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In this paper we are concerned with qualitative properties of entire solutions to a
Schrédinger equation with sublinear nonlinearity and sign-changing potentials. Our
analysis considers three distinct cases and we establish sufficient conditions for the
existence of infinitely many solutions.

1. Historical perspective of the Schrodinger equation

The Schrodinger equation plays the role of Newton’s laws and conservation of energy
in classical mechanics, that is, it predicts the future behaviour of a dynamic system.
The linear Schrodinger equation is a central tool of quantum mechanics, which pro-
vides a thorough description of a particle in a non-relativistic setting. Schrodinger’s
linear equation is

812m

Ay + T(E = V(x))y =0,

where 1) is the Schrodinger wave function, m is the mass, A denotes Planck’s con-
stant, E is the energy and V stands for the potential energy.

The structure of the nonlinear Schrédinger equation is much more complicated.
This equation is a prototypical dispersive nonlinear partial differential equation
that has been central for almost four decades to a variety of areas in mathematical
physics. The relevant fields of application vary from Bose—FEinstein condensates
and nonlinear optics (see [15]), propagation of the electric field in optical fibres
(see [26,32]) to the self-focusing and collapse of Langmuir waves in plasma physics
(see [43]) and the behaviour of deep water waves and freak waves (so-called rogue
waves) in the ocean (see [34]). The nonlinear Schrodinger equation also describes
various phenomena arising in the theory of Heisenberg ferromagnets and magnons,
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the self-channelling of a high-power ultra-short laser in matter, condensed matter
theory, dissipative quantum mechanics, electromagnetic fields (see [5]) and plasma
physics (for example, the Kurihara superfluid film equation). We refer to Ablowitz
et al. [1] and Sulem [36] for a modern overview, including applications.

Schrédinger also established the classical derivation of his equation based upon
the analogy between mechanics and optics and closer to de Broglie’s ideas. He
developed a perturbation method, inspired by the work of Lord Rayleigh in acous-
tics, proved the equivalence between his wave mechanics and Heisenberg’s matrix
mechanics and introduced the time-dependent Schréodinger equation

2
i =~ AG+ V(@ -l mBY (N22), (L)

where p < 2N/(N —2) if N > 3 and p < +o0 if N = 2. In physical problems a
cubic nonlinearity corresponding to p = 3 is common; in this case (1.1) is called
the Gross—Pitaevskii equation. In the study of (1.1), Floer and Weinstein [24] and
Oh [33] supposed that the potential V' is bounded and possesses a non-degenerate
critical point at x = 0. More precisely, it is assumed that V belongs to the class
(V) (for some real number a) introduced by Kato [29]. Taking v > 0 and & > 0
sufficiently small and using a Lyapunov—Schmidt type reduction, Oh [33] proved
the existence of standing wave solutions of (1.1), that is, a solution of the form

Y(x,t) = e B Py (x). (1.2)

Using the ansatz (1.2), we reduce the nonlinear Schrodinger equation (1.1) to the
semilinear elliptic equation

2

h
2mAu—|— (V(z) = E)u = |ulP™ u.

The change of variable y = A~ 'z (and replacing y by z) yields
—Au+2m(Vi(z) — B)u = [ulP'u  in RY, (1.3)

where V3 (z) = V (hiz).
If, for some £ € RN\ {0}, V(z + s§) = V(z) for all s € R, then (1.1) is invariant
under the Galilean transformation

P(a,t) = (a — 1) exp(i& - o/h — i€t /R)y(x — &t ).

Thus, in this case, standing waves reproduce solitary waves travelling in the direc-
tion of £. In other words, Schrédinger discovered that the standing waves are scalar
waves rather than vector electromagnetic waves. This is an important difference:
vector electromagnetic waves are mathematical waves that describe a direction (vec-
tor) of force, whereas the wave motions of space are scalar waves, which are simply
described by their wave amplitude. The importance of this discovery was pointed
out by Einstein [23], who wrote:

The Schrodinger method, which has in a certain sense the character of
a field theory, does indeed deduce the existence of only discrete states,
in surprising agreement with empirical facts. It does so on the basis of
differential equations applying a kind of resonance argument.
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In a celebrated paper, Rabinowitz [35] proved that (1.3) has a ground-state
solution (mountain pass solution) for A > 0 small, under the assumption that
inf,cpnv V() > E. After making a standing wave ansatz, Rabinowitz reduced the
problem to that of studying the semilinear elliptic equation

~Au+V(x)u= f(z,u) inRY (1.4)

under suitable conditions on V' and assuming that f is smooth, superlinear and has
a subcritical growth.

2. Introduction and main results

In the present paper we are concerned with the existence of infinitely many solutions
of the semilinear Schrodinger equation

—Au+V(2)u = a(x)g(u) xRN (N >3), (2.1)

where V' and a are functions changing sign and the nonlinearity g has a sublinear
growth. Such problems in RY arise naturally in various branches of physics and
present challenging mathematical difficulties.

If (2.1) is considered in a bounded domain {2, with the Dirichlet boundary con-
dition, then there is a large literature on existence and a multiplicity of solutions
(see [4,14,27,28,37,38,41]). In particular, Kajikiya [27] has considered such sublin-
ear cases with sign-changing nonlinearity and has proved the existence of infinitely
many solutions.

If 2 is an unbounded domain, and especially if 2 = RY, then the existence
and multiplicity of non-trivial solutions for (2.1) have been extensively investigated
in the literature over the past several decades, both for sublinear and superlinear
nonlinearities.

In the superlinear case, we can cite [2,3,6,8,17,19,21,22,25,35,42]. In particular,
Costa and Tehrani [17] have considered the problem

—Au — M(z)u = a(x)g(u), u >0, in RY, (2.2)

where A > 0, h is a positive function, a changes the sign in RV, N > 3, and g is
a superlinear function. With further assumptions on h, a and g, they proved the
existence of A1 (h) > 0 such that (2.2) admits one positive solution for 0 < A < Ay (h)
and two positive solutions for Aj(h) < A < A;(h) + € for some € > 0.

In recent years, many authors have studied the question of existence and multi-
plicity of solutions for (2.1) with sublinear nonlinearity (see [7,10-12,16,18,30,39]).
In most of the problems studied in these papers, V' and a are considered to be pos-
itive. In particular, Brezis and Kamin [12] gave a sufficient and necessary condition
for the existence of bounded positive solutions of (2.1) with V' =0 and a > 0.

Balabane et al. [7] proved that for each integer k, (2.1) has a radially compactly
supported solution that has k zeros in its support provided that V =a = —1 and
g(u) = |u|~2%u, where 6 € 0, 5.

Zhang and Wang [44] proved the existence of infinitely many solutions for (2.1)
with g(u) = |u|P~tu, 0 < p < 1, and the potentials V' > 0, a > 0 satisfy the
following assumptions:
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(S1) V € C(RM,R) and there exists r > 0 such that
m{x € B(y,r); V(r) < M} —0as |y| = 400 VM >0,
where m is the Lebesgue measure in RY;
(S2) a: RN — R is a continuous function and a € L¥(=P)(RN), 0 < p < 1.

If V and a both change sign on RY, various difficulties arise. To the authors’ know-
ledge, few results are known in this case. On this subject, Costa and Tehrani [18]
have proved the existence of at least one non-trivial solution for the equation

—Au+V(x)u = I+ g(z,u)
under the following conditions:

(VCy) Ve CARN) (0<pB<1)and lim V(x)=0;

|z|—+o00
(VCy) / (IVe|* + V(2)p?) dz < 0 for some ¢ € C3(RY);
RN

(GCq) |g(z,s)| < bi(x)]s|® + ba(z) for some 0 < o < 1 and a class of integrable
functions by and bo;

(GCz) X <0 is an eigenvalue of the Schrodinger operator Ly = —A + V() in RY.
1

1m T %a
lluoll—+oo, luo]
uoEKer(—A+V —X)

(GC2) G(z,up(z)) de = +oo.

RN

Tehrani [39] studied the perturbed equation
—Au+V(z)u =a(x)g(u) + f, (2.3)

where a and V change sign on RV, f € L?(RY) and g is a sublinear function.
With further assumptions on a, V', f and g, he proved the existence of at least one
non-trivial solution.

Costa and Chabrowski [16] considered the p-Laplacian equation

—Apu — AV (2)|[uP~2u = a(z)|u|?%u, xRV, (2.4)

where A € R is a parameter, 1 < ¢ < p < p* = Np/(N —p), V. € LN/P(RN)n
L>®(RY), a € L>=(R"Y) and lim| 4| oo a(2) = aoe < 0. With further assumptions
on a and V, they proved the existence of A\; > 0 and A_; < 0 such that (2.4)
admits at least one positive solution for A_; < A < A; and two positive solutions
for A > Ay and A < A_q.

Benrhouma [9] proved the existence of at least three solutions for (2.3) with
g(u) = |ulPsgn(u), 0 < p < 1, V changing sign and a < 0.

In all works cited above, where a and V change sign the authors proved the
existence of at most three solutions. In this paper, we prove the existence of infinitely
many solutions of (2.1) with ¢ and V changing sign, under various assumptions on
these potential functions.
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Denote by s the best Sobolev constant,
s = inf {||Vu||§, u e WH(RY), / Ju(z) 2N/ N =2 dg = 1}7 N > 3.
RN

We suppose the following hypotheses on g:
(G1) g € C(R,R), g is odd and there exist ¢ > 0, ¢ € |0, 1] such that
lg(z)] < c|z|? for all z € R;
. G(z)
(G2) ih_r}% W

(G3) @ is positive on R\ {0}.

= 400, where G(z) = / g(t)dt Va eR;
0

We give three theorems on the existence of infinitely many solutions to the non-
linear problem (2.1).

THEOREM 2.1. Assume that g(x) = |z|9 'z, 0 < g < 1, and that V satisfies:
(V1) V e L®(RN), limyy 400 V(%) = v > 0 and
V7 lIny2 < s,
where uT (z) = max{Fu(z),0} for all v € RN and for all u € E.
Assume also that a satisfies:

(A1) a € L®(RY), limy 400 a(2) = ase < 0 and there exist y = (y1,...,yn) €
RN, Ry > 0 such that

a(x) >0 for all x € B(y, Ry).

Then (2.1) possesses a sequence of non-trivial solutions converging to 0.

In the next two theorems we change the assumption of boundedness of a by
the integrability condition. The last assumption was supported to make the energy
functional associated with (2.1) well defined and to guarantee that the functional
F(u) = [pn a(x)G(u(x)) dz has a compact gradient. This compactness property in
turn was used to prove the required Palais—Smale condition, which is essential in the
application of the critical point theory. We then have the following two multiplicity
properties.

THEOREM 2.2. Suppose that g satisfies (G1)-(Gs) and the potentials V and a sat-
1sfy the following hypotheses:

(Vo) Ve LN/2(RN) and
IV vz < s

(Ay) a e L¥/@—(+D)(RN) and there exist y € RN and Ry > 0 such that
a(z) >0 Vze B(y, Ro).

Then (2.1) possesses a bounded sequence of non-trivial solutions.
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THEOREM 2.3. Assume that g satisfies (G1)—(Gs), V satisfies (V1) and a satisfies:

(A3) a € LO=9D(RN) and there exist y = (y1,...,yn) € RY and Ry > 0 such
that
a(z) >0 Vz e B(y,Ro).

Then (2.1) possesses a bounded sequence of non-trivial solutions.

This paper is organized as follows. In §2 we give some notation, we present the
variational framework and we recall some definitions and standard results. Then
§8 3-5 are dedicated to the proof of theorems 2.1, 2.2 and 2.3.

3. Notation and preliminary results

In this section we present some notation and preliminaries that will be useful in
the following. We make the following definitions:

1/m
o ||lullm = </ |u(x)|mdx> , 1<m < oo
RN

2N
TN-=-2

° 2% if N >3 and 2" =400 ifn e {1,2}
e Bp denotes the ball centred at the origin of radius R > 0 in RY and Bg =
RN\BR;

e F’(u) is the Fréchet derivative of F at u.

Let F1, F> be Banach spaces and let T': F} — F5. T is said to be a sequentially com-
pact operator if, given any bounded sequence (z,) in F1, (T(x,)) has a convergent
subsequence in F5.

Let E = HYRY) N LIt (RY) (0 < ¢ < 1) be the reflexive Banach space endowed
with the norm

[ull = [[Vullz + [[ullg1-

Let X = DY2(RN) = {u € L¥ (RY); Vu € (L*(RV))N}, endowed with the norm

i = ([ 1vuepa)”

be a Hilbert space. Moreover, the embedding X C L?" (RY) is continuous, which
implies that

S = inf{/ |Vu(z)|* do; v € X, / lu(z))?” de = 1} > 0.
RN RN

We refer the reader to [40, pp. 8 and 9] for more details.
Let

Y = {u € HY(RV); VH(2)u?(z)dz < +oo},

RN
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under the hypotheses V € L>(RY) and esslim,_, o, V(z) > 0. We endow Y with
the inner product

(u,v) = VuVov + VT (z)uvdz
RN RN
and the associated norm || - ||y, which is equivalent to the usual norm
[ull = [IVull2 + [lullz.

Consider the functionals

I(w) = /R (VulP @) + V(@) (@) da - / a(2)G(u(x)) dz,

RN
o=y [ Vart@dr— [ a@Gu)ds,
b(w) = - [ V@) dr - /R a(#)G(u(x)) d.

Under suitable assumptions on a, G and V (to be fixed later), I, ¢ and 1) are well
defined and of class C* on X, Y or E. A critical point of I is a weak solution
of (2.1).

Next, let us recall that a Palais—Smale (PS) sequence for the functional I is a
sequence (u,) such that

I(uy,) is bounded and || I’ (uy)| — O.

The functional [ is said to satisfy the PS condition if any PS sequence possesses a
convergent subsequence.

A first main difficulty that appears in the study of (2.1) is the loss of compactness.
In order to overcome this difficulty, we use the Lions compactness principle [31].
A second main difficulty is to satisfy the geometric conditions required by the
Ambrosetti-Rabinowitz theorem [4]. We use a geometrical construction of subsets
to overcome this difficulty. Let us give a definition and recall the mountain pass
theorem of Ambrosetti and Rabinowitz.

DEFINITION 3.1. Let E be a Banach space. A subset A of F is said to be symmetric
if u € E implies —u € E. For a closed symmetric set A that does not contain the
origin, we define the genus v(A) of A by the smallest integer k such that there
exists an odd continuous mapping from A to R*\{0}. If there does not exist such
a k, we define v(A) = +oo. We set (@) = 0. Let I}, denote the family of closed
symmetric subsets A of E such that 0 ¢ A and v(A) > k.

THEOREM 3.2 (Ambrosetti and Rabinowitz [4]). Let E be an infinite-dimensional
Banach space and let I € C1(E,R) satisfy the following conditions.

(1) I is even, bounded from below, I(0) =0 and I satisfies the PS condition.
(2) For each k € N there exists Ay, € I, such that

sup I(u) < 0.
uEAr
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Under assumptions (1) and (2) we define ci by

¢, = inf supl
" AEF’cueg ()

Then each ¢y, is a critical value of I, ¢ < cgy1 < 0 for k € N and (cg) converges
to zero. Moreover, if ¢y = cpy1 = -+ = Chtp = ¢, then y(K.) = p+ 1. The critical
set K. is defined by

K.={ueFE; I'(u) =0,1(u) = c}.

4. Proof of theorem 2.1

In this section we consider the case in which a is bounded and we define I on the
function space E = HY(RY) N LIt (RY).

LEMMA 4.1. Assume that (A1) and (Vi) hold. Then any PS sequence of I is
bounded in E.

Proof. By standard arguments, I is well defined and of class C! on E.
Let (u,) be a PS sequence of I. There then exists a > 0 such that I(u,) < a.
Applying Holder’s inequality and conditions (A1) and (V1), we have

1 1
a>I(u,) = 7/ (|IVun*(2) + V(2)un(2)?) doe — —— a(x)|up ()1 da
2 RN qg+1 RN
1 , .1 B ,
> - |V (z)]*de — = V7 (x)up(z)” de
2 RN 2 RN
1 + q+1 1 - +1
R n d + — " q d
[ @@t [ @l
1 V" llvy2
> 5 [P de - E 2 v,
RN
1
T3 fon at(2)|u, | (z) d. (4.1)

By (Ay), there exists R > 0 such that

X <0 Vjzg|>R and o € L™RY) V1< m < +oo.
(4.2)

ol < a(2) < %=

Combining (4.1) and (4.2), we infer that

N2 | g — stmo2

1
a > I(un) > 5| Va3 2 /(20— (q+1)) | V|5 "

( V- |N/2)IIV D2 = s D2t

and hence there exists § > 0 such that

*/(2*—(g+1)) ||Vun\|q+17

V|l < 8 ¥n e N. (4.3)
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On the other hand, there exists ¢ > 0 such that

M 71<I/(Un)aun> + 1(un)

e+
[ a7 z) da

/ = (2)|un |4 dz
(gt

[ @@+ xmpelun az

[ @)+ xma) ! o
(ot ) o

_ g(-a 1)/2<q+1 - 2) la® + xBall2- /2r—(g+1)) [ Vun |

Thus, there is a constant ¢ > 0 such that

2+ j(2+— (g I VuaI57).

[ Junlt de < e unlla + unlasa + la* + x
R

Relation (4.3) yields
unllS5] < ¢+ cllunllgrr  for all m € N. (4.4)
Combining (4.3) and (4.4), we get
lun|| e VneN.

The proof is complete. O

We need the following lemma to prove that the PS condition is satisfied for I
on FE.

LEMMA 4.2. There exists a constant ¢ > 0 such that for all real numbers x, y,
[l +y[ T — | — |y T < clz|?]yl. (4.5)

Proof. If x = 0, the inequality (4.5) is trivial.
Suppose that 2 # 0. We consider the continuous function f defined on R\{0} by

B |]_ +t|Q+1 _ ‘t|q+1 -1
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Then limyy— 4 o0 f(t) = 0 and lim; 0+ f(t) = £(¢+1). Thus, there exists a constant
¢ > 0 such that |f(¢)| < ¢ for all ¢ € R\{0}. In particular, |f(y/z)| < ¢, so

q+1 q+1
Hmf _|¥ _1]<cy.
X X X
Multiplying by |z]|?!, we obtain the desired result. O

LEMMA 4.3. Assume (A1) and (V1) hold. Then I satisfies the PS condition on E.

Proof. Let (uy,) be a PS sequence. By lemma 4.1, (u,,) is bounded in E. There then
exists a subsequence u,, — w in E, u, — u in LfOC(RN) for all 1 < p < 2* and
U, — u almost everywhere (a.e.) in RY.

Fix ¢ € D(RY). By the weak convergence of (u,) to u, we obtain

- Vu,Vo(x) + V(z)upp(z)de — o VuVp + V(z)up(z) de. (4.6)

By compactness Sobolev embedding, u,, — u in LT (supp(y)), and hence there
exists a function h € LT (RY) such that

a(x)|un | unp = a(z)|u|?up  a.e. in RN

and
la| [un|? @] < |lalloc|h| @] in RY.

Using the Lebesgue dominated convergence theorem, we deduce that

/ a(x)|un | upp(z) doe — a(x)|u|? up(x) dz. (4.7)
RN RN

Combining (4.6) and (4.7), we obtain
0= lim (I'(un), @) = (I'(u),p) Ve e DRY).

n—+oo

Then,
(I'(u),u) = 0. (4.8)

Since u, — w in E, we have |Ju|| < liminf, oo [|tn|| = im0 [|un]. We distin-
guish two cases.

CASE 1 (compactness). |lu|| = limy,— 4o ||tn]], sO

timsup 1 < [l + [Vl — g [V o

Since
[Velle < lminf [ Funlle, follga < T nf s,

we obtain

||qu+1 < Egﬂg ||un||q+1 < I;Eilig ||un||q+1 < ||U||q+17
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and thus

Up = u  ae. in RY,
lunllgta = llullgsr-
By the Brezis-Lied lemma [13], we infer that
Up —u in LTTHRY). (4.9)

Therefore, ||Vuy,||2 — [[Vull2. On the other hand,

/ |Vun—Vu|2dm:/ |Vun|2dx+/ \Vu\zdx—Q/ Vu,Vudz,
RN RN RN RN

and hence

Vu,Vudz — |Vul|? dz.
RN RN

Therefore,
|Vu, — Vu|2 — 0. (4.10)

Combining (4.9) and (4.10), we deduce that u,, — v in E and the PS condition for
I is satisfied.

CASE 2 (dichotomy). ||ul| < limy,— 4o ||un]|. We prove that this case cannot occur.
Set v, = u, — u.

STEP 1 (There exists (y,) C RN such that v, (- +yn) = v # 0 in E). If not, for all
(yn) CRY, (- +yn) = 0 in E. Then

VR>0 sup / [0, |7 (2) dz — 0.
yeRN JB(y,R)

By [31, lemma I.1, p. 231],
v, = 0in LP(RY) Vg+1<p<2~. (4.11)
On the other hand,
<I/(un)v“n>
= / (|Vun)? + V(2)u?) dz — / a(x)|u, |7 dz
RN RN
= / (Vo> + V(z)v?) dz +/ |Vu|? do +/ (V(z)u® 4 2Vv, Vu) dz
RN RN RN
—I—/ 2V(x)vnudx—/ a(x)(Ju, |77t — |u\q+1)dx—/ a(x)|u|T de.
RN RN RN
(4.12)

By (4.5) in lemma 4.2, we obtain

|a(@)| Jun| T = [u|™ = Jva || = |a(@)| [[on + ul™ = JulT — o,

< cla(@)] |u]Tvp,.
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Since v,, — 0 in E, we deduce that
li AT = Ju|it) de = i |9 (z) da. 4.13
Jim [ a@) " =l de = G e, @ e, (413)

Using Holder’s inequality in combination with (4.2) and (4.11), we obtain
/RN (@™ (@) + X8 (2))Jvn| T do < Jla* + X5pllzy =) 0nllFE g0, py = 0~ (414)

Passing to the limit in (4.12) and using (4.2), (4.11), (4.13) and (4.14), we obtain

(IVonl* = a(@)]v,|*) do
/. )

n——+oo n——+oo

0= Tim (I'(un),un) = (I'(u),u) + lim (
(

= (I'(u),u) + lim IVon|? + (e (x) + XBR)|vn|q+1>

WV

li n2 i i o0 1 nq+1 d
dm IRN(IWI +min(; — aco, 1[va|"") dx

lim min(l,min(%—aoo,l))/ (‘an|2—|-|vn\q+1)dx.
RN

WV

n—+oo
Then v, — 0 in E, which yields a contradiction.

STEP 2. (y») is not bounded. Indeed, suppose that (y,,) is bounded and there exists
a subsequence of (y,), also denoted by (y,), such that y, — yo. Then, for all
¢ € D(RY),

0= lim o — yp)vpdz = lim o(x)vn (2 + yn) de = / w(x)v(z) d.

n—-+oo RN n——+oo RN RN
Hence, v = 0 a.e. in R, a contradiction.
STEP 3. We show that v is a solution of the following problem:

— AU+ Voot = aoo|u|9 u  in RY,
ol (P)

uc k.
We first prove that (Ps) admits only the trivial solution. Thus, since v solves (Px),
we will obtain a contradiction.

Since (yy) is not bounded, u,(- + y,) — v is in E. In fact, u(- +yn) = ¢ € E,
and hence

0= lim u(x + yn)p(x)dz = . Y(z)p(z)dz Ve € DRY).

n—-+4oo RN

It follows that ) = 0 a.e. Therefore,
Un(-+Yn) = v in E. (4.15)
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Let ¢ € D(RY). We have
(T =) = [ (Voo = 3n) + Vi)unpla = yn) da
- [ a@ )l (o = ) da
RN
— [ Vuale 4 5)V@) + V( + g (e + y)ele) da

RN
= [l gl e g+ )pla) do
RN
Relation (4.15) yields
Vo (z + yn)Ve(z) dz — Vo(z)Ve(zr)de. (4.16)

RN RN
Since (uy (- + yn)) is bounded in E, uy, (- + y,) = v in L (RY) for all 1 < p < 2*
(up to a subsequence), u,(z + y,) — v a.e. in RV and there exists K € LP(RY)
such that ¢|u, (- + y,)| < |K| in RY, 1 < p < 2*. Then, by (V1), we obtain

V(2 + Yn)un (2 + Yn)p — voovp  ace. in RY,
V(@ + yn)un(z +yn) ol <V [ocl Kl € LHRY).

Applying Lebesgue’s dominated convergence theorem, we deduce that

V(z 4 yn)un(z + yp)p(z) dz — voo/ v(x)e(x) de. (4.17)

RN RN

From hypothesis (A1), we find
a(x 4 yn) [t (2 4+ Yn) |7 un (@ + yn)p = aoo|v]9 v ae. in RY,
la(z 4+ yn)| [un (2 + yn)|? @] < llallcol K|%e] € L'(RY).

Next, by Lebesgue’s dominated convergence theorem, we obtain

lim a(x+yn)|un|q_1(a:+yn)un(a:+yn)da::aoo/ lo|7 Yo (x) dz. (4.18)
N

n—+00 JpN R
Combining (4.16)—(4.18), we deduce that for all ¢ € D(RY),

0= lim (I'(un), (- —yn))

n—-+oo
= / (Vu(x)Vo(z) + veovy) do — aoo/ [v|7 top(x) da.
RN RN

Thus, v is a weak solution of (Ps), and hence v = 0, which yields a contradiction.
From steps 1, 2, and 3, we conclude that the dichotomy does not occur. The proof
is complete. O

LEMMA 4.4. Assume that (A1) and (V1) are fulfilled. Then, for each k € N, there
exists Ay, € I'y such that sup,¢c 4, I(u) <0.
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Proof. We use some ideas developed in [27].
Let Ry and yo be fixed by assumption (A;) and consider the cube

D(Ro):{(l'l,...,{EN) ERNI |£C2—y1| < Ry, 1<Z<N}

Fix k € N arbitrarily. Let n € N be the smallest integer such that n’¥ > k. We divide
D(Ryp) equally into n" small cubes (denote them by D; with 1 < i < n'V) with
planes parallel to each face of D(Ry). The edge of D; has the length of a = Ry/n.
We construct new cubes F; in D; such that E; has the same centre as that of D;.
The faces of E; and D; are parallel and the edge of E; has the length %a. Thus, we
can construct a function ;, 1 < i < k, such that

sup(¢) C Di,  supp(¢) Nsupp(v;) =0 (i # j),
Yi(x)=1 forx € E;, 0<¢i(r) <1 Vo eRN.

We define
Sh=1 = {(tl,...7tk) e R max [t = 1} (4.19)
Wy, = {sz (t1,...,ty) € Skl} C E. (4.20)

Since the mapping (t1,...,tx) — Zi:l tip; from S*~! to Wy is odd and homeo-
morphic, we have v(W3) = v(S*~1) = k. But W, is compact in F, and thus there
is a constant ay, > 0 such that

|ul|* < ap  for all u € Wy.

We recall the inequality
lullz < el Vulglullgyy < cllul (4.21)

with r = 2*(¢ — 1)/2(2* — ¢ — 1). Then there is a constant ¢; > 0 such that

ul|2 < ¢ for all u € Wy.

Let z >0 and u = Ele tii(x) € Wy. We have

2 1%
I(zu) < %ak + 22 “ HOO Cg+1 Z/ )|zt T da. (4.22)

By (4.19), there exists j € [1, k| such that |[¢t;| =1 and |¢;| < 1 for ¢ # j. Then

Z/ @)|atip| T do = / a(x)|zt |7 dx+/ a(x)|ztj1p; ()| " do

E; Dj\E;
+)° / )|zt T da. (4.23)
i#£j
Since 9;(z) =1 for € E; and |t;| = 1, we have
/ a(z)|zt; |7 do = |z|q+1/ a(z) dz. (4.24)
Ej Ej
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On the other hand, by (A4),
/ o) 25055 da + Z/ )| 2t da > 0. (4.25)
Di\E; ]
Relations (4.22)—(4.25) yield
I Vs a+l
() o WVl |Z‘2 inf (/ a(x)dx). (4.26)
E;

22 2 2 22 1<igk

By (4.26), we conclude that

I(zu
lim sup (zu)
z—0 ueWy z

= —OQ.

We fix z small enough such that
sup{I(u),u € Ax} <0, where A = zW}, € I}.
This concludes the proof. O
LEMMA 4.5. Assume that (A1) and (V1) hold. Then I is bounded from below.
Proof. By (A1), we obtain

at € LP(RY) forall 1 < p < +oo. (4.27)
Then
1/ (Vul? + V(z)2)de — —— [ a(@)|ult™ dz
2 q + 1 RN
1 / |Vu|2 V7 (z )u2) dx — L cz'%(a:)|u|‘14rl dz
2 q + 1 RN
1 HN/2 2 ||a+H2*/(2* q-1) +1
> (5 - Bl wug - 12 g g,
In view of (V1), we conclude the proof. O

Proof of theorem 2.1 concluded. We have I(0) = 0 and I is even. Combining lem-
mas 4.3, 4.4 and 4.5, we deduce that theorem 3.2(1) and (2) are satisfied. Thus,
there exists a sequence (u,) C E such that I(u,) < 0, I'(u,) = 0 and I(u,) — 0
for all n > 0, and hence w,, is a weak solution of (2.1).

By (V1), we deduce that

) = 1) = (= 5) [ (Va4 V) as

q+1 q+1
1 1\/1 1, _ )
>(— =)=z - = .
> (17 3) (G- 31V v ) 19wl
It follows that
lim |Vu,|? dz = 0. (4.28)

n—-+oo RN
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On the other hand, by Holder’s inequality, (4.2) and (4.28), we have

0= lim (I(un) — 5(I'(un), un))

n—-+oo
q+1
2 g+ 1) /RN a() ]

1 1
— =5/ lh - g+l
(q+1 2) ngr-ir-loo (/]%N(a (Z‘) +XBR)‘un‘ dz
‘/ (a*() +xBR>unq+1)
RN

1 1
>(———2) lim - g+1
- (Q+1 2>n£+w(4N(a (x)—’—XBR)‘u"‘ dz

Il
=
N
| =

I
‘H

la® + xpgll* /Y g+1
- s(a+1)/2 IVtn 2
(L 1 lim (a™(x) + xBg)|Un| 1T da
qg+1 2)n-400 JpN BrJln
1 1 —Qo .
> —— — = | min L,l lm [|u,|| %7
qg+1 2 2 n—-+oo 4
This shows that
Jim [ fua| de = o, (4.29)
and hence lim,, o 4, = 0 in E. This concludes the proof. O

5. Proof of theorem 2.2

In this section we define I and ¢ on X. We use standard arguments based on the
fact that I’ is a sequentially compact operator in order to prove that I satisfies
the PS condition. We then deduce that (2.1) admits infinitely many non-trivial
solutions in X.

To prove theorem 2.2, we need the following auxiliary results.

LEMMA 5.1. Assume that (As), (Va) and (Gy) are satisfied. Then ¢’ is a sequen-
tially compact operator on X.

Proof. By standard arguments, the functionals I and ¢ are well defined and of class

C!on X.
Let (u,) C X be a bounded sequence. Then, for all h € X,

(' (un) = ¢'(u), h) = / V() (un —u) — a(z)(g(un) — g(u))]h(z) dz.

RN

Let R > 0 and h € X be such that ||h]| = 1. We have

<90/(u") - @l(u)v h> = Jl(na h7 R) + JQ("? hv R)a
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where

Jy(n,h, R) = / [V (&) (1 — 1) — () (g(utn) — g(u))]h(z) da,

Br

Ja(n, h, R) = / [V () (un —u) — a(@)(g(un) — g(u))]h(z) dz.

B,
By Holder’s inequality, (V3), (A2) and (Gp), we obtain
|J2(n7 ha R)|
< / V(@) (un = uwh(z) — a(x)(g(un) — g(u))h(x)|dz

&

2N 12° 12

<( [ werea) ([ w-ua) ([ e a)
B Bg By

o (2" (+1)/2"
+C</ ()2 —(a+1) dx) (/
< B

R

q/2"
(1) + ) e

(L

)<2*<q+1)>/2*

c
R

1/2
|h(z)|*> da:)

27/(2"=(a+1) 4y

ORG dx)w ([ ot

c
R

<,

The last expression can be made arbitrarily small by taking R > 0 large enough.
For Jy, since V € LN/2(RN) and a € L2/ =(a+D)(RN), we deduce that for all
€ > 0 there exists n > 0 such that
/N

(2" =(q+1))/2" 2
(/ |a(x)|? /2 _(qH))dm) + (/ |V ()| NV/? da:) <e
K K

for all K C Br with m(K) < n (see [20]). Moreover,

c
R

/K V(@) (1 — 1) — () (g(un) — g(u))] [1(2)]| de

c</K|V(x)|N/2dx)2/N+c(/K|a(a:)

< 2°/(2° = (a+1)) g
< e,

)(2*—(614-1))/2*

where c is independent of n and h. By using the Vitali convergence theorem, we
deduce that Ji(n,h, R) — 0 as n — 400 uniformly for ||h|| = 1. We conclude that
@ (uy) = ¢'(u) strongly in X’. The proof is complete. O

LEMMA 5.2. Assume that (V3), (A2) and (Gy) are satisfied. Then any PS sequence
of I is bounded in X.
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Proof. Let (u,) C X be a PS sequence. There then exists o > 0 such that I(u,) <
a. By Holder’s inequality and conditions (Az), (V) and (Gy), we have

1
@ Iw) > 5 /RN(\vunF(x) VY (2)un(x)?) da — /RN o(2) G (un () dz
1 1 _ o
> (5= 351V ) el = 512l -yl

Since 0 < ¢ < 1, the last inequality shows that (u,) is bounded in X. The proof is
complete. O

As a consequence, we obtain the following result.

LEMMA 5.3. Assume that (Va), (A2) and (G1) are satisfied. Then I satisfies the
PS condition in X.

Proof. Set
F: DY*(RN) — (D" (RY)Y,
u— F(u),
(F(u),v) = VuVoudz Yo € DV (RY).

RN

Then F is an isomorphism. Let (u,) be a PS sequence of I; hence,

tn = FY (g (un) + 0(1). (5.1)
By lemma 5.2, (u,,) is bounded in X. Since ¢’ is a compact operator and using (5.1),
we deduce that (u,) is strongly convergent in X (up to a subsequence). O

LEMMA 5.4. Assume that (G1), (Vo) and (As) are satisfied. Then I is bounded
from below.

Proof. By (G1), (V2) and (Asz), we have

1

1) = 3 [ (Val@)P +Vpde)de = [ a@)Gu()ds

> %/RN |Vu(x)]* do — % V- (2)u*(z) dz —/ a(x)G(u(z)) dx

RN RN

1 I —g— 1
> 5 [ Fu@ P e = SV gl = 802l o ey lul ¥
2 RN 2s
Sl 1y 2 _ (—a-1)/2 g+1
25— gV vz |llullx = llall2- /2~ @+ 1y lullx™ -

Since 1 < ¢+ 1 < 2, we deduce that I is bounded from below. The proof is
complete. O

Next, we prove the geometric condition required by theorem 3.2.

LEMMA 5.5. Assume that (As), (V2), (G1), (G2) and (Gs) are satisfied. Then, for
each k € N there exists an Ay € Iy, such that sup,,¢ 4, 1(u) <O0.
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Proof. By using conditions (Gs) and (Gs), the proof is similar to that of lemma 4.4.
O

Proof of theorem 2.2 concluded. The energy functional I is even and I(0) = 0. By
lemmas 5.3 and 5.4, theorem 3.2(1) is satisfied. In view of lemma 5.5, theorem 3.2(2)
is also satisfied. Thus, there exists a sequence (uy) such that ¢, = I'(uy) is a critical
value of I, ¢, < 0, ¢ — 0 for all k¥ > 0. This means that (uy) are weak solutions
of (2.1) and (ux) is a PS sequence of I. Then, by lemma 5.2, (ux) is bounded. O

REMARK 5.6. If g(z) = |z|7 12, 0 < ¢ < 1, then u,, — 0 in X. In fact, by (Vz), we
have

1 1 IV~ llv/2 )
>(—— -2 )(1 - vz . :
<q+1 2)( ; /RN IV 2(2) do

Since I'(uy,) = 0 and lim, 1 o I(uy,) = 0, we deduce that u,, — 0 in X.

6. Proof of theorem 2.3

In this section we change the condition (V) to (V1) and we suppose that a satisfies
(A3). Under the last conditions, if the functional I is not well defined on either X
or E, then we define it on the space Y. We first establish that (Y, (-)) is a Hilbert
space and it is embedded into LP(RY) for 2 < p < 2*. The proof of the following
result relies on standard arguments and we will omit it.

LEMMA 6.1. Assume that (V1) holds. Then

u— (/RN(Vu(xHQ + V+(:Jc)u2(x))dx)l/2

defines a morm on'Y , which is equivalent to the usual norm in H*(RN),
[ullms = [IVullz + fJull2.

By using lemma 6.1, the proof of theorem 2.3, with slight modifications, is similar
to that of theorem 2.2.

REMARK 6.2. If g(z) = 2|9 'z, 0 < ¢ < 1, then u,, - 0in Y.

REMARK 6.3. In theorems 2.1, 2.2 and 2.3 we can suppose that ug is a non-negative
solution of (2.1), since
I(U,O) = I(|UO|) = Cp-

In such a case, ug is called a ground state for I.
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