0)EPpy by ( )

Proof. Case 1. f =2 < a < min{N,4} and pb1bs < ||Q2||2L2(RN)' If (u,v) € Poy s
then by (14) and (15), we have

/ (IVul? + |Vol?)d ‘“0‘/ / @) 4oy
RN JRN |$—y|a
+@/ / 7dxdy+p/ / 72)dxdy
4 Jry Jry o T —yle gy Jry [T =Y
< gt | (9t + 9o
21l L2(rN) RN

bt~ by~® g
L otab Tt by (/ (|Vu2+Vv|2)dx> .
2||Qa||L2(RN) RN

Moreover, pb1by < ||Q2||2L2(RN) and HVUH%Z(RN) + HVUH%Q(RN) # 0 (since (u,v) €
Ty, x Ty,), we get

inf  [|Vul? Voll3 >C > 0.
(u,v)lgml,bz IVullZ2@ry + VOl 72 @yy 2

So
m(b1,b2) = inf Js(u,v
(b1,b2) o, . 5(u,v)
. 1 1 2 2 / / uz(x)v2( )
= £ (=-H|Iv v - L0 Y) jrd
o G = IVl + 190l = [ [ e
> o E-Lhi- { bib ] IVula ey + [V0l22ny = C > 0
e - - T~ 110 U102 2 N 2 Ny = .
(“v”)epbl,bg 2 (e ||Q2||L2(]RN) LE®T) LE®RT)

Case 2. a =2 < § <min{N,4} and p1b; + p2bs < ||Q2||2L2(RN). If (u,v) € Pp, by,
then by (14) and (15), we have

2 2
/(|Vu|2+|w|2)dx=ﬂ/ / v Y) 4 g,
RN 2 Jen Jry |:v—y\
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ug// dd+p,8// ()dd
RN JRN |2 RN JRN |»’U—y|ﬁ Y

< Habi + p2by (IVul? + |V ?)dz
HQ2||%2(RN) RN

p i-p 4a-p ) ) 2
gt 7 | [ (VuP 4 Ve
||QB||L2(RN) RN
Moreover, p1by + p2bs < ||Q2H%2(RN) and ||Vu||7. 2wy ||VUHL2(RN) # 0 (since
(u,v) € Ty, x Tp,), we get

inf  [|Vul? Voll3 >C > 0.
(u,v)lenPbl,bz IVul|Z2@ry + VOl 72@yy 2

So
m(by,b2) = inf Js(u,v)

(u,0)EPYy by

. 1 1
= w5 3) Hvu||2L2(]RN) + IVl 72 )
2

(u,0)EPYy by

(5 L L e [ ]

1 p1br + p2be
> e (Lo1 b+ paba | G v >0 >0
(u,v)lenpbl,bz(z ﬂ) |: V|72 @3y + || ””L?(RS >

||Q2HL2(RN)

Case 3. 2 < a < f <min{N,4} or 2 < 8 < o < min{N,4}. If (u,v) € Py, p,,
then by (14) and (15), we have

/ (Vul® + Vo) dxf’““/ / w@) g,
RN JRN \x—y|a

Mza// dd+p5// 2(>ddy
RN JRN |a gy Jry |z —yl?

B
4—8 4—8 2
< #bﬁ by? [/ (|Vul® + Vv|2)dat]
2||QB||L2(RN) RN

b47a b47a Z
o —|—2,u2 2 (/ (|Vul|* + |Vv|2)dx>
2||QO¢HL2(RN RN

Moreover, ||[Vul|2, ®~y) T Vo2, 2y 70 (since (u,v) € Ty, X T4,), we get

inf Vul|72 Vo5 >C>0.
IVl V02 2

If 2 < 8 < a < min{N, 4}, we have

m(bi,b2) = inf Jg(u,v
(b1, b2) s 5(u,v)

1

: 1 2 2
inf -— )V A%
ot |G- u|\L2(RN>+H ey

7_1 {m/RN/RN 2 ddy+ 4/H§N/D§N%dxdy”

> f - — |V \% >C>0.
(u, U>16n7)b1 b2(2 )H U||L2(R3) + UHL2(R3)
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If 2 < a < B <min{N,4}, we have
m(by,ba) = inf  Jg(u,v)

(u,v)EPby by

—_

|
(u, >1en7>b1 " {(2 ll ““L?(RN + Vol Ze e

D, S
RN

)HVU”LZ(RS) + ||V'U||L2(R3 > C > O

l\D\b

1
inf (2
(u V)EPby by 2

1
«
Thus,

by,bs) = inf J(u,v) > 0.
m(by,b2) (u,v)lenPbl,bz (u,v)

O

Lemma 5.4. When 8 =2 < a < min{N, 4} and pb1bs < ||Q2||%2(RN), ora=2<
B < min{N,4} and pi1by + p2bs < ||Q2H%2(RN), or 2 < a,B < min{N,4}, then
there exists k > 0 sufficiently small such that

0 < sup J(u,v) < m(by,b2) and (u,v) € A, = J(u,v), Py, p,(u,v) >0,
Ay

where Ay, = {(u,v) € Tp, x Ty, : HVuH%Z(RN) + ||VU||%2(RN) < k}.

Proof. Case 1. 8 =2 < a < min{N, 4} and pb;bs < ||Q2||2LQ(RN). From (14), (15)
and pbiby < HQQH%Q(RN), we get

1 2
J(u,v)—2/ (|Vul* + |Vv|]*)dz — — /]RN /]RN |m—y|0‘ dxdy
T 5 ]
- = — Y drdy — = 7dxdy
4 Jry Jrw |$*y|a 2 Jgy Jryo |z —yl?
1
e ———bb / Vul? + |Vu|*)dz
(2 [2||Q2L2(RN D [ (val? + 19eP)

bi- pi-o 2
_ by 7 piaby (/ (IVaul? + |vf02)d;p> >0,
2||QO¢HL2(RN) RN

Plu,v) = / (IVul? + |Vo[2)dz — ula/ / Iw— |2 w@w ) g
RN JRN
MQ&/ / dxdy p/ / d dy
RN JRN |$— |2 RN JRN -
> (1 {IIQzll bﬂ)g])/R (IVul® + |Vv|?)dz
L2 RN) 3

o

bi- b= 3
~ ot J;““' 2 (/ (|Vu|2+|Vv2)d:E> >0,
2||QaHL2(]RN) RN
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Case 2. a =2 < f <min{N,4} and pu1b1 + p2bz < [|Q2|72gwy. From (14), (15),
we get

1 0 u? (@)’ (y)
Ju,v:f/ Vuz—l-Vdex——/ / ————=dxzd
(wo)=5 [ (Ve +[VoRyde =5 | ] e dady

2 2 2 2
B U R ECT T
4 Jgy Jyy |z —yl® 2 Jgy Jry |z =yl

1 b b
> (2o fon T i E“Q 2 / (IVul® + |Vo|?)da
2 2HQ2HL2(RN) R3

. 14
2”@5”%2([&1\!)

P(u,v) = / (|IVul?® + |Vo|?)dx — /N/ d dy
RN JRN -
2 pﬁ/ / (z)v*(y)
- = 7dxd - — 7da:d
2/RN/RN o —yle YT fa Jan g Y
> (1 [ bbD/ (Ve + VoP)de
L2(RN) 3

P 4—8 4-8 9 9 %
By B / (IVul? + [Vo2)dz| >0,
QHQ,BHLz(RN) RN

4-B 4P s
by b,? U (|Vu|2+|Vv|2)d:c} >0,
RN

Case 3. 2 < o, f < min{N, 4}. From (14), (15), we get

1

J(uv) = / (\Vu\2+|Vv| “1/ / w @) gy
2 RN ]RN |l'*
RN JRN \m—y| RN JRN |9U— |

1 2 2 p 58,48 2 2 :
> - (|Vul* + |Vv|*)de — m—=—5——b;2 by” (IVul* + |Vv|*)dx
2 JrN 2||QﬂHLZ(RN) RN

14— 4—a
p1b] ™" + b
- 2|1\Q B 2 (/ (|Vu|2—|—|Vv2)dx> ,
all2(®mN) RN

Pu,v) = /(|Vu|2+|Vv| “”// @Y gy
RN JRN |=’E_ |O‘
B

Mza/ / ddy—pﬂ/ / ﬁ ddy
RN JRN |93*1/|a RN JRN \95* Y|

1 2 2 pB -8 48 9 9 2
> - (|Vul* + [Vo|*)de — ——=—5——b;? by (IVul* + |Vv|*)dx
2 RN 2||Q5HL2(RN RN

b470¢ b470¢ %
PO W L </ (|Vu|2+Vv|2)dx> .
2||Qa||L2(RN) RN

Wl
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If u € Ay with k small enough. If necessary replacing k with a smaller quantity.
From Lemma 5.3, we have m(by,b2) > 0, so we also have

J(u,v) < / (IVul? + |Vo?)dz < m(by, by).
R3
The proof is now complete. O

Now, we are ready to show that the infimum is attained by nontrivial positive
radial functions.

Lemma 5.5. Let p;,b; > 0t = 1,2), 8 = 2 < a < min{N,4} and pbibs <
”QQ”%z(RN): ora =2 < f < min{N,4} and p1by + paby < ||Q2||2L2(RN); or 2 <
a,f < min{N,4}, then m(by,b2) can be achieved by some function (up,,vp,) €
Ty, x Ty, which is real valued, positive, radially symmetric and radially decreasing.

Proof. By similar arguments as in Lemma 3.12, or similar arguments as in the proof
of Theorem 1.6 in [43], we can also find a radial Palais-Smale sequence for J ’Tb

1 XTb2
at level m(by, by) such that P(u,,v,) — 0 and u,,v, — 0 a.e. in RY. The rest of
the proof is similar to that of Lemma 3.11 and Lemma 3.12. O
Proof of Theorem 1.7. The proof is completed by using Lemma 5.5. O
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