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Abstract

We consider a nonlinear parametric Dirichlet problem driven by the double phase
differential operator. Using variational tools combined with critical groups, we show
that for all small values of the parameter, the problem has at least three nontrivial
bounded solutions which are ordered and we provide the sign information for all
of them. Two solutions are of constant sign and the third one is nodal. Finally, we
determine the asymptotic behavior of the nodal solution as the parameter converges
to zero.

Keywords Double phase differential operator - Extremal constant sign solutions -
Critical groups - Generalized Orlicz spaces

Mathematics Subject Classification Primary: 35J30 - 35J60; Secondary: S8E0S

1 Introduction

Let @ € RV (N = 3) be a bounded domain with a Lipschitz boundary 9<2. In

this paper we study the following parametric Dirichlet problem (nonlinear eigenvalue

problem)

—Aqy — = i

AQu — Aqu = Af(z,u) in 2, P
ulsga =0, l<g<p<N, A>0.
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In this problem, for a € L*°(Q2) \ {0}, a(z) > 0 for a.a. 7 € Q, A‘;, denotes the
weighted p-Laplace differential operator defined by

AY = div (a(z)|Du|1’—2Du) .

If a = 1, then we have the standard p-Laplace differential operator. Problem
(P,) is driven by the sum of two such operators with different exponents. So, the
differential operator u —A‘I‘,u — Ag4u driving problem (P;,) is not homogeneous. In
the reaction, the hypotheses on f(z, x) are minimal and essentially involve restrictions
on f(z,-) near zero. Our aim is to prove a multiplicity theorem for (P,) producing
nodal (sign changing) solutions and finding their asymptotic behavior as A — 0.
Recently, Leonardi and Papageorgiou [11] examined a similar problem. They studied
a Robin (p, ¢)-equation with an indefinite potential term. Their equation is driven by
the (p, g)-Laplace operator

—Apu — Ayu.

This operator is associated with the energy functional
/ (IDul? 4 |Du|?) dz.
Q

In this functional, the density function is
n(t) =17+ 14,
which exhibits balanced growth, namely we have
t? < ij(t) < co (1 +1¢7) forallz > 0, for some co > 0.
This property leads to a global regularity theory (regularity up to the boundary), which
is included in the work of Lieberman [12].
In problem (P;) we do not assume that the weight a(-) is bounded away from zero,

namely we do not require that 0 < essinfqa. Then the operator of problem (P,) is
associated with the so-called double phase integral functional

/Q[a(z)lDuI” + |Du|?1dz.
The density of this functional is
n(z, 1) = a(z)t? + 19 forallz € , allt > 0.
Since a(-) may vanish, the integrand 71 (z, ¢) exhibits unbalanced growth, namely

17 <z, 1) <ci (1+1t7) foraa.z € Q, allt > 0, for some ¢; > 0.
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Such operators are used in the description of diffusion-type processes in a space,
where the behavior changes in different subdomains. For example, we can model
composite materials with energy density of g-growth on {a = 0} and of p-growth on
{a > 0}. Such functionals were first studied by Marcellini [15, 16] and by Zhikov
[25, 26], in the context of problems of the calculus of variations and of nonlinear
elasticity theory including the Lavientiev gap phenomenon. Recently, the interest for
such problems was revived and there have been efforts to develop a regularity the-
ory. So far, there have been only local regularity results for minimizers of integral
functionals of this kind. A global (up to the boundary) regularity theory remains elu-
sive. The progress in this direction can be traced in the works of Marcellini [17],
Mingione-Rédulescu [18] and Ragusa-Tachikawa [24]. The absence of such a global
theory removes from consideration many effective tools which are readily available
when dealing with balanced growth problems. This makes the study of double phase
problems more difficult. A typical example of such a useful result is the equivalence
between local Holder and Sobolev minimizers. This was first observed by Brezis-
Nirenberg [1] for semilinear problems driven by the Laplacian. Their result was later
extended to p-Laplacian equations by Garcia Azorero-Manfredi-Peral Alonso [4] and
to more general anisotropic operators by Papageorgiou-Radulescu-Zhang [22]. This
equivalence result proved to be very effective in obtaining multiplicity results for dif-
ferent kinds of nonlinear elliptic boundary value problems. Therefore the methods
and techniques employed by Leonardi-Papageorgiou [11] can not be used here and
we need to come up with a new approach.

We mention that recently there have been existence and multiplicity results
for double phase equations. We mention the works of Gasinski-Papageorgiou [6],
Gasinski-Winkert [7], Liu-Dai [13], Liu-Papageorgiou [14], Papageorgiou-Pudelko-
Rédulescu [19], Papageorgiou-Vetro-Vetro [23]. Of the aforementioned works only
Gasinski-Papageorgiou [6] and Liu-Papageorgiou [14] produce nodal solutions but
under stronger conditions on the reaction and using different methods and techniques.

2 Mathematical Background-Hypotheses

As a consequence of the unbalanced growth of the differential operator, we have to
abandon the convenient functional framework of standard Sobolev spaces and use
generalized Orlicz-Sobolev spaces. A comprehensive presentation of the theory of
these spaces can be found in the book of Harjulehto-Histo [9].

In what follows C%1(Q) := {u : @ — Ris Lipschitz}. Our hypotheses on the
weight function a(-) and the exponents p, g are the following:

_ _ 1
HozaeCO’l(Q)\{O},a(z)20f0ranyze$2, l<g<p<N,2<p, £< 1+N.
q

Remark 2.1 The assumption that a € C%!(Q) guarantees that the Poincaré inequality
holds in the corresponding generalized Orlicz-Sobolev space (see Harjulehto-Hésto
[9, pp.100,138]). The last condition 5 <1+ % is common in Dirichlet double phase
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problems and says that the two exponents p and g can not be far apart. It implies that
p<q*= NN—_"q, which in turn leads to some useful compact embeddings of some
relevant spaces.

Let LO(2) be the space of all measurable functions # : 2 — R. As usual, we
identity two such functions which differ only on a Lebesque-null subset of 2. Also
n(z, t) denotes the double phase density defined by

n(z,t) =a(@)t? +11 forallz € Q, allt > 0.

Then the generalized Orlicz-Lebesgue space L"(£2) is defined by

LT(Q) = {u e LUR) : p,(u) =/ n(z, lul)dz < oo} .
Q

The function pj,(-) is known as the “modular function” corresponding to 7. On L"(£2)
we introduce the so-called “Luxemburg norm” || - ||, defined by

luelly = inf{,\ >0 py (%) < 1} forall u € L"(2).

Equipped with this norm, the space L"(£2) becomes a Banach space which is separable
and reflexive (in fact uniformly convex). Using L" (£2), we can define the corresponding
generalized Orlicz-Sobolev space W17($2) by

Wh(Q) = {u € L"(Q) : |Du| € L"(Q)}.
Here by Du we denote the weak gradient of u. The norm || - ||, of this space is given
llull1,, = llully + [|1Dull, forallu whn(Q).
Note that || Dull, = ||| Dul|l,. Also, we define
Wol,r;(Q) _ WIHIW'
Both spaces wln(Q), WOl Q) are separable, reflexive (in fact uniformly convex)

Banach spaces. On account of hypotheses Hy(in particular since a € C 0.1(Q)), the
Poincaré inequality holds on WO1 (), namely we can find ¢ = ¢(Q2) > 0 such that

llull, < éllDull,, forallu e Wol’”(Q).
Therefore on Wé’"(Q) we consider the equivalent norm || - || defined by

lull = [[Dull, forallu € Wé’"(Q).
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There is a close relation between the norm || - || and the modular function p;;(-)
defined on Wol’"(Q).

Proposition 2.2 The following results hold:

@ llull =1 ¢ py (54) = 1.

(b) flull < 1(@resp. =1,> 1) & p,(Du) < 1(resp. =1, > 1).
© llull < 1= [ull” < py(Du) < [Jul?.

(@ Nlull > 1= llull? < py(Du) < |lull”.

(e) llull = O(resp. — +00) & py(Du) — O(resp. — +00).

Also the following embeddings are helpful and generalize to the present setting the
Sobolev embedding theorem.

Proposition 2.3 The following results hold:

(a) L"(Q) — L" () and Wol’"(Q) — W(;’r(Q) continuously forall 1 <r <gq.
(b) Wol‘q () — L"(2) continuously if 1 <r < g* and compactly if 1 <r < g*.
(¢c) LP () — L"(2) continuously.

LetV: WO1 Q) — WOl "(€2)* be the nonlinear operator defined by
(V(u), h) = / (a(2)| Dul?~2Du + |Dul?"2Du, Dhygy dz forall u, h € Wy ().
Q

This operator has the following properties(see Liu-Dai [13, Proposition 3.1]).

Proposition 2.4 The operator V : WOI’U(Q) — Wé’”(Q)* is bounded(that is, maps
bounded sets to bounded sets), continuous, strictly monotone (thus maximal monotone

too) and of type (S)+, that is, “if u, s uin W(:’"(Q) and lim sup,,_, . (V (u,), u, —
u) <0, thenu, — uin Wol’"(Q).”

We introduce also the following modular function
pa(Du) = / a@)|Dul? dz forallu e Wy (Q).
Q

This function is continuous, convex, thus weakly lower semicontinuous. If u € L0 (),
then we set

ui(z) = max{£u(z),0} forall z € Q.

We have u = ut —u™, Ju| = u™ +u~. Also, if u € W, (R), then u* € W, ().
Ifu € LO(), we write 0 < u, if for all K C compact, we have 0 < cx < u(z) for
a.a.z € K. Clearly such a function satisfies 0 < u(z) fora.a.z € Q. Ifu,v € LO()
and u(z) < v(z) fora.a.x € 2, then

[u,v]=1{h € Wol’"(Q) cu(z) < h(z) <v(z) fora.a.z € Q}.
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To overcome the absence of a global regularity theory, we will use critical
groups(Morse theory). Let X be a Banach space, ¢ € C'(X), ¢ € R. We set

K, = {u € X : ¢'(u) = 0}(the critical set of ¢),
- ={ueX: g <ch

Consider a topological pair (Y7, Y») suchthat Y, C Y} € X.Fork € No,by Hy (Y1, Y2)
we denote the k-th relative singular homology group with integer coefficients. Suppose
u € K, isisolated and ¢ = ¢(u). Then the critical groups of ¢ at u are defined by

Cr(p,u) = H (o NU, ¢ NU\{u}) forall k € Ny,

with U/ being an open neighborhood of u such that K, N ¢ NU = {u}. The excision
property of singular homology implies that this definition is independent of the iso-
lating neighborhood /. Suppose that ¢ € C'(X) satisfies the C-condition (see [21,
p.366] and that —oco < inf ¢(K,). Then the critical groups of ¢ at infinity are defined
by

Cr(p, 00) = Hp(X, ¢°) forall k € Np.

The second deformation theorem (see [21, p.366]) implies that this definition is
independent of the choice of the level ¢ < inf ¢(K). Suppose that K, is finite. We
introduce the following series in ¢ € R.

M(t,u) = Z rankCy (¢, w)t* forall u € K,
keNo

P(t,00) = > rankCy(g, 00)t*.
kENo

The “Morse relation” says that

D M(t.u)=P(t,00) + (1+1)Q(1), t € R, (1

ueky,

with Q(¢) = ZkeNo Bt being a formal series in # € R with nonnegative integer
coefficients.

To exploit the properties of critical groups, we will need the following notion.
Suppose X is a finite dimensional Banach space and g : X — R. We say that g(-) is
locally Lipschitz, if for every K € X compact, g| g is Lipschitz with constant 0 > 0,
that is,

lg(u) — g(w)| < Okllu —v|lx forallu,v e K.

If g : Q x X — R, then we say that g(-, -) is an L*°-locally Lipschitz integrand, if
for all x € R, z — g(z, x) is measurable and for a.a.z € @, x — g(z, x) is locally
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Lipschitz with constant 6x € L°°(2) for all K € R compact. Such a function is
jointly measurable (see Hu-Papageorgiou [10, p.59]).

The hypotheses on the reaction f(z, x) are the following:

Hi: f: QxR — Rison L*-locally Lipschitz integrand such that fora.a.z € Q,
f(z,0) =0, f(z,x)x > 0forall x € R and

) |f(z,x)] < a@)(A + |xI""1 foraa.z € Q all x € R, with a € L®(Q),
p<r<gq*
(i) if F(z,x) = fg f(z, s)ds, then there exist § > 0 and T € (1, ¢) such that

olx|" < f(z,x)x <TtF(z,x) foraa.z € Q,all|x| <8, somec, > 0,

Fz,x) _ &

lim sup BL <c* foraa.z e Q, somec* > 0.
X

x—0

Remark 2.5 The hypotheses on f(z, x) are minimal and imply the presence of a “con-
cave” term near zero.

To produce nodal solutions, we will first show that the problem has extremal con-
stant sign solutions, that is, a smallest positive solution u} and a biggest negative
solution v}. Then we will look at the order interval [v}, #}] and try to obtain a non-
trival solution of (Py) distinct from u and v}. The extremality of u} and v} will imply
that such a solution is nodal. To do this, we need to use critical groups since the lack of
regularity properties on the solutions does not permit the use of more direct methods.

3 An Auxiliary Problem
To implement the strategy outlined above, we need to produce extremal constant sign
solutions. To do this first we consider the following auxiliary double phase problem,

the solutions of which will be helpful in producing the extremal constant sign solutions.
The auxiliary double phase problem is the following

—A%Y — Ayju = Acr|u|"2uin Q,
{ plt — At = Aerlul } (03)

ulpo=0, 1<g<p<N, r>0.

Proposition 3.1 If hypotheses Hy hold and A > 0, then problem (Q;) has a unique
positive solution

i € Wy(Q)NL™(Q), 0 < iy,
and since the equation is odd, v) = —u, is the unique negative solution of (Q3).

Proof Consider the C!-functional B;" : WO1 () — R defined by

1 1 N
B (u) = —pa(Du) + — | Dulld — —=|lu™|.
p q T
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Suppose that ||«|| > 1. Then

1
ﬂ;(u) > —|lu||? — Ac3|lul|® for some cz > O(see Propositions 2.2 and 2.3).
p

Since ¢ > t, we see that /31' (+) is coercive. Also using Proposition 2.3, we see that
,3;’(-) is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli

theorem, we can find u; € Wé “1(Q) such that
B (i) = inf{B; ) 1 u € Wy (). 2)

Letu € W, (2)\{0} with u(z) > 0 fora.a. z € Q. For 7 € (0, 1), we have

rcott
flells

+ 1’ 11 q
By (tu) = —pa(Du) + —||Dulg —
p q T

Since T < g < p, choosing ¢ € (0, 1) small, we see that

B (tu) <0,
=) < 0= B (0)(see(2)),
=u) # 0.

From (2), we have

(B (@x), k) =0 forall h € W, (),

=(V(u,), h) = Aczf (ﬁf)’_lh dz forallh e Wé’"(Q), 3)
Q
In (3) we use the test function & = —u, € Wé ""(€2) and obtain
@y(Duy ) =0,

=u; >0, u, # 0 (see Proposition2.2).

Then u,, is a positive solution of (Q; ). Thereom 3.1 of Gasinski-Winkert [7] implies
that it; € Wé "1(Q) N L (). Finally, Proposition 2.4 of Papageorgiou-Vetro-Vetro
[23] says that 0 < ;.

Next we show the uniqueness of this positive solution. For this purpose, we intro-
duce the integral functional j : LY (Q) = R = R U {400} defined by

1 1 1 L q - 1 1,7
j(u)z{;pa(Duq)+5||Dw||q iz 0,u1 € Wy(9),

+00 otherwise.



Multiple and Nodal Solutions for Parametric Dirichlet... Page90f28 62

Let domj = {u € LY(Q) : j(u) < oo}(the effective domain of j(-)). Consider the
intergrand 7(z, t) defined by

R 1 1
n(z,t) = —a()t? + -9 forallz € Q, allt > 0.
p q

1
Evidently (-, -) is continuous and forall z € €, 7(z, -) isincreasingand ¢ + 7 (z, ta )
is convex. Let u1, up € domj and set

1
u=({tu; + {1 —1tuy)? with re]l0,]1].
From Diaz-Saa [3](proof of Lemma 1), we have
1
q) 7
q

+ (-1

119 1
Dul| +(1—1)|Dul

|Du| < <t

1
1

1 1
q q
Du | Du,

N
=1z, |Dul) <7 |z, (l ) (since 7(z, -) is increasing)

1 1 1
<1h (z, |Du1|6) + (1 =0 (z, |Du2|5) (since ¢ > 7 (z, ﬁ) is convex).

Then j () is convex. Suppose @, is another positive solution of problem (Q;). Again
we have

@ € Wy (Q)NL™(RQ), 0< ;.
Let € > 0 and define i§ = ity + €, w5 = w; + €. Let L°(2), denote the positive
(order) cone of L*°(2)(that is, L®(Q)4 = {u € L*®(RQ) : u(z) > 0 fora.a. z €
Q}). This cone has a nonempty interior given by intL*°(Q)y = {u € L®°(Q)4 :

0 < essinfqu}. Evidently u$, w§ € intL°°(2),. Then using Proposition 4.1.22 of
Papageorgiou-Rédulescu-Repovs [21, p.274], we have

00 wk 00
-2 € L™(Q), = € L®(Q). ()

Let h = (u5)? — (w5)? € Wé’"(Q) N L*°(£2). On account of (4), we see that for
t € (0, 1) small,

@$)? +th € domj, (w5)? +th € domj.

We compute the directional derivatives of j(-) at (5 ) and at (w5)? in the direction /.
From the convexity of j(-) and using the nonlinear Green’s identity (see [21, p.34]),
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we have
1 —A%Q — Ay,
. r=eng _ - )4 q
anm = [ S s
Ac ai !
_ 2 _2 _lhdZ,
qg Jo (MA)q
1 — w) — Agwy
=€ p q
J(@HD ) = —/ i hds
g qla @I
Ac wi!
=2 _3 —hdz.
q Ja (wk)q

The convexity of j(-) implies the monotonicity of the directional derivative. Therefore
we have

ek - 7—1
0< /;2 ((ﬁue)‘)q_l - (I;)G)L)q—l) ((ﬁi)q _ (@;)Q)dz )
A )

Note that as ¢ — 0T, we have

-7—1 -7—1
(“* — A )((ﬁiﬂ—(w;)q)

@) @5

1 ! =4 _ =4
— N\ o= = (u, —w,) foraa.ze Q.
uy W,

Also, we have

~7—1 -7—1
’( ae ot > (@)? — (@5)7)

@)1 @I

< calllitally + lwalls + 11 for some ¢4 > 0, a.a. z € Q(see (4)).

Therefore applying the Lebesgue dominated convergence theorem on (5) as € — 07,
we obtain

1 1 4 _ -q
0= =t ~ —g=¢ | Wy —wy)dz <0,
Q| i w

A

is strictly decreasing on ]IOQ+ = (0, oo)) .

x4-T

This proves the uniqueness of the positive solution of (Q;). Since (Q;) is odd, v, =
—u,, is the unique negative solution of (Q;). O
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4 Extremal Constant Sign Solutions

In this section, we look for solutions of (P,) which have constant sign and we will
produce a smallest positive solution and a biggest negative solution (extremal constant
sign solutions).

we introduce the following sets

S ;‘ : set of positive solutions of (Py),

S, : set of negative solutions of (Py).

We have S;', S, < Wol’"(Q) N L°°(2). First we show that for A > 0 small, these
sets are nonempty.

Proposition 4.1 If hypotheses Hy, H| hold, then there exists \* > 0 such that Sit # 0
forall x € (0,2*) and 0 < u forallu € ;7,0 < —v forallv e S,

Proof First we show the nonemptiness of S/{". To this end, let (,02r : WO1 ’"(Q) — R be
the C'-functional defined by

1 1
o (u) = ;pa(Du) + c—lllDuHZ —/ MF(z,u™)dz forallu e WO‘*”(Q).
Q

Hypotheses H; imply that

F(z,x) <cs5(x|" + |x|") fora.a. z € Q, all x € R, some c5 > 0. (6)

Then foru € W&’U(Q) with |ju|] < 1, we have

v

1
@0 2 —py(Du) = hes(lull; + ul;)(see (6) and recall g < p)

v

1
—lull? —Aes(lul|*+|lu”) for some cg > O(see Propositions 2.2 and 2.3).
p

(N

Letd e (o, ﬁ) and consider 2 € (0, 1) and 1 € W_"(Q) with lu]| = 2% < 1.
From (7), we have

1
o () = (; o G A1+(’P)9>> 2P, ®)

From the choice of 6, we have 1 —0(p — ) > 0. Also 1 +6(r — p) > 1. Hence
y() = Almp=00 L3 14+0=p)0 5 0as A — 0F. So we can find A* € (0, 1) such that
cey (M) < % for all A € (0, A*). From (8), we have

1
o) > <— — cﬁy(,\)> A7 > 0 forall lul| = A7, all A € (0, 1%).
p
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Let By = {u € Wy (Q) : [lul < A%). The reflexivity of W,"() and the
Eberlein-Smulian theorem imply that B, is sequentially weakly compact. Also gozr (-)is
sequentially weakly lower-semicontinuous. So, by the Weierestrass-Tonelli theorem,
we can find u;, € By, such that

o ) =inf {@f (W) :u € B,}. )
Letu € Cé(S_Z)+, u # 0 and choose ¢ € (0, 1) small so that
0<tu(z) <é§ forallzeQ,

where § > 0 is as postulated by hypothesis Hj(ii). We have

Aottt
T

14
(pf(tu) < —pp(Du) — llull% (since g < p,t € (0, 1) and see H; (ii)).
q

Since T < ¢, chooseing ¢t € (0, 1) even smaller if necessary, we have

gz);'(tu) < 0,
=0 () < 0= g (0)(see (9)),
=u; #0.

From (9), we have

(@) ), h) =0 forall h € Wy (),

:>(V(ux),h)=/ Af(z,ui)hdz forallh e Wol’”(Q).
Q

Leth = —u; € W, (). We obtain

py(Duy) =0,
=u; >0, u; # 0 (see Proposition 2.2) .

So,u; € W(; T(Q)N L (L) is a positive solution of (P; ) and we infer that S/{F % @ for
Ae 0, 1).Ifue S, thenu € Wol’"(Q) N L%°(2). Let p = ||u||co. On account of

hypothesis Hj (ii), we can find ﬁp > O such that f(z, x)+ 1':",0)617’1 > (Ofora.a.z € Q.
Hence

— A%u— Agu+ Fou?™' >0 inQ,
=0 < u(see Papageorgiou-Vetro-Vetro [23, Proposition2.4]).
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For the negative solutions, we work with the C !_functional
1 1
@, (u) = ;pa(Du) + c—1||Du||Z — / MF(z,—u")dz forallu € WOI’U(Q).
Q

Reasoning as above we show that S, # # for all A € (0, A*)(by taking A* > 0
even smaller if necessary) and if v € S, , then 0 < —v. |

From Papageorgiou-Réadulescu-Repovs [20] (proof of Proposition 7), we have that
S; is downward directed (that is, if uy, u, € St there is u € S;r with u < uy,
u < uz), S, is upward directed (that is, if vy, v2 € S, , thereis v € S,” with v < v,
vy < v).

Using these properties of the solution sets, we can generate extremal constant sign
solutions, that is, we can prove that there is ”i € S;' such that u;i <uforallu € S;'
and there is v} € S, such that v < v} forallv € S, .

Proposition 4.2 if hypotheses Hy, H| hold and » € (0, \*), then problem (P;) has
extremal constant sign solutions

uj € S and viesS;.

Proof Theorem 5.109, p.308 of Hu-Papageorgiou [10] says that we can find a decreas-
ing sequence {uy}neN S S;f such that

inf S;° = inf u,.
neN
We have

(V(un), h) =/ Af(z up)hdz forallh € Wy'(Q), alln e N, (10)
Q

0<u, <u forallneN. (11)

In (10) we choose the test function h = u, € WOI’"(Q). Using (11) and hypothesis
H; (i), we obtain

pn(Duy) < Ac7 for some ¢; > 0, alln € N,

={uy}nen C Wé’"(SZ) is bounded (see Proposition 2.2). (12)
From Colasuonno-Squassina [2] (Section 3.2), for m € (%, oo), we have
1
lunlloo < Aesll fCoun()ls " for some cg > 0, alln € N. (13)

From (12), we see that at least for a subsequence, we have

Uy =2l in Wy'(Q), u, — uf in L"(Q)(see Proposition 2.3).  (14)
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In (10) weuse h = u,, — uj € WOI’U(Q), pass to the limit as n — oo and use (14). We
obtain

lim (V (up), uy — u;t) =0,
n—00

=u, — u} in W&’"(Q)(see Proposition 2.4). (15)
Suppose that uf = 0. From (13) and (15), we see that
lunlloc — 0.
Therefore we can find ng € N such that

0<u,(z) <6 foraa. .z e Q, alln > ng,

=coun(z)" 7' < f(z,un(z)) foraa. z e Q, all n > no(see hypothesis Hj (ii)).

(16)
Fix n > ng and consider the Caratheodary function k. (z, x) defined by
+yt—1 if x <
eI (17)
oty (2)° if u,(z) < x

We set K (z,x) = [ k4(z,5) ds and consider the C'-functional ¢;" : Wé’"(Q) —
R defined by

1 1
o () = ;pa(Du) + [—1||Du||3 —/ MK (z,u)dz forallu e Wg’”(sz).
Q

From (17), we see that (pz'(-) is coercive. Also, it is sequentially weakly lower semi-
continuous. So, we can find i, € W(} () such that

of i) =inf {g @) s ue Wy @] (18)
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Letv e CH(Q)4,v #0andt € (0, 1). We have

14 .
(pz'(tv) < ;pn(Dv) —/ AK (z,tv)dz(since g < p)
Q

14 Aottt
= —py(Dv) — 2 / vhdz
q T {tv=<v,}

ACo

—— | u,dz— Aczf ufl_l(tv — uy) dz(see (17))
T Ja {un <tv)

14 rcot’t
e R
q {tvfun}

T
1 reot”® Ac
= —py(Dv) — 2 / Vidz 4+ 22 vhdz
q T Q T J{u,<tv}
tqT Ac AC)
=[ py(DV) = “2 T + =2 vfdz} 0
q T T {u, <tv}

If by | - |y we denote the Lebesgue measure on RV, then |{u, < tv}|y — Oast — 0T
(recall that O < u,). So, for r € (0, 1) small, we have

@i (tv) <0,
= () < 0= g (0)(see (18)),
=u; # 0.

From (18), we have
(@) (@), h) =0 forall h € Wy (%),
=(V(u,), h) =/ My (z,up)hdz forall h € Wol’"(Q). (19)
Q
In (19) first we choose h = —u, € Wé’"(Q) and obtain

py(Dit; ) = O(see (17)),
=ii; >0, iy #0.

Next in (19) we use the test function h = (i), — u,)" € W(}’"(Q). We obtain

(V@@), (i, —u)™)

:/ Aczuzfl(lh —uy) " dz
Q

< / Mf(z, up) ity — uy) T dz since n > no(see (16))
Q
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= (V(up), (@8, — un) ™) (since u, € S,

=i, <u, (seeProposition (2.4)).
So, we have proved that
u, €10, u,l], u, #0. (20)
From (17, (19), (20)) and Proposition 3.1, we infer that u; = ;. We have
u; <u, forall n > no,

contradicting the assumption that #§ = 0 and so that u,, — 0 in L°°(2). Therefore
uj # 0. If in (10) we pass to the limit as n — oo and use (15), then

(V(ub), by = x/ f(z ul)hdz forallh e Wy (),
Q
=uj € S, uj =inf S;.

Similarly for S, which is upward directed and so we can find {v,}pen € S,
increasing such that sup S, = sup,,cy Un. O
5 Nodal Solutions
In this section, using the extremal constant sign solutions and the theory of critical
groups (see [21]), we will produce nodal solutions and determine their asymptotic
behavior as A — 07,

We introduce the energy functional for problem (P,), ¢ : W(;’U(Q) — R defined
by

1 1
o) = —pg(Du) + —||Du||3 —A/ F(z,u)dz forallu e WS’W(Q).
p q Q

Evidently ¢, € C!(W,"(Q)).

Proposition 5.1 If hypotheses Ho, Hy hold, » > 0 and 0 € K, is isolated, then
Ci(@n,0) =0 forall k € Ny.

Proof Hypotheses H;| imply that

o|x|t —c9lx|” < F(z,x) foraa.z € Q, all x € R, some cg > 0. 21

Ifu € Wy (2)\{0} and 7 € (0, 1), then

14
@100) = pu(Du) - cot”ul; = eat” ul recall g < p, see (21).
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Since T < g < r, we see that there exists r* € (0, 1) such that

o (tu) <0 forallz € (0, ).

Consider u € WS’”(Q) with 0 < |lu|| < 1 which satisfies also ¢, (1) = 0. We have

d
R (tu)|;=1 = (¢ (u), u)(by the chain rule)

= pn(Du) — )»/. flz,wudz
Q

- (1 - 3) pa(Du) + (1 - 3) | Dull}
p q

+ A/ [tF(z,u) — f(z,u)u] dz(since @, (u) = 0)
Q

(1=5) powr+ (1= ) 0
> (1= —)pa(Du)+ (1= —)|[Dulld
p q

+ )»/ [tF(z,u) — f(z,u)u] dz(see Hy(ii))
{lul>3s}

T
> <1 — —) py(Du) — Aeiollull”  for some cio > 0
q

(since ¢ < p, F > 0 and using H (1))

T

> (1 — —) lull? — Aciollu||” (recall ||u|| < 1 and see Proposition 2.2)
q

(22)

But p < r. So, from (22), we see that for p € (0, 1) small, we have

d
—gi(tw)| >0 forallu e Wy (Q) with 0 < [lull < p, @) =0. (23)

dt

t=1
Consider u € WO1 "1(2) as in (23). We will show that
op(tu) <0 forall r € [0, 1]. 24)
If (24) is not true, then we can find 7y € (0, 1) such that
@n(tou) > 0.
Recall that ¢, (1) = O(see (23)). So, we can define

f=min{t € (to, 11 : @p(tu) =0} > 1o > 0,
=, (tu) >0 forallt € [ty, f). (25)
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Let y = fu. Then
0 < llyl =flull < llul <p and @,(y) = @(fu) = 0.

Therefore from (23), we have

d
— . 2
Zo(ty)| >0 (26)

Also we have

0. (y) = (pk(fu) =0 < @y(tu) forallt € [1, f)(see (25))

R = — = m = .
dt% Y =1 dt(pA " t=f (—>i— t—1t

We compare (26) and (27) and we have a contradiction. So (24) is true.
Since by hypothesis 0 € K, is isolated, we can always choose p € (0, 1) small

so that Ky, N Bp = {0} (recall Bp = [u € Wol’"(Q) lu| < p]) We consider the
deformation

H(t,u) = (1 —tu forallz €[0,1], allu € ¢) N B,.
From (24), we see that this is a well-defined deformation of ¢ N B,. H shows shat
¢¥ N B, is contractible. Let u € B, with g (u) > 0. We will show that there exists
unique #(u) € (0, 1) such that
@ (t(w)u) = 0.
From the first part of the proof and Bolzano’s theorem, we know that such a #(u) €

(0, 1) exists. So, we have to show that it is unique. Arguing by contradiction, suppose
we can find 1 = t1(u) < tp = tp(u) < 1 such that

oy (tiu) = @, (hu) =0.
From (24), we have
@ (tthu) <0 forallt € [0, 1].

Hencef = % € (0, 1) is amaximizer of the function t — @, (tfou) on [0, 1]. It follows
that

d d
-2 . . 2
0 dtm(”zu) z:% T ). (tt u) _ (28)
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Since @; (fju) = 0and 0 < t1|ju|| < |lu]l < p, we see that (28) contradicts (26). This
proves the uniqueness of #(u) € (0, 1) such that ¢, (t(u)u) = 0. Then we have

pr(tu) <0 if0 <t <t(u)
opn(tu) >0 ifr(u) <t <1.

We introduce the map & : B'p\{O} — [0, 1] defined by

Eu) = 1 if u e B,\{0}, pa(u) <0

. _ 29)
t(u) ifu € By\{0}, gr(u) > 0.

We claim that £ (+) is continu(_)us. We need to show continuity on the interface of t[le two
branches. So, consider u € B,\{0} with ¢; (1) = 0 and a sequence {u, },eny S B, \{0}
such that

u, —> u, ¢)(uy) >0 forall n € N(see (29)).
Arguing by contradiction, suppose that

t(uy) <ty <1 foralln e N,
=@ (tuy) >0 forallt € (fy, 1], alln € N,
=@, (tu) >0 forall t € (fy, 1],
=, (tu) =0 forall € (fy, 1](see (24)),

d
=—o(tu)

= O’
dt

t=1

vyhich contradicts _(26). Therefore £(-) is continuous. Now consider the map &* :
B,\{0} — (¢ N B,)\{0} defined by

e = | if u € B,\{0}, @5 (u) <0
YT N ewu ifu e B0}, ) > 0.

The continuity of &(-) implies the continuity of £*(-). Also, we have

*

B0~ B0

=>(<p)? N l-_Bp)\{O} is a retract of Bp\{O}.
The set l_?p\{O} is contractible. A retract of a contractible space is contractible. There-

fore ((pg N Bp)\{O} is contractible. Earlier in the proof we showed that gog N I_Bp is
contractible. Then from Papageorgiou-Rddulescu-Repovs [21, p.469], we have

Hi(¢) N By, (90 N B)\{0}) =0 forall k € Ny,
=Cr(pr,0) =0 forall k € No.
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The proof is now complete. O

Let u, vy be the two extremal constant sign solutions of problem (P;) produced
in Proposition 4.2. We introduce the Caratheodary function g; (z, x) defined by

Af(z,v5(2)) ifx < vj(2)
gz, x) = yAf(z,x) if v} (z) <x <uj(2) 30)
Af(z,u3) ifuj <x.

Also we consider the positive and negative trucations of g, (z,:), namely the
Caratheodary functions

g5 (z,x) = g.(z, £x5). 31)

We set Gy(z,x) = [y 8.(z, 9)ds, Gz, x) = IS €5 (z, 5) ds and consider the C'-
functionals 03, 07" : WO1 "1(Q) > R defined by

1 1
01 () = ~pa(Du) + | Du —/ Gz u) dz,
)4 q Q

1 1
) = — pu(Du) + — 1 Dul] = fQ GE (2, u)dz

forall u € W, ().
Using (30), (31) and the extremality of u}, v}, we prove easily the following propo-
sition.

Proposition 5.2 If hypotheses Hy, Hy hold and A € (0, 1*), then Ky, C [v},u}] N
L>®(Q), KO; = {0, u}}, K(,; = {0, v}}.

From this proposition, we see that we may assume that K, is finite or otherwise we
already have an infinity of bounded nodal solutions and so we are done. From (30),
we see that

/ /
ol wrut1 = @iz utis
=Ky, N[v}, u}] is finite,
=0 € K, is isolated.

Proposition 5.3 If hypotheses Hy, Hy hold and ) € (0, 1*), then Cy (o, 0) = 0 for
allk € N().
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Proof we have

|03 (1) — @5.(w)]

5] |Gy (z,u) — AF(z,u)|dz
Q
=k/ |F(z,v3) + (u —v}) f(z,v;) — F(z,u)|dz
{u<vi}
—i—)»/ |F(z,uy) + (u—u3)f(z,uy) — F(z,u)|dz
{uy <u}
<i [ @RGw+2fG ) dz
{u<vy}
+ A/ (2F (z,u) + 2f (z, u})u) dz(from the sign condition)
{uy <u}

< ZA/ F(z,u)dz 4+ Aciy||lu] for some ¢y > 0
Q

< 2xcia[llull® + |lull"T1+ Acyy||ull for some cjp > O(see hypotheses Hy)

< Aciz||lu|| for some cj3 > 0 and for |ju]| < 1. (32)

Nextleth € Wg’n(Q). We have
o3 (u) — @3 (u), 1)
< /Q 182z, u) — A f(z, w)llh|dz

B /{ *}Mf(z’ vi) — [z, wllhldz +/

{u; <u

]Mf(z, u) — f(z, up)llhldz

< i / (Jul*! +|u|"")|h|dz+/ @™ + [u""Y)|h| dz | for some ¢4 > O
{u<vy} {uy <u)
(note that |v}| < |u| on {u < v}})

<ders [ (o bl

Q

Since h € W,"(Q) and W,"(Q) < L™(Q) and in L' (R) continuously(in fact
compactly, see Proposition 2.3), using Holder’s inequality, we have

oy (u) — @}w), )| < Acrs[llullE™ + llullL~"1)I2]| for some c1s5 > 0,

< Acigllul - ||| for some c16 > O (since |ju|| <1, 1 <7 < ).

Then

oy () — @ Wlls < Acrgllull. (33)
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From (32) and (33), we see that given € > 0, for § € (0, 1) small, we have
oy, — @allei (g, < € with Bs = {u € Wy"() : [lul| <3).

The functional oy (+) is coercive(see (30)). So, from Proposition 5.1.15 of [21, p.369],
we know that oy, (-) satisfies the C-condition. So, we can use the C ! -continuity property
of critical groups(see Gasinski-Papageorgiou [5], Theorem 5.129, p.836) and infer that

Ci (o1, 0) = Cr(¢y,0) forall k € Np,
=Cy(0y,0) =0 forall k € Ny (see Proposition 5.1).

This completes the proof. O

Now we are ready to produce a nodal solution y, and determine its asymptotic
behavior as A — 0.

Proposition 5.4 If hypotheses Hy, H| hold and A € (0, 1*), then problem (Py) has a
nodal solution y,, € Wol"’(Q)ﬂLOO(Q) and y, — Oin Wol‘n(Q)ﬂLOO(Q) ash — 0.

Proof From (30) and (31), it is clear that af () is coercive. Also it is sequentially
weakly lower semicontinuous. So, we can find i} € WOl "1(€2) such that

o (@}) = inflo () - u € Wy (). (34)

Letu € C(l) (), u # 0 and choose ¢ € (0, 1) small so that 0 < tu(z) < & for all
z € ©, with § > 0 as postulated in hypothesis Hj (ii). We have

i t? 14 g ot . : .
0, (tu) < —pa(Du) + —||Dullg — — u" dz(see hypothesis Hj (ii))

p q T J{ru<u}
t4 ot cot”®

< —py(Du) — 2— f W dz+ = / utdz
q T Q T {u} <tu}

4T () ()
= pp(Du) — —|lu||f + —/ utdz |t* (35)
q T T {uy <tu)

Note that [{u} < tu}|y — Oast — 0T (recall that 0 < u3). Then from (35), we see
that for ¢ € (0, 1) small, we have

o;7 (tu) < 0,
=0, (i1}) < 0 = 0,7 (0)(see (34))
=i #0.

From (34), we have i} € KU;. Then by Proposition 5.2, we have it} = uj. So, we
have

Cilo;, uf) = 80Z forall k € No. (36)
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Claim: Cy (0, u3) = CK(O‘;_, ujy) for all k € Ny. Note that g, (z, u}) = gzr(z, uy)
and G (z,u}) = Gf(z, u3) (see (30) and (31)). We have

o3 () — 057 ()| 5/QlGx(z,u)—Gk(z,uj)|dz+L|Gf(z,u§)—G;(z,u)ldz.

(37)
We estimate each term in the right hand side of (37). We have
/ |G.(z, u) — G.(z, ui)| dz
Q
< / (M@ =) f(z,v}) + F(z,vf) — F(z,u})|) dz
{u<vy}
—i—f MF(z,u) — F(z,u})|dz
{vi<u<uj}
+ / Mu —u3) f(z, u3)dz. (38)
(w5 <u}

Note that on {# < vy} we have

|(u — v3) f(z, v})]
< cy7lu —vj| for some ci¢ > 0 (see H; (1))
<cr7(lu —uil + Uy —v}))

< 2cy7|u — uf|(since ui — vi <u} —u on {u < vi}).

Since by hypothesis f(z, ) is an L®-locally Lipschitz integrand, on {u < v} we
have

|F(z,v}) — F(z,u})| < cig(ui —vj) forsome cjg >0

<cig(ui —u) (since — v} < —u)
Therefore we obtain
/ (M@ —v) f(z,v)) + F(z,v)) — F(z,u})l) dz
{u<v}}
< icpollu —ui|l for some cj9 > 0.

Also using once again the hypothesis that f(z, -) is an L°°-locally Lipschitz integrand,
we have

/ MF(z,u) — F(z,u})|dz < keaollu — u|| for some ¢p9 > 0.
(v} <u<u}}
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Finally we have
/ Mu —ul) f(z,ul)dz < rearllu — ui]| for some ¢z > 0.
{uf <u}
Returning to (38), we see that
/Q |G(z,u) — Gy(z, u})|dz < Aepllu — u} || for some ¢ > 0. (39)
In a similar fashion, we show that
/Q |G (z,uf) — G (z,u)|dz < hepsllu — uf|| for some co3 > 0. (40)
Returning to (37) and using (39) and (40), we obtain
|oy (u) — of(u)| < Aeasllu — ui|| for some cog4 > 0. “n

Now we perform a similar estimation for the derivatives. Let h € WO1 "1(€2). As before
we have

(o] (u) — (o;1) (u), )|

5/ng,\(z,u)—gx(z,uﬁ)llhldz+/9Igf(z,uﬁ)—gj{‘(z,u)llhldz (42)

We estimate the two terms in the right hand side of (42). We have

f |81 (2, u) — ga(z, up)llhl dz
Q
=/ A f(z, v;)—f(z,u§)||h|dz+/ Mfzou) = f(z,up)llhldz
{u<v}} {vf<u<u}}
< )»025/ lu — u}||h| dz(again we use that u} — v} < u} —u on {u < vi}).
Q

On account of hypotheses Hy, if s > 1 is close to 1, we have

w—uteL¥(Q) and he L) (Q).

Since (g)/ = p’is <q* = NN—_qq (recall that p > 2 and é < % + NLP see hypotheses

Hp). Therefore by Holder’s inequality, and Proposition 2.3, we have

/ |82z, u) — gz, ui)|Ih| dz < hesellu — ujl|l2]| for some cz6 > 0. (43)
Q
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Similarly, we show that
/ 6 G ud) — g7 (2wl dz < hemllu — wll[IR] forsome ¢y > 0. (44)
Q

Using (43) and (44) in (42) and taking supremum over i € W(}’”(Q), [[h]] < 1, we
obtain

lloy () = (o;7) ()l < Aeagllu — ul|l for some crg > 0. (45)
From (41) and (45), we infer that given € > 0, we can find § € (0, 1) small such that

+
llox — oy, ||c1(1§5(u{;)) =€

where B uy) = {u € Wé’”(Q) Slu—ufl < 8}. Then the C'-continunity property
of critical groups(see [5, p.836]) implies that

Ci(on, u}) = Ci(o,", ui) forall k € Ny.
This proves the claim. From the claim and (36), we have
Ci (o3, u}) = 8k,0Z forall k € Ny. (46)

Working with o, first we show as above that vj: is a global minimizer of o, (-) and
SO

Ci(oy s U;j) = 8k0Z forall k € Np.
Reasoning as in the claim, we show that

Ci(on, vy) = Cr(o, ,vy) forall k € Ny
= C(03, vF) = 8¢.0Z forall k  No. 47)

From Proposition 5.3, we know that
Ci(03,0) =0 forall k € Np. (48)
The function o0, () is coercive and so from Proposition 6.2.24 of [21, p.491], we have
Ci (o3, 00) = ék,0Z forall k € Np. 49)

Suppose Ky, = {0, u}, vi}. Then from (46), (47), (48), (49) and the Morse relation
with 7 = —I(see (1)), we have 2(—1)° = (=1)9, a contradiction. So, there exists
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V. € Ko, C [vF, ui] N L (2)(see Proposition 5.2), y; ¢ {0, u}, vi}. On account of
the extremality of u}, v}, this solution is nodal. We have

(V(yk),h)zf Af(z, y)hdz forall h € Wy "(Q).
Q

Choosing h =y, € Wol’n(Q), we obtain

Pp(Dyy) < Acyg  for some c29 > 0, (50)
=y, — 0 in Wy"(Q) as 1 — 0. (51)

Evidently {u}}1c(0,1] is decreasing and {v}},e(o,1] is increasing as A — 0. Also,

using the Moser iteration technique as in Guedda-Véron [8](see also [2]), for m > %,
we have
Ll
[yilloo < Aczoll f G, ya()llm for some c3p > 0, all & € (0, 1],
=y, — 0 inL®(Q)asr — 0.
Recall that WOI’"(Q) N L°°(2) is a Banach space with norm | - | = max{] - ||, || - llec}-
Therefore we conclude that
ya— 0 in W) NL¥(Q) as i — 0.

The proof is now complete. O

Summarizing our findings, we can state the following multiplicity theorem for
problem (Py).

Theorem 5.5 If hypotheses Ho, H| hold, then for all . > O small problem (P,) has at
least three nontrivial solutions u;, v, y) € Wé’”(Q) N L% () such that

0 < up, 0 < —wy, yr €[vx, u,] is nodal

and y, — 0in Wy"'(R) N L®(Q) as A — 0OF.

Remark 5.6 In this multiplicity theorem we provide sign information for all the solu-
tions produced and the solutions are ordered.
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